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A B S T R A C T   

A criterion to explain the morphological growth transition from faceted to non-faceted (f-nf) morphology in the 
case of directional solidification is presented for pure materials. The criterion is based on the number of atomic 
layers at the solid–liquid interface and allows a foreknowledge of the solidification growth velocity at which f-nf 
transition becomes significant. The basis for the transition criterion hinges on the Cahn theory of interface 
structure and the theory of liquid–solid transition by the maximum entropy production rate (MEPR) principle. 
The criterion is tested with a number of pure materials and compared with experimental measurements for salol. 
The criterion fits quite well with available experimental data.   

Introduction 

Over the years, the formation of directionally solidified irregularly 
grown faceted to non-faceted (f-nf) eutectics has gain much attention, 
especially for intermetallic compounds (IMCs) such as Al-Si, Al-Mn, Al- 
Sc and Fe-C binary alloys [1,2]. This has been the case as a result of its 
wide use in industry coupled with its greater practical importance [3]. 
The eutectic growth theory by Jackson and Hunt, the Sato-Sayama- 
Ohira model [4] and that of Kurz and Fisher [3] has deepened our un
derstanding over the initial problem of irregularity, the isothermal na
ture and the mechanism involved in the growth of these eutectics. The 
transition model for faceted to non-faceted in IMCs indicates a kinetic 
interface roughening transition and a gradual change in mechanism 
from lateral growth governed by anisotropic attachment kinetics to 
continuous growth governed by diffusion and curvature [5]. It is also 
well known that, the addition of some alloying elements or the presence 
of impurity elements can cause a transition from faceted form to a non- 
faceted form [6-8]. In the case of pure materials, the absence of alloying 
elements and possible absence of impurity elements points to a reason to 
search for other possible explanation to the origin of the faceted to non- 
faceted transformation. That is, the explanation for the transformation 
for faceted to non-faceted morphology for IMCs may be not applicable to 
pure materials. However, beyond morphological instability of a plane 
front interface, the formation of a faceted morphology and the corre
sponding transformation to a non-faceted morphology for both IMCs and 
pure material has been bereft of a transition criterion. A knowledge of a 
transition criterion would be important in controlling the 

microstructural evolution of materials associated with both faceted and 
non-faceted morphologies. 

The main object of this paper is to provide a criterion than accounts 
for the transition from faceted cellular to non-faceted cellular (f-nf) 
morphological growth during liquid–solid transformation restrictive to 
directional solidification of the Bridgman type for pure materials. This 
criterion considers that, the adjoining surface between the transforming 
liquid to solid is a diffuse interface and with a definite size [9,10] which 
can be quantified by employing tools from the principle of maximum 
entropy production rate [11,12]. 

The form of the microstructure developed during morphological 
evolution from a crystal-melt interface during crystal growth/solidifi
cation is one of the most important features required for obtaining high- 
quality materials. These materials (or crystals) which are commercially 
used as semiconductors and metallic alloys are grown from melts by 
directional solidification techniques [9,13,14]. During directional so
lidification of molten materials, the initial plane front interface becomes 
unstable at increased solidification growth velocity which then breaks 
down (morphological instability) to give a cellular-wavy microstructure 
in the solidified phase under a fixed temperature gradient. The cellular- 
wavy microstructure formed is of two major types; cellular-faceted and 
cellular-non-faceted morphology. These two types emanate from the 
interface which is an intersection between a fully liquid zone and a fully 
solid zone under controlled conditions [11,15-17]. In a two-dimensional 
view, the faceted morphology appears to have jagged edges whereas the 
non-faceted morphology has smooth rounded edges, i.e., the faceted 
morphology is of a zig-zag shape, whereas the non-faceted morphology 
is of a wavy test-tube like cellular shape. The evolution of these two 
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morphological forms and the associated conditions haves been studied 
experimentally and theoretically over the years [9,13,14]. However, 
there is a morphological transition variant that involves a faceted 
cellular to non-faceted cellular (f-nf) transformation which has received 
little research attention despite its technological and theoretical 
importance. That is, materials that produces faceted cellular 
morphology at instability have the ability to transform into a non- 
faceted cellular morphology with an increase in solidification growth 
velocity and with the establishment of other relevant conditions. In spite 
of the many experimental evidence supporting faceted cellular to non- 
faceted cellular transition as summarized in Table 1, there is not much 
theoretical foundation underpinning this important phenomenon in 
pure materials. 

Solid-liquid interface (SLI) diffuseness and faceted to non-faceted 
transition 

The interface between two phases has been described in different 
forms by many researchers over the years. Earlier works by Young [18], 
Laplace [19] and Gauss [20] have treated that, the interface between 
two different phases is separated by a thickness of zero [21]. Thus, the 
physical properties such as density and concentration may change 
discontinuously across the interface. From the phenomenological the
ories of crystal growth by Wilson [22], Frenkel [23], Becker and Doring 
[24], and Burton, Cabrera and Frank [25], the discontinuity in proper
ties across an interface and the zero size of the interface has been named 

in many literature sources a sharp phase boundary or a sharp interface. 
On the other hand, the interface is also described by Rayleigh [26] 

and Van der Waals [27] to have non-zero thickness. Over the years, a 
non-zero interface has been used to described an adjoining solid–liquid 
interface (SLI) of definite size as diffuse, comprising of a rigorous 
mixture of the two different phases. Analysis by Landau [28] and Van 
der Waals [27] had shown that, the SLI is associated with a thermody
namic potential and it is expected to exhibit diffuseness. For the SLI 
during crystal growth, Cahn [10] showed that, either a sharp or diffuse 
interface is possible depending on the material type and growth condi
tions. The solid–liquid interface (SLI) was further categorized by Cahn as 
(i) atomistically smooth, which grows by lateral motion mechanism and 
as (ii) atomistically rough, which grows by continuous surface 
advancement without needing steps [9,10], and where transition at 
different velocities was feasible. On a macroscopic level, the atomisti
cally smooth interfaces are expected to display macroscopic faceted 
microstructure as they rely on growth defects for propagation, such as 
dislocations and ledges. Similarly, the atomistically rough interfaces are 
expected to support continuous growth mechanisms and display 
macroscopically smooth curved (non-faceted) microstructure. 

Prior to Cahn’s model of the interface diffuseness, Jackson [29] 
evaluated the interaction of a liquid phase with the solid phase, and its 
consequences for surface roughness. Jackson’s approach employed a 
statistical mechanical model, describing how the solidification of pure 
materials depend on the roughness at the atomic scale for the SLI. He 
gave roughness criterion as: 

List of symbols 

General symbols 
AW (Kg/mole) atomic weight 
d (m) interplanar spacing 
gm (dimensionless) Cahn diffuseness parameter 
GL (K m− 1) temperature gradient in the liquid 
Δhsl (J m− 3) volumetric heat of fusion 
Δhm (J mol− 1) heat of fusion 
Md (dimensionless) constant 
Tm (K) melting temperature 
V (ms− 1) solidification growth velocity 

Greek symbols 
φ̇max(Jm-3K-1s− 1) maximum entropy generation rate density 

Δρk (kg m− 3) overall density shrinkage 
Δρ (kg m− 3) density change from liquid to solid 
ρs (kg m− 3) density of the fully solid state 
ρl (kg m− 3) density of the fully liquid sate 
ζ (m) thickness of the solid–liquid interface (SLI) 
ηG (dimensionless) Cahn driving force diffuseness 
αJ (dimensionless) Jackson roughness factor 

Acronyms 
MEPR maximum entropy rate density 
SLI solid–liquid interface 
f faceted 
nf non-faceted  

Table 1 
Summarized experimental evidence for faceted to non-faceted transition reported for some materials by different solidification techniques.  

Material αJ f-nf Remarks 

Vf-nf (μm) ΔT f-nf 

(K) 
GL (K/ 
m) 

TR 

(K)  

Al2O3-1 wt% MgO  
[37] 

5.58 6660 – – – Solidified is by laser and also show nf-f at 8500 μm and f-nf at 56550 μm. 

Cyclohexanol [38] 0.69 – 283  – Cyclohexanol forms facets at small undercooling up to 283 K. Beyond 283 K a nf-f transition 
is observed. 

Salol [32] 7.08 60.2 – 1100 – Melt grown directionally solidified. 
Salol [39] 7.08 – 298–302 – 286–280 The materials were melt-grown and the microstructures obtained were spherulitic. The 

transition could also be reversed from nf-f with a change in the undercooling. O-terphenyl [39] 6.28 – 35–30 – 293–298 
Thymol [39] 8.17 –  – 263–258 
P4 [40] 0.99 120000–450000 274–280 – – The material is melt-grown in isenthalpic and non uni-directional. P4 is faceted at 274 K 

which becomes nonfaceted somewhere between 274 and 280 K. 
Al6CuLi3 [41] 6.7 27 – 10,000 – Directionally solidified. 
Ge [42] 3.67 – 273–275 – – The non-facet and facet morphologies were in the (100) and (111) planes respectively. 

Material grown by the Czochralski method. 
NH4Cl [43] 2.09 – – – 638 Material is grown in a vapour phase in a sealed capsule at a vapour pressure of 3 atm. 
C2Cl6 [43] 2.2 – – – 373 Material is grown in a vapour phase in a sealed capsule at a vapour pressure of 40 Torr. 
Zn-5 wt% In [44] 1.26 – – – 523 The alloy is melt grown. 
Zn-Bi-In [45] 1.26 – – – – Transition occurs at lower ratio of surface to grain boundary energy.  
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αJ =
Δhm

Rg Tm
(1)  

where αJ (dimensionless) is commonly called the Jackson roughness 
factor, Δhm (J mol− 1) is the heat of fusion, Tm (K) is the melting tem
perature of the material and Rg (Jmol-1K− 1) is the gas constant. Jackson 
showed that, materials with αJ greater than 2 will grow into a faceted (f) 
morphology whiles materials with αJ less than 2 will grow into a non- 
faceted (nf) morphology. The Jackson criterion has seen an appre
ciable success and strong correlation with experimental results for the 
solidification of pure materials. In spite of the successes, Jackson crite
rion is so simplistic and it is not without drawbacks. The first limitation 
of the Jackson criterion is common in materials in which αJ is with in 
range, 2 ≤ αJ ≤ 3; such materials may behave as either faceted or non- 
faceted depending on the crystallographic orientation. This observation 
has been seen in bismuth, silicon, germanium, salol, benzyl and water 
[30-32]. The second limitation is that, it does not take into account the 
effect of temperature gradient/cooling rate and changes in the solidifi
cation growth velocity, V (ms− 1), which is the most critical parameter 
during directional solidification. The third is that, it is only qualitative 
and gives no knowledge of the size of the interface and the number of 
lattice spacings (number of atomic layers) possibly present within the 
SLI. And lastly, it does not account for the transition from a faceted to 
non-faceted (f-nf) morphological change. On the other hand, Jackson 
[33] gave a quantitative definition of interface diffuseness as, 1/αJ 
which generated a heated debate with Cahn. However, the issue of the 
use of diffuseness and roughness has never been settled or clarified, and 
it has been used interchangeably in the literature since then, except 
recently by Sekhar and Bensah who have attempted to bring a distinc
tion between the use of the terms [11,12,16,17,34]. 

The formation of faceted and non-faceted morphologies can be pre
dicted by the Jackson roughness factor, αJ (dimensionless) for pure 
materials [29,33,35,36] as shown by equation (1), all beginning from 
the plane front. 

The transition of a faceted to non-faceted morphology, which is a 
special variant in liquid to solid phase transformation is usually 
observed when there is an increased in solidification growth velocity 
specifically under controlled conditions such as the case of directional 
solidification. The Table 1 gives a summary of experimental evidences 
for faceted to non-faceted transformation for different materials at 
different growth conditions though the data does not report on any 
criterion necessary for the transition to occur. 

The Cahn theory quantitatively describes that, when the Cahn 
diffuseness parameter, gm (dimensionless) is 1, then atomistically 
smooth interface is formed and when it is less than 1, then atomistically 
rough interface is formed. Cahn further showed through thermodynamic 
deductions that, there is a possibility of transition from faceted to non- 
faceted morphology, but the transition equations were difficult to use 
due to some inaccessible parameters. Another limitation of the Cahn’s 
theory is that, it does not address the criterion and thermodynamic 
condition required for f-nf transition to occur either through the Cahn 
diffuseness parameter or the Cahn driving force diffuseness (ηG) 
parameter which expresses the number of atomic layers at the solid
–liquid interface. The available experimental data shown in Table 1 
supports Cahn’s view of faceted to non-faceted transition and the 
dependence on the solidification growth velocity despite that, is it bereft 
of a transition criterion. 

Model 

Let us consider a control volume approach of a solidification system 
at steady state conditions where a fully rigorous liquid (molten state) 
enters the control volume at a temperature Tli and leaves at a temper
ature Tsi into a fully rigorous solid state (crystalline state) as schemati
cally shown in Fig. 1. The control volume bounded by the temperatures 
Tli and Tsi which is of thickness ζ (m) and is considered as the interface 
(that is, the solid–liquid interface, SLI) between the fully liquid zone and 
the fully solid zone. Under this consideration, the solid–liquid interface 
is considered diffuse, where the interface is a mixture of the fully 
rigorous liquid particles and fully rigorous solid particles as treated by 
Cahn [15], Sekhar [16] and other phase field model applications [46- 
52]. Recent studies on pure unary material systems [11,12] showed that, 
an entropy balance performed across the SLI as shown in Fig. 1 at steady 
state conditions result in the relation given as [11,34]: 

φ̇max = ṡE (2)  

where φ̇max (Jm-3K-1s− 1) is the maximum entropy production rate den
sity associated with SLI during solidification and ṡE (Jm-3K-1s− 1) which 
describes the entropy produced due to exchange of matter entering and 
leaving the SLI with the surrounding [11,34]. The full expressions for 
both φ̇max and ṡE are respectively given as: 

φ̇max =
Δρk V3

2 ζ2 GL
(3) 

Fig. 1. A schematic illustration of a diffuse interface where entropy is generated and maximized. During solidification, the interface moves with a fixed growth 
velocity from left to right where the thickness of the interface is, ζ (m) is the control voulme. The diffuse interface region is a mixture of particles from the fully liquid 
zone and from the fully crystalline zone [16]. 
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ṡE =
V Δhm GL ρs

T2
m Aw

(4)  

where Δρk (kg m− 3) is the overall density shrinkage given by (ρl Δρ/ρs), 
Δρ (kg m− 3) is the density change from liquid to solid (ρs-ρl); ρs (kg m− 3) 

and ρl (kg m− 3) are the densities of the fully solid and fully liquid zones 
respectively. Also, V (ms− 1) is the solidification growth velocity and GL 
(Km− 1) is the temperature gradient in the liquid zone, T (K) is the 
melting temperature of the material, Δhm (Jmol− 1) is the heat of fusion, 
Aw (kgmol− 1) is the atomic weight of the material. The SLI (or diffuse 
interface) is responsible for the microstructural evolution of both faceted 
and non-faceted morphologies and the corresponding transition from a 
faceted to non-faceted morphology. The nature of the SLI can be un
derstood by considering the view point of Cahn [10,15] such that, the 
diffuseness parameter, gm (dimensionless) can be used to predict the na
ture of the interface during liquid–solid phase transformation, which 
herein is named as Cahn diffuseness parameter, given by [4,13]: 

gm = 2π4η3
Gexp

(
− π2ηG

2

)

(5)  

where the parameter ηG (dimensionless) as introduced by Cahn, de
scribes the size of the interface, ζ (m) on the basis of the number of 
lattice planes (or the number of atomic layers) [4,13]. 

This parameter (ηG) is named in this paper as the Cahn driving force 
diffuseness [17,34] given as: 

ηG =
ζ
d

(6)  

where d (m) is the interplanar spacing of the growth plane preferably 
along the closed packed plane or otherwise by the plane chosen by the 
interface, which serves as the appropriate length scale for normaliza
tion. Cahn has already shown that the criterion for predicting the for
mation of a faceted or non-faceted morphology is based on the Cahn 
diffuseness parameter (gm) which is dependent on ηG. Although, Cahn 
was unable to show how ηG could be obtained, recent works has shown 
that, it can be calculated from experimental data using the maximum 
entropy production rate density approach [11,12]. Therefore, the Cahn 
diffuseness concept can be studied on how gm changes with respect to ηG 
on the basis of faceted to non-faceted transition. Correspondingly, a 
criterion for the transition from faceted to non-faceted morphology can 
be derived based on the Cahn driving force diffuseness (ηG). 

Firstly, let us consider the transition from a plane front to a faceted 
morphology, and thereby taking a derivative of Cahn diffuseness 
parameter as given in equation (5) with respect to ηG gives: 

dgm

dηG
= 6π4η2

Gexp
(

−
π2ηG

2

)

− π6η3
Gexp

(

−
π2ηG

2

)

(7) 

For atomistically smooth interface (leading to cellular-faceted 
morphology), dgm in equation (7) is expected to change from gm up to 
one, and neglecting negative values since they may not have any prac
tical meaning. Also, it is considered that, dηG can change from very small 
value approaching zero and can grow up to a maximum of one (0 → 1) 
for the evolution of cellular faceted morphology. Therefore, integrating 
equation (7) by the limits explained above gives: 

∫1

gm

dgm =

⎡

⎣6π4
∫1

0

η2
Gexp

(
− π2ηG

2

)

dηG − π6
∫1

0

η3
Gexp

(
− π2ηG

2

)

dηG

⎤

⎦

|gm| = 0.4 (8) 

Putting back equation (8) into equation (5) or (considering a plot of 
gm against ηG as per equation (5)), which give two solutions to the Cahn 
driving force diffuseness, that is, ηG is approximately equal to 0.17 
(minimum) and 1.5 (maximum), respectively. From the two solutions of 
ηG, the maximum value is preferred because, the transition from a plane 
front to a cellular faceted morphology reaches its highest value at when 
entropy generation at the interface is maximized. And therefore, the 
Cahn driving force diffuseness inherently becomes: 

ηG = 1.5 (9) 

Secondly, we consider again for a transition from cellular faceted to 
cellular non-faceted morphology, where dgm is expected to grow from 
0.4 as in equation (8) to gm (0.4 → gm) while dηG is expected to continue 
to grow from 1.5 as given in equation (9) to infinity (1.5→∞). Hence, 
integrating equation (7) by the limit conditions set above, gives: 

∫gm

0.4

dgm =

⎡

⎣6π4
∫∞

1.5

η2
Gexp

(
− π2ηG

2

)

dηG − π6
∫∞

1.5

η3
Gexp

(
− π2ηG

2

)

dηG

⎤

⎦

gm − 0.4 = 6π4

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒

− η2
G

exp
(
− π2ηG

2

)

( π2

2

) − 2ηG

exp
(
− π2ηG

2

)

( π2

2

)2 − 2
exp

(
− π2ηG

2

)

( π2

2

)3

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒

∞

1.5

−

π6

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒

− η3
G

exp
(
− π2ηG

2

)

( π2

2

) − 3η2
G

exp
(
− π2ηG

2

)

( π2

2

)2 − 6ηG

exp
(
− π2ηG

2

)

( π2

2

)3 −
exp

(
− π2ηG

2

)

( π2

2

)4

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒

∞

1.5  

gm = 0.0007197 (10) 

Again, putting back equation (10) into equation (5) or (from a plot of 
gm against ηG as per equation (5)), which give two solutions to the Cahn 
driving force diffuseness, that is, ηG equal to 0.016 (minimum) and 3.3 
(maximum), respectively. From the two solutions of ηG, the maximum is 
preferred because, highest value is reached when entropy generation at 
the interface is maximized. And therefore, this sets the criterion for the 
transition from a cellular faceted morphology to a cellular non-faceted 
morphology as: 

ηG = 3.3 (11) 

Note that from the criterion set in equation (11), the faceted cells (at 
ηG = 1.5) must grow to a matured cellular morphology before trans
formation to a non-faceted morphology is achieved. 

1 − gm = 6π4 2!
(π2/2)3

⎡

⎢
⎢
⎢
⎣

1 −
∑ηG=2

i=0

(
π2

2

)0

0!
+

(
π2

2

)1

1!
+

(
π2

2

)2

2!

⎤

⎥
⎥
⎥
⎦
− π6 3!

(π2/2)4

⎡

⎢
⎢
⎢
⎣

1 −
∑ηG=3

i=0

(
π2

2

)0

0!
+

(
π2

2

)1

1!
+

(
π2

2

)2

2!
+

(
π2

2

)3

3!

⎤

⎥
⎥
⎥
⎦

Y.D. Bensah                                                                                                                                                                                                                                      



Results in Physics 48 (2023) 106418

5

Analysis of transition criterion in the context of MEPR 

The solid–liquid interface (SLI), which is responsible for the 
morphological variants in an open thermodynamic system allows the 
exchange of both matter and energy between the fully solid and fully 
liquid zones in a unidirectional way. The flow of atoms to the control 
volume and the movement of atoms/crystallites to the fully solid zone, 
and the continuous movement of the interface generates an irreversible 
entropy which reaches a maximum when a new morphology emerges 
[11,12,17,53-58 16,59-67 68]. This maximization of the entropy 
generated has been analysed by many under the maximum entropy 
generation/production rate (MEPR) principle. Sekhar [16,59] defines it 
that, if there are sufficient degrees of freedom within a system, it will 
adopt a stable state at which the entropy generation/production rate 
would be maximized. 

The theoretical bases of MEPR, formulated independently by Ziman 
[68] and Ziegler [69] reveals pathway selection rules for any given 
system [16,56,57,70-72]. While MEPR has seen wide applications across 
many disciplines, Kirkaldy [73], Martyushev, Seleznev and Kuznetsova 
[65], and Sekhar [16] have also shown that, for a unidirectional crystal 
growth from the melt, the SLI morphological instability can be analyzed 
with the MEPR principle. Previous studies on the application of MEPR 
principle to solidification/crystal growth processes (MEPR model) 
showed that the entropy generation is maximized for an interface 
transition to a different morphological variant and that, the highest 
entropy rate producing configuration is the most stable [11,12,17]. In 
his seminal paper, Sekhar [16] derived series of fundamental and 
foundational equations based on MEPR to track SLI instability and 
thickness. Later, Bensah [11,12] extended the MEPR model and showed 
that the maximum entropy generation rate density is achieved when the 
moving interface losses work due to entropy generation through heat 
dissipation [11,34 11,12]. Also, the derived quantitative expression for 
the maximum entropy production rate density, φ̇max (Jm-3K-1s− 1) asso
ciated with the SLI during solidification is given as in equation (3) 
[11,12,17]. And as such, the criterion for transition from cellular faceted 
to non-faceted cellular morphology is expected to obey equation (3). 

From equation (3), the value of φ̇max reaches a minimum when 
equilibrium is established, noting that the diffuse interface is created 
only when the solidification velocity is greater than the minimum. For 
all forms of non-associated morphological change, an increase in φ̇max 
corresponds to a decrease in the size of the interface. However, for any 
form of morphological change (morphological instability and beyond) 
there is an extra burst/surge of entropy generated that stretches the 
interface in proportion to the change in solidification growth velocity. 
Equations (2), (3) and (4) can be combined to evaluate the size of the 
interface for a faceted to non-faceted transition given as: 

ζ =
V
GL

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
Δρk T2

m Aw

2 Δhm ρs

√

(12a) 

Equation (12a) can be written in a more condensed and compact 
form when combine with equation (6) to give: 

ηG = Md

̅̅̅̅̅̅
Δρ
ρs

√

(12b)  

where the symbol Md (dimensionless) represents the expression 
(
V TM

̅̅̅̅̅̅̅
Aw

√
/GL d

̅̅̅̅̅̅̅̅̅̅̅̅
2Δhm

√ )
. The role of the component 

̅̅̅̅̅̅̅
Aw

√
TM /d

̅̅̅̅̅̅̅̅̅̅̅̅
2Δhm

√

(Ksm− 2) in Md is to modify the dimension of the V/GL (m2s-1K− 1) ratio 
and to enable normalization of Md into a dimensionless form. The value 
of Md is highly dependent on the V/GL ratio (m2K-1s− 1), especially V, 
which is the main variable in any typical directional solidification pro
cess. An expected linear relationship is observed when ηG is plotted 
against Md, and where at ηG = 3.3 will correspond to faceted to non- 
faceted transition. So, for a faceted to non-faceted transition, equation 
(12b) is combined with equation (11) to give: 

Md = 3.3
̅̅̅̅̅̅ρs

Δρ

√

(13a) 

The importance of equation (13a) is that, the transition value of Md 
can be evaluated without the knowledge of the V/GL ratio (m2K-1s− 1). 
Further, reorganization of equation (13a) gives the solidification growth 
velocity required for a cellular faceted to non-faceted transition to occur 
as: 

Vf− nf =
14 GL d

̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρs Δhm

√

3 TM
̅̅̅̅̅̅̅̅̅̅̅̅̅
Δρ Aw

√ (13b) 

The transition growth velocity in equation (13b) can be written in a 
dimensionless form as: 

Vf− nf =
14 GL d

3 TM

̅̅̅̅̅̅ρs

Δρ

√

(13c)  

where Vf− nf is a dimensionless transition growth velocity expressed as 
(
Vf− nf

̅̅̅̅̅̅̅̅
Aw

√
/

̅̅̅̅̅̅̅̅̅
Δhm

√ )
. The evolution of the cellular faceted morphology is 

accompanied by an associated size. At any given solidification velocity 
beyond instability, the size of the cellular morphology, λ (m), either 
faceted or non-faceted, has been derived as [12]; 

λ3 =
2 π γgb ao ζ
Δρk V2 (14)  

where ao (m) is the lattice parameter and γgb (Jm− 2) is the grain 
boundary energy. Combining equations (11), (13b) and (14) gives the 
cellular size at the morphological transition from cellular faceted to 
cellular non-faceted as; 

λf− nf =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
h2+k2 + l26

√
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
Aw γgb T2

m

G2
L ρs Δhm

3

√

(15)  

where the h, k, l values are the Miller indices that gives the growth plane 
of the transition as chosen by the interface. 

G

Md

Fig. 2. Model prediction for the driving force diffuseness ηG (dimensionless) as 
against Md (dimensionless) for pure materials showing both atomically smooth 
and rough interfaces as according to equation (12b). The driving force 
diffuseness is calculated from a fixed temperature gradient and a varied growth 
velocity. The dotted red horizontal line indicates the transition from facet to 
non-facet morphological forms. (For interpretation of the references to colour in 
this figure legend, the reader is referred to the web version of this article.) 
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Results and discussions 

The application of Cahn’s theory of interface diffuseness has been 
used to arrive at a transition criterion for faceted to non-faceted cellular 
morphology. The application was based on the maximum entropy 

production rate (MEPR) principle, used as a selection rule for morpho
logical pattern formation for the case of steady state directional solidi
fication. The MEPR approach is shown to have a decisive influence on 
morphological pattern formation and the critical parameters that govern 
their selection when considering morphological transition and stability 
[11,12,17]. The model predictions for pure faceting materials that are 
able to transition into non-faceting form are given in Fig. 2 and corre
sponding data given in Table 2. The model derivations in equations 
(11–13) have shown that, the faceted to non-faceted cellular transition 
occurs when the interface grows from 3.3 atomic layers as given by the 
horizontal dotted line shown in Fig. 3. That is, horizontal dotted line 
serves as a transition boundary between faceted and non-faceted cellular 
morphology. In Fig. 3, the plot of ηG against Md which is based on 
experimentally measured values of V/GL, shows that the points formed 
around and close to the horizontal dotted-red-line (border line) have the 
potential to form faceted or non-faceted morphologies depending on the 
growth velocity, temperature gradient and crystallographic plane cho
sen by the interface as per equation (12). The corresponding data for 
Fig. 3 is given in Table 3. Although there are only a few experimental 
studies on the factors that influence f-nf transitions, however, it has been 
noted that both the temperature gradient and transformation growth 
velocity play a major role for such a transformation as captured in 
equation (12). 

Again, Fig. 3 provides a visual explanation of how salol can transition 
from faceted morphology to non-faceted morphology with increasing 
velocity, which is an example of the effect of driving force diffuseness as 
predicted theoretically by Cahn [10,15] and the current MEPR model as 
shown in equation (12). Note that, such transitions in many materials 
have been recorded [32,37-45] as given in Table 1. The Cahn model 
[4,13] which showed for the first time that diffuseness was a function of 
the growth velocity was unable to make clear quantitative predictions 
for the onset of faceted to non-faceted morphology. Other experimental 
observations confirm that, pure bismuth, salol, germanium, benzyl, sil
icon, water etc., have the ability to exhibit both faceted and non-faceted 
morphologies at different crystallographic orientations and under
cooling (or temperature gradients) [30,31]. These experimental obser
vations are in agreement with the predictions made by equation (13). 
Also, equation (13) shows that the f-nf transition is dependent on the 
temperature gradient and solidification growth velocity. The cellular 
size at the transition can be evaluated from equation (15) and as 
demonstrated for salol in Table 3. For salol at a temperature gradient of 
1100 km− 1, the transition cellular size is 309 µm. In addition, Fig. 4 is 
added to give microstructural assessment of the first transition from a 
plane front to a cellular faceted morphology for salol. This is supported 
by the tabulated results in Table 4 where the cellular size calculations for 
salol at instability are given for different temperature gradients and 
using a fixed solidification velocity from experimental data. The calcu
lated cellular size results show closeness when comparison is made with 
experimental results, and shows that they are in the same order of 
magnitude. The results are much more appreciable at lower temperature 
gradients, where the deviations from experimental values are within an 

Table 2 
Some physical properties for the pure materials.  

Material Atomic weight (Kgmol− 1)  
[74] 

Melting 
Temp 
TM (K) 

ρs of solid at TR 

(Kgm− 3) [75] 
ρl of liquid at TM 

(Kgm− 3) [75] 
Heat of fusion 
Δhm 
(Jmol− 1) 

Heat 
of fusion Δhsl 

(Jm− 3) × 108 

d (nm) Crystal 
structure 

Germanium  0.0726 1211.4 5323 5600 36,940  27.073  0.327 Diamond cubic 
Bismuth  0.2089 544.7 9780 10,050 11,300  5.288  0.475 Rhombohedral 
Gallium  0.0697 302.915 5910 6095 5590  4.738  0.451 Orthorhombic 
Silicon  0.0281 1687 2329 2570 50,210  41.638  0.314 Diamond cubic 
Grey Arsenic  0.0749 1090 5727 5220 24,440  18.682  0.413 Trigonal 
Biphenyl  0.1542 343.15 1040 991.4 19,900  1.28  0.573 Hexagonal 
O-terphenyl  0.2304 330.15 1160 1036 17,190  0.773  1.314 Hexagonal 
Salol  0.2143 315.65  

[76] 
1191.1 at 303.65 K  
[76] 

1180.2 [76] 19,160 [77]  1.06 0.814 Orthorhombic 

Thymol  0.1502 324.2 960 925 22,010  1.36  0.104 Hexagonal  

n G

Md

V= m
GL= K m

V= m
GL= K m

Fig. 3. A plot of calculated ηG (dimensionless) against Md (dimensionless), 
which gives a linear relationship according to equation (12) for salol. The 
parameter Md strongly depends on the V/GL (m2K-1s-1) ratio. The V/GL (m2K-1s- 

1) ratios are from published experimentally measured data as given in table-3. 
The value of 

̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρs/Δρ

√
is the slope (0.10 Ks/m) of the line. The plot shows the 

transition from faceted morphology to non-faceted morphology with increasing 
velocity as shown for dotted black diagonal line. The inserted images [32] are 
from experimental data and show the interface morphologies formed during the 
transition. The horizontal dotted red line represents the transition boundary 
between faceted morphology to non-faceted morphology. (For interpretation of 
the references to colour in this figure legend, the reader is referred to the web 
version of this article.) 

Table 3 
Experimental data and results of calculated parameters for salol, where the 
growth was considered for the (100) plane.  

Material Experimental data Results of calculated parameters from model 
using equations (13b) and (15) respectively 

V 
(µms− 1) 

GL 

(Km− 1) 
ζ ηG Md Vf-nf 

(µms− 1) 
λf-nf 

(µm) 

Salol1  28.3 1100  1.83  1.625  17.067 57.2 309 
Salol2  60.2  3.89  3.457  36.306 
Salol3  15.1  0.98  0.867  9.107 
Salol4  3.10  0.20  0.178  1.869 
Salol5  35.4  2.29  2.033  21.349  
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appreciable limit [12,32]. From the data in Table 5, equation (14) is 
tested for salol with experimental data at solidification growth velocities 
beyond the transition instability condition, i.e., for fully grown or 
matured cellular patterns. The predictions for the calculated cellular size 
for salol is given at different temperature gradient and solidification 
velocities. The calculated results show reliability of the model as it 

shows closeness to experimental measurements [12,32]. 

Conclusion 

By the analysis of the Cahn’s diffuseness equation, we are able to 
arrive at transition criterion for cellular faceted to non-faceted 
morphology during liquid–solid transformation. This happens when 
the driving force diffuseness is at 3.3. The criterion is combined with the 
MEPR expression for the driving force diffuseness to arrive at the tran
sition growth velocity and maximum entropy production rate density for 
a faceted to non-faceted transition and the size of the cellular 
morphology at transition. 
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Fig. 4. This shows typical micrographs of faceted morphology for salol as a result of a plane front transition as measured by Shangguan [32]. The micrographs are for 
(a) V = 8.6 μms− 1 at 52 Kcm− 1 (b) V = 28.3 μms− 1 at 18 Kcm− 1 (c) V = 8.6 μms− 1 at 18 Kcm− 1 (d) V = 28.3 μms− 1 at 11 Kcm− 1. 

Table 4 
Calculated results of cellular size at interface instability (from plane front to 
faceted morphology) compared with experimental data results for salol at a fixed 
velocity of 3.3 μms− 1[12]. This corresponds to a transition value of ηG equal to 
1.5 as per equation (9). The experimental data used were obtained from 
Shangguan [32].  

Temperature 
gradient 
GL (Km-1) 

Cellular size λC (μm) Calculated cell size deviation from 
experiment 

Experiment MEPR 
⃒
⃒1 − λexpt/λMEPR

⃒
⃒

6500 520 234  1.22 
3500 560 354  0.58 
1800 640 551  0.16 
1100 670 765  0.12  

Table 5 
Calculated results of cellular size beyond interface instability (matured cells) 
compared with experimental data salol [12]. The calculated results are from 
equation (14). The experimental data used were obtained from Shangguan [32].  

Data obtained from 
experiment 

Calculated 
parameters from 
current work 
using 
experimentally 
measured velocity 

Calculated cell size deviation 
from experiment 

GL 

(Km-1) 
V (μm/ 
s) 

λexp 

(m) 
ζ 
(nm) 

λMEPR 

(μm) 

⃒
⃒1 − λexpt/λMEPR

⃒
⃒

6500  3.30 520  0.076 346  0.504 
3500  5.70 560  0.132 288  0.700 
1800  3.30 640  0.142 425  0.317 
1100  15.1 670  0.649 256  0.102  
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