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Abstract

This thesis presents a detailed description and analysis of Bregman’s iterative
method for convex programming with linear constraints. Row and block action
methods for large scale problems are adopted for convex feasibility problems. This

motivates Bregman type methods for optimization.

A new simultaneous version of the Bregman’s method for the optimization of
Bregman function subject to linear constraints is presented and an extension of
the method and its application to solving convex optimization problems is also

made.

Closed-form formulae are known for Bregman’s method for the particular cases of
entropy maximization like Shannon and Burg’s entropies. The algorithms such as
the Multiplicative Algebraic Reconstruction Technique (MART) and the related
methods use closed-form formulae in their iterations. We present a generalization
of these closed-form formulae of Bregman’s method when the objective function

variables are separated and analyze its convergence.

We also analyze the algorithm MART when the problem is inconsistent and give

some convergence results.
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List of Notations

The following is a list of frequently used symbols in the thesis. The symbols

are used for the same purpose throughout the thesis.

The meanings of those

symbols that have multiple meanings will be clear from the context.

Nor Z* the set of natural numbers or positive integers.
R the set of real numbers.
R the n-dimensional Euclidean plane.
R? the non-negative orthant of the n-dimensional
Euclidean plane.
R% the positive orthant of the n-dimensional
Euclidean plane.
R™ the extended n-dimensional vector space,
adding —oo coordinates.
Rmxm the space of all real m x n matrices.
S or clS the closure of the set S.
bdS or dS the boundary of the set S.
B(S) the family of Bregman functions with zone S.
C the closure of a convex hull.
A a real m X n matrix.
a’ the ith row of the matrix A.
aé the entry on ¢th row and jth column of the matrix A.
D¢(z,y) generalized distance between the vectors x and y.
& denotes the end of definition, algorithm, remark and assumption.
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arg ming f(x)
f'(x) or Vf(z)
Vaf(z,y)

X\Y

denotes the end of proof.

a real m-dimensional vector.

the 2 element of the vector b.

the transpose of the matrix A or the vector x.
the row space of the matrix A.

the ith standard basis vector in R™ or R™.
the interior of the set S.

the epigraph of the function f.

the inverse of the function f.

the 2-norm.

Bregman projection of the point x

onto the closed convex set C.
the 7th hyperplane.
inner product, i.e., {x,y) = zTy.

Bregman projection of the point x onto

the hyperplane H.

the parameter associated with the projection of x

onto the hyperplane H.

a minimizer of the function f over the closed convex set C'.
the derivative of the function f with respect to x.

the derivative of the function f with respect to x.

the set difference containing all elements in the set X

and not in Y.

the vector of ones in R" or R™
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Chapter 1

Introduction

This thesis is about iterative methods for solving optimization problems with lin-
ear constraints, where the objective function to be optimized belongs to a wide

family of functions known as Bregman functions.

The main feature of this kind of iterative method is its capability of dealing with
the constraints by blocks [21], making them especially suited for solving large-scale
problems arising in various fields of applications such as image reconstruction from
projections and image restoration [55, 50]. Usually, when the constraints are lin-
ear, the matrix describing the constraints is sparse, but all too often, no special
structure pattern is detectable in it. In such cases, row or block-action methods

are the main option.

One important example is the so called Algebraic Reconstruction Technique (ART)
[67] method that computes the projection of the starting point onto the solu-
tion set of a linear system of equations. An extension of ART is the Hildreth’s
quadratic programming algorithm [58] that computes the projection of a given
point onto a polyhedron, that is, the solution set of a system of linear inequali-

ties.

Lev Bregman, in a famous paper [14] extended all the previous methods to a large
family of functions that are optimized over linear constraints. The main feature

of these Bregman’s methods is that they essentially consist of a sequence of pro-



jections that generalizes the sequence of the standard orthogonal projections in

Fuclidean spaces.

In image reconstruction from projections, systems of equations are not only very
large but sometimes underdetermined, i.e., when the system has fewer equations
than unknowns. In the case of incomplete data [21], they are overdetermined, and
the system has more equations than unknowns, and possibly inconsistent [49, 25].
In the underdetermined systems of equations, where we usually have more than
one solution, a particular solution is chosen based on some criteria. A common
approach, based on some physical considerations, is to choose a maximum entropy

solution [65, 68].

For the overdetermined systems of equations, where usually the equations are
inconsistent with no solution, algorithms are developed that converge to the

weighted least squares solutions of the systems.
The chapters of the thesis are organized in the following manner:

Chapter 2: We study the block Bregman methods, which involve a sequence of
Bregman projections onto separating hyperplanes, for solving the convex feasibil-
ity problem. Issues of convergence associated with the methods are discussed and
addressed. We also extend or generalize the concept of relaxation for Bregman
projections, first proposed in [41] and further extended to general convex set in

129].

Chapter 3: This chapter deals with the optimization of Bregman functions subject

to linear inequality constraints using the simultaneous method.

Chapter 4: We develop a general closed-form formula for the iterative step in
Bregman’s algorithm for linearly constrained convex optimization of any Breg-
man function whose variables are separated. That is, we replace the computa-
tional burden involved in an inner loop calculation of the projection parameter
by a closed form formula. We derive specific closed-form formulae for Burg’s and
Shannon’s entropies and compare the results with the existing ones in the litera-

ture. General underrelaxed Bregman’s algorithm for linear inequality constraints



is also proposed.

Chapter 5: We analyze the behaviour of MART algorithm. Here, all problems are
assumed to be inconsistent. Strongly underrelaxed parameters, with some specific
conditions, are therefore incorporated into the methods to enable them converge

to the desired solutions.

Chapter 6: This chapter contains the conclusion and suggestions for future work.

In this introductory chapter, we describe not only the basic and the detailed in-
formation needed to understand the remaining chapters of the thesis, but also

give its historical framework. The results in this chapter are not new.

In the following two sections, we describe the optimization problem to be solved,
the optimality conditions and some basic results on convex duality theory. Sec-
tions 1.4 and 1.5 present the convex feasibility problem and the detailed descrip-
tion of the available iterative algorithms in the literature for solving it. The
general and the popular one, in its sequential form, is known as Projections onto
Convex Sets (POCS) and its particular cases for linear systems of equations are

ART and Cimmino.

Section 1.6 is dedicated to the definitions of Bregman measures and the corre-
sponding generalized projections. The generalization of the Pythagoras theorem
for Bregman measures and the main properties of Bregman projections onto hy-

perplanes or half-spaces are also presented in this section.

Section 1.7 describes the known versions of the sequential Bregman’s method for

linear equality constraints as well as its relaxed version introduced in [41].

Section 1.7 also describes the sequential Bregman’s method for linear inequality
constraints and its particular case for the quadratic optimization problem known

as the Hildreth’s method.

When using Bregman’s method to maximize entropy functions with linear con-

straints, it is possible to obtain simpler closed form formulae for the iterations.



The Multiplicative Algebraic Reconstruction Techniques (MART) and the Simul-
taneous MART (SMART) are two of these well known methods for Shannon’s
entropy maximization [23] that are generated as relaxed Bregman’s methods us-

ing appropriate relaxation parameters. This is described in Section 1.8.

1.1 The convex optimization problem

We are concerned with iterative methods for solving the Convex Optimization

Problem (COP) defined by

minimize f(x)
m
subject to z € C = ﬂ Ci, (1.1)
i=1
where f : D C R" — R is a real valued convex function and C'is the constraint set,
nonempty, closed and convex. In most practical situations, C' is the intersection
of other closed convex sets Cy; that is, C' = N, C;, as in (1.1). The function f is
called the objective function or cost function.
Usually the set C' is specified by a set of inequality constraints f; : R” — R
for i = 1,...,m, or equality constraints h; : R — R for j = 1,...,p, or, a

combination of both, i.e.,
C:={zeR"| fi(x) <0, Vi=1,...,mand h;(z) =0, Vj=1,...,p}. (1.2)

In this case, the set of points for which the objective function and all the constraint
functions are defined

m p

D =Dn( \domf;N () domh;

i=1 j=1
is called the domain of the optimization problem (1.1). A point x € R™ is called
feasible if it satisfies the constraints f;(z) <0, i =1,...,m, and h;(z) =0, j =
1,...,p. The problem (1.1) is said to be feasible if there exists at least one feasible
point, and infeasible otherwise. The set of all feasible points is called the feasible

set or the constraint set C'.



The problem is convex if f and the f;’s are convex and the h;’s are affine. It is
referred to as a nonlinear convex optimization problem, if in addition, f is either
nonlinear or the f;’s are nonlinear. It is a linear programming problem if f is
linear and C'is a polyhedron.

In this work, we assume that all of the functions are continuously differentiable
on C' and the optimization problems we discuss and analyze consist of linear and
nonlinear constraints. In this regard, we restate problem (1.1) with the convex

set C' decomposed into linear and nonlinear constraints as stated on page 373 of

[11] as follows.

minimize f(z)
subject to z € X, fi(z) <0,i=1,...,m, (1.3)
(cj,x)=dj, j=1,...,p, {a;,z) <b;, i=m+1,...,m,
where X is a nonempty subset of R", f; : R" — R are nonlinear functions, c;, a;
are nonzero vectors in R™ and d;, b; are real numbers.

In the next section, we present the general material on convex optimization

problem which will be used in the sequel.

1.2 Optimality conditions

Here, we first look at the conditions for the existence of optimal solution as de-
scribed in [11] and then examine some basic results of convex analysis needed for

the solution of the convex optimization problem stated in Section 1.1.

1.2.1 Existence of an optimal solution

For the function f: D CR" — R, i.e., the set {f(z) € R | 2 € D}, there are two

possibilities:
(i) The set {f(z) | = € D} is bounded below. In this case, inf,cp f(x) € R.

(ii) Theset {f(z) | x € D} is unbounded below. In this case, inf,ep f(z) = —oc.



Existence of at least one global minimum is guaranteed if f is a continuous func-
tion and D is a nonempty compact subset of R”. This is the Weierstrass theorem.

We consider the following definitions.
Definition 1.2.1. Let f: D C R” — R be a function. Then
(i) z* € D is a minimum of f over D if f(x*) = inf,cp f(x). We call z* a
minimizing point or a minimizer or a minimum of f over D. We denote this
by * = arg I;éig f(z).

(ii) A subset D of R™is called conver if ax+(1—a)y € D,Va,y € D,Va € [0, 1].

(iii) Let D be a convex subset of R™. A function f: D — R is called convezx if
f(OéCC+ (1 T Oé)y) < Oéf(l’) o, (1 F a)f(y)a V%iy S D7 Va € [07 1]
and strictly convex if

flaz+ (1 —a)y) < af(z)+ (1 —a)f(y), Yo,y € D, x #y, YVa € (0,1).

(iv) A vector z is said to be a relative interior point of the nonempty convex
set D if x € D and there exists an open sphere S centered at x such that
SNnaffD C D, i.e., x is an interior point of D relative to affD, where affD is
the notation for the affine hull of D, defined as the intersection of all affine
sets containing . The set of all relative interior points of D is called the

relative interior of D.

o

Proposition 1.2.2. Let f : D C R"™ — R be a convex function over the convex

set D.

(i) A local minimum of f over D is also a global minimum over D. Ifin addition

f s strictly convex, then there exists at most one global minimum of f.

(i1) If f is convex and the set D is open then V f(x*) = 0 is a necessary and

sufficient condition for a vector x* € D to be a global minimum of f over

D.

The proof of this proposition can be found on page 14 of [10].
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1.2.2 Least-squares problems

A least-squares problem is problem (1.1) with the objective function f given by

m

fz) = Az —b]* =) ((a',2) — b,

i=1
and with no constraints. A € R™ " with m > n, a’ is the ith row of the matrix
A and x € R" is the optimization variable.

For overdetermined linear system of equations Ax = b, A € R™*" with m > n
and b € R™, we cannot solve for x for most b. Therefore, we find = = zj, that
minimizes || Az —b||? and x}, is the least-squares (approximate) solution of Az = b.

It must be noted that if the objective function of an optimization problem is
quadratic and the associated quadratic form is positive semidefinite then it is a
least-squares problem. While the basic least-squares problem has a simple fixed
form, several standard techniques are used to increase its flexibility in applications.

In a weighted least-squares, the weighted least-squares cost
> wi({d, z) — bi)?,
i=1

where the w;’s are positive is minimized. The w;’s are the weights and are chosen
to reflect differing levels of concern about the sizes of the terms (a’,z) — b;, or

simply to influence the solution.

1.3 Lagrangian duality

In this section, we define the Lagrange dual function and the duality gap and then
state the Karush-Kuhn-Tucker conditions for the optimization problem (1.1).

1.3.1 The Lagrange dual function

The Lagrangian L : D x R™ x RP — R associated with problem (1.1) with the

convex set C' specified by (1.2) is given by
m p
LA w) = f2)+ S fi) + 3 wihy(e) (1.4
i=1 j=1

7



where \; and v; are the Lagrange multipliers associated with the ¢th inequality
constraint f;(z) < 0 and the jth equality constraint h;(z) = 0 respectively; the
vectors (A, ) € R™ x RP are the dual variables or the Lagrange multiplier vectors.
fi(x) and h;(z) are assumed to be convex for all 7 and j.

We define the (Lagrange) dual function as
g\, v) =inf L(z, \,v).

When L is unbounded below in x, we have g(\, ) = —oco. Since the dual function
is the pointwise infimum of a family of affine functions of (\,v), it is always
concave, even if problem (1.1) is not convex.

If the optimal value of problem (1.1) is p* then for any A\; > 0 for all ¢ and any

v, we have
g\ v) <p". (1.5)
This inequality is justified in Subsection 1.3.3 under complementary slackness.

The (Lagrange) dual problem associated with problem (1.1) is given by

maximize g(\, v)
(1.6)
subject to A\; >0fori=1,...,m.

In this context, the original problem (1.1) is sometimes called the primal problem.

1.3.2 Weak duality

Suppose the optimal value of the dual problem is d*. Then, by (1.5), it is the
best lower bound on p* that can be obtained from the Lagrange dual function. In
particular, we have
a <p".

This is the weak duality and it holds even when d* and p* are infinite. For
example, if the primal problem is unbounded below, so that p* = —oo, then we
have d* = —o0, i.e., the Lagrange dual problem is infeasible. Conversely, if the
dual problem is unbounded above, so that d* = oo, then we must have p* = oo, i.e.,

the primal problem is infeasible. The difference p* — d* is the optimal duality gap

8



of the original problem. We have strong duality if p* = d*. It was demonstrated
on page 226 of [12] that the strong duality holds for convex problems where the
feasible set has nonempty interior, i.e., the Slater’s condition holds.

The following result, the strong duality theorem for linear and nonlinear con-
straints stated and proved on page 373 of [11], shows that, under suitable convexity
assumptions and under a constraint qualification, there is no duality gap between
the primal and the dual optimal objective function values. We repeat this the-
orem and Assumption 6.4.3 therein as Assumption 1.3.1 for the purpose of easy

reference.

Assumption 1.3.1. (Linear and nonlinear constraints) The optimal value

p* of problem (1.3) is finite, and the following hold:
(i) The set X is the intersection of a polyhedral set and a convex set D.
(i) The functions f : R™ — R and f; : R" — R are convex over D.

(111) There exists a feasible vector T such that f;(z) <0 for alli=1,...,m, i.e.,

the Slater’s condition holds.

(iv) There exists a vector that satisfies the linear constraints (but not necessarily
the constraints f;(x) < 0,i=1,...,m), and belongs to X and to the relative
interior of D. $

Theorem 1.3.2. Strong duality theorem for linear and nonlinear con-
straints Let Assumption 1.3.1 hold for problem (1.8). Then there is no duality

gap and there exists at least one geometric multiplier.
Note: A vector (A*,v*) is said to be a geometric multiplier for problem (1.3)

: *> *:' * *'
if \*>0and p ;g)f{L(x,)\ %)

1.3.3 Complementary slackness

Suppose that the primal and the dual optimal values are attained and equal (so,

in particular, strong duality holds). Let z* be a primal optimal and (A*,v*) be a



dual optimal point. This means that

f@®) = g\ v,

p
= mf ( )+ Z A filz) + Z V;hj($)> , by the definition of ¢
j=1

< flzf)+ Z X fila®) + Z vihi(x")
< flz").

The last inequality follows from Af > 0 and f;j(z*) < 0 for i = 1,...,m, and

(1.7)

h;j(z*) = 0 for j = 1,...,p. We conclude that the two inequalities in this chain
hold with equality. This means that Y " A f;(z*) = 0 and since each term in

211

this sum is nonpositive, we have
DT f(cHES for (=Bl 7

This condition is known as complementary slackness; it holds for any primal
optimal z* and any dual optimal (A\*,v*) (when strong duality holds). We can

express the complementary slackness condition as
Al >0= fi(z*)=0
or equivalently,

fi(z*) < 0= A =0.

1.3.4 KKT optimality conditions

Suppose the functions fo,..., fi, h1,..., h, are differentiable and therefore have
open domains. Let z* and (A*,v*) be any primal and dual optimal points with
zero duality gap. Now since z* minimizes L(z, \*,v*) over x, VL(z*, \*,v*) = 0.

Therefore we have

10



Vi) + Y NVile)+ Y vVt = 0,
i=1 Jj=1

A fi(x®) = 0, fori=1,...,m,

A > 0, fori=1,...,m,
(1.8)

fi(z*) < 0, fori=1,...,m,

hi(z*) = 0, for j=1,...,p,

which are called the Karush-Kuhn-Tucker (KKT) conditions. Thus, for any opti-
mization problem with differentiable objective and constraint functions for which
strong duality holds, any pair of primal and dual optimal points must satisfy the
KKT conditions (1.8). When the primal problem is convex, the KKT conditions
are also sufficient for the points to be primal and dual optimal [[12], page 244].
In other words, if f; are convex and h; are affine, and z, \, U are any points that
satisfy the KKT conditions then Z,\, 7 are primal and dual optimal, with zero

duality gap.

1.4 The Convex Feasibility Problem (CFP)

When there is no objective function to be minimized, the problem of convex
optimization (1.1) reduces to just finding a point in the intersection of the closed
convex sets (1.9) and this is called the convex feasibility problem. That is, we
find .

re C=()Cu (1.9)

=1

A common feature of all the algorithms used to solve (1.9) and (1.1) in the thesis
is their row-action nature in the sense of [21]. These algorithms obey a specific
control sequence. In this section therefore, we would want to define a control
sequence of an algorithm and to describe two different types of this sequence used

in the thesis, and then give the definition of a row action method.

Definition 1.4.1. A control sequence A control sequence {i(k)} is a sequence

11



of indices according to which individual sets C; or blocks that are groups of the
sets C; in the convex feasibility problem (1.9) may be chosen for the execution of

an iterative algorithm.

(i) Cyclic control: A control sequence {i(k)} is cyclic if i(k) = k mod m + 1,

where m is the total number of sets in problem (1.9).

(ii) Almost cyclic control: A control sequence {i(k)} is almost cyclic on I :=
{1,2,...,m} if i(k) € I for all k& > 0, and there exists a fixed integer
r > m (called almost cyclicality constant) such that, for all k& > 0, I C
{i(k),...,i(k+r)}. &

Definition 1.4.2. A row-action method is an iterative procedure which requires,
in each iterative step, only the current iterate and one row of the matrix or a

group of rows, and performs no transformation on the matrix elements. &

The matrix mentioned in the last definition is either the matrix A € R™*" if
the constraints in (1.9) are linear or the Jacobian matrix of first partial derivatives
if the constraints are nonlinear. Row-action method is frequently used in areas
where the matrix describing the constraints is huge and sparse as observed in the
field of image reconstruction from projections.

A row-action iteration has the functional form
gt = PTi(zF, Cy), (1.10)

where k is the iteration index, and i = i(k) for 1 < i < m is the control index,
specifying the row that is acted upon by the algorithmic operator P";. The
algorithmic operator generates, in some specified manner, the new iterate z**!
from the current iterate z* and from information contained in C; for 1 < i < m.
P"; may depend on additional parameters that vary from iteration to iteration,
such as relaxation parameters, weights, etc.

The constraints in (1.9) may be decomposed into M groups of constraints

called blocks by choosing a sequence of integers {m;}M such that
O=mg<m <...<my1<my=m

12



and defining for each ¢, 1 <t < M, the subset
Li={my1+1,m1+2,...,m}.
This yields a partition of the set:
I={1,2,....m}=LULU--Uly. (1.11)
A block-action iteration then has the functional form
M = PPy (a* {Cilien,), (1.12)

where t = t(k) is the control index, 1 <t < M, specifying the block that is used
when the algorithmic operator P?; generates x**! from z* and from information
contained in all constraints in (1.9) whose indices belong to I;. P° may also
depend on additional parameters that vary from iteration to iteration.

The iterative methods we consider may therefore be classified as having one

of the following four basic structures.

(1) Sequential algorithms. For this class of algorithms we define a control se-
quence {i(k)} and the algorithm performs, in a strictly sequential manner,
row-action iterations according to (1.10), from an appropriate initial point

until a stopping rule is applied.

(ii) Simultaneous algorithms. Algorithms in this class first execute simultane-

ously row-action iterations on all rows or constraints

k+14 _ pr k s
x =Pz, Cy), i=1,2,....m

+1 k-+1,i

and the next iterate z#t! is a convex combination of the iterates x

(iii) Sequential block-iterative algorithms. Here, the constraints in (1.9) are de-
composed into fixed blocks in a form (1.11), and a control sequence {t(k)}
over the set {1,2,..., M} is defined. The algorithm performs sequentially,

according to the control sequence, block iterations of the form (1.12).
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(iv) Simultaneous block-iterative algorithms. In this case, block iterations are first

performed using the same current iterate 2, on all blocks simultaneously

l'kJrl’t = ,Pbt(l.ka {Ci}ieft)7 = 17 2’ T M.

The next iterate 2"t is then the convex combination of the iterates xz*1t.

1.5 Projections onto Convex Sets (POCS)

When we are dealing with a problem with a huge number of constraint sets C; for
1=1,...,m, it is important to develop methods that deal with a few constraints
at a time. The most popular of these methods for the CFP consists of orthogonal
projection in a sequential manner onto the convex sets, that is, given an initial

point 2 € R”, the algorithm is defined by the sequence
sl Nl [ (1.13)

where g, ,, denotes the orthogonal projection onto the convex set Cy) and {i(k)}
is a control sequence, usually cyclic along the set of integers I := {1,2,...,m}.
The control sequence {i(k)} can also be ‘almost cyclic’.

Figure 1.1 illustrates the case of feasibility of the CFP where orthogonal pro-
jections are used in a sequential manner onto the intersection of two convex sets.
Figure 1.2 illustrates the case of infeasibility of the CFP where orthogonal pro-
jections are used in a sequential manner onto two non-intersecting convex sets.
In this case, the sequence generated may not converge to the projection of the
starting point.

It is also possible to define a relaxed version of POCS method as
"t =2 4 ak(PCM)(xk) — ") (1.14)

where the a;’s are positive relaxation parameters. It can be proven (see [54]) that
the above sequence converges if the constraint set is nonempty, control sequence

is cyclic and oy, € (0,2).
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Figure 1.1: Feasibility: Orthogonal Figure 1.2: Infeasibility: Orthogo-
projection in a sequential manner onto nal projection in a sequential manner

two convex sets. onto two convex sets.

Several of the methods we discuss in this thesis employ a sequence {ay} of
relaxation parameters. Loosely speaking, these parameters overdo or underdo the
move prescribed in an iterative step. Relaxation parameters add an extra degree
of freedom to the way a method might actually be implemented and have impor-
tant consequences on the performance of the method in practice. The effects of
relaxation parameters on the iterations and the technical conditions on them that
guarantee convergence of an algorithm are discussed for each method, especially
strongly underrelaxed methods in Chapter 5.

It should be noted that an iterative algorithm is said to be underrelaxed if
the relaxation parameters incorporated are confined to the interval (0,1). It is
however said to be overrelaxed if the relaxation parameters lie in the interval
(1,2). In most convergence analysis, the relaxation parameters remain in the
interval [e, 2 — €], for an arbitrarily small € > 0, in order to guarantee convergence,
see, e.g Aharoni and Censor [5].

A simultaneous version of POCS method (SPOCS), suitable for parallel im-

plementation, can also be defined as

o=k 40> Ni(Pe,(aF) — o) (1.15)
=1

where the \;’s are positive real numbers such that > " A\, = 1. For this version,

more general convergence results can be proven, including convergence to a least
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Figure 1.3: The iterative step of the algorithm ART with three equations and

unity relaxation parameter.

squares solution in the infeasible case (see [40] for details) for system of linear

equations.

1.5.1 ART and Cimino

When the problem is linear and the constraints are equalities, POCS method and
its simultaneous version SPOCS method give rise to two well known algorithms
in the literature: ART [67] and Cimmino [34]. Figure 1.3 illustrates the algorithm
for ART with a system of three equations as in (1.16) with unity relaxation pa-
rameter. ART is very popular in image and signal processing [53], especially in
Computerized Tomography [60, 55]. In this case, for a given matrix A € R™*"
with rows a' # 0 for i = 1,...,m and b € R™, problem (1.9) reduces to finding a

solution of the linear system of equalities
Az =b (1.16)
and (1.13) becomes the algorithm ART or Kaczmarz’s algorithm given by

bi_ ia k ;
gkt ::Bk+H<—C.LH2$>aZ, (1.17)
al

and from (1.14), its relaxed version is

b; — {a’, z%) ;

k+1
a2 "

" =2k (1.18)
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and with a cyclic control sequence along the set of integers I := {1,2,...,m}.
(-, ) stands for the standard inner product in R™ and || - || for the Euclidean norm.
Similarly, from (1.15), the simultaneous version known as Cimmino’s algo-
rithm, is given by
b; — {a’, %)

zhHl :xk—i—akZ)\iWai. (1.19)
i=1

As noted earlier, Cimmino’s algorithm converges to a least squares solution in
the case of infeasibility. This behaves like a gradient method applied to a square
objective function [10, 11, 40].

If the equalities (1.16) are replaced with the inequalities
Az <D, (1.20)

then we have the relaxed method of Agmon, Motzkin, and Schoenberg (AMS) (

see [1]) and its relaxed Cimmino’s method respectively as

! = 2F + opcfd’, (1.21)
and
gl = 2% 1 g Z Aickat, (1.22)
i=1
where

b, — i .k
cf — min {0,—1 (a ;x >}
[|at|]

and with a cyclic control sequence.

Figure 1.4 illustrates the iterative step in Cimmino’s algorithm using a system
of three inequalities with unity relaxation parameter.

It is worth noting that, in general, a sequence of orthogonal projections onto
closed convex sets does not converge to the orthogonal projection of the initial

point onto the intersection. A simple counterexample is shown next.

Consider the half-spaces C; = {z € R? | 25 <0} and Cy = {x € R? | 21 + x5 < 0}
and let C' = C; N Cy. If 2y = (2,1) is the initial point of projection then, by
simple calculation, the projection of zy onto C, i.e., the minimizer of the function

Hlz = xo? over C'is (3, -1), ie., (3,—%) = Largmin{||z — z0||* | z € C}. But
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Figure 1.4: The iterative step of the simultaneous Cimmino’s algorithm

with three inequalities and unity relaxation parameter.

using Algorithm 1.13, with initial projection of xy onto C, the algorithm does
not converge to (3, —1).

This counterexample motivates the development of Bregman measures and meth-
ods [14], where the objective function defines the measure to be used for the
projections, and a clever duality scheme allows the preservation of information
about the starting point and the function to be minimized. This is the subject of

the next section.

1.6 Bregman measures and generalized projec-
tions

Let S be a nonempty, open, convex set, such that S C D with the function
f:D CR" — R. Then S is called the zone of f and is sometimes defined as
S := Int(domf).

Definition 1.6.1. Bregman Functions A function f : D C R" — R with zone
S is called a Bregman function if there exists a nonempty, open, convex set S,

such that S C D and the following conditions hold:

(i) f(x) has continuous first partial derivatives at every x € S|
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(ii) f is strictly convex on S,
(iii) f is continuous on S,

(iv) for every a € R, the partial level sets L{ (y, ) and L] (x, o) are bounded for
every y € S and for every = € S, respectively, where

L{(y,a) == {z € 8| Ds(x,y) < a} and Lf(z,a) :== {y € S | Ds(x,y) < a}.
(v) If y* € S for all k > 0 and lim y* = y* then lim D;(y*, y*) =0,
k—o0 k—o0

(vi) If y* € S and 2% € S for all k > 0 and if klim Dy(xk, y¥) = 0 and
—00

lim y* = y*, and {xk} is bounded, then lim z* = y*.
k—o0 k—o0
We denote the collection of all Bregman functions with zone S by B(S). <

The function Dy, where Dy : S x S C R*™ — R, is constructed from f(z) in
Definition 1.6.1 by

Di(z,y) == f(z) — fly) = (Vf(y),z —y). (1.23)

This function is called the generalized distance function or the D-function.
Dy¢(z,y) may be interpreted as the difference f(x)—h(z), where h(z) represents
the hyperplane H given by

H =A{(z,h(2) | h(z) = f(y) +(V[(¥),z —v)} (1.24)

which is tangent to the epigraph of f at the point (y, f(y)) in R**1.

Figure 1.5 shows the geometric interpretation of the generalized distance D¢(x,y).

Remark 1.6.2. It is worth noting that the D-function is not necessarily sym-
metric, i.e., Ds(x,y) # D¢(y,x), and in general, does not satisfy the triangle
inequality. Therefore we will prefer to call Dy a Bregman measure instead of a
distance or generalized distance function. However, the phrases ‘Bregman dis-

tance’ and ‘Bregman divergence’ are very common in the literature to denote Dy.

&
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f(2)

Figure 1.5: Geometric interpretation of the generalized distance.

Two important examples of Bregman measures are those defined by the func-

tions
n

£(z) = 5lell? and f(2) = = > (a;l0g3)

j=1
with zones R™ and R’} respectively.

The first one gives rise to the standard 2-norm,

1
Dy(wy) = 5llw — yI?

which is symmetric. The second one, the Shannon entropy [68, 79|, gives rise to

the Kullback-Leibler information divergence [69],

n

x,
Dy(x,y) = Z (acj logj +y; — xj)
j

j=1
which is clearly not a distance function and not a metric.

Definition 1.6.3. Generalized projections Given a closed and nonempty con-

vex set C CR", f € B(S), and y € S, a point z* € C' N S for which

in Df(z,y) = Ds(z",
nin_ (z,y) (@, y)

is denoted by Po(y) and is called a generalized projection or Bregman projection

or simply a projection of a point y onto the set C. &
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The next lemma shows the nonnegativity associated with the Bregman mea-
sure which is justified in the literature. This lemma is followed by Lemma 1.6.5
which guarantees the existence and uniqueness of generalized projections. Its

proof can be found on page 32 of [32].

Lemma 1.6.4. For every f € B(S), we have Dy(z,y) > 0 for all x € S and for
ally € S, and Dy(x,y) =0 if and only if y = .

Proof. This is an immediate consequence of the strict convexity of f and the

definition of Dy (z,y). O

Lemma 1.6.5. If f € B(S), then for any closed convex set C' C R", such that

CNS #0, and for any y € S, there exists a unique generalized projection x* =
Po(y).

An important geometrical property about the Bregman measure and its pro-
jection, which is the basis for all the main convergence proofs, is briefly described

next. Details of this description will be given in the next chapter.

1.6.1 A generalized Pythagoras theorem
First, we will prove the following.

Lemma 1.6.6. If f € B(S) and Dy is a Bregman measure then for a given point

x € S and its Bregman projection Po(x) onto a closed convex set C, the function
defined by
G(z) = Dy(z,2) = Dy(z, Po(x))

is convex (as a matter of fact linear) for z € SN C.
Proof. Using the definition of D, we have
G(z) = Dy(z,2) — Dy(2, Po(z))
= f(2) = f(2) = (V[(x), 2 —2) = [(2) + [(Pc(x))
+HVf(Fe(x)),z — Folx))
= f(Pe(z) = f(z) = (Vf(2),z — 2) + (V[(Po(2)), 2 — Po(x))
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which is linear in z. ]

The most important property that underlines the application of Bregman pro-
jections in Bregman’s method or algorithm for solving convex optimization prob-
lem is presented next. The property describes the geometry behind Bregman’s

method and makes it possible for the method to converge.

Theorem 1.6.7. For a given f € B(S) and a closed convex set C, define Po(x)
as the Bregman projection of x onto C. Then the following inequality holds for
everyy € CNS.

Dy(Pow, ) < Dy(y, v) — Dy(y, Pos) (1.25)

Proof. The proof of this theorem could be found in [14] as Lemma 1 on page 201.

But because of its importance in the sequel, we will present the proof in detail in

Chapter 2. n
X X
_— N\
)
‘ ‘
¢ C
Figure 1.6: Geometric description of Figure 1.7: Geometric description of
Theorem 1.6.7 when orthogonal pro- Theorem 1.6.7 when generalized pro-
jections are used. jections are used.

Remark 1.6.8. It is worth nothing that when the function f is the half-squared
2-norm and the set C' is a hyperplane, the inequality (2.3) becomes equality and
the result becomes the old and well known Pythagoras theorem. A deeper analysis

of this fact, together with the proof, will appear in Chapter 2. &
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1.6.2 (Generalized projections onto hyperplanes

A key role in the iterative projection methods for linear feasibility problems and
for linearly constrained optimization problems is played by generalized projections

onto hyperplanes. A hyperplane in R” is a set of the form

H={xeR"| (a,z) = b},
where a € R, a # 0, and b € R are given. We will need the following definition.
Definition 1.6.9. Zone consistency

(i) A function f € B(S) is said to be zone consistent with respect to the
convex set C' if for every y € S we have Po(y) € S. That is, the generalized

projection Pc(y) of any point y € S onto the convex set C' remains in S.

(ii) f € B(S) is said to be strongly zone consistent with respect to the hyper-
plane H and the point y € S| if it is zone consistent with respect to H, and
with respect to every other hyperplane H’ which is parallel to H and lies
between y and H. &

Two examples of strongly zone consistent Bregman functions with respect to the
hyperplane H = {z € R" | (a,x) = b} are the functions f : R — R and

g : R%? — R given by

n

£(r) = Gl and g(w) = = > (2 log 2,)

J=1

with zones R" and R’} respectively

The following lemma characterizes generalized projections onto hyperplanes

and its proof can be found on page 35 of [32].

Lemma 1.6.10. Let f € B(S), H = {z € R" | (a,x) = b} with a € R™\ {0},

b € R, and assume that f is zone consistent with respect to H. Then, for any
giwen y € S, the system

Vi) = V() +ia, (1.26)

(a,z) = b, (1.27)
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determines uniquely the point z, which is the generalized projection of y onto H.
For a fized representation of H, i.e., for a fivzed a € R™ \ {0} and b € R, the
system also determines uniquely the real number \. In this case, the vector z and

A are the unknowns.

For a fixed representation of the hyperplane H, A obtained from the system
(1.26)-(1.27) is called the generalized projection parameter associated with the
generalized projection of y onto H. We denote this by 7wy (y), i.e., A = 7wy (y).

The next two results, Lemmas 1.6.11 and 1.6.12 whose proofs can be found
on pages 36 and 37 of [32], give statements about the signs of the parameters
associated with the generalized projections onto hyperplanes and the relationship

between two such parameters if a point is projected onto two parallel hyperplanes.

Lemma 1.6.11. Let H = {z € R" | (a,z) = b} and y € S. For any f € B(S)
which is zone consistent with respect to H, the parameter A associated with the
generalized projection of y onto some particular representation of H, i.e., a # 0

and b € R given, satisfies

A=0, if yeH. (1.29)

Lemma 1.6.12. Let H, = {z € R" | {(a,z) = b} for r = 1,2 be two parallel
hyperplanes in R" with a € R™ \ {0}, b, € R, and let © € S. Then for any

f € B(S) which is zone consistent with respect to both hyperplanes,
7, () < 7, (z) if and only if by < bs.

Lemma 1.6.13. Let H = {x € R" | {(a,z) = b} with a # 0 be a hyperplane in
R™ and let y € S and Py(y) be the Bregman projection of y onto H, y ¢ H.
If b < {a,y) then for any f € B(S) which is zone consistent with respect to the

hyperplane, the projection parameter A is negative.

Proof. The proof follows from Lemma 1.6.11. If b < (a,y) then from (1.28),
A <. O

24



1.7 Bregman’s method for linear constraints

Another common feature of our algorithms is their primal-dual nature. In view of
Theorem 1.3.2, the primal-dual approach for constrained optimization problems
aims at solving the dual unconstrained problem. This is done by an iterative
scheme which alternates between the minimization of the Lagrangian and the
application of a steepest ascent iteration [11] to the dual problem.

For simplicity, we first develop a primal-dual algorithm for the following linear

equality constrained problem and then extend it to linear inequality constraints.

min f(z) (1.30)
subject to Ax = b, (1.31)
r € R, (1.32)

where R} is the non-negative orthant of the n-dimensional Euclidean plane, A is
an mxn matrix, b € R™, C' = {x € R" | Az = b} # () and f is a Bregman function
zone consistent with respect to the hyperplane H; := {z € R’} | (a',z) = b;},
at #0, fori=1,...,m.

The Lagrangian of (1.30)-(1.32) with respect to the equality constraints is
L(z,2) = f(&) + (2 Az — b)

where z € R’ is the dual vector of the Lagrange multipliers. The dual function
g : R — R is given by
g(z) = min L(z, 2)

n
z€RY

and a necessary condition for the minimization of L(x, z) is
V.L(z,2) =0 for x € R} .

This implies that
Vf(z)=—-A"z (1.33)

From (1.33), for 2* € R? _ and 2k e R, k > 0, we generate an iterative primal-
dual algorithm as follows:

Vi) = —AT2", (1.34)
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To do this, the corrections to the dual vectors have to be prescribed. But from
the Lagrange Duality Theorem 1.3.2,

(dmn, /(@) = max g().

Therefore the dual corrections should at least entail dual ascent, i.e., guarantee
that the sequence { g(zk)} is increasing. This dual correction can be represented
by

AL = ok P (1.35)

where y* € R™ is a dual correction vector. Therefore, using (1.34) and (1.35), we

have
V(b)) = —ATH = —ATF — ATyF = Vf(aF) — ATyF. (1.36)

If a decision is made to change only one component of z*, i.e., the i(k)th compo-

k)

nent at each iteration, then we can write y* = 0,e'®). This enables us to write

(1.35) in component form as

g ] w5 i #iR),

: (1.37)
22+ 0y, i = i(k),
and (1.36) in the form
V(@) = V(b)) — 0ra’ (1.38)
foriel:={1,2,...,m}.
Now if the projection parameter 6 is calculated so that z*! satisfies
(@', a"h) = b, (1.39)

i.e., the next iterate 21 lies on the i(k)th hyperplane, we obtain Bregman’s
method for convex programming with linear equality constraints and with the
almost cyclic control sequence {i(k)}.

The solution 2" of the system (1.38)-(1.39) is the generalized projection of
the current primal iterate 2* onto the i(k)th hyperplane Hjy, as described in

Subsection 1.6.2, and 6y is the generalized projection parameter.
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The primal-dual algorithm for linear inequality constraints also follows the
same format and also calculates the parameter #,. However, before proceeding,
it compares 6, with the i(k)th component of the current dual vector z* and uses
the smaller of these two in the iterative step.

Figure 1.8 illustrates the geometric interpretation of all the possible cases in an
iterative step of Bregman’s primal-dual algorithm for linear inequality constraints.
We state this linear inequality constrained problem and its Bregman’s algorithm

for solving it in the next subsection.

Figure 1.8: Geometric interpretation of all the possible cases of Bregman’s algo-

rithm for linear inequality constraints.

Since Bregman’s algorithm is a row-action method, it takes at each iteration, a
hyperplane H; and projects onto it the current iterate according to the generalized
distance constructed from the objective function f(z), and computes the next
iterate. That is, in the kth iterative step, only one row of the system of equalities
or inequalities is used; i(k) denotes the index of this row. The sequence {i(k)} is
the control sequence of the algorithm.

Next, we state Bregman’s method for solving the linear equality constrained

problem (1.30)-(1.32).
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Algorithm 1.7.1. Bregman’s algorithm for linear equalities

(i) Initialization 2" € Intdomf (R’ ) is such that for an arbitrary z € R,

Vi) = —A":" (1.40)

(ii) Iterative Step Given z* calculate z**! from the system

Vi) = V) + ca'®, (1.41)

(@™ 2Fy = by, (1.42)

where ¢, = 7, (¢¥). We assume that f is zone consistent with respect to
the hyperplane H; := {z € R | (a’,z) = b;} for i = 1,...,m and that
the representation of every hyperplane is fixed during the whole iteration

process, so that the values of ¢, are well defined.

(iii) Control The control sequence {i(k)} is almost cyclic on the index set 1. <

1.7.1 Bregman’s method for linear inequality constraints

This subsection describes Bregman’s method for linear inequality constraints and
emphasizes its relationship with the application of Gauss-Seidel type methods to
a dual problem.

Let f € B(S) and consider the problem

min f(x), (1.43)
subject to (a‘,z) < b;, i€ l:={1,2,...,m}, (1.44)
z€S. (1.45)

Let H; := {z € R" | (a',z) = b;} and C; := {x € R" | (a’,z) < b;}; denote also
C =N, C; # 0, and assume that C NS # 0. A is an m x n matrix whose ith row
is a’, and b € R™. Assume that a’ # 0 for all i € I and that f € B(S) is strongly
zone consistent with respect to every H;.

Below is the Bregman’s algorithm for solving the linear inequality constraints

problem (1.43)-(1.45).
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Algorithm 1.7.2. Bregman’s algorithm for linear inequalities
(i) Initialization z° € S is such that for an arbitrary z° € R,

Vi) = —AT2" (1.46)

(ii) Iterative Step Given z* and 2%, calculate 2% and 2**! from

Vi) = V@) + cad®, (1.47)
L = ket (1.48)
¢, = min (zf(k), Or) , (1.49)

where 6, = 7rHi<k)(xk).

(iii) Control The control sequence {i(k)} is almost cyclic on the index set I.

1.7.2 On relaxation

In [41], an important modification of Bregman’s method was made by incorpo-
rating into the method a relaxation parameter. The underlying idea behind the
relaxation strategy is to relax the constraints before computing the Bregman pro-

jections. More precisely, if at iteration k, the ith constraint
(a',x) < b;

is to be used, we substitute it for the relaxed constraint

{a',z) < ab; + (1 — a){a’, z).
This simply means that instead of projecting onto the hyperplane

H; ={x € R" | {d',z) = b;},
we project onto the relaxed hyperplane

Hi(a) = {z € R" | (', 2) = ab; + (1 — a){a’,z")},

where the so called relaxation parameter (possibly also depending on k), «, lies
in the interval (0, 1]. In Chapter 2, we elaborate further on this concept and its
consequences to developing closed-form formulas in Chapter 4. Clearly, relaxation

can also be applied to the last algorithm for inequality constraints.
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1.8 Entropy maximization and closed formulas:

MART, SMART and related methods

In this section, we describe existing results that simplify the application of Breg-
man’s method to entropy maximization and its related problems.
The zlog x entropy function, ent x, which maps the nonnegative orthant R’

into R according to
n

—ent(z) = Z(l‘] log z;),

j=1
where, by convention, 0log0 = 0, is a Bregman function with zone R (see
page 33 of [32]). This function, known as Shannon’s entropy, has its origins in
information theory.

We now consider the following entropy optimization problem over linear equal-

ity constraints.

min f(x), (1.50)
subject to Az = b, (1.51)
r €R", (1.52)

where f(z) =7, (z;logz;).
Using Algorithm 1.7.2 with f(z) = > 7, (z;logz;), we have the algorithm for
solving (1.50)-(1.52) as

Algorithm 1.8.1. Bregman’s method for equality constrained entropy

optimization
(i) Initialization z" € R} is such that for an arbitrary 2° € R’

x? = exp ((—ATZO)]. — 1) ,7=1,2,...,n.

(ii) Tterative Step Given z* choose a control index i(k) and solve the system

$§+1 _ x;“ exp (Cka;ﬂ) ,1=1,2,...n, (1.53)
by = <ai7mk+1>' (1.54)
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(iii) Control The sequence {i(k)} is almost cyclic on I = {1,2,...,m}. O

We discuss Algorithm 1.8.1 and its relationship with the algorithm MART.

k+1

From Lemma 1.6.10, there exists a unique choice of " and ¢, that satisfies

the system (1.53)-(1.54). To proceed with the iteration, this system with n + 1
equations needs to be solved for 2+ and ¢;.

An alternative algorithm for solving this same problem is MART which em-
ploys a closed-form formula for the iterative updates instead of solving a system
of n 4+ 1 nonlinear equations. However, for the proof of convergence for MART,

the following assumptions are made.
Assumption 1.8.2.
(i) Feasibility: {x € R* | Az = b} NR"} # 0.
(ii) Non-negativity: a} >0, and b; > 0 for all s € I and j = 1,2,...,n.

(iii) Normalization: Ax = b is scaled so that for all ¢ € [ and j = 1,2,...,n,

aé <1. 9
With this assumption, we state the algorithm for MART:
Algorithm 1.8.3. Multiplicative Algebraic Reconstruction Technique
(i) Initialization 2° € R is arbitrary, and 2° € R", is given by

1+logx? = (—ATzo)j, j=12,...,n.

(ii) Iterative Step

i

b; a5
K+l _ ok i _
l’j+ —.Z’j (W) , ] —1,2,...,’)7,. (155)
(iii) Control: The sequence {i(k)} is almost cyclic on 1. &

The question we want to address briefly here, and in more detail in Chapter

4, is whether it is possible to replace the iterative step of the system (1.53)-(1.54)
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in the Algorithm 1.8.1 with a closed-form formula as it is the case for orthogonal
projections onto hyperplanes using Assumption 1.8.27

The answer to this question will motivate the development of general closed-
form formula for the iterative steps in Bregman’s algorithm for linear constraints
in Chapter 4.

To answer this question, observe that in order to use Algorithm 1.8.1, the
system (1.53)-(1.54) has to be solved for ¢; and x**1 in each iterate. Doing this

for the kth iterate, by eliminating 2**! from this system, we have
Z a§:1:§” exp (ckaé) —b; =0.
j=1
Let exp ¢y = yx and define the function f; : R, — R by
frlyr) = Z azxjf’ exp (ckaé) — b;.
j=1

Then we need a positive root of f; to determine ¢;. Now, if the conditions or
Assumption 1.8.2 that enable the convergence of MART are imposed on Algorithm
1.8.1 then fi(0) = —b; < 0, yliinoo fr(yx) = 400, and for y, > 0, we have the
derivatives fi(yx) > 0 and f}(yx) < 0. Now, since fx(0) < 0 and yliinoo fr(yk) =
+o00, there exists 7 > 0 such that fip(yx) > 0. Also since f; is continuous, the
intermediate value theorem ensures that for some y* € (0, yx) we have fi(y;) = 0.
Since f}(yx) > 0 for all yx > 0, it follows that f is strictly increasing on (0, c0).
Hence it is one-to-one there, and therefore if fi(y,) = 0 for some yx > 0 then
y*, = yr and so y; > 0 is unique and fi(y;) = 0.

Now consider the line through the points (0, —b;) and (1, fx(1)) in the plane of
the graph of fi(yx). This line or the secant line to the graph intersects the y,—axis

at the point g, given by
_ bi
T )

U is therefore considered as a secant approximation to the root y; of f; and

exp ¢ = ¥y,. Hence
bi

(at, %)

¢, = log

32



When this approximate value ¢, is substituted into (1.53) of Algorithm 1.8.1,
we obtain the closed-form formula (1.55) of Algorithm 1.8.3 which is MART’s
iterative step. Therefore MART’s iterative step is a secant approximation to
Bregman’s iterative step if the conditions that enable the convergence of MART
hold. Details of these can be found in [23].

The question of whether the algorithms MART and SMART will converge
when {z € R" | Az = b} = () will be addressed in Chapter 5.
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Chapter 2

The convex feasibility problem
and block Bregman methods for

equality constraints

Now, let us go back to the CFP (1.9) and its solution using a sequence of Bregman
projections. In this chapter, we show how to generalize the method of relaxed
Bregman projections onto closed convex sets, itself a generalization of POCS. As
a consequence, we derive an application to convex but nonlinear sets of constraints
and to linear equality constraints as well.

Before presenting the algorithm, we need to define a separating hyperplane.

Definition 2.0.4. Separating hyperplanes For a given point  and a closed,
nonempty convex set C, define for s € R"\{0} andd € R, H* = {x € R" | (s,x) =
d}. We say that H® separates = and C, that is, it is a separating hyperplane for
z and C, if (s,x) < dVx € C and (s,7) > d. &

Definition 2.0.5. Supporting hyperplanes For a given closed and nonempty
convex set C' and a given point € 9C', the boundary of C, define for s € R™\ {0}
the hyperplane, H* = {x € R" | (s,z — Z) = 0}. We say that H® supports C at

z if either (s,x —x) >0 for all z € C, or (s,z —x) <0 for all z € C. O
It is clear from Proposition 11 in [24] that, for a given closed and nonempty
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convex set C' and a point z, if Po(z) is the orthogonal projection of x onto C|,
then H = {y € R" | (y — Po(x),z — Po(x)) = 0} defines a tangent hyperplane at
Pc(x) which is a supporting and a separating hyperplane of = ¢ C' and C.

The following result extends this concept to Bregman projections. If we con-
sider Po(z) as a Bregman projection of x onto C' then there exists a tangent
hyperplane to C' at the point Po(z), see [24] . This hyperplane will be related to
our generalization of relaxation.

Our new general method for solving (1.9) will be defined as follows.
gt = e ) (2.1)

where Pam denotes the Bregman projection onto a separating hyperplane for the
point z* and the closed convex set C; for i = 1,...,m.

Next, we state a well-known result, the three-point lemma by Chen and
Teboulle 1993, which is widely used in the analysis of generalized Bregman pro-

jection methods.

Lemma 2.0.6. Let f be a Bregman function with zone S. Then for any x,z € S
andy € S,

Di(y,x) = Dy(z,2) + Dy(y, 2) + (Vf(z) = V[(2), 2 = y). (2:2)

The next theorem is Lemma 1 in [14]. We repeat the statement and its proof

here because of its important to the work in this chapter.

Theorem 2.0.7. Let f be a Bregman function with zone S and let C' be a closed
and nonempty convex set such that C NS # (. Define Po(x) as the Bregman
projection of x onto C' and assume that for any v € S, Po(x) € S. Then the

following inequality is true

Dy(Pe(x),x) < Dy(y, =) = Dy(y, Po(x)) (2.3)

for everyy € CNS.
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Proof. Using the convexity of the function G in Lemma 1.6.6 and the fact that

D¢(xz,xz) =0 for all x € S, we have, for any a € (0, 1],
Doy + (1 — a)Po(x),z) — Di(ay + (1 — o) Po(x), Po(x)) < (2.4)

aD¢(y,z) + (1 — a)Ds(Po(z),x) — aD(y, Po(x)). (2.5)

This implies that

Di(y,x) — D¢(Po(x),z) — Dy(y, Po(x)) > (2.6)
Dy(ay + (1 —a)Pe(z), ) = Dy(Po(z),x)  Dilay + (1 — a)Po(x), Po(z))
" " (2.7)

The first term on the right-hand side of (2.7) is non-negative Yo € (0, 1] because
Pc(z) is a minimizer, and the second term tends to zero as « tends to zero because

of the definition of the Bregman measure. That is,

lim Di(ay + (1 — a)Pe(z), Po(x))

a—0 [0

_ iy Di(Pe(2) + aly = Pe(2)), Fo(x)) — Di(Fe(@), Po(2))

a—0 @,
- <V2Df(z7 PC(:C)”Z:PC’(:C)’Z/ - Pc<x>> B 0’

since Dy (z,) = F(x)— F(g)— (Vf(4),2—y) implies Vo Dy (z, ) = Vf(z)— V1)
and so V,D¢(y,y) = 0. This completes the proof. ]

A deeper analysis of this result (Theorem 2.0.7) for inequalities, not considered
by Bregman, gives us a better geometrical view of Bregman projections. In (2.4),

the difference is not only convex but linear in the first variable and so

Dy(y,x) = Dy(Po().) = Dyly, Po(a)) = 28)
Dy(ay + (1= a)Po(a),2) = Dy(Pe(@),a) 2)

_ Dylay + (1 = a)Po(x), Pe(x)) (2.10)

Using the definition of the Bregman measure to expand (2.9), we have

flay+ (1 —a)Po(x)) — f(z) = (Vf(z), 0y + (1 — o) Po(z) — )

Q
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_f(Pe(@)) = (&) = (V[(z), Po(r) — @)]
_ floy:+ (L= )Fe) - SUPele) ~@i(a)y=Fele) (y
and also for the expansion of (2.10), we have
oy + (1= ) Pow) = f(Pela)) = alVS(Pola)y = Pelal) 1y 1

(67

Therefore using (2.8), (2.9), (2.10), (2.11) and (2.12) , we have

Dy(y,x)=Dy(Po(x), x)=Dy(y, Po(x)) = (Vf(Pe(r) =V f(z),y—Fe(r)) (2.13)

for every y € C, which, if Po(z) = z, is the result of Lemma 2.0.6.

If fis 5| - ||I* then (2.13) gives, as expected, the cosine of the angle determined
by the points =, Po(x) and y. When this is zero, the Pythagoras theorem for
equalities is retrieved.

In the general case, if f is a Bregman function with zone S and C' is a closed
and nonempty convex set such that C' NS # (), and if f is zone consistent with

respect to C' then, for z ¢ C', the equation

(Vf(z) = Vf(FPo(x)),y — Polx)) =0 (2.14)

defines a hyperplane that is tangent to C' at Po(x), where Po(x) is the Bregman

projection of x onto C.

Remark 2.0.8. It should be noted that if x ¢ C then z # Po(z) and since f is
a Bregman function assumed to be strictly convex on S, V f is strictly monotone
on S (see page 10 of [77]) and so V f(z) # Vf(Pc(x)).

Alternatively, if f satisfies Assumption 2.2.2 so that V f is invertible from S
onto R™ then Vf is one-to-one and therefore Vf(x) = V f(Po(x)) implies z =
Pe(x), a contradiction to the assumption that = ¢ C. Thus V f(x) # V f(Pc(z))
for all z € S. ¢

Again, the next theorem which is Theorem 2.4.2 on page 43 of [32] is repeated

here with its proof because of its important to the work of this section.
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Theorem 2.0.9. Under the assumption of Theorem 2.0.7, for any x € S,
v € CNS is Po(x) if and only if

(Vf(z) =Vf(v),y—v) <0 (2.15)
forally e CNS.

Proof. If z = Po(z) in Lemma 2.0.6 then (2.15) follows from (2.2) and (2.3).
Conversely, if (2.15) holds then with v = Po(z) in Lemma 2.0.6, (2.2) reduces to
the inequality

Dy(v,z) < Dy(y,z) forally e C NS

since Dy is nonnegative. Therefore v = Po(z).

]

This theorem says that a hyperplane H through the point Po(z), z ¢ C, and
which is perpendicular to Vf(z) — V f(Pc(z)) supports the convex set C' at the
point Po(x). That is, the set C' lies entirely on one side of H.

Definition 2.0.10. Generalized tangent hyperplane For a given closed and
nonempty convex set C', and a given Bregman function f with zone S such that
C NS # (), define Po(r) as the Bregman projection of z onto C. If f is zone
consistent with respect to C, then the generalized tangent hyperplane at Po(x) is

the set
{ye S| (y— Po(x),Vf(r) = Vf(Pc(x))) = 0} (2.16)

ifr ¢ C. &

Now consider the minimization problem for a given y € S, where S is a zone

of the Bregman function f, and a closed and nonempty convex set C'.

nin G(z) = f(z) = fy) = (VS{y),z —p). (2.17)

The condition for the minimum Pg(y), that is, the Bregman projection of y onto

C, is given by

(=VG(Fo(y)),x = Poly)) = (Vi(y) =V f(Fely),z — Pely) <0 (2.18)
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for all z € C'N S, which describes the hyperplane from the Pythagorean equality.
We note that, with G(z) = f(z) — f(y) = (V[(y), 2 —y), VG(z) = V f(z) =V f(y)
and so VG (Fe(y)) = Vf(Fe(y) =V f(y).

Thus (VG(Fc(y)), z—FPc(y)) = (Vf(Pe(y) =V f(y), z— Fc(y)) and (2.18) follows
from Theorem 2.0.9.

2.1 An extension of relaxation

In this section, we extend the concept of relaxation for Bregman projections, first
proposed in [41] and further extended in [29] to, not necessarily the linear case.

As described in Subsection 1.7.2, for a given hyperplane
H={zeR"| {(a,z) =b},

a relaxed Bregman projection onto H with relaxation parameter o € (0,1] is

defined as the Bregman projection onto the parallel hyperplane defined by
H={zxeR"| {a,z) =ab+ (1 —a)la,z")}. (2.19)

We generalize this concept to a general closed convex sets in a natural way in the

next subsection.

2.1.1 Relaxed Bregman projections onto closed convex sets

For a given closed and nonempty convex set C' C R", a point x € R" and its
Bregman projection Po(z) onto C, we define a relaxed Bregman projection onto
C with parameter o € (0,1], Py(aq)(x), as the Bregman projection onto the

hyperplane defined by

H(e,z) = {y e R" [(V[(x) = V[(Fo(r)),y) = (2.20)
a(Vf(x) =V f(Po(r)), Po(x)) + (1 — a){V[(x) = Vf(Po(r)), z)}

if v ¢ C. If v € C then the hyperplane is the entire space R™ and so x, Py(a,q) (%) €
R™, since in this case, the normal vector V f(z) — Vf(Po(x)) = 0. We show that
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H(a, z) is a separating hyperplane for the point x ¢ C' and C in the following

proposition.

Proposition 2.1.1. Suppose f is a Bregman function with zone S and let C' be
a closed and nonempty conver set such that C NS # 0. Define Po(x) as the
Bregman projection of x onto C and assume that for any x € S, Po(z) € S.
Then, for a € (0,1] and x € S, the hyperplane

H(e,z) = {y e R" | (V[(z) = V[(Pe(r)),y) =
a(Vf(z) = V[(Fo(r)), Fo(z)) + (1 — a){Vf(z) = Vf(FPe(z)), x)}

separates the point x ¢ C from C NS for x € S.

Proof. We first show that H(1,z) is a separating and supporting hyperplane of
C at the point Pz (z) of C and then deduce that H (o, z) separates o from C' NS
for a € (0,1), since H(a,x) is parallel to H(1,x) and lies between x and H(1, z)
for « € (0,1) and x € S.

Now by definition,

H(l,z) = {y eR"[(Vf(z) = Vf(Pc(z)),y) = (V(z) = V(Fo(z)), Pe(x))}
= {yeR" | (Vf(z) = V(Pc(x)),y — Fo(z)) = 0}

is the generalized tangent hyperplane in (2.16).
By Theorem 2.0.9,

(Vf(x) =V f(Pe(r)),y — Po(x)) <0

forally € C andso C C {y e R" | (Vf(z) — Vf(Pe(z)),y — Po(x)) < 0}. Thus
C N S lies on one side of H(1,z), and since by definition, H(c, ) is parallel to
H(1,z) and lies between z and H(1,z) for a € (0,1), C' N S lies on one side of
H(a,x).

On the other hand, if x € S but = ¢ C then

(Vf(x) = Vf(Fo(x)),z) = a(Vf(x)=V[(Po(r)), Fo(z))
+(1 = a)(Vf(z) = V[(Pe(x)), x)
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implies
(Vf(x) = Vf(Po(x)),a(r — Po(x))) = 0.

But, by the definition of Dy,

Di(x,y) + Dp(y,x) = f(z)— fly) = (Vf(y),z—y)
+f(y) = flx) = (Vf(x),y —x)
= (Vf(x) = Vf(y),r—y). (2.21)

Therefore
oV f(z) = Vf(Pc(z)),x = Fo(z)) = a(Dy(z, Po(x)) + Dy (Pe(z), ) > 0.

Hence, for a € (0,1] and € S, H(a, r) separates x from C'N S. ]

2.1.2 The relationship with the Censor-Herman definition

A definition of underrelaxation of the Bregman projection onto a general closed
convex set (not necessarily linear or half space) was given by Yair Censor and Ga-
bor T. Herman in [29]. This definition includes as special cases the underrelaxed
orthogonal projections and the underrelaxed Bregman projections onto linear con-
straints, i.e., hyperplanes and half-spaces, as given in [41]. Censor-Herman in [29]
defines the underrelaxed Bregman projection of a point x € S onto a general
closed convex set C, with respect to a Bregman function f and with a relaxation

parameter A € [0, 1], as a point Pc(x) that satisfies the equation
Vf(Fea(z)) = (1= ANV f(x)+ AV f(FPc(z)), (2.22)

where Pg(x) is the Bregman projection of z onto C' and S is the zone of f. In
Proposition 1 in [29], it was shown that f is zone consistent with respect to C.
This proposition also guarantees the invertibility of V f and hence the uniqueness
of Po . In particular, for every z € S, Poa(z) € S.

We prove in the following proposition that our new extended definition of
underrelaxed Bregman projections onto a general closed convex sets contains that

of Censor-Herman.
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Proposition 2.1.2. Let f be a Bregman function with zone S = Int(domf ), and
C be a general closed and nonempty convex set. Assume that f is strongly zone
consistent with respect to the separating hyperplane H(«, z) forx € S, 0 < a <1,
of C' defined in (2.20). Then there exists A € [0,1] such that, for v € S, Pe ()
of (2.22) is the underrelaxed Bregman projection Ppaq(x), i.e., the Bregman
projection of x onto the separating hyperplane H (o, x).

Proof. We observe that if x € C'N.S then there is nothing to prove. Since, in this
case, Vf(x) — Vf(Pc(z)) = 0 and the hyperplanes H(1,x) and H(«,z) for a €
(0,1) and & € S are the entire R" and so, Po(2) = P12 (%) = Pras)(r) = .
Thus

V[ (Puaa (@) = (1 = NV f(2) + AV f(Puqx(2)),

holds for all A € R and in particular for A\ € [0,1]. Therefore suppose that
x & C. Then Pp(q ) () is the relaxed Bregman projection of x onto H(1, ) and
by Lemma 1.6.10, it is uniquely determined with its projection parameter 6 by

the system

Vf(Prw(x) = V(@) +0(Vf(z) - Vf(Po(x)))(223)
(Pr(aw(2), V(z) = V(Po(z) = afVf(z)—Vf(Pe(x)), Polz))
+(1 —a)(Vf(z) - Vf(Pc(z)), ).
Similarly, the Bregman projection of & onto H(1,2), Pyq.e/(z), is also uniquely

determined with its projection parameter 6* by the system

Vi(Paaw(@) = Vf(@)+0(Vf(z) - Vf(Pe(r)(R24)
(Pr(a)(2), Vf(2) = V[f(Po(z))) = (Vf(x) = Vf(Fe(r)), Po(z)).
Now, by Lemma 1.6.12, §* < 6, and since o € (0,1], i.e., a # 0, z ¢ H (e, z) and
so by Lemma 1.6.11, §* # 0. This means that 6* < 0 and 0/6* is well defined.
Therefore, from (2.23) and (2.24),
Vf(Puw (@) = Vf(@)+0(Vf(z) - Vf(Pc(r))

= V@) + g (T (Pu(a) — V(@)

— (1 - %) Vf(x)+ %Vf(PH(LI)(x))‘
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Now since z ¢ C and the hyperplane H(«,z) separates C from z, Vf(x) —
V f(Pc(x)) is the outward normal to the hyperplane H(«,z) and so by Lemma
1.6.13 , the projection parameters of x onto H(«,z) for o € (0, 1] are negative.

Thus 6* < 0 implies 1 > 9% and so if we define \ = 9% then 0 < A <1 and

VI (Pron (1) = (1 = M)V f(2) + AV (Pua (@),

which completes the proof. O

2.1.3 The relationship with the Aharoni-Berman-Censor

definition

In [3], Aharoni, Berman and Censor associate the set Ag(x) with the closed convex

set () and a point z € R™ as follows

Agla) = \HTrE@ 25)
{r +XNPu(x)—2) | HEe Hog, n<A<2—1n}ifxdQ,
where 0 <7 < 1 and A is a relaxation parameter. Here Py(x) is the orthogonal
projection of x ¢ () onto a hyperplane H that separates the ball B(x,dd(x,Q))
with center z and radius dd(z, Q) for 0 < 6 < 1, from Q; d(z, Q) is the Euclidean
distance between x and Q). H, g is the collection of all hyperplanes that separate
B(z,dd(z,Q)) from Q. The set Ag(z) is then used to describe the iterative step
in their (6, n)-algorithm.
Next, we show that in the special case when f = 1||-||%, method (2.1) coincides

with the method by Aharoni-Berman-Censor in [3].

Proposition 2.1.3. If f = |- ||* then H(o, ) € Hy o for a closed convex set C,
a € (0,1], and {Py(aq(2)} € Ac(x), where Ac(x) is as defined by (2.25) with Q
replaced by C' and H (o, x) is the separating hyperplane of C.

Proof. Since, by the definition in [3], H, ¢ is a collection of all hyperplanes that
separate the ball B(z,dd(x,C)) from the closed convex set C' for 0 < < 1lifz ¢
C, by Proposition 2.1.1, H(a,z) € H, ¢ for o € (0,1]. Therefore { Pyaz)(2)} €
Ac(z). If z € C then, as observed in the beginning of the proof of Proposition
2.1.2, Py(az)(z) = 2 and so { Praqx)(2)} € Ac(x). O
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2.2 A general Bregman projection method

In this subsection, we propose a block-iterative algorithm with underrelaxed Breg-
man projections as defined in Subsection 2.1.1 for solving (1.9). By block-iterative,

*1is generated from the

we mean that, at the kth iteration, the next iterate x*
current iterate z* by using a subset or a block of the family of the closed convex
sets {C;}™, in the convex feasibility problem (1.9). Such a block-iterative scheme
for a convex feasibility problem was first proposed in [5] by Aharoni and Censor.

We partition the integer interval [1,m] into p disjoint blocks or intervals €,
that is, [1,m] = U]_,€ and let Q; = Nicq,C;. Let f be a Bregman function
with zone S = Int(domf), and assume that f is essentially smooth and strongly
zone consistent with respect to the separating hyperplane H;(«, ) of C; such that

Hi(o,7) NS # ). Then, our new general method for solving (1.9) will be defined

as follows.

V) = Y AV (Pryaes (@), (2.26)

where P, (.2 (2*) denotes the Bregman projection of the current iterate 2* onto
the hyperplane H;(«a, 2*) that separates 2* from the closed convex set C; NS, as
defined in Subsection 2.1.1. \;’s are positive numbers which are bounded away

from zero, i.e., there exists € > 0 such that \; > € for each 7, and
> oh=1 (2.27)

{l(k)} is a cyclic control sequence over the index set {1,...,p}.

Remark 2.2.1. It must be noted that the applicability of the algorithm defined by
(2.26) depends on the ability to invert the gradient V f explicitly. If the Bregman
function f is essentially smooth then V f is one-to-one mapping with continuous
inverse (Vf)™!, see [[78], Theorem 26.5]. We must also assume zone consistency;

that is, all the gradients that appear in the iterative step are defined. &

Based on Remark 2.2.1, the Bregman function f used in the algorithm defined
by (2.26) and the iterates produced by the algorithm must satisfy the following

assumption.
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Assumption 2.2.2. f € B(S) is essentially smooth and zone consistent or
strongly zone consistent with respect to every hyperplane and the iterate 2% € S

for all k> 0. &

2.2.1 A convergence theorem

We will establish the convergence of the sequence generated by (2.26) for p = 1.
It however remains a conjecture that the sequence generated by the general block-
iterative Bregman projection method (2.26) for p > 1 converges to the solution of
(1.9).

To do this, we will use Propositions 2.2.4-2.2.6 below. The method of proof
is closely related to the previous proofs given by Aharoni, Berman and Censor in
3], and Censor and Herman in [29)].

The properties of the Bregman function f in relation to a closed and nonempty
convex set C with zone S = Int(dom f) such that CNS # () will be used repeatedly

in the analysis leading to the proof of Theorem 2.2.9.
Properties 2.2.3.
(i) (Vf(z) = Vf(Po(z)),y — Pe(z)) <0fory € CNS and z € S.

(i) (Vf(z) =V f(y),z—y) >0, Vr,y € S, ie,Vf is a monotone operator on
S.

(iii) (Vf(z) =V f(y),x —y) = Ds(z,y) + Ds(y,x) for all z,y € S.

(iv) For every o € R, the partial level sets Ly (y, «) and Lo(z, ) are bounded for

every y € S and for every x € S, respectively.
(v) If y* € S for all k > 0, and klim y* = y* then klim Dy(y*,y*) = 0.
— 00 — 00

(vi) If y* € S and zF € S for all k> 0 and if Jim Dy(zF, y*) =0, and Jim yr =
—00 —00

y*, and {z*} is bounded, then lim z* = y*. &
k—oo
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Proof. The proof of (i) is the proof of Theorem 2.0.9. The proofs of (ii) and (iii)
are part of the proof of Proposition 2.1.1, precisely (2.21). (iv) to (vi) are part of

the definition of a Bregman function. O

Next, we prove the general Bregman measure descendant property for the algo-

rithm defined by (2.26). This is known in the literature as the Fejér monotonicity.

Proposition 2.2.4. Let f be a Bregman function with zone S = Int(domf ), and
assume that f is strongly zone consistent with respect to the separating hyperplane
H(a,z) of C; such that Hi(a,x) NS # O for a € (0,1] and x € S. Then the
Bregman measure for the algorithm defined by (2.26) decreases towards C NS with

respect to the second variable; that 1s,
Dy(e, &) < Dy(z, o) (2.28)
for every x € C' N S. Moreover, the sequence {z*} is bounded.

Proof. By the definition of Dy, for every x € C,
Dy(z, 2" = f(z) — f(a™) = (Vf(@"*),x — "),

Using the definition of the algorithm in (2.26) and condition (2.27), the last equal-

ity becomes

- Z )\Z (f(I) - f(PHi(C%xk)(xk)) + f(PHi(a,xk)(xk)) - f($k+1)
_ Vf(PHi(a,xk)(xk))7x — le_(mxk)(xk) + PHi(a,a:k)(xk) B xk+1>) .

Thus, using the definition of Dy again, we have

m

Df(aja karl) = Z Ai (Df(iL‘, PHZ(a,xk)<xk)) - Df(karla PHZ(a,mk)(mk))) :

i=1
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Therefore, using (2.27), we have
Dy(w,2%) = Dy, ™) = S MDY, Py o)) (2.20)

+Z /\z (Df(‘rv xk) - Df(x7 PHi(CX@k)<xk))) :
i=1

(2.30)

But, by Theorem 2.0.7,
Df(PHi(a@k)(:ck),:ck) < Df(:c,xk) - Df(x,PHi(a@k)(xk))

for every z € C'N S and so (2.29) becomes

m
Df<x7 xk) - Df(:l:? karl) = Z Ai(Df(karl? PHi(a@k)(xk)) | Df(PHi(a,rk)(xk)7 xk))
i=1
Hence, since the weights \; are positive,
Dy(z,2%) = Dy(x,2) >~ \iDy(Pyryaem (), %) (2.31)
i=1
and (2.28) follows since Dy is nonnegative. In the literature, this means that
the sequence {z*} is Ds-Fejér monotone with respect to C'N S and implies that
{2*} is bounded. This is because a repeated use of (2.28) gives z* € L(x, ay) for

all k > 0 with ag = Dj(z,2°) and so {z*} is bounded by the definition of the

Bregman function (see Properties 2.2.3(iv)). O

Several important consequences can be deduced from Proposition 2.2.4. We

begin with the next corrollary.

Corollary 2.2.5. The sequence generated by the algorithm defined by (2.26) is
such that for every y € C

lim Dy(y, ") =0,
k—o0

for some nonnegative 0 and fori € I :={1,...,m},
lim Dy (P, (a0r)(2"), 2%) = 0. (2.32)
k—o0 ’
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Proof. By (2.28), for every y € C'N S, the sequence {D;(y,z*)} is monotonically
decreasing, bounded below by zero and therefore convergent. Hence, there exists
a nonnegative @ such that limy . Ds(y,z") = 0. Also, as observed in the proof
of Proposition 2.2.4, the sequence {z*} is bounded and so the left hand side of
(2.31) tends to zero. Therefore limy_,o D (P, ) (2¥), 2%) = 0 since the \;’s are

positive and bounded away from zero. O

Since the sequence generated by the algorithm defined by (2.26) is bounded,
it has a limit point. In the next proposition, we show that if a limit point exists

and it belongs to C' then it is the limit of the sequence.

Proposition 2.2.6. Any limit point z* € C of the bounded sequence {x*} of the

algorithm defined by (2.26) is the limit of the entire sequence.

Proof. Suppose z* € C'is a limit point of {#*} and that 2** is another limit point

of {xF}. That is

lim 2 = 2* and lim 2f = 2™
b
keN1;k—o0 k€Na;k—o0

where N; and N, are two different infinite subsets of N = {0,1,2,...,}. Then,
since f is zone consistent with respect to the C;’s and 2% € S for all k& > 0,
x* € S. Therefore, from (2.28), ’}LI& Dy(x*, z¥) exists. Applying Properties 2.2.3
(v) in the definition of Bregman function to the sequence {x*};>0ren,, We have
ke]\gr’?_m Dy(z*,2%) = 0 and so by (2.28) klggo Dy(z*,2%) = 0 for all k¥ > 0 which

also holds for the sequence {z*};>0 xen,. Therefore using Properties 2.2.3 (vi), we

have x* = z**. ]

Before the next step for the convergence proof, we need a condition that must
be satisfied by the separating hyperplanes in order to guarantee convergence. This

condition induces the following definition.

Definition 2.2.7. For a given closed convez set C' and a point x ¢ C' we say that
H is a 0 separating hyperplane for C' and x if H lies between C' and B(x, dd(x, Pox)),
where d(-,-) stands for the Euclidean distance and § € (0,1) and B(x,r) is the

ball with center at © and radius r. &

48



It is clear that this definition is equivalent to saying that for every = € R",
[P () — | = 6] Pe () — [, (2.33)

where Po(x) and Py (x) are the Bregman projections of « onto C' and the separat-
ing hyperplane H respectively. In other words, if the Euclidean distance between
x and its projection onto the hyperplane tends to zero, the same is valid for the
Fuclidean distance between x and its projection onto the associated convex set.
Therefore our assumption for the separating hyperplanes H;(«, z) in (2.26) for

1=1,...,m will be

Assumption 2.2.8. For the algorithm defined by (2.26), and for i € I :=
L,...,m and for all x € S which are not in C;, the inequality (2.33) holds with
Hi(a,z) defined in (2.20) with respect to C; for o € (0,1). O

Given that the algorithm defined by (2.26) satisfies Assumption 2.2.8, we can
prove that every limit point of the sequence {2*} generated by (2.26) belong to

C. The following theorem justifies this statement.

Theorem 2.2.9. The whole sequence of the algorithm defined by (2.26) converges

to a point in C'.

Proof. Using (2.32) and (2.33), we have
lim D¢(Po,(2%),2%) =0, Vie I .= {1,...,m}. (2.34)
—00

Suppose x* is a limit point of the sequence {z*}. The limit point * exists because
{2*} is bounded by Proposition 2.2.4. This means that there exists a subsequence
{aM} such that lim; ., 2" = z*, and using (2.34)
lim Dy (P, (z"),2") =0 for all i € I. (2.35)
— 00
Now, by Theorem 2.0.7,
Df($a PHZ(a,xk)($k)) < Df(l‘, $k) - Df(PHi(Oc@k)(xk)a xk)

for every 2 € C'NS. But by (2.32) and (2.28), {Ds(Pp;,(aq+ (z*), 2¥)} and
{Ds(x,2%)} are bounded for any x € C' NS and so {Dy(x, Py,(o.0(2F))} is
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bounded. Therefore by Properties 2.2.3 (iv), {Pp,(a.+)(2")} is bounded. The
boundedness of { Pg,(z*)} follows from Assumption 2.2.8. Therefore, using Prop-
erties 2.2.3 (vi), limy_,oo Pe,(2%) = 2* for each i € I. Hence z* € C. O

2.2.2 A general underrelaxed entropy projection method

In this section, we derive a general block iterative algorithm with underrelaxed
entropy projections using projections onto separating hyperplanes. We derive this
algorithm for the solution of a linear system of equations Az = b.

The xlog x entropy function is a Bregman function with zone S = IntR?, see
page 33 of [32]. Therefore, by Lemma 1.6.10, the Bregman projection P, (a2 ()

of z onto H(«, ) satisfies the equation

VI (Priax (x) = Vf(2) +0(V f(x) = VI(Fe,(2))), (2.36)

where 6 is the parameter associated with the projection of x onto H(«,x). For
f(x) =37 (zjlogz;), the gradient of the jth component is V f(z); = 1+logz;.
Thus using (2.36), we have

T+ log(PHi(a,xk)(xk))j =1+ log ZL‘? + ef(log If i log(Poz (xk))J)

which simplifies to

log(Pp,(a,ut)(2")); = log z; 4 67 log <W) (2.37)
i J

and by the definition of the general Bregman method given in (2.26) for p = 1,
V@), = ZAin<PHi<a,mk><x’“>>j
1+ log(z**1); = Z)\ +10g(Pr; (.t (2F));

log(z"h); = Z A 10g(Prr,(0my (%)) for j =1,...,n, k> 0.

i=1
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Therefore, using (2.37), we have

m k
k1 _ Z ko pk L

m xk )‘ief
= loga® 1 g ‘

Therefore, the iterative step becomes

m .fL'k )‘ief
gt = gk S E— . 2.38
m=n U\ e, 2

But H; = {z | {a',x) = b;}, a' # 0, for i = 1,2,...,m, and the jth component

of the normal aj- is

@, = V") = VI(Po(a")); = 1 +loga) — (1+log(Pe,(a"));)

This implies that

k
0 L
ST PRy
Therefore, using (2.38), the iterative method becomes
x§?+1 — x;?H(exp a;:)’\i@i‘c e ?Hexp (a;'-)\ﬂf) forj=1,....n, k>0
i=1 i=1

and if we replace the 0's with df = log<a,-l?—§c,€> for all ¢+ and £ > 0 then the
resulting formula resembles the iterative step formula of the block-iterative MART
algorithm of Censor and Segman [31]. However if one replaces the 6%’s with
cr, = alog Wb—xk), 0 < a <1, forall i and £ > 0, then the resulting formula

resembles the iterative step formula of the underrelaxed MART algorithm in [23].

2.3 An application for general convex sets

When an exact Bregman projection onto a closed convex set is too costly to

compute, we can use the algorithm defined by (2.26)when p = 1 and the separating
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hyperplane defined by the approximation of the function that defines the convex
set. That is, suppose that the convex set C; is defined by

C;={x e R" | gi(x) <0}, (2.39)

where g; : R® — R is a differentiable convex function. We follow closely the
definition of the approximating hyperplane on page 151 of [61], i.e., a separating
hyperplane, H;(c, z*) for a € (0,1) and 2% € S = Int(domg), between the current

iterate 2% and the current constraint C; if 2% ¢ C; as
Hi(a,2%) = {z € R" | ag;(2") + Vgi(a") (2 — 2¥) = 0}, (2.40)

and H;(a,z%) = R" if 2% € C;. We assume C' = N7, C; # 0.

For the algorithm defined by (2.26), PHi(a7xk)($k) is the Bregman projection of
x* onto H;(a, x%). This means that for a function f € B(S) with S = Int(domf)
which is strongly zone consistent with respect to the hyperplane H;, the projection

solves the equations given by
Vf(PHi(ayxk)(l'k)) ~ Vf(xk) + Ongi($k), (2.41)

agi(x*) + Vgi(:ck)T(PHi(awk)(xk) —2") =0 (2.42)

for the projection parameter 6% and PHi(ayxk)lek).

Now from (2.41), we have

<vf<PH¢(a7xk)(xk)) - Vf(mk)w PHi(a,x’“)(xk) . xk> == 05<V9i(xk)> PHi(oc,z’“)(xk) - xk>

Therefore, using (2.42), we have

(VI (Pry(aam) (25)) = V[ (2"), Pryaar)(2") — 2") = —abgi(a").
Thus if 2% ¢ C; or g;(«*) > 0 then

<vf<PHL(a,mk)(xk)) - Vf(l'k), PHi(a,mk)(xk) - xk>

E__
% = —ag;(z*)

7

and (2.41) becomes

(Vf (P, (aahy (@) = VF(@*), Py, aom (@) — 2*)
ag;(xF)

V[ (Pry(aum) (2%)) = V f (2*)—
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and if 2% € C; or gi(2") < 0 then V f( Py, (o0 (27)) = V f(2F).

Observe that if Vg;(z¥) = 0 then g; takes its minimal value at z*, implying
by the non-emptyness of C' that g;(z*) < 0, so that PHi(a,xk)(x'“) = 2* and so
V(i (@) = V().

In order that the algorithm defined by (2.26) converges to z* € C for the gen-
eral convex set, we make the following assumption on the gradient of the function
g; for i = 1,...,m. With this assumption, i.e., Assumption 2.3.1, Proposition

2.3.2 guarantees that z* € C and ensures that Assumption 2.2.8 is satisfied.

Assumption 2.3.1. For each of the functions {g;} used in (2.39), there exists
€ > 0 such that ||Vg;(z%)| > e.

Proposition 2.3.2. On the basis of Assumption 2.8.1, limy_, gi(z¥) = 0 and

limg_.oo 2% € Cy for each i € {1,...,m}.

Proof. 1f ||Vg;(z*)|| is bounded away from zero as in Assumption 2.3.1 then (2.32)
implies that Py, ) (2F) — ¥ tends to zero as k — oo, and so (2.42) implies that
alimy_,o gi(2¥) = 0. Therefore, limy .o 2*¥ € C; for each i since the g;’s are
continuous and « € (0,1). This further implies that limy ... (Pc,(z%) — 2%) = 0

which satisfies condition (2.33). O

Remark 2.3.3. It must be noted that, for the general convex sets, Assump-
tion 2.3.1 is sufficient for the proof of Theorem 2.2.9. Assumption 2.2.8 is thus

redundant.
The proof of Theorem 2.2.9 may therefore take the following simple form:

Proof. By Proposition 2.2.4, {z*} is bounded and so there exists a subsequence
{xM} such that lim;_,, 2 = 2*. Therefore, by Proposition 2.3.2, z* € C; for each
i€ {l,...,m}. Thus z* € C and hence by Proposition 2.2.6, z* is the limit of

the entire sequence. O
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2.4 Linear equality constraints

In the case of linear equality constraints, given by a linear system of equations
Ax = b,

where A € R™", z € R" and b € R™, if for some function f € B(S) which is
strongly zone consistent with respect to the hyperplane H; := {x € R" | (a',x) =
b;}, a' # 0, for each i € {1,...,m}, the starting point of the algorithm defined by
(2.26) is given by

Vi) = —ATZ°

for a given 2° € R (observe that the obvious choice is 2% = 0 and 2° would be

the unconstrained minimum of f) then we have the iterative formula given by

VI = DAV (Prgaan (2))

where, from (1.34), Vf(a*) = —ATzF for k > 0 and so, in the limit, say z*,
Vf(z*) = —ATz*, for some z*. Therefore the Kuhn-Tucker conditions are satisfied

for the optimization problem
min f(z) subject to Az = b. (2.44)

In this case, algorithm (2.26) solves (2.44) when p = 1.

2.5 A Conjecture for the strongly underrelaxed
case

In the general case, where the constraints are not linear equalities, just the se-
quence of Bregman projections defined by algorithm (2.26) does not guarantee

convergence to the solution of a minimization problem, say
min f(x) subject to (a’,z) <b;

for the function f € B(S) with S = Intdomf and i = 1,...,m, but converges

to the solution of only the convex feasibility problem, unless dual variables are
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updated as in Chapter 3 for linear inequalities. So, what happens in the general
case? Our conjecture is that in the purely sequential Bregman algorithm, when
the relaxation parameters tend to zero, the sequence generated by algorithm (2.26)
tends to the solution of the optimization problem lim,egn D¢(Az, b) in the general

case.
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Chapter 3

Block Bregman methods for

inequality constraints

In this chapter, we present a new simultaneous version of the Bregman method

for linear constraints with corresponding convergence results.

3.1 The problem

We recall the problem of Subsection 1.7.1,

min f(z),
subject to (a',z) < b;, uenla=={d 3D NS 1|

r eSS,

where H; := {z € R" | (a',x) = b;}, C; :=={z € R" | (a’,z) < b;}; C =nN",C;
and C' NS # 0.

A is an m x n matrix whose ith row is a’, and b € R™, a* # 0 for all i € 1.
S = Int(domf) and f € B(S) is essentially smooth and strongly zone consistent

with respect to every H;.
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3.1.1 Simultaneous under-relaxed Bregman’s algorithm for

linear inequality constraints

We present the simultaneous version of Algorithm 1.7.2 for solving problem (1.43)-

(1.45).

Algorithm 3.1.1. Simultaneous under-relaxed Bregman’s algorithm for

linear inequalities
(i) Initialization z° € S is such that for an arbitrary z° € R,

Vf(®) = —A"2°. (3.1)

(ii) Tterative Step Given x* and 2*, calculate %! and 2**! from

Tty A ) T o (3.2)
1€y (1)
B Z Archel (3.3)
i€lyr)
with
0 if 1 ¢ [t(k)

where 6F = my(, (2*), and there exists € > 0 such that, for the positive
weights \F with 57 =1forall k>0, \f > éfori€ L and A\F =0

for ¢ ¢ It(k)

i€l (k)

(iil) H(k); is parallel to H; = {x € R" | (a',x) = b;} for all i € I,y and k > 0.
H(k); :=={x € R" | {a',z) = a*b; + (1 — a*){a’, 2*)}, where {a*} such that

< aFf <1 for € > 0 is a sequence of relaxation parameters. We adopt
the concept of relaxation highlighted in Subsection 1.7.2 and implemented
in [41].

(iv) The sequence {t(k)}?2, is almost cyclic on the index set {1,2,..., M}, where
M is the number of blocks. The index set I := {1,2,...,m} of the m
constraints has been partitioned into M nonempty disjoint blocks such that

I=LU...Uly. &
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In order to justify the proof of Lemma 3.1.4 and the proofs of the propositions
leading to the proof of the convergence theorem, Theorem 3.2.1, let P; and (); be

Bregman projections onto
Ck); ={z e R" | {a', z) < a®b; + (1 — ™) {a’, 2")} (3.5)

and H(k); respectively so that for any function f € B(S) which is strongly

zone consistent with respect to H; for i € Iy and =¥ € S with 0F = 7, (z%),

i

V(P2 = Vf(") +min{0,0}a’, (3.6)

ViQiz") = Vf(*)+6kd (3.7)
Define

Vi) = V(") +cfa’ fori€ L. (3.8)

The w!’s are ‘modified relaxed Bregman projections’ onto the H;’s (see page

233 of [62]) such that the next iterate "' satisfies the equation V f(z**!) =

This is because, multiplying (3.8) by AF for i € I,y with Zielt(k) A =1 and
summing over i € Iy, we have
Y MV = V@) + Y Mdd
iEIt<k) ie[t(k>
Therefore, from iterative step (3.2),
ViE) = ) NV F(w)). (3.9)

1€1¢ ()
Since the applicability of Algorithm 3.1.1 depends on the ability to invert the
gradient V f explicitly, we assume that the Bregman function f used in Algorithm

3.1.1 satisfies Assumption 2.2.2.

3.1.2 Preliminary results
The following lemma establishes the non-negativity of the dual variables.
Lemma 3.1.2. For any k >0, 2F >0 for i € L.
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Proof. By initialization, z° € R’". By induction, assume 2 eRT Ifi ¢ Iy then
2P =28 > 0 and if i € Ly then using (3.4), 281! = 2F — Ak > 2F — 2k = 0.

Hence zFt! € R™. O
Lemma 3.1.3. Vf(2F) = —ATz* for any k > 0.

Proof. We proceed by induction. By (3.1), the result is true when k£ = 0. Assume
that the result is true for any £ > 0. Then by (3.2) and (3.3),

ViEET) = Vi) + > Mdd (3.10)
ie[t(k)

= —AT(zF - Z Mechet) = —AT AL (3.11)
’iEIt(k)

[

The next lemma shows that the w¥ is a Bregman projection of 2* onto H (k);

if 2% ¢ C(k); or a point in the segment between x* and its projection onto H (k)

Lemma 3.1.4. Let the function f € B(S) be strongly zone consistent with respect
to the hyperplane H; for alli € Ly and k > 0, and let wk satisfy (3.8). Then for
the closed and nonempty convex set C' with C NS # (), the following statements
hold if f satifies Assumption 2.2.2.

(a) If 2% ¢ C(k); then wf = Pa* = Q2% and 0F = ¥ < 0; P, and Q; are as
defined in (3.6) and (3.7).

(b) If 2¥ € C(k); then 0 < cF < OF.
(c) wF e C(k);.
(d) Dy(wf,x*) < Dy(y,a*) — Dy(y,wy) for ally € CNS.

Proof. (a) If 2% ¢ C(k); then by Lemma 1.6.11 6% < 0, and since zF > 0 by
Lemma 3.1.2, ¢f = 0F by (3.4). Therefore, from the definitions of w¥, P; and

Q;, we have wtf = Pak = Q;a".
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(b) If z¥ € C(k); then 6% > 0 and since 2¥ > 0, 0 < F < 6%

)

(c) Clearly w¥ € C(k); if & = 0F. Thus, suppose c& # 0F or ¢

7 A

2N

i.e., cf < OF and recall that 67, the parameter associated with the Bregman

7

projection of z* onto H(k); (in what follows we denote this projection by

zF+1) is obtained by solving the system

ViET) = V") + 0,

(a", 7" = ofb; + (1 — oF)(a’, 2F).
Now, using (3.8) and (3.12), we have
Vi) = VIE*) = (¢ = 0)a’

and so

(Vf(wh) — V() wk — 251) = ((F — 0F)a’, wF — zF+!

But, by Properties 2.2.3 (iii),

(Vf(wf) = V@), wf — 37) = Dy(w

7

and since cf < 0%, we have

(a*, wl — ¥y < 0.

Therefore

(a', wi) < ¥+ (1 - aF){a’, 2*)

since

(a', T*T1) = oFb; + (1 — oF)(d', 2").

This means that wf € C(k);.

(d) The result follows from Theorem 2.0.7.
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3.2 Convergence results
Next, is the convergence theorem for Algorithm 3.1.1.

Theorem 3.2.1. Assume the following:

(1) f € B(S),
(ii) f is strongly zone consistent with respect to each H;, i € Ly,

(111) {t(k)}2, is almost cyclic on {1,2,..., M} with a constant of almost cycli-

cality r,
(iv) C NS £0.

Then any sequence {x*} produced by Algorithm 8.1.1 converges to the point z*,
which is the solution of (1.43)-(1.45).

To prove Theorem 3.2.1, we use Propositions 3.2.2 to 3.2.7.

Proposition 3.2.2. If the assumptions of Theorem 3.2.1 hold and w¥ satisfies
(3.8), then

wf = Pgy,(2¥) and ¢f = 7, (z*) where

H(k); ={z e R" | (a’,z) = "b; + (1 = *)(a’, ")} (3.14)
for some 4% € R such that 0 < % < aF for all k > 0.

Proof. Note that w? is the Bregman projection of z* onto the hyperplane

H(k); = {{a’,z) = (a’,wF)}, which is parallel to H(k); and passes through wF.
It remains to demonstrate that the right-hand side (a’,w!) has the desired form
as in (3.14). It is clear that if ¢f = 6% for i € I, then H(k); = H(k);. This is
because, by definition, H(k); is parallel to H(k); and lies between z* and H (k);,
and 0% is the parameter associated with the Bregman projection of 2% onto H (k);.

Therefore H(k); and H(k); coincide if ¢¥ = 6%. Hence v* = o*.
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On the other hand, if ¢f # 0F for i € L) then, by the definition of ¢f,

Of—k Ck<6'k.

s

Now consider the following which is possible by Properties 2.2.3 (iii) and (3.8):

OSDf(wf,xk)—i—Df(mk,wf) = (Vf(wf)—Vf(xk),wf—xk>,

= (cFd',wF — ). (3.15)

Therefore if ¢ = 0 for i € Ly then Dy (:C w; ) =0 and Dy (w ( ’“) = 0 imply
wl = 2% ie.(a’, wk) = (a', 2%) and so we may take v* = 0.

Finally if 0 < ¢f < 6 then 0 < g, (2") < my@),(2*). Hence, by Lemma
1.6.12,

(a', z%) < (a*, wF) < &®b; + (1 — oF){d’, z") (3.16)

for i € Iy and so there is 7% € (0,a”) as desired. For more insight, see page 427
of [41] O

Proposition 3.2.3. If the assumptions of Theorem 3.2.1 hold, \¥ and c¥ are as
defined in Algorithm 3.1.1 and w¥ satisfies (3.8) then for x* € S,

> M A{Ds(z*, wf) — Dy(a*, M)}

’LEIt(k)

and
Dy (2", 2%) + Z Arel (b — (a', 2 ))
i€ Ty

are non-negative.

k k+1

Proof. Using Lemma 2.0.6 with y = 2%, 2 = w¥ and 2z = 2**!, we have

Dy(a", wi) = Dy(a*, ™) + Dy(a", wi) = (Vf(wf) = V(@) " — 2",

A =1, and sum-

Now, multiplying the last equation by \¥ for i € Ly, Zielt(k> ;

ming over ¢ € Iy, we have

Z )\kDf I w Df kJrl Z )\k k+1 )

lelt(k) ZGIt(k)
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since, by (3.9),

Z )\f(vf(wl f( k+1) k $k+1> _ <Vf(xk+1) Vf( k—i—l) k .Tk+l>

1€y (1)
= 0.
Thus
> MADs(" wf) = Dy(ab, M = DT MDp (M wh) > 0. (3.17)
left(k) ZEIt(k)
Now let
di = Dy (2571 2¥) + ) 0 M a', ¥ ). (3.18)

lGIt(k)

Then, using Properties 2.2.3 and (3.2), we have

Jk 4 Df ($k7 karl) = Df (xk,$k+1) + Df (Ik+17l'k)
Z )\k k il i xk+1>)
ZEIt(k)

= (Vf (ka) — V() , 2" — 2

Z )\k k _ i, k+1>)

’LEIt(;C)
= Z Alchat kit — pRiE Z Arek (bi — (ai,xk“))
i€l i€lyx)
= Z Apel (b — (', 2%)) .
iGIt(k)

But, by Proposition 3.2.2, {a’, wF) = v*b; + (1 — v*)(a’, 2*) implies

(@', wf — 2y = 4% (b; — (a’,2")) . (3.19)

Therefore, from (3.15),
0 < Dy (wf,2") + Dy (2%, wf) = A" (b; — (o', 2%)) . (3.20)
Therefore, using (3.20), if ¥ = 0 then wf = 2%, and by (3.8), wf = 2% implies

c¥ = 0. Therefore by (3.2), Vf(2Ft1) = Vf(2*) implies 2! = 2F if f satisfies
Assumption 2.2.2. Hence

dp = =Dy (%, 251) + Y Me L)) = 0if4F = 0.

ZEIt(k)
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Next we consider when % > 0 for & > 0. Using (3.20), we have

koK kb
dy = Z Af{—Df (z*, ") + Dy (wi, %) + Dy (@ ’wi)}

’Yk

ie[t(k)

and since 7* is less or equal to one, we have

dy, > MNAD (wF,2®) + Dy (2%, wF) — Dy (2%, 25 1
f ! f

1€y ()

Therefore, using (3.17),

dy > Z M A Dy (wf,2*) + Dy (2, wh) } . (3.21)

iGIt(k)

Thus
dy > 0 for all k£ > 0.

]

Proposition 3.2.4. If the Lagrangian of the minimization problem in (1.43)-
(1.45) is L(z,2) = f(z) + (2, Az — b) then, for any sequences {z*} and {z*}
produced by Algorithm 8.1.1,

(i) the sequence {L (xk, zk)} 18 nondecreasing and lim L (xk, zk) exists,
k—oo
(i1) kll_}lglo Dy (wF,2*) =0 and kh_}lrgo Dy (¥ wk) = 0 for each i € Ly,
(iii) {x*} is bounded.

Proof. (i) Define
dy = L (2", 2" — L (2%, 2) . (3.22)

Then, from the definition of L,

dp = F@) 4 (AT = b) — (F(ab) + (2F, AdF — b))
— f(.rk+1) _ f(xk) + <Zk+1,Axk+1> _ <Zk+1,b> _ <Zk,AJ}k> + <Zk,b>.
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But (2%, Az*) = (AT2F 2F) = —(V f(2), 2F).
Therefore
dk — f(l‘k+1) _ f(ﬂfk) . <Vf($k),$k+1 _ $k> + (Vf(xk),:vk“ o :L‘k>
_<Zk+1 - zkv b> - <vf(xk+1>’ xk—H) + <vf(xk)v xk>
= Df (SL’kJrl,l‘k) . <Zk+1 i Zk,b> + (Vf(x ) Vf( k+1) k+1>

_ Df k+1 E )\ C a :L,kJrl E )\kckel b
le}t(k) ’LGIt(k>
1 ; 1
= Dy (2" ") —( g Meckal, P E AFckp;
i€lyw) i€lyw)
— D k+1 § )\ i k+1>) ]
Ze]t(k)

Hence, by Proposition 3.2.3 and (3.18), di = di > 0 and so {L(z*,z%)} is

non-decreasing.

We now prove the existence of lim L (:r:"“' : zk) by showing that {L (:ck, zk)}
k—o0

is bounded from above on C'N S for all & > 0.

To do this, we choose z € C'N S and consider:

Ds(z,2%) = f(2) = f(z") = (Vf(z"),2 — 2)
= f(z) — f(a") + (AT2F 2 — 2F)
= f(2) = f(a") + (28, Az) — (", Az¥)
< f(2) = f(@") + (28,0 — Aah) = f(2) — L (a*, 2F)

Therefore
L (2", 2%) < f(2) - Dys(z2%) < f(2).

Hence {L (xk, zk)} is bounded from above and so the limit exists.

Since lim L (x’“, z"“) exists, by (3.22), lim dj, = lim dj, = 0. Therefore, from
k—o00 k—00

k—o0

(3.21),
lim Z N ADy (wf,2") + Dy (2% wf)} =0 (3.23)

k—o0
i€lyw)

and since A} > € > 0 for ¢ € Iy and k > 0, we have

hme( )—Oand hmD(kHwk):O

k—o0 k—o0 v
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for each 7 € I;) and k£ > 0.

(iii) Applying dj, = L (2**1, 2") — L (2%,2%) > 0 for all k > 0 recursively to

the expression D(z,2%) < f(z) — L (.zz:k, zk), we have
Dy(2.2) < £(2) = L (2) =

where a@ € R. Therefore, from the boundedness of the partial level set
L}(z,a), Properties 2.2.3 (iv), we have that {2*} is bounded.
]

*

Proposition 3.2.5. Assume that lim 2% = z*. Fir q, a positive integer, and
j—00

take a sequence {l;} with l; € {1,2,...,q}. Then lim wfﬁl = a* fori € Ly,
J—00
and lim 2%+ = 2%,
j—00

Proof. Consider first the ¢ sequences {:ckj”};io with 1 <[ < ¢. Since {a:kf“};io
are sub-sequences of the bounded sequence {z¥}2 . they are bounded, and from

Proposition 3.2.4 (ii), for all s € {0,1,...,q}, i € Li;) and j > 0,

lim Dy (w}*,2%%) =0and lim Dy (5%, wl ™) =0, (3.24)

Farvd i S i
From Proposition 3.2.4 (ii) and (iii), {D;(wF,2%)} is bounded and {D;(z,z*)}
for each x € C'N S is bounded . Therefore by Lemma 3.1.4 (d), {D(z,w¥)}
is bounded for z € C'NS. This means that, by Properties 2.2.3 (iv), {wF} is
bounded. Therefore, using the first equation on the left hand side of (3.24) and
applying recursively Properties 2.2.3 (vi), we have, for all [ such that 0 <[ < ¢
and @ € Iy,
lim wo ™ = 2. (3.25)
=00
Hence, using the second equation on the right hand side of (3.24) and applying

recursively Properties 2.2.3 (vi), we have that, for all [ such that 0 <[ < g,

lim 2%+ = 2~

Jj—00

Thus, interlacing these ¢ + 1 sequences, we can form the sequences

s Wy W w T wy L w T w L w,

k k [ i+
{wfljwflﬂ W ke ket o+ W W q7_”}
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and

k1 ki1+1 ki+q k2 ko+1 ka+q k ki+1 ki+q
{.T , L gy L , 7, y . X ) J J

N LT ,}

. ey

both converging to z* with {wfC I Hj} and {2%71i} as their respective sub-sequences.

]

Proposition 3.2.6. All limit points of the sequence {x*} produced by Algorithm
3.1.1 belong to C'N S.

Proof. Let p € {1,2,...,M} and [; € {1,2,...,r}, where r is the constant of
almost cyclicality of {t(k;)}32,, such that ¢(k; + ;) = p. Then, with ¢ = r as in

Proposition 3.2.5 and with @ € Ly, 11,) = I,
ijrlj

lim w,”"7 = 2" and lim z
Jj—ro0 Jj—r00

kj-‘rl]' e .T*

hold and so we can extract sub-sequences {z% };’;0 of {ZL‘kj i };‘io such that % —
x*, % — v, @ — a > ¢ and by Lemma 3.1.4 (¢) and Proposition 3.2.2,

r* € C(s;); as j — oo. Therefore, it follows that for i € Iy,
(a',z*) = yb; + (1 — y){d", z*) or v ({a’,z*) — b;) = 0. (3.26)

Therefore if v # 0 then (a’, 2*) = b; and if 4% — v = 0 then (3.26) is inconclusive,
and moreover v # « since a® — « > € > 0, and so by Proposition 3.2.2, precisely

(3.16), we have
(a', ) < ab;+ (1 —a){a’,z*) or 0 < o (b — (a’,27))

for i € I,. Therefore (a',z*) < b; for i € I,. Hence, since p is an arbitrary index,

we have Az* < b and so z* € C. O

Proposition 3.2.7. For x € C, define If(k)(x) = {i € Ly : (a',z) < b} and

¥ (z) = {i e L = (a',z) = b;} for all k > 0 and assume that lim 2% = z*.
j—00
Then zfﬁrﬂ =0 foralli e ]f(kj)(:v*) and j > 0, where r is the constant of almost

cyclicality.
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Proof. Let

5= min {w} >0,
4 e (g o]

By Proposition 3.2.5, there exists a natural number .J such that

Jw"* — 2| < S foralll € {0,...,r +1}, and i € Il(t(kj)H)(x*) for all j > J.
(3.27)

Define {; = 0H<lza<}i{l : t(k; + 1) = p}. The existence of I; is guaranteed by almost
cyclicality of the control sequence. Let s; = k; + [; and assume that ¢’ = ;7.
Then

(a',w)’) = a®b; + (1 — a®){a*, %)
ie.,
(@', wy — %) = a% (b; — (a’,z%)) .

Therefore

ol (b — (a',a") = (@', w)’ — a%) + @i (a, 2% — o).

Thus, using (3.27) and the fact that 0 < ¢ < % < 1, we have the following

inequalities for all j > J and i € If(sj)(x*):

(b — (a',2") < (d",w) —2%) +a®(a’, 2% — z¥)
< la'l] (lw” — 2™ + o ||z — 2*|])
< 'l (Jlwy? = 2*[| + l|lz* — 2| + o ||z — 2*||)
< la"]|(2 + a®)é < 36]|a’.

Hence we have the contradiction 36 > € {(b; — (a’,z*))/||a’||} > 40 for all i €

I f(sj )(a:*) It therefore follows that ¢;” # 677 and so ¢}’ = /Z\i] implies """ = 0 for

5
i€ If(sj)(a:*) = I7(z*). By the definition of /;, the index p is not used in iteration

kj+1for [; <1 <r and so 2 for i € IP(#*) remains unaffected. We conclude
that 27" =0 for i € I’(z*) with p € {1,..., M} O

7

Now the proof of Theorem 3.2.1 follows:
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Proof. Since ij =0 for i € ]f(kj)(x*) whiles (a’,2*) = b; for i € I;(kj)(x*), and
L,y = If(kj) U [;(kj) for all j > 0, we have
(2R Axki —b) = (M) Axb — Ax*)

— <ATzk’j,l,k:j _ .T*>
But ATzki = —V f(2*) and so

(8, Ad —b) = —(Vf(ah),ah —a7)

= Dy(x*,2%) — f(z*) + f(2") = 0 as j — oo.
Therefore by the continuity of f on S, we have

: ki kY 1 k; ki Ak P\ (o
lim L%, 24) = lim (f(@%) + (4, A2% =) = f(a").

But L(z*i, 2%) < f(2) — Dy(z,2%) < f(z) for all z € C' N S. Therefore f(z*) <

f(2) for any z € CNS. This shows that z* is a solution for (1.43)-(1.45), since by

Proposition 3.2.6, x* € C'. This solution is unique because of the strict convexity

of f. ]
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Chapter 4

Closed form formulas for

separated variables optimization

From the computational point of view, the difficult part of any Bregman’s algo-
rithm lies in the projection operation at each iterative step. For m-dimensional
iterates, the system of equations to solve at each iterative step usually consists of
n + 1 equations, n of which are usually nonlinear. This means that if the system
has to be solved numerically in each iteration, then the computational burden
might reduce the efficiency of the algorithm. Numerical errors in the calculation
of the projections may also cause the practical algorithm to deviate from the con-
ceptual one.

To reduce the computational burden, we develop a closed-form formula for the it-
erative step in Bregman’s algorithm for the optimization of any Bregman function
over linear constraints. That is, we replace the computational burden involved in
an inner loop calculation of the projection parameter by a closed-form formula.
In [23] and [22], closed-form formulas were derived for the iterative steps for the
maximization of Burg’s and Shannon’s entropy. It was also established in [23]
that MART step is indeed a secant approximation to Bregman’s iterative step for

entropy maximization and this is the motivation for the work in this chapter.
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4.1 Analysis of Bregman’s algorithm for opti-
mization of variable separable functions

We consider the minimization of the Bregman function f : R” — R given by
f(z) = Z g;(7;) with zone S = Int(domf). We assume that g7 > 0 everywhere
and that f is essentially smooth, twice continuously differentiable and zone consis-
tent with respect to the hyperplane H; = {x € R" | (a',z) = b;} fori=1,...,m
and N™, H; # (.

We begin with the problem

min f(z) subject to Az = b, (4.1)

where A is an m X n real matrix; x and b are n and m dimensional vectors
respectively. a’ # 0 for ¢ = 1,...,m is the transpose of the ith row of A and b;
the ith component of b.

If 2% is the current iterate then, according to Lemma 1.6.10, the following
equations determine uniquely the next iterate z**! and the projection parameter

¢x in the Bregman’s algorithm for solving (4.1) at kth iterative step.

Vi) = V(") +ad,

O —

This implies
gy = gi(@h) + eral, (4.2)
(a 2"y = b, (4.3)

We assume that the function f € B(S) satisfies Assumption 2.2.2 since the ap-
plicability of the algorithm defined by (4.2) and (4.3) depends on the ability to
invert the gradient V f explicitly.

Now eliminating #**! from these two equations, we have

ZaéGj_l (G;(x5) + cal) = b;, where ¢, = ¢, ¢} =G, (4.4)

j=1
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and the inverse Gj_l exists based on the assumption that f is essentially smooth
and zone consistent with respect to the hyperplane H; = {z € R" | (a’, z) = b;}.
We define the function h: R — R by

n

h(c) = Z aiG; ' (Gi(xh) + cal) — by (4.5)

We find the approximate root of (4.5) using the root of a secant line to h(c).

To verify whether h(c) really has a root, we consider the following features:

W(e) = () (G (Gy(a}) + cay)

(G (Gy(5) + caj) = 1 - (G 1(.75’?) + caj))

= =1 i _
’ G5 (G7 (Gi(af) + cag)) 9" (G
which is positive since g; is a strictly convex and twice continuously differentiable

J

function. Therefore h'(c) > 0 for all ¢ € R. This means that A is monotonically
increasing on its domain, and by Lemma 1.6.10, the system (4.2)-(4.3) also deter-
mines uniquely the parameter ¢. Thus h(c) has unique real root.

Interestingly, these features of h(c) remain unchanged with relaxation, i.e., if we

substitute b; in (4.5) for afb; + (1 — aF){a’, 2*), where the relaxation parameter
aFissuch that 0 < of < 1lforallk >0andi=1,...,m.

To find an approximate value for the root of h(c) = 0, we first find a secant
line to the curve h(c) as follows.

The linear approximation of G;' (G;(z¥) 4 cal) is given by
, . a’
Gt (Gj(mf) + cal) & Gj—l(Gj(xf)) + ca;-(Gj—l)/(Gj(m?)) = xf + Cg’/(;’?)' (4.6)
J J
We substitute (4.6) into (4.5) and the resulting expression becomes the secant line

f(e) to the curve h(c). That is

]E(C) - Zaé (33? + Ca—;)) - bi = <ai,$k> —b; + CZ (//a(;x)k)

"k
e g5 (5 19

and for the c-intercept, ¢, we have
bi — {a’, x%)

c= .
Zn (a;)z

= k

J=1 9;,("”]')
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and with underrelaxation (i.e., replacing b; with afb; + (1 — oF)(a®, 2*)), we have
Lbi — (at, %)

C=

7 n (a§)2 . (47)
Zi:l g7 («h)

Therefore using the last equation and (4.2), the closed-form formula in the itera-

tive step in underrelaxed Bregman’s algorithm for solving (4.1) is

i kbi - <ai7xk>

. ;! gi(a%) + d’ol @ (4.8)

J

for k > 0, j = 1,...,n and the control sequence {i(k)} is almost cyclic on
{1,2,...,m}.
We therefore propose the following Bregman’s algorithm which employs closed-

form formula for the iterative updates for solving (4.1).

4.1.1 Bregman’s algorithm for linear equalities using closed-

form formula

Algorithm 4.1.1. Bregman’s algorithm for linear equalities using closed-

form formula

(i) Initialization 2° € Intdomf is such that for an arbitrary 20 € R’
Vf(z®) = —AT2°.
(ii) Iterative Step

i kzbl - <ai7xk>

k+1 | sk
xi =G| gh(w5) + ajoy —
. J
ZFl g (z%)

The sequence {i(k)} is almost cyclic on the index set {1,2,...,m} and {aF}

is a sequence of relaxation parameters such that e < af <1 for a fixed € > 0.

o
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4.1.2 General underrelaxed Bregman’s algorithm for lin-

ear inequalities
The algorithm for linear inequality constraints also calculates the projection pa-
rameter ¢ in (4.7). However, before proceeding, it compares it with the ith com-
ponent of the current dual vector z* and uses the smaller of the two in the it-
eration. We therefore propose the following general Bregman algorithm for the
minimization of any Bregman function over inequality constraints with the pro-

jection parameter given in a closed-form in (4.7). That is, a general underrelaxed

Bregman’s algorithm for solving the problem
min f(z) subject to Ax < b, z €S (4.9)
where A and b are as defined in (4.1).

Algorithm 4.1.2. General underrelaxed Bregman’s algorithm for linear

inequalities
(i) Initialization z° € Intdomf is such that for an arbitrary 2° € R,
Vf(x®) = —AT2°.
(ii) Iterative Step Given x* and 2*, calculate "™ and 2*™! from

Vi) = V(") +dd,

SEHL Lk ok

with

where '
oF — o bi — <al>$k>

NS
(iii) H(k); = {z € R" | {a’,z) = oFb; + (1 — a¥){a’, 2*)}.

(iv) The sequence {i(k)} is almost cyclic on the index set {1,2,...,m}
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and {a¥} is a sequence of relaxation parameters such that e < of <1 for a fixed
e > 0. We assume that the problem is feasible and f is strongly zone consistent

with respect to every H;. &

Note: By analyzing Lemma 4 and its proof in [23] and the proof of Theorem
1 which is the main result of [82], we conjecture that algorithms 4.1.1 and 4.1.2
converge to the desired solutions of problems (4.1) and (4.9).

We will now use (4.8) to derive estimates for closed-form formulas for the

iterative steps in Bregman’s algorithm for the following functions:

4.1.3 The half-squared Euclidean norm

As noted in Chapter 1, the function f = | - ||, which leads to orthogonal pro-
jections onto hyperplanes, always leads to a closed-form formula for the iterative
step. That is the Kaczmarz’s algorithm for solving the system Ax = b. When
gi(x¥) = 3(2%)* in (4.8), we recover exactly the closed-form formula for Kacz-

marz’s algorithm.

Thus, for g;(«%) = 3(«¥)?, we have

g;(xf) = xf , g;’(xf) =1 and Gj_l(xf) = a:f (4.10)

and the substitution of (4.10) into (4.8) gives

2 = 2k qiak bi _n <ai’xk> — 2k Ozf bi — <ai’xk>

J J J ijl(a§)2 )

a2

or

for all £ > 0.

4.1.4 The negative Shannon entropy

k

We use (4.8) to derive a closed-form formula for the case when g;(z¥) = 2% In 2} for

z% > 0 for each j and establish its relation with MART. Now, for g;(z¥) = 2% In 2%,

1)



we have

1
gi(@h)y =1+nal, ¢/(x )——kandG Yah) = exp(zh — 1) (4.11)
L)
and the substitution of (4.11) into (4.8) gives
- by — {al, %)
k+1 -1 ko i ki )
X = @G 1+lnx+a&lﬁ
J j ( i ijl(aj)2x§>
— <alaxk>

b;
= exp <ln.7c + alal (4.12)

> (a5)?af
(a’

b; — {a’, %)

— a:'kexp z kn—
Zj:l(a}) 35?

i xkexp a?af(a",x@ (< ‘bi - 1).

> i—i(@g)?af \(at, ¥

For the convergence of MART or Bregman’s algorithm for entropy maximization

over equality constraints, the following assumptions are made:

(i) a§~ >0fori=1,...,m,and j=1,...,n.

(ii) Az = b is scaled so that a} <1fori=1,...,mand j=1,...,n.
Using these assumptions, 0 < aé- < 1 implies 0 < (a )2 k< a : and SO

1 1
0<Z fgaxk)o

_ R
> ja(ag)?ey — (af x¥)
Therefore, for the case @ k> > 1, multiplying the last inequality by
af(b; — (ai, z%)), we have
R () {at, x%) ( b; )
i k7t ik ) ik ?
'Oéin—ZGOél—z i | ———=—1).
IS (al)? xk j (ai, zF) J (ai, zF)

Now, using the inequality Iny <y — 1 for y > 1, we have

1k
, b, b, b, 5%
igh [ 2 1) >atakl ! =ln|—+ :
E (<azxk> ) E “(<az,xk>) <<x>)

Using the last inequality and (4.12), we have

(4.13)

a




This means that for the case ﬁ > 1, our formula produces iterates that ma-

jorize those generated by MART.

Now for the case 0 < ﬁ < 1, multiplying (4.13) by of(b; — (a’, 2*)), we have
kYt <ai7 $k>

ST aé‘afbi - {ai;l’k) - a;biof (1 a <ai’xk>)
Zj:l(a;’)ij (a, z*) (a, z*) bi

and using the inequality 1 — i <Iny for 0 <y <1, we have

i

- by — (at, )
atal = ’

< a;bZOéf 1 bz k bz 1 bz ‘
re% - - n - = Q; 7 n - .
P (@)l T (ah2h) T\ (al 2h) Hat,ak) o\ (et 2b)

If we define a sequence of relaxation {\f} such that \f = af% then (4.12)

b aj
k+1 R i
T; < exp (111:1:]- + A In ((ai,xk)> >
ai\F
= .’I;k L N .
7\ (ai, %)

This means that for the case 0 < (ab—xk) < 1, our formula produces iterates that

becomes

are majorized by those of MART.
However, in order to compare the efficiency of the two algorithms, we ought

to do some numerical experimentation on both MART and Algorithm 4.1.2.

4.1.5 The negative Burg’s entropy

The Burg’s entropy, B(x), also known as ‘log z-entropy’ is defined on R, by
B(z) = Zlong.
j=1

Burg’s entropy was first proposed in [17] and has since then provoked a controversy
regarding the question of which entropy functional should be used in different
situations. This question was discussed in [46] and recently also in [66]. It must
be noted that the negative Burg’s entropy is not a Bregman function because it
becomes singular on the boundary of its zone, i.e., when xf tends to zero for even

only one j, then B(x) tends to oo, demonstrating an essential discontinuity.
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In this subsection, we use (4.8) to derive a closed-form formula for the mini-
mization of the negative Burg’s entropy, i.e., f(x) = —B(z) with zone S = IntR"
and gj(xé?) =—In x;“ for :cg“ > 0 and for each j. We will compare our method with

the method in [22].

Now for g;(#¥) = —Inz%, we have
1k 1 1"k 1 -1/, .k 1
gj(a:j) =% q; (x]) = TIE and G; (xj) =~ (4.14)
j j j
The substitution of (4.14) into (4.8) gives
1 .4 by — (@, 2F)
k+1 -1 i kUt )
X = G e es ) e " /i k\2
j j ( ok TS (aiah)?
— A xf Z;L%l<a;$?)2
> i—1(a55)? + (abofzl)((af, z%) — bi)
zk atafzh(b; — {(a?, x*
= —1 -, where uf = 2= Jn( Z<k 5 ) # 1. (4.15)
= 2 j-1(a575)

In [22], using underrelaxation and with the condition a%b; > 0 imposed on the
elements of the matrix A and the vector b, the following expression was derived

for the projection parameter cy.

M (1= 20 4 if b > 0,

) (4.16)
Ay (1— <”>)rk i b; <0,

90<ai’ $k7 bl) =

b;

where 0 < A\ < 1, and

i ok
a;T;

1 .
rk:max{ |1§j§n,a;<0}

and if a;'- > 0 for all 5 then ry = —o0;

a;T;

1 .

and if a; <0 for all j then t), = oco.

But our projection parameter ¢, with relaxation is estimated here as

bi — {a’, z%) b,k ( (a’ xk))

k 7 9 1% 9

Ch = O = = = 1— . (4.17)
Zj:l(%m?)? Zj:1(%‘$§)2 bi
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We compare (4.17) with (4.16) in [22] and derive any relation between the two

estimates.
By the definition of ¢, in [22], aéx? < i if a* > 0, and t;, = oo if aé < 0 for all j.
This means that, (ajz)? < aZ? or Y30 (ajah)? < <at—:k>
Therefore
Z;L 1l();lxk) > (ailji:k) for b; > 0 and a;'- #0

since ajb; > 0. Thus, using (4.17) for 5 <1, we have
and for <ab—x’“> > 1, we have

o > <azb;k>af (1 _ <aii’)j”k>) . (4.19)
Similarly, by the definition of r; in [22], a;xf > % if ' < 0, and r, = —o0 if

o,

. . . n i at,zk
a’ > 0 for all j. This means that, (ajz)* < or 7 (azh)? < fem]),

Tk

Therefore
bi Tk b

<
i (@5f)? — (at, 2*)
since a’b; > 0. Thus, using (4.17) for

i < 1, we have
ax)

, i ok
Ck > Lak <1 — M) Tk (4.20)

(s Bl b;

and for Wb—;k) > 1, we have

. ik
o< (1 _ldhe >) re. (4.21)
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Chapter 5

Analysis of inconsistent problems

5.1 Introduction

As stated in the introduction, ART is a very well known iterative algo-
rithm for image processing and reconstruction [51] that aims at solving a linear

system of equations

Pl e by (5.1)

where A = (a’) is the m x n nonnegative projection matrix, x is the image vector
with components x; and b is the m-dimensional vector of projection data with sth
element b; (b; > 0). For a given starting point 2°, ART’s iteration is defined by

24 = g 4 D _|| <?|];Ik>
a

a’ # 0 is the ith column of the transpose AT and )\, is a positive relaxation

a'. (5.2)

parameter that lies in the open interval (0,2). The sequence {i(k)} determines
the ordering (usually cyclic) in which the matrix rows are selected [21].

In the consistent case, when the system (5.1) has solutions, (5.2) converges to
the solution for which ||z — z°|| is minimized. If the system (5.1) has no solution,
ordering is cyclic and the relaxation parameter is fixed, it has been proven [25]
that (5.2) generates m fixed points, that, when A tends to zero, (5.2) approaches

a weighted least squares solution, that is, the limit solves the problem

iy 35 (P 5

£ ]
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In [24, 81], it was also proven that the sequence (5.2) itself converges to the

solution of (5.3) provided that the relaxation parameters satisfy the conditions

k—o0
and
D> M= +oo. (5.5)
k=0

Block versions of ART share the same properties mentioned above and the fully
parallel version (a single block), known as Cimmino’s method can be shown to
converge to the solution in the feasible case and to a least squares solution in the
infeasible case for a fixed relaxation parameter in (0, 2) (see [40]).

The question that follows is that, is it true that for other Bregman meth-
ods or algorithms, the under-relaxed version of the sequences generated by the
algorithms in the inconsistent case converges to the solution of an optimization
problem, as it is the case in ART, if the relaxation parameters satisfy certain
condition? Also can the fully simultaneous version of the sequences generated by
other Bregman methods in the inconsistent case converge to the solution of an
optimization problem? In this chapter, we give an answer for the particular case
of MART and its simultaneous version SMART, already analyzed in [18].

One of the first iterative algorithms in image reconstruction for underdeter-
mined problems (limited number of views) is MART [51]. This is also a very
well known nonlinear iterative algorithm for transmission computed tomography
(CT) with very attractive properties. It converges to a maximum entropy solution
of the linear CT equations [35, 71, 37] and it confines the reconstruction to the
convex hull of the object [8, 33].

Both ART and MART were introduced by Gordon, Bender and Herman. But
MART is limited to non-negative systems for which non-negative solutions are
sought. That is, MART finds non-negative solutions to the system (5.1) provided
(5.1) is non-negative, i.e., aé-’s are non-negative and b;’s are positive.

In the under-determined case, both algorithms find the solution closest to the
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starting point, in the two-norm or weighted two-norm sense for ART, and in the
cross-entropy sense for MART. Thus, both algorithms can be viewed as solving
optimization problem.

MART (now we consider the cyclic version, i(k) = k(mod m)) is defined by the

followmg sequence: given a positive starting point 2°, and, in general, ¥ = z(*0),
and z¥tt = 2™ then, for all i = 1,...,m and, j = 1,...,n such that a} >0
and x? > 0,
Apat
(ki) (ki—1) b; 3

Like ART, in the consistent case, when the system (5.1) has solutions, (5.6) con-
verges to the solution for which K (x,x°) is minimized, where the function K is
as defined in (5.8) below.

Next, we prove that the properties of MART are similar to those of ART
when the problem is inconsistent. We prove that, when properly underrelaxed as

n (5.4) and (5.5), the algorithm converges to a solution of the problem

x>0

min L(x Z a',z) In(a’, z) — (a’, z)(Inb; + 1)) (5.7)

which is the projection of the data vector b onto the range of A with respect to the
Kullback-Leibler distance [69]. The Kullback-Leibler distance, or relative entropy

of the vector  in R’} with respect to the vector y also in R’} is defined as

K(z,y) = En: <a;] 1y 2 = = ) . (5.8)

j=1
So, (5.7) is equivalent to
min K(Az,b), (5.9)
since, using (5.8) with the assumption that % > 0 and b; > 0, we have Az € R}
and b € R, and so
K(Az,b) = ((a',2) In{a’, ) — (0, ) (Ind; + 1) + by), (5.10)

i=1
which has the same minimizer as (5.7) since b; is a positive constant for each i.

The solution of (5.9) is not necessarily unique. We will prove that MART chooses
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the one minimizing K (z,2"), where 2 is the (positive) starting point. It gives
the maximum entropy if 2° = 1. We will confine our results to row action MART
described above, for the sake of simplicity. Proofs for more general block versions,

like those in [18], are similar.

5.2 Convergence results

5.2.1 Boundedness

Taking into account (5.4) for k large enough, we have that V 7, j

Do B . (5.11)
Define
c = mina;;;éo{a;} (5.12)
and

Then, using (5.11) and the fact that ¥ > 0 for each j and k > 0, we obtain the

following inequalities for a§ > 0 (when a§. = 0 the iteration remains unmodified)

and > > 1.
b Akt b;
0 < gkt k i ki
L i\ {ai, z*) =40, (ai, zF)
a: aj ib; b; b
< < e < - (5.14)
szaz% C(l‘i‘zl#%) ¢

The inequalities in (5.14) are as a result of (5.12) and (5.13).

Now suppose that, for some k, :E’? > g, then the inequality (5.14) is valid if
(az k) > 1, and so 2 < x < af <aszk> < % which is a contradiction. Hence x"? < 5.
Also if s < 1, then from (5.6), = k“ < z%. Using induction on k, it can be
easily proved that :Bf < x?o for some given ky. So, the sequence generated by

(5.6) is uniformly bounded (independently of \).
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5.2.2 Change of variables

Now, let us change variables in (5.6). Taking logarithms and using the notation
eV = (e¥,...,ev")T for y = (y1,...,yn)" and y](,’f,z') = In (a:gk’i)>, we obtain the

iteration

i i ; bi ‘
yj(k ) — yj(k D4 ArajIn (ﬁ) forj=1,...,n. (5.15)

ql ey(k,z 1)
Y

59 1) and use VK(;I:§k’i), 1) for yj(-k’i) since
and VK (; k3 1) = lnxg.k’i) yj(l“) (5.15)

Alternatively, we may consider K (

K(xg.k’i), 1) = xék’l) In xg-k’z) +1-—

(
L
ki)

]

therefore takes the form

: b; .

Now, summing (5.15) over i for j = 1,...,n, we have

k,m. k . b;

(5.15) and (5.17) motivate the definition of the following objective function

L(y) := Z((ai, e¥)In(a’, e¥) — (a’,e¥)(Inb; + 1)). (5.18)
i=1
Equivalently, we write
= Li(y), (5.19)
i=1
where
Li(y) = (a’,e") In(a’, e¥) — (a’, ") (Inb; + 1). (5.20)

In order to simplify our notation, we will consider the extended n-dimensional
vector space, adding possibly —oo coordinates, that we will denote by R™. There
is a one-to-one correspondence between this set and R’ via the logarithm of the
coordinates.

A trivial observation using (5.7) and (5.19) is that,

A

min L(z) = min L(y) (5.21)

x>0 yEeR™
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and for x = €Y,

e YiVL(y); = VL(z);. (5.22)

It is easy to show that, if y* € R"™ is a minimum, and z* = €Y, then, for

i=1,...,m, using (5.22),
VL(y*); = x;VL(z"); = 0. (5.23)

Iteration (5.15) becomes

yj(jc,i) _ yj(k,i—l) B )\ke_ijc,zel)vzi(y(k,i_l))j’ (5‘24)
for j = 1,...,n. This is because, from (5.20), we have
N . a'eYi . : :
VLii(y); = (a',¢e’) (azj', ey aze’’ In(a’, ) — aje” In(b; + 1)

! ] . . b,
— qteYi v oY  oYi = v oYs v
= ae¥ In(a’, e >—ajeflnbi——a~eﬂln( . :

(5.24) means that, for k large enough, L; is decreased at each iteration (see Section
1.2 of [10]).

To simplify notation, we define the diagonal matrix
D(y) = diag(e™,...,e %), (5.25)

and substitute D¥ for D(y*), and in general, we substitute D for D(y), whenever

this is clear. Using this notation, (5.24) becomes
ylod) — o (ki=1) _ )\kD(y(k’i_l))Vﬁ,;(y(k’i_l)) (5.26)
and since in Subsection 5.2.1, {z*?} is bounded, {y*?} is bounded from above.

Lemma 5.2.1. The differences between sub-iterates in (5.24) and major iterates

in (5.26) tend to zero, that is, fori=1,...,m,

k—oo
and
Yyt —yF — 0. (5.28)
k—o00
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Also, fori=1,...,m,

B (5.29)

Proof. The sequence {z*} is bounded and so {(a’,e*"" ")} is bounded and

is bounded away from zero for each 7. If {{a’, ey(k’i_1)>} is bounded away from zero
then the factors multiplying the relaxation parameter in (5.15) and (5.17) are
bounded and (5.27) and (5.28) hold. If not, then {(a’, """y > 0fori=1,...,m

and for all £ > 0. This means that (5.30) is not bounded from above and so

oty may tend to +oo as k — co. But, from (5.17), for j = L,...,n, we
have
L e b
4=+ N (e ) )
=0 i=ll <(I ) € >
Since yk+1 = §k’m) and y‘;f — y§k70)

Thus the series on the right hand side of (5.31) may diverge to +oo due to (5.5)
and the fact that (5.30) is not bounded from above. This is a contradiction since
{yf“} is bounded from above for each j and so {{a’,e*""~")} must be bounded

away from zero. Therefore {(a’, v ")} is bounded and bounded away from zero.

Hence (5.29) follows, since y](-k’i) — yj(.k’i_l) — 0 implies In $§]“) —In :vg-k’i_l)
L)

and so —&5=y — 1, bearing in mind that In is continuous. O]
]

— 0

Another immediate consequence of the rationale in the last lemma is the fol-
lowing corollary. Now, let the set C be the closure of the convex hull of the iterates

(y(k7i)) in R™.
Corollary 5.2.2. ||D(y)VLi(y)| is bounded in C.
Proof. Considering only the jth component of D(y)VL;(y), we have
D(y);VLi(y); = e *VLy);
. b,
— oY [ _qtpYi v
= e ( a;e In (<ai’ey(k,i)>>>
= —d'l b (5.32)
= —ajln @i e .
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and from the last lemma, {(a’,e¥""”)} is bounded and bounded away from zero
and so In (ﬁ) is bounded since In is continuous and C, being the closure

of the convex hull of the bounded iterates (y*?) in R", is bounded. O

The next lemma shows that the sequence is essentially asymptotically decreas-

ing.

Lemma 5.2.3. If there is an accumulation point y* € R™, and a positive number
v such that
IVL(y)ll > ¥ (5.33)

for y in an open set Q in R"™ containing y*, then for k large enough and y* € Q,
ﬁ(y’““) < ﬁ(yk) In particular, if (5.33) is valid for every vy, then the whole

sequence decreases for k large enough.

Proof. Using (5.26) for a complete iteration, we have

m

P = = 0 YDV L) (5:349)

=1

and using (5.20), we have
D*VL(y¥) =) " D*VLi(yb). (5.35)
i=1

Define the algorithm’s direction as

dk — Z D(k,z—l)vf/z(y(k,z—l))

i=1
so that
yk-f—l — yk _ )\kdk

Now, using (5.34) and (5.35), for k large enough, we have

Y =y = MDPVL(Y) = A Y (DWTYVL(y D) = DAV Li(y"))
=1

= oyF — N DFV L) + O(N2), (5.36)
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where the last equality is obtained by Lipschitz continuity and boundedness of
D(y)VL;i(y) on C by Corollary 5.2.2. That is, for some positive W € R, we have

m

i=1 i=1
_ )‘kWZ Hy(k,iq) (kl (k 171))
i=1
m  1—1 1—1
<Y HD’” DY [y (y®4-1) H <O S M
i=2 =1 i=2 =1
where
M = max {|D(’“’H)VL( K 1>)|\}
(k:DeC
Therefore

> MDETIVL(y*Y) — DEVL(yF))|| < (M)*m* WM

and so for k large enough,

=X Y _(D®TIV L (y ") — DPVLi(yF) = O(AD).

i=1
Now consider the objective function L(y*). Since VL;(y) is Lipschitz continuous

on C, for some Ly > 0, we have from [[77], precisely (15) on p.6],

~

Hz(ykﬂ) By — P — )TVL H < 2 yk+1 YIS
Therefore, from (5.28), for k large enough, we have
L) = L*) + " = ") VLY + Oy — |17 (5.37)

Now, using (5.36) for k large enough and the fact that D¥*VL(y*) is bounded , we

have

A

(" =)' VL) = (~MDFVLEY) + O) VL")
= (VL) TDFV L) + O(ME) VL (YY)
= (VL") D'V L) + O()
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and

5 =" I1° = (=MD VLY + ON) " (=AMDFV L(YF) + O(\))
= MA(DMVLYM)TDFVL(YF) + O MDFVL(yF)
+O(M2)O(N?)

= O\ + 02 + 0N = O(N?),
due to (5.4). Therefore from (5.37), for k large enough, we have
L") = L(y*) = M(VLY ) DIV L") + O (5.38)

and the result holds since the factor multiplying Ay is bounded away from zero.

This is because D¥ is bounded away from zero, since in the proof of Lemma 5.2.1,
2% or e¥" is bounded away from zero. Thus, using (5.33), (VL(y*))T D¥VL(y*) is

bounded away from zero. m

5.2.3 Limit points

In the next proposition, we further assume that in addition to conditions (5.4)
and (5.5), the relaxation parameter \j is chosen such that >~ (\)? < co. In

this case, Y ;- O(M\)? < o0.

Proposition 5.2.4. If Y7 (\g)* < oo then there is a limit point z* of the
sequence (5.6) such that
;VL(z*); = 0. (5.39)

Equivalently
VL(y*) = 0, (5.40)
where y* € R™ and y; =Inx} for j=1,...,n.
Proof. If there is no such a limit point then using (5.22),
DM (y")D(y")VL(z*) = D(y")VL(y")
is bounded away from zero and there exists a real positive number 7 such that
(VL(y"))"D*VL(y*) > n > 0.
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A

Thus, by Lemma 5.2.3, [A/(yk“) < L(y") for every k > kg, and, for every integer

[ > kg, we have

l l l

L™ = Ly™) = > (L") = L") <=0 ) M+ > 0. (5.41)

k:ko k:ko k:ko

IN

But, since by hypothesis, lim;_,, Eézko O()\?) is finite, the right hand side of
(5.41) tends to —oo as [ tends to infinity due to (5.5) whiles the left hand side is

bounded which is a contradiction. ]

Theorem 5.2.5. Fvery limit point of the sequence generated by (5.6) satisfies
(5.39).

Proof. From Proposition 5.2.4, we know that such a limit point, say x* or y*,
exists. Suppose that there is another limit point z** = lim; 2" (y™* =
lim; 0o % = lim;_,oo In 2, such that 2**VL(z**) # 0 or VL(y**) # 0). Then, it

is clear from (5.23) that, lim,_. VL(y*) # 0, that is, |[VL(y*)| > 7 for some

k;

positive 7.

Now let LP be the set of limit points of the sequence {y*} such that VL(y) = 0
or tVL(z) = 0. Then LP is closed and bounded since the sequence is bounded.
For a given positive ¢, define the set LP. := {y | distance(y, LP) < €}, and
assume that the limit point y** ¢ LP, and that distance(y*™, LP.) = ¢ > 0. Then
IVL(y*)| > ~ for % € Q, where Q is some open neighbourhood of y** in R"
and a complement of LP, in R™.

Now considering the whole sequence {y*}, by Lemma 5.2.3, {L(*)} decreases
for k large enough and y* € €, i.e., there exists a constant ko such that L(y*+!) <
ﬁ(yk) for k > ko if y* ¢ LP. or y* € Q. But, since there is a subsequence
converging to y* € LP, there exists k; > ky such that y** € LP. and i(y*) <
L(y¥). This is because if L(y*) < L(y") for k large enough and y* € LP. then

(i) there could not exist a subsequence converging to y*™ this is because the

distance between iterates tends to zero, i.e., y**' —y* — 0,

(ii) the sequence {L(y*)} decreases outside LP, and the distance between y**
and LP. is positive.
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Thus, since y* € LP., if by continuity LP. — LP as ¢ — 0 then "' tends

to say y as € tends to zero (or a convergent subsequence for € tending to zero).

Therefore j € LP, VL(7) = 0 and L(7) > L(y*) which is a contradiction.

5.2.4 Convergence of the whole sequence

The next proposition is trivial, reflecting the fact that the solution set is the
intersection of a linear system with the nonnegative orthant. The proof can be

found in [19].

Proposition 5.2.6. If x* solves (5.7) then every other solution x (nonnegative)

solves the linear system Ax = Ax*.

Theorem 5.2.7. The whole sequence generated by (5.6) converges to a mazimum

entropy (relative to the starting point) solution of (5.7).

Proof. From (5.16), it is clear that
VEK(zF,1) = VK (z"71,1) + AT (5.42)

for some vector z"~! € R™ with zf’l = M In ((awfﬁ) and 1 stands for the

vector of ones. Therefore iterating, we have
VK(z*,1) — VK (2°,1) = VK (2", 2° ATZZI“ . (5.43)

and taking limits, we have

VK (x*,2%) = 0 € Im(AT) (5.44)
since, in this case, for j =1,...,n,
: 7 k: S _ 7: _
i 33 = S Y () <o

s=1 i=1
in view of (5.5) and the fact that z* is a maximum entropy solution of (5.7). We

must therefore have
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iggDEE:Clln’<<az (s,i—1) ) 25:‘1 In < a} T* ) =0.

But, considering Proposition 5.2.6, (5.44) completes the Kuhn-Tucker conditions
for the problem

min K (z,2") subject to z = arg min L(%). (5.45)

>0 >0
The problem (5.45) has a unique solution (entropy is a strictly convex function

with linear constraints); so, the whole sequence converges. O

5.3 On SMART

In this section, we deduce the Simultaneous Multiplicative Algebraic Reconstruc-
tion Technique, better known as SMART (see [18]), as a particular case of the
majorizing functions technique, introduced by De Pierro in [15, 39], applied to the
function defined by (5.7). Writing (a’, z) = > " (%(xj ){a’, xk>> and noting

gl at.xk

k
that > " =1 faigry = 1, and using convexity of the zInz functional, we have the

following 1nequahty,

L(z) < Z Z <<§}Z’f) : —é(ai,xk> In %(ai,xlﬁ —(1+1n bi)<ai,x>> , (5.46)

L(z) < ¢(x,2") = Z ' (aj-xj In %(ai,xk) -1+ lnbi)(ai,a:)> : (5.47)

The function o(x,z%) is strictly convex with separated variables and has the
following properties:

(i) pla*,a*) = L(a"),

(ii) Vap(zF, 2¥) = VL(2%).

Essentially this means that the new function majorizes the one that we want to
minimize and coincides with its gradient at the current iterate z*.

The majorizing algorithm is then defined iteratively as:

2" = arg m>161 o(x, z). (5.48)
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In order to compute the next iterate, we differentiate the variable separable func-

tion ¢(z, 2*) and have

Op(z,7") (a', ") (e
a—szzaj —Inb; + Ina; s zlnH x—; ™ = 0.
=1 J i=1 J v
(5.49)
From this equation, we have
(xk:-i-l)zi ab _ (:Ek)ZZ aj = bz “ . (550)
1\ (a, 2F)

When the row sums, ). a;'., are one, we recover SMART. Following this approach,
a convergence proof of SMART can be obtained, but this has been done in a more

general setting by C. Byrne in [18].
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Chapter 6

New results, conclusion and

future work

6.1 New results and conclusion

We presented new results on Bregman iterative methods. In Chapter 2, a new
approach to Bregman projection methods for the convex feasibility problem that
generalizes the concept of relaxation introduced in [41, 29] was presented. This
generalization allowed us to define approximate Bregman’s projection method for
general not necessarily linear convex feasibility problems. As a consequence, we
derived an application to convex but nonlinear sets of constraints and to linear
equality constraints as well.

In Chapter 3, we discussed block type methods for linear inequality constrained
problems and the corresponding convergence proofs emphasizing on the dual ap-
proach. To the best of our knowledge, the simultaneous version of the Breg-
man’s algorithmic scheme for solving linearly constrained optimization problem
formulated in Chapter 3 does not exist anywhere in the literature. Therefore our
simultaneous algorithmic scheme is a new method for minimizing any Bregman
function over linear constraints. A convergence proof of this algorithm was also
given.

Again, for the first time, a general closed-form formula for the iterative step in
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Bregman’s algorithm for the optimization of any Bregman function with separated
variables was presented in Chapter 4. The secant approximation approach used
in [23] to establish the relationship between MART and Entropy maximization
over linear equalities was the motivation.

In Chapter 5, we analyzed the behaviour of Bregman type algorithm when the
problem is inconsistent. We have proven that adequately underrelaxed MART for

equalities converges to a minimum solution of Kullback Leibler distance.

6.2 Future work

In future, we will illustrate the conjecture outlined at the end of Chapter 2 by some
numerical examples and prove it. This will enable us construct an algorithm using
a sequence of Bregman projections in the general case, i.e., where the constraints
are not only linear equalities, to minimize the Bregman function involved. We
will then examine the specific case where the Bregman function is quadratic for
norm minimization.

In Chapter 3, we produced a simultaneous Bregman’s algorithm that min-
imizes Bregman function over polyhedron. As part of our future work, we will
consider the case where the polyhedron is empty and find an approximate solution
for the minimization problem. This will be a generalization of the result in [40],
i.e., the simultaneous Hildreth method where the function 1| - || was minimized
over the empty polyhedron.

We will also consider a generalization of the work in [73], as a consequence of

a result in [2]. We will do this by proving the following statements:

(i) Any sequence of orthogonal projections onto a finite family of polyhedral

convex sets is bounded.

(ii) Any sequence of Bregman projections (including the orthogonal projections)

onto a finite family of affine sets is bounded.

(iii) Any sequence of Bregman projections onto a finite family of polyhedral
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convex sets is bounded.

The Algorithmic schemes 4.1.1 and 4.1.2 proposed in Chapter 4 are without
convergence results. To establish the practicability of these algorithmic schemes,
we shall first prove the convergence results of the schemes and demonstrate numer-
ically the capabilities of these schemes for a particular Bregman function, i.e., the
negative Shannon entropy as defined by the iterative steps (4.12) for solving large
scale problems in image reconstruction from projections. We will go ahead and
compare numerically the performance of the algorithm MART and the algorithm
for entropy maximization over linear equalities as defined in (4.12). It will also
enable us to compare the efficiencies of our proposed algorithms for maximization
of Shannon entropy with that of the existing similar algorithms in the literature
22].

Finally, we will work on a MATLAB package with implementation of MART
and SMART algorithms for discretization of inverse problems. In this regard, we
shall provide a few simplified 2D and 3D tomography test problems from x-ray
CT and then undertake a series of experiments to determine the importance of

these algorithms with underrelaxation to image quality.
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