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Abstract

We show that the normal Appell subgroup of the Riordan group is a pseudo ring
under a multiplication given by the componentwise composition.

We develop formulae for calculating the degree of the root in generating trees
and we establish isomorphisms between the four groups : the hitting time, Bell,
associated and the derivative which are all subgroups of the Riordan group.

We have found the average number of trees with left branch length in the class of
ordered trees and the Motzkin trees.

In the last chapter we examine the uplift principle and some known examples. We
generalise some of the examples and we show that the average portion of protected

points in the hex trees approaches 76/125 as n — oc.
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Chapter 1
Introduction

In this work, we begin by describing the concept of the group of infinite lower
triangular matrices (Riordan arrays) called the Riordan group, introduced in 1991
by Shapiro, Getu, Woan, and Woodson.

In 1999, Donatella Merlini, M. Cecilia Verri used an algebraic approach to study
the connection between some Riordan arrays and generating trees[7]. A formula
for calculating the degree of the root and an arbitrary vertex of the generating

tree are developed.

We study some isomorphism properties between some subgroups of the Riordan
group established by Candice Jean-Louis and Asamoah Nkwanta in [3] (2012) and
establish other isomorphisms based on their results.

A Pseudo-ring(rng) is an algebraic structure satisfying the same properties as a
ring, without assuming the existence of a multiplicative(second operation) iden-
tity. The fact that there is a normal subgroup of the Riordan group presents
an opportunity to establish a pseudo-ring structure of the Riordan group in this

thesis.

This thesis presents the uplift principle for ordered trees which let us solve a variety
of combinatorial problems in two simple steps. The first is to find the appropriate
generating function at the root of the tree, the second is to lift the result to an

arbitrary vertex in the tree by the leaf generating function.



1.1 Basic Definitions And Outline

1.1.1 Definitions

We set out most of the terminologies we intend to use throughout this thesis here.

Vertices and trees are things we will often refer to in this thesis.

Definition 1.1.2. [2] A graph is a triple, G = (V, E, ¢), where V is a finite set
of vertices(nodes or points), E is a finite set of edges and ¢ is a function which
assigns a unique 2-element set of vertices {u,v},u # v to each edge e. A graph
G is connected if for any two distinct vertices u and v, there exists a sequence
vouy - - - U, of vertices such that vy = u,v, = v and any two consecutive terms v;
and v;,1 are adjacent. A cycle is a sequence vgvy - - - v,,n > 1 of vertices such that

Vo = Up.

Definition 1.1.3. A tree is a connected graph with no cycles, where one vertex is
designated as a root. There are different classes of trees. Unless otherwise stated,
by a tree, we will mean an ordered tree with a root and ordered list of subtrees at
the root[4].

They will be drawn going down.

Definition 1.1.4. [2] Let S be a finite sequence of points (zo, yo), (1, Y1), (T2, y2),
-y (n,yn) = (x,y) in the plane, such that all (2,11 — 2, ¥i+1 — v;) € S. These
points are called vertices and a line connecting adjacent vertices is an edge

We define the level of a vertex, v, to be the ordinate of that point.

Definition 1.1.5. The degree(updegree) of a vertex at level k is the updegree of
the vertex, i.e the number of edges emanating from that vertex to level k + 1. If
every vertex has the same possibilities of updegrees we say it satisfies the uniform

updegree requirement(UUR).
Definition 1.1.6. A leaf is a vertex with updegree zero.
Definition 1.1.7. A marked vertex is called a mutator[5].

Definition 1.1.8. The Ordinary Generating function(OGF') of an infinite se-

quence {a, }n>o is the formal power series

ap + a1zt + a2t +ag2 + - = E anz”.
n>0

One can also define an exponential generating function but in this thesis by gen-

erating function we mean an OGF.



Definition 1.1.9. A generating tree[7] is a rooted labelled tree with the property
that if v; and vy are any two nodes with the same label then, for each label [,
vy and vy have exactly the same number of children with label [. To specify a
generating tree it therefore suffices to specify:

(1) the label of the root;

(2) a set of rules explaining how to derive from the label of a parent the label of
all its children.

1.1.10 Outline of Thesis

Chapter 1 of this thesis contains the mathematical material which lays the foun-

dation and the background for the remainder of the document. We set out to give
the reader the notation and the language we need.
In section 1.2, we discuss the combinatorial interpretations of the Catalan num-
bers in terms of ordered trees. We discuss some generating function of the Central
Binomial function, B(z), the Fine function, F(z), and the Motzkin function which
form interesting relationships with C(z), the generating function of the Catalan
numbers. We will discuss the Hex function. The hex trees have interesting rela-
tionship with the Motzkin trees.

In chapter 2, we define the Riordan group and give a practical explanation of
its usefulness in solving sums involving combinatorial inversions.
We briefly discuss the connection between elements of the Riordan group (aka
Riordan arrays) and generating trees which was established by Merlini et al. in
[7] and develop a formula for calculating the degree of the root of the generating

tree.

In chapter 3, we look at some algebraic properties of the Riordan group.
In sub-section 3.1.7, we ask the question: Can we extend the Appell subgroup
since it is a commutative subgroup to a ring?.
In section 3.2, we present the proofs of certain Riordan group isomorphisms and
illustrate this in a form of a commutative diagram.
In the last section of chapter 3, we shift our attention back to the fundamental
theorem of Riordan arrays where we obtain the average number of trees with left

branch length for some classes of ordered trees.

In chapter 4, we discuss the uplift principle and its relationship with the Riordan

group and demonstrate its utility combinatorially.



1.2 Catalan Numbers

The Catalan numbers can be defined in many ways. Recursively they are given
by
Cps1 = Y _ CpChy with Cp = 1.
k=0
In terms of generating functions this becomes C'(z) = 1 + z(C (2))* or more

compactly
C=1+20%or C =124

1.2.1 Combinatorial Interpretation

The Catalan numbers have several combinatorial interpretations including the
number of triangulations of a regular (n + 2)— gon (Euler), the number of paren-
thesizations of (n+ 1) letters (Catalan), the number of paths from (0, 0) to (2n,0)
using the steps Up = U = (1,1) and Down = D = (1,—1) that never go below
the z-axis (Dyck)|[2].

Our interest will mostly be in the interpretation of Catalan numbers as the number

of ordered trees with n edges. We demonstrate this in the next theorem.

Theorem 1.2.2. C,, = n+r1(2:) is the number of ordered trees with n edges.

Proof. Figure 1 shows the number of ordered trees with n = 0,1, 2, 3,4, 5. edges.
So if we let T represent the generating function for the trees then we have T'= C.
Now we let V), be the number of vertices at height k over all the trees with n

edges and find the matrix (V}, ) and take the row sum. Thus

1 0 0 0 o] f[1] [ 1]
1 1 0 0 0/]1 2
2 3 1 0 0]]1 6
v=|5 9 5 1 0| |1]=] 20
14 28 20 7 1| |1 70
42 90 75 35 9 | | 1 252
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Definition 1.2.3. The Central Binomial function B(z) = B is the generating

function for the central binomial coefficients, (27?) That is

We notice that the row sum of (V,, ;) is 1,2,6,20, 70,252, --- [A000984] = B con-

sequently we say B is the companion generating function for C' meaning as C'(2)

O

counts the number of ordered trees, B(z) counts the number of vertices in the
ordered trees.
We have the identity B(z) = 1+ 22C(z)B(z) .[2]

>



Definition 1.2.4. [2] The Fine function, F(z), is the generating function for the
Fine numbers, 1,0,1,2,6,18,57,186, (named after information theorist Terrence Fine

of Cornell University.)

=, . 1-Vvi-4
F(Z):gfnz 23 -V1I—42)

- [A000957]

The fine numbers count trees with even number of updegree at the root and they
also count ordered trees with no leaf at level 1.

The Fine function satisfies the identity F(z) = H% 2]

Definition 1.2.5. [12] The Motzkin function, M(z), is the generating function for
the Motzkin numbers 1,1,2,4,9,21,51,127,323,--- given by

= 1—2—+1—2z— 322
M(z) =Y myuz" = —= C . [A001006].
n=0

222

The Motzkin numbers have several combinatorial interpretations. The one of in-
terest to us is that they count the number of trees with n edges, where every
vertex has degree 0,1, or 2. Such trees are called {0.1.2} —trees. Figure 2 shows
the Motzkin trees with n =0,1,2,3,4,5 edges.

The Motzkin function satisfies the identity M(z) = 2-C <ﬁ> 2]

1—z

n=0 n=1 n=2 n=

CUIY AR T AAMANAN

SN DA
gLy



Definition 1.2.6. [5] The Hex function, H(z), is the generating function for the
Hex numbers 1, 3,10, 36, 137,543, - - - [A002212] which arise as a result of putting
benzene molecules together with no three meeting at a point, see Figure 2 below.
As trees, these are trees with every vertex having updegree 0,1, or 2 but the one

case can be left, vertical or right but if two they must be left and right edges.[Name

due to an obvious tree-like poly-hexes[!1]]. The Hex function is given by
S . 1—32—+1—6z+522
Hz) = ; fn?" = 222 '
Figure 3. Hex Trees

S . 1
Naslelon o

oot
5B |

DECTEAAK S

The thick edges represent the roots of the hex trees.




Chapter 2

Riordan Group

2.1 Riordan Array

Definition 2.1.1. Given two power series g(z) and f(z) from the ring of formal

power series C[[z]] where

g(2)=g=1+qz+ g +gz"+-- = 1—|—Zgnz"and (2.1)
n>1
fR)=f=he+ b+ L5+ = ) fa2" (2.2)
n>1

a Riordan array denoted by (g(z), f(z)) is an infinite lower triangular matrix
L=l k>0 where [, is the coefficient of 2" of the generating function of the
k™ column g (2) (f (2))F of (g(2), f(2)), for k=0,1,2, ...

We can define the linear operator for extracting coefficients as

[2"]A(2) =a, where A(z)= Zanz”.[ ] (2.3)

n>0

Facts that we will use without proof are that

a) [zn]ok:%’i k<2”n+’“> b)) [-"] BCK = <2”n+’“>.[ | (24

With the notation we have [, = [2"] gf*. The standard notation for a Riordan
array is the rather unimaginative (g, f) . It can be thought of as a geometric

sequence of generating functions with lead term ¢ and multiplier term f.



Next if we multiply the Riordan array by the column vector [ag, a1, as, - - - ]T where
A(z) = > ,50an2" we see that ap multiplies the column g, a; multiplies the col-

umn ¢f, and in general a; multiplies the column gf*. If the resulting column is
[bo, by, by, - - -] with
B(z) =B =7},.,b.2" then we obtain the key result

ag + argf +aggf* + -+ = Zakgfk
k>0

= gy aft

k>0

= g(x)A(f(2)) = B(2),

we could write this operation as

(9(2), [(2)) x A(2) = g(2)A(f(2)) = B(2).  [10] (2.5)

So to multiply two Riordan arrays (g, f) and (G, F') we take a typical column
G(2)[F(2)]F of (G, F) and use this as A(z) in (2.3). This quickly yields the matrix

multiplication

which is the fundamental Theorem of Riordan Arrays and is abbreviated as the
FTRA. It is our key building block.

Definition 2.1.2. A Riordan array is an element of a non commutative group
under the above operation #* called the Riordan group denoted (R,x*) if f; # 0.

But for convenience we assume f; = 1.

This group (R, *) was introduced by Shapiro et al.[13]

2.2 Some Structural properties of (R, )

In this section, we discuss some properties of R to show that, it is indeed a group

under the matrix multiplication *. We start with the identity and inverse.

Theorem 2.2.1. (a). The identity element of (R,x*) is (1, z).

(b). For any element (g, f) € R the inverse (g, f)~' = (g(?l(z)),f(z)> where

f(f(2) = f(f(z)) = z, so f is the compositional inverse of f.

9



Proof. (a). Let (g, f) € (R,*), then by the FTRA (g(z), f(2)) * (1, 2) = (g(2) -

1, f(2)) = (9(2), f(2)) and (1, 2) * (g(2), f(2)) = (9(2), f(2)). Thus the iden-
tity of (R, *) is (1, 2).

(b). For the inverse, we use the fact that any element in a group must have an
inverse so if (g, f) € R then it has an inverse and multiplying an element by
its inverse in the group should give us the identity.

So given (g, f) € (R,*), consider (W,f{z)) = (g(2), f(2))"!, then by
FTRA, we have

(9(2), F(2)) * (902 F(2) " = <g<z>,f<z>>*( ! J(z))

and  (g(z), f(2)) " % (g(2), f(2)) =

1
9(f(2))

Since matrix multiplication is associative we have shown that indeed (R, *) is a

Hence (g,f) ' = ( ,7(2)) is the inverse of  (g(2), f(2)).

group. O

The example below shows how the inverse of a given function is found.

Example 2.2.2. We find the compositional inverse f (z) when f(z) = %, also

when f(z) = zC.

Given f(z) = -2 we replace z by f(z) so we have z = % and then solve for f.
(1—f):7, z—zf f, f+2zf ==z therefore ?(z)zljz-

Similarly If f(z) = 2C, we know C' = 1+2C% = =5 , (2) =20 = =5

replacing zC' in the denominator by f(z) we obtain f(z) = now replace z

1-f(z) ’

10



|

(2)

1—-27

by f(z) to obtain z = hence our f(z) = 2(1 — 2).
Using the technique in the above example and Theorem 2.2.1 (b), the inverse of a

Riordan group element can be found.

Example 2.2.3. [3] The matrix F' = (1, 2(1 + z)) is called the Fibonacci matrix
since its row sum is the Fibonacci number sequence 1,1,3,5,8, - - - [A800045].

To find F~! all we need to do is to find f(2) , for f(z) = z(1+ z) We replace z by
f giving us 72 + f — z = 0 and now we solve for f using the quadratic formula
ie f= %@ = zC(—z). Thus

o ;
0 1
Fl=(1,2(1+2)"=(1,20(-2)) = vl !
0 2 =2 1
0 -5 5 =3 1

From (2.5) it is convenient to write (g, f) * A = B to indicate that we have shifted
from matrix multiplication to composition of functions via the FTRA. We are
now in the position to invert some binomial identities by finding the inverses in

the Riordan group (R, *), we have that,
(9, f) * A= B if and only if (g,f)”" B = A.

In the example below we evaluate and invert an identity using both the usual
primitive way and the FTRA.

Example 2.2.4. We evaluate the sum below and invert the identity

i (n;};k) (—a)*.

k>0

To get a feel of this, we begin by letting

s =3 ("3

11



and trying a few cases whenn =0,1,2,3,---

for n=0; S(0)= ZO: (0;;]“) (—4)F =1

k>0

for m—1 S(1)= 21: (122’“) (—a)F — <(1)> (—4)0+ @ (—4)' = 1.141.—4 = —3

k>0

o =2 50 =3 (P55 e = (D) (B (e

k>0
for n—3 s<3>=§33(3;;f)<—4>k=(3)(—4>°+(§)<—4>1+(Z)<—4>2

—1-1—6-(—)4+5-16—64 = —7

for n =4 and n = 5 we get 9 and —11 respectively, so we can guess S(n) is the
sequence of coefficients of the generating function 1 —32+522—7234+92* 1125+ -
i.e the alternating odd numbers.

Now we discover the pattern and put this into matrix form as

1 0 0 00 1 1
11 0 00 4 -3
1 3 1 00 16 5
1 6 5 10| -64]| | =7
110 15 7 1 956 9

The generating function for the left most column is 1/(1 —2) = 1+ 2z + 2% +
23 4+ -+ and the next column [0, 1,3,6,10, - - -]T has as its generating function
z/ (1 —2)* followed by [0,0,1,5,15,35,]" with generating function 22 (1 — z)°.
Each move to the right by one column corresponds to multiplying the generat-
ing function by z/ (1 — z)*. Meanwhile the generating function (briefly GF) for
[1,—4,16,—64,---]" is 1/ (1 + 42) and the GF for [1,-3,5,-7,9,---]" is

(1 —2)/(1+2)*. Expanding the LHS of the matrix equation using generating

functions gives us

12



- <1iz)'(1_4<(1—Zz>2)+42((1i2z>4> _>
(79 () - () ()

(1—- Z)2

(1 (=2 _ 1=z | o s s
_(1—z> ((1—|—z)2>_(1+z)2_1 SR e

Thus we have shown using generating functions, that indeed S (n) = (—=1)" (2n + 1),

is the alternating odd numbers.
Using the FTRA we have g(z) = = and f(z) = oz and A = T S0 we have

<1iz’(1_zz)2)*<1+14z> - <112>'(1+4(1(12)2))
- (1iz>.<1—2(21“1232+42)

1—2z
1+ 22+ 22

1—=2
(1+ 2)2

. . 1 z 1
From above which now can be written more compactly as (17,27 m) * 1o =

(11+;)2’ we can invert it to say <1 - ﬁ)q * ﬁ = 1+4Z Now to find the
inverse (%, ﬁ) 71, we can take the primitive approach of finding
- -1

1 0 0 00

1 1 0 00

1 3 1 00

1 6 5 10

1 10 15 7 1

13



using the row reduction formula one subdiagonal at a time. This yields

1 0 0 0 O 1 0 0 0 O
-1 1 0 0 0 -1 1 0 0 0
-3 1 0 0 2 -3 1 0 0
, then
-5 1 0 9 -5 1 0
-7 1 20 -7 1
then after another couple of steps
10 0 0 |
-1 1 0 O
2 -3 1 0 O
-5 9 -5 1 0
14 -28 20 -7 1
—42 90 —-75 35 -9

At this point we need to recognize the sequence 1,1,2,5,14,42 ---[A000108] as
the first few terms of C(z) (Catalan numbers). Even if we do not recognize the

sequence, the first few terms of f = f (2) can be determined from the equations

1
— = 1—2+4222 -5+ 1424 — 425+ ...
9(f(2))
1 _
and ——— - f(2) = 2—322+92°—282"+902° — ...
9(f(2))

and this yields f(z) = z — 22% + 523 — 142% 4 422° — - - - .

The second approach is to compute (g, f)~' = (ﬁ, 7) . The main step is finding

f. Here we have f = (L so that z = —L— and by the quadratic formula,

. -2y (1-7)
f=1E I = 222 4528 — 1420 4+ 4227 — 13226 4+ 42927 — 143025 4+ O (29)..

Thus from (2.4), the (n, k) entry of the inverse matrix is

(27 O (—z) = [2nk] O (=)
2k +1 2(n—Fk)+2k+1
2(n—k:)+2k+1( n—k )
Wk 2k 12+ 1
2n+1(n—k>'

- (-

- (-1

14



The inverse identity is thus

S B () ot e = -
k>0

or more elegantly

2k+1(2n+1
2k +1) =4".
22n+1(n—k>( +1)

k>0

2.2.5 Riordan Arrays and Generating Trees

Riordan arrays can also be characterized using two sequences called the A- and
Z- sequences. Here we look at the connection between Riordan arrays and the
generating trees and investigate what g(z), f(z) and the A — sequence and Z —
sequence tell us about the degree of the root and the degree of an arbitrary vertex

in a generating tree.

Definition 2.2.6. [0] A Riordan array L = (g(2), f(2)) = [lnk|nk>0 can be char-

acterized by two sequences A = (ag, ay,---) and Z = (2, z1, - - - ) satisfying

ln+170: E ZiTn,j and ln+1,k+1: E Q5T n, k45 for n,kZO

Jj=0 Jj=0
These are referred to respectively as the A-sequence and the Z-sequence.
The Z-sequence characterizes column 0 while the A-sequence characterizes all the
other columns. If A(2) = ag + a12' +a2” + -+ and Z(2) = 20 + 212 + 2222 + - -~
are the generating functions for the A— and Z— sequences respectively, then it
follows that

1

1) = Ty = LU+ 2R+ GZFEN -

= 1+ [Z2(f())]z+ [Z(f ()2 + [Z(f(2))]2° + - (2.6)

and
f(z) = 2A(f(2)) = aoz + (a1 f(2)z + (a2f?*(2))z + - --
2
= apz+ [i(z)} Z2 + [GQfZ(Z)] Z3+ e (27)
z z
Definition 2.2.7. [7] An infinite matrix [l,, x|n x>0 is said to be ‘associated’ to a

generating tree with root (¢) (AGT matriz for short) if 1, is the number of nodes

15



at level n with label k + c¢. By convention, the level of the root is 0.

The following examples demonstrate how to obtain a generating tree given matrix
[lnk|ni>0 and conversely how to obtain a matrix [l, k], k>0 given the generating

tree.

Example 2.2.8. [7] The Catalan triangle is

1 0 00 0]
1 1 000
2 2 10 0
(C).2CD =1 o ¢ 51
14 14 9 4 1

In order to specify a generating tree, we have to specify a label for the root and a

set of rules explaining how to derive the children from the labelled parent.

root : (2)

specification(1) = { rule : (k) — (2)(3) -~ (k +1).

Figure 4a below is the generating tree for specification (1) which is referred to as

the Catalan generating tree.

Figure 4a. Catalan generating tree.

Conversely given a generating tree and a specified label for the root and a set
of rules explaining how to derive the children from a labelled parent, the AGT

matrix can be derived.

Example 2.2.9. [7] Given

root : (2)

specification(2) = { rule : (k) — (k)(k + 1)

16



which gives the Pascal generating tree in Figure 4b below,

Figure 4b. Pascal generating tree.

then the AGT matrix is given as

100 00
110 00
12100
P = This is the Pascal triangle.
13310
146 41
Definition 2.2.10. [3] Given a generating tree specification ¢; and the corre-

sponding AGT matrix T, we define the generating tree specification inverse of t

as the specification t, having T = T, ' as AGT matrix.

Example 2.2.11. We look at the inverse of the Pascal triangle (P~') and its

generating tree.

- -
-1 1
|12
-1 3 -3 1
1 -4 6 -4 1
root : (2)
specification(3) = ¢ rule : (k) — (k)(k+1)




where (k) means we assign a negative number to its corresponding Iy in the AGT
matrix.

Figure 4c below is the generating tree for specification (3).

Figure 4c. Inverse pascal generating tree.

In [7], they discussed two interesting quantities related to generating trees, namely
Sn, the total number of vertices at level n and the average label v, of a vertex
at the same level n. The obvious combinatorial meanings of these quantities are
that, going to the AGT matrix [, x|, x>0 associated to the generating tree, we see
sp is equal to the row sums of [, x|nx>0 and v, is the ratio between the weighted

row sums W, of [l x|n k>0 and s,, plus c :

+c=—+4c.
S?’L Sn S’VL

Sn = i lng, Vn= Lok + Ol = 2izo Mok Wa
k=0

The quantities s, and W, are easily computed if the AGT matrix is a Riordan

array.

Degree of the root

Here we develop the formula for calculating the degree of the root for generating

trees. The AGT matrix from a generating tree can be written as

18



g 9f 9f* gf?

The g column is just (2.1) and the gf column is

= fiz+ (quf1+ )2 + (fi+ gfot f3)2° + - (2.8)

So from generating trees, it implies that degree of the root (deg(root)) is the sum
of g and f;. In finding degrees we ignore the minus signs that may appear in

inverse AGT matrices.

deg(root) = [gi| +[fi] =0
= 1+|¢g| >0 since f; =1 from definition (2.1.2).

Comparing (2.1) and (2.6) we have
g = 2(f(2)).
And also comparing (2.2) and (2.7) we have
Ji=ao=1.
So the degree of the root from the A- and Z- sequences is given by

deg(root) = |Z(f(2))|+ lao] > 0
— 1+|Z(f()] = 0.

Degree of an arbitrary vertex

Similarly, we develop a formula for calculate the degree of an arbitrary vertex in

a generating tree in terms of g(z) and f(z) and the A- and Z-sequence.
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We recall that,

1

STz M T =)

9(2)

and 1, is the coefficient of z" of the generating function of the & column

9(2)(f(2))" ie

i = [")gf* = W%
n—k]M
1—2Z(f(2))

)

To find the degree of an arbitrary vertex with label (k+c) at level n in a generating

tree involving ¢(z) and f(z), we note that, first of all

deg((k 4+ ¢)n) = #(k+ o)#(k+¢)"

where (k4 c¢), is the vertex with label (k4 c¢) at level n and #(k +c¢) is the number
of vertices with label (k + ¢) at level n and #(k + ¢)” is the number of children
of the vertex with label (k + ¢) in the rule. We also note that, every label has a

corresponding l,, . € L which is the same as #(k + ¢), so we obtain

deg((k + ¢)n) = (lnk)#(k + )"

Now we can write our formula for estimating the degree of an arbitrary vertex

with label (k 4 ¢) at level n in a generating tree as

deg((k + c)n) = ["]gf " #(k + c)"

Now we write the formula for estimating the degree of an arbitrary vertex with

label (k + ¢) at level n in a generating tree involving the A— and Z— sequence as

~—
~—
~—

o

(A (=

deg((k+¢),) = [2"7"] #(k+ o)
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Chapter 3

Subgroups, Isomorphisms and
Left Branch Length

In this section we present some subgroups of the Riordan group (R, *). We de-
fine a pseudo-ring and demonstrate that a normal subgroup of (R, x) forms a
pseudo-ring. We also discuss isomorphisms between the subgroups and from the

isomorphisms we construct a commutative diagram.

3.1 Some special subgroups

By special, we mean the lead sequence g of the Riordan array depends on the

multiplier sequence f.

3.1.1 The Hitting time subgroup(H)

[9] This consists of elements of the form <Z]{(S) : f(z)) To see that the members

of R with this form constitute a subgroup, we note the following:

e The identity of (R,x*), (1,z) corresponds to <z(j)/,z> € H where we have
taken f(z) =z, 80 f'(z) =1:=(2)
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e (Closure under the matrix multiplication *

(12 59) s (50 ) = (2. LOFUOD )

) o FUR)
(HEGEY
( i) TV ”)eH

e The inverse of an element (ﬁé‘?,f(z)) is ( 7 ?(z)) since

dfoN 1\ _ (1A f o
CF) Garen?) - (7 w77e)

with f as the compositional inverse of f.

3.1.2 The Bell Subgroup (B)

Elements in this subgroup are of the form (g(z), zg(2)) or (f(2)/z, f(z)). To see

that this subset of elements of (R, *) forms a subgroup we have

e Identity
(2,2) =(1,2) € Bie f(z) = 2.
e Closure under the matrix multiplication *

(e« (Fre) = (255 rue)

z V4
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3.1.3 The Derivative Subgroup (D)

Elements here have the lead sequence being the first derivative of the multiplier
sequence i.e (f'(z), f(z)) and the fact that these elements of R form a subgroup

follows from the observations below

e Identity
(1,2) € D since f(z) =z and f'(z) =1

e Closure under the multiplication.

(f'(2), f(2)) = (F'(2), F(2)) = (f'(2)- F'(f(2), F(f(2)))
= ((Feof)(2),(Fof)2) €D

e The inverse of an element (f’(2), f(2)) is (m, f(z)> € D since

@SN (5=2=70) = (16 55T ne)
- (LG NE)
= (1,2).

Example 3.1.4. Given f(z) = =% then f'(z) = (1_2)((,;)_’;)22(1—@’ = (1_1z)2>

1-2
f(z) = 5 = and an element in D will be (ﬁ, 1—;) and so the inverse
1 -’ z \2 z _ 1 z
<f'(7(z)>f<z)) - ((1 - 1+z) >m> - ((1—1—7:)2’ m) €D
. e _ (A+2)(2) —z(1+2) _ 1 _ 1
since f (z) = DL = T = T

3.2 (Generalised subgroups

Here the subgroups we discuss may or may not have a direct connection between

the lead sequence and the multiplier sequence.

3.2.1 Associated subgroup(S)

[3] Elements of the associated subgroup are of the form (1, f(2)). So from the

definition of our lead sequence g and multiplier sequence f for the Riordan arrays
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we can think of the lead sequence for the associated subgroup to be ¢g(0). An
arbitrary element (g, f) € (R, *) can be converted into an element in the associated

subgroup by evaluating g(z) at zero(0).

3.2.2 Appell Subgroup (A)

Elements of this subgroup are of the form (g(z),z). The Appell subgroup is a

normal subgroup and we provide a proof in the theorem below.

Theorem 3.2.3. [9] The Appell subgroup is a normal subgroup of (R, *)

Proof. Let 7 = (g(2), f(2)) be an arbitrary element of (R,*) and T' = (G(2), 2)
be an element of the Appell subgroup. Then

r e = (g(2), f(2) 7' % (G(2), 2) * (g(2), f(2))

1 _
_ (g(_(z) ,f(z)_) «(G(2) - 9(2), f(2))
_(G(f(2)) - 9(f(2)) P
_ < ety >>)
= (G(f(2),2)

which is an element of the Appell subgroup hence the Appell subgroup is normal.
m

The Riordan group is a semi-direct product of (i) the A and the S subgroups
and(ii) the A and the B.[3]. The products are as follows

(i) (g(2),2) * (1, f(2)) = (9(2), f(2))
(i) (29(2)/f(2),2) * (f(2)/2, [(2)) = (9(2), f(2))-

Given normality in (R, x), we now ask ourself the question: Can we extend the A

Subgroup to a ring under a second defined operation? ANSWER : Lets see

Definition 3.2.4. Let o be the componentwise composition operation, then

V(9(2), 2), (G(2), 2) € A, (9(2), 2) 0 (G(2), 2) = (g 0 G(2), 2 0 2) = (9(G(2)), 2)

€ A i.e componentwise composition.
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Definition 3.2.5. A Pseudo-ring is an algebraic structure which satisfies all the

ring axioms except the existence of a multiplicative (second operation) identity.

Proposition 3.2.6. The Appell subgroup is a pseudo-ring under composition(o).

Proof. (A, ) is an abelian group since it is a subgroup of (R, *) and V(g(2), 2),
(G(2),2) € (R,*) we have

In addition o is associative and distributive over *. We have

{(9(2), 2) 0 (G(2), 2)} 0 (h(2), 2) = (((g 0 G) 0 h)(2), 2) = ((g 0 (G 0 h))(2), 2)

by associativity of composition, and

so * is distributive over o from the right and left.

Similarly,

so o is distributive over * from both left and right .

This proves the result. [
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3.3 Isomorphism Of Riordan Subgroups

In [3], an isomorphism between the associated subgroup and the Bell subgroup was
established through a mapping (1, z(1 4+ z)) — (1 + 2z, 2(1 + z)) that removes the
left most column and the topmost row of the Fibonacci matrix F' = (1, 2(1 + 2))
thus,

1

0 1 1

011 11

00 21 =10 2 1

00131 01 31
000341 003 41

gives the following propositions.

Proposition 3.3.1. [9] The mapping o : (1, f(2)) — (f'(2), f(2)) is an isomor-

phism between the associated subgroup and the derivative subgroup.

Proof. Consider the mapping that takes (1, f) to (f’, f), where 1 is the constant
mapping. Clearly, « is injective and onto. We now show using the FTRA and

the definition of the mapping that « is a homomorphism.

ol(L, f1) = (L, f2)] = oL f2(f1))]
= a[(L, (fa0 f1)]
= ((fao i), (f20 1))
= (f'-fso fi,fao f1)
= (fi, /) * (f2, f2)
= af(L, fi)] * o[, f2)]-

This proves the result. [

Proposition 3.3.2. [9] The mapping (3 : (@,f(z)) — (1, f(2)) is an isomor-

phism between the Bell subgroup and the associated subgroup.

Proof. Consider the mapping § which takes (f(z)/z, f(2)) to (1, f(2)). Clearly g
is injective and onto. By the FTRA and the definition of the mapping we show
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that £ is a homomorphism.

(o) ()] - o[l 25200

This proves the result. O

Using the Fundamental Theorem of Calculus and the fact that isomorphism is
an equivalence relation, the isomorphism between the Bell and derivative and

subgroups is given in the proposition below.

Proposition 3.3.3. [/ The mapping v : <@,f(z)> — (f'(2), f(2)) is an iso-

morphism between the Bell subgroup and the derivative subgroup.

Proof. Consider the mapping ~ defined by

(2 sa) = [( [ rioae) sea)]

Clearly ~ is injective and onto. We now prove v is a homomorphism using the

FTRA, the fundamental theorem of calculus, and the definition of the mapping.

() ()] (5 0 )
(f2(f;(2)),f2(f1(2)))}

d
- [( [ wtnipyar) i)

(f2(f1(2)))', (f2(f2(2))]
= [fiz )(f?(fl(

[( [ ) ( [ fé(t);t)ll,zfz(fl(z»]
= [(f s s [(f mow) o)
= |(P 00 o (B a0
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This proves the result. O]

Proposition 3.3.4. The mapping 1) : ( f(z)) f(z)) > <@, f(z)) is an isomor-

phism between the hitting time subgroup and the Bell subgroup.

Proof. Consider the mapping ¢ that takes (ZTf/, f) to (é, f). Clearly 1 is injective
and onto. We now show that ¢ is a homomorphism. By the Riordan matrix

multiplication and the definition of the mapping we obtain

o |[(Ferr0) - (rrra)] = o | (Fdetmy 2 rue)]
- | (T e ne)]

(F(f(z»’F(fzz )
- (FPae)- (72
o (2 6) » ( F<z>)

This proves the result. [

Corollary 3.3.5. The hitting time group is isomorphic to both the derivative and

assoctated subgroups.

Proof. Combine propositions 3.2.1, 3.2.2, 3.2.3 and 3.2.4 .

Figure 5. Commutative diagram.

We have

Bo:H—+S asan isomorphism

and «aofoy:H —D asan isomorphism.
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3.4 Left Branch Length

The leftmost edge of a tree is an edge on the left side of a tree seen from level
zero (root level) to higher levels. At each level of a tree if there is only one edge
it is considered as a leftmost edge. We define the left branch length as the total
number of leftmost edges of a tree with a leaf at each level. In this section, we

find the average number of left branch length in some classes of trees.

3.4.1 Left Branch Length for Motzkin Trees.

In the Motzkin trees every vertex has an updegree requirement of 0,1, or 2.
Step1: Draw the trees

0 edge 1 edge 2 edges 3 edges

P AL AAS
(AL -

(MY |
PASE N

Figure 6. Motzkin trees with leftmost edges crossed.

The edges under consideration are the ones with crossings and the number of

crossings on an edge indicates the level location of the leftmost edge.
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Step2: We construct a matrix (a, ) where n is the number of edges in the tree
and h is the level of the leftmost edge and we take row sums. So a,, j is the number

of leftmost edges at level h for a tree with n edges.

(100000 [1] [ 1]
010000]]1 1
011000]]1 P
0121001 ]=|14]|=m
023310]]1 9
04664 1]]1 21

Step 3: What is f7

1
h 1 L = M
we have (1, f) -
1
so —— = M
1—f
thus fM = M —1.
Recall M = 14242224422 +923 42124 +---
= 14 2M + 2>M?
so M—1 = zM+ 2°M?
thus fM = zM + 2*M?

ie f = z+42*M.

Thus f counts the number of Motzkin trees with left hand branch at level 1

Step 4: Find Ty, = the generating function Motzkin trees for the total levels of
the left branch.

NB: The A(z) function is (=St

UL R W N = O

By the FTRA we have

o= LD g = fM?
so T, = (z+22M)M?

= ZM?+22M°
thus T, = M?*— M.

1—f)?
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Step 5: We find the average number of trees in the Motzkin trees with left

branches.
[Ty ["(MP = M) [2"M? = [2" M
[2"]M [2"]M [2"]M
but 22M?=M —zM — 1
M M 1
M= 2
22 z 22
so [2"M? = [2"2|M — [z" M = mpyo — My
Thus
[T Migr — Mg —
(2" M My,
3?2-3-1
= 5
1 —

3.4.2 Left Branch Length for Ordered Trees

For an ordered tree with n edges, every vertex has the possibility of having an
updegree of 0,1,2,3,4,---(n+1) .
Step 1: We draw the trees as in figure 6.

Step2: We find the (a, ) matrix and row sum as

10 0 00O 1 1
01 0 000 1 1
01 1 00O 1 2
0 2 2 100 =195 1|=C.
0 5 5 310 1 14
0 14 14 9 4 1 1 42
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Step 3: What is f7

We have (1,f)-1iz = C

1
SO ﬁ = C
thus fC = C-—1.

Recall C = 1+ 2C?

C—1 = z2C?
thus fC = 202
ie f = zC.

So f counts the number of ordered trees with left branch at level 1.

Step 4: Find T}, = the generating function for ordered trees for the total levels of
the left branch.

0
1
2
NB: The A(z) functionis | 2 | <« (e
5
By the FTRA we have
1 / 2
TL = (Lf) (1_2)2 = (1_f)2 :fC .
But f = z2C

so T, = zC°.

Step 5: Find the average number of ordered trees with left branch length.

[2"]2C3 [zn1)e3
[z"]C [z"]C
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Chapter 4

The Uplift Principle

This section is studied to enable us solve a variety of combinatorial problems in
two simple steps. The first is to find the appropriate generating function at the
root of the tree, the second is to lift the result to an arbitrary vertex in the tree

by the leaf generating function.

4.1 Definition

The uplift principle has two steps.

First, we find the generating function at the root, for whatever is being counted.
Then uplift the result to an arbitrary vertex by multiplying by the leaf generating
function L.

It is known that the generating function for B(z) counts the number of vertices in
ordered trees and the number of vertices in any tree with n edges is n + 1 so the

generating function for the number of ordered trees with a mutator [5] is

B(z)=B=Y (n+ 1)ni1 (2:)2” = (QZ)Z" =3 bt = ﬁ.

n>0 n>0 n>0

If we count leaves which are vertices of up degree 0 then we find the numbers
1,1,3,10,35,126, - - - which suggests the generating function (B + 1)/2.

For classes of trees that satisfy the UUR and similar classes of trees e.g. ordered
trees, even trees, 0.1.2 or Motzkin trees, complete or incomplete binary trees, com-

plete or incomplete ternary trees, and Hex trees, we get the basic equation
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V=TI, (4.1)

where V' is the generating function for trees with the mutator m, L is the gener-
ating function for trees with marked leaf and T is the generating function for the
number of trees in the class.

Here is the idea of proof of (4.1). Consider a tree with mutator marked m. Snip
the tree into two parts at the mutator as in figure 8. Then we can easily get
V' = TL since the mutator just became a distinguished leaf for one tree and a

distinguished root for the subtree on top.

RN

L T

Figure 8. A tree snipped at the mutator m.

For the class of all ordered trees, V = B and T = C so that from (4.1) , we have
L=5=1+42+322+102°+352" +--- .
Now if we let [, , be the number of leaves at height k in an ordered tree with n

edges, we find the matrix ([, ) and also find the row sum to obtain

10 0 00 1 1
01 0 00 1
. 02 1 00 1 3 B+1
10 5 4 10 11 |10 2
0 14 14 6 1 1 35
This yields
B B+1
°o_boT2 4.2
C 2 (4.2)

We look at ordered trees again and with L = B/C in hand, we can examine some
questions at the root and then uplift to an arbitrary vertex. We will examine some

examples to illustrate the uplift principle.

Example 4.1.1. (Mutator).[5] Let us consider trees with a mutator. For instance

the figure below shows the mutators in some ordered trees.
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n=0 n=1

Soth o fhf S

Figure 9. Ordered trees with the mutator marked with a square.

Suppose all points above the mutator including the mutator are infected. How
many infected points are there? We could say these infected points are new type

or polluted or unpolluted points depending on the context.

Step 1. There are B = }_ ., (2:)2" = \/11_—42 vertices counting the root and all
the vertices above the root.

Step 2. Pick a point anywhere in the tree to be the mutator and multiply by
L = B/C. By the uplift principle the generating function is

g'B:%Q:1+3z+1122+42z3+..a Since %z%,we can write this as
B+1 B*+B 1 2n
B - = = - 4" "
SRR o (ol

Hence the expected number of infected points is

(B2 + B)/2 _1/2(4" + ()}
[="]B GH o

n) so that as n increases, the expected

number of points approaches %(VT&'TL +1) ~ @

Stirling’s formula gives us 4" ~ 7m(

Example 4.1.2. (Vertices by Updegree).[5] Let us consider all ordered trees with
n edges. What is the generating function counting all vertices of updegree k7

If £ =0, clearly we are counting all leaves and the leaf function is L = B/C'. Let
k > 1. Since the generating function is (2C)* when k is the updegree at the root,

by the uplift principle, the generating function for all vertices with updegree k is

g - (20)* = *BCM .

Then we have

RO — [t Bk (Z(n —nk;)_ :; k- 1) _ <2nn— _k;k— 1)'

Example 4.1.3. (Twigs) [5] . We define a twig to be a vertex with 2 children
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and no grandchildren. What is the generating function counting all twigs in all
ordered trees with n edges ?

For step 1, we figure out the generating function at the root. The only possibility
is a twig with the generating function z2. We uplift to the general case by mul-
tiplying by the leaf function L = g. Thus by the uplift principle the generating

function is

B B+1
R T+ — 224 2% 4320 11020 43525 + .. [A08821S]

If ¢, is the number of twigs from all trees with n edges, then t, = %(2(:__22)) for

n > 2. We note that the average number of twigs is

R Ve RS ST YA
Cn — (*" 2 (2n)(2n—-1)(2n—2)(2n —3)

~ (n+Dn(n—-1) n
T 8@n—DEn—3) ‘3 © T

Thus it takes 32 new edges to get a new twig as n gets larger.

Example 4.1.4. (Descendants).

We first look at children vs grandchildren[]

A child at the root produces the generating function 2C?® with the z for the edge
connecting the root to the child, and the three possible subtrees are to the left of
this edge, to the right of this edge and, and on top of this edge. Then the uplift

principle gives

B 2
20t =2Bc? =Y ( n) = 2+ 422+ 1523 + 652 + ... [A001791]
C cn+ 1\ n

By the coefficient extraction formula [2"]2C? = ¢, so the average number of

children of the root is n?’—fz — 3 asn — oo.

. . n 2n 2n n
But the average number of children is n_+1<n)/( ) = g — lasn — oo

An alternate approach is to note that a tree with n edges has n + 1 vertices and

all but the root are someone’s child. Thus there are %5 children per vertex on

average.
Next, counting grandchildren at the root leads to the generating function 22C°.

Since
Sn(n —1)

[1]C° = (n+2)(n+3) "
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the average number of grandchildren of the root is % — 5 asn — oo.

The situation changes after the uplift to an arbitrary vertex.The uplift gives us

the generating function

B 2
o 22C° = °BC* = ; (n j‘z) 2= 22 4 62° + 2820 +1202° 4+ ... [A002694]
and
2RO = 2n Y\ _ n(n —1) 2n |
n—2 (n+1)(n+2)\ n
the average number of grandchildren is #Z—;; —lasn— o0

Now if we consider three descendants or siblings at the root where one descendant
is a child, the second a grandchild and the other a great-grandchild. Then counting

great-grandchildren at the root leads to the generating function 23C7. Since

mn(n —1)(n —2)

[2")2°C" = (n+2)(n+3)(n+4) "

n(n—1)(n—2)

iy T (a8

the average number of great-grandchildren of the root is

n — oQ.

The situation also changes after the uplift to an arbitrary vertex. The uplift gives

us the generating function

B 2
Z2CT=2BCC =) ( " )z" = 224824 4452°4220254100127+....  [A002696]
C “~\n-— 3

[+"]2* BCS = ( 2n ) - n(n —1)(n - 2) <2n>

n—3 n+1)(n+2)(n+3)\ n

and

: : n_ n—1 n—-2
the average number of great-grandchildren is T > lasn — oo,

Thus the root definitely has more great-grandchildren than grandchildren than
children on average.

There are three surprising conclusions here, one is that, at the root there are
fewer children than grandchildren than great-grandchildren, two, all uplifted limits

approach 1 and thirdly, all the limits are integers.

Proposition 4.1.5. If there are k descendants at the root then the average number

of descendants at the root approaches 2k +1 as n — oo.

Based on the results above we can make a deduction that if there are k edges at
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k02k+1

the root then the generating function is z . Since

2k+1)nn—1)(n—2)...(n —k+1)

O = G R - DT k20 7 2)

Ch,

(2k+1)n(n—1)(n—2)...(n—k+1)

B (e E ) nh—2) nr2) 2k +1asn — oo

the average number at the root is

The situation after the uplift to an arbitrary vertex gives us the generating function

By okt k 2k (2”)
— - 2"C = 2"BC :Z 2"
C = n—=k
2k 2k + 2\ 2k +4\ 40
= <O>Z ~|—( 1 )z + 9 z
+<2k;6)zk+3+

and since

s1ene = () = e e ()

the average number away from the root is - o=l n=2 n-k+l

e o o S8 i 1 asn — oo.

4.2 Protected Points.

A protected point is a vertex which is neither a leaf nor distance 1 from a leaf.
The root is not considered to be a leaf except in case n = 0 i.e the empty tree
with just the root.

[1] shows that as the number of edges gets large the average proportion of pro-
tected points in all ordered trees approaches 1/6. The tool used is generating
functions. A reasonable variation occurs if we have an organisational tree such
that the maximum number of employees directly under any one manager is at most
two. If the updegree of any point is at most two then we are looking at Motzkin
trees. The same tools can be used to show that the portion of protected points in
Motzkin trees approaches 10/27. To see that the average proportion of protected
points in all ordered trees approach 1/6, the generating function for the number
of trees where the root is a protected point or is the empty tree was used. Trying
small cases gave the numbers 1,0,1,2,6,18,57,--- . The figure below shows the

number of trees in the ordered trees with 3 edges with protected points in squares.
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AT

Figure 10. Ordered trees with protected points marked with squares.

Since each subtree out of the root must have one edge connecting to the root
(the generating function for a single edge is z) and a nontrivial tree attached to
this edge (with generating function (C' — 1)), each subtree at the root contributes

2(C' — 1) = 22C? and the total generating function is

1

2,2 2, 12\2 2v2\3 _
1+ zC +(ZC) +(ZC) +"'—1_—2202'

I 1 e
(1-20)1+20) 1+ 2C

ow F(z)=F= =
now F(z) Ter
For asymptotic estimates the following lemma of Bender is easy to apply and very

(4.3)

useful.

Theorem 4.2.1. (Bender’s Lemma) Suppose that A(z) = ) .,an2" and
B(z) = Y ,50bn2" are two generating functions, and the radii of _confuergence
of A(z) and b(z) are a and [ respectively with a > f3.

Let C(z) = Y, ~ocn?” = A(2)B(z). Suppose further that b,_1/b, approaches a
limit 5 as n — 0. If A(B) # 0, then ¢, ~ A(B)by.

We have seen that ordered trees and similar classes of trees satisfy (4.1). We use

the same idea of proof of (4.1) , i.e as in figure 8 in this section.

Theorem 4.2.2. [/] The average portion of protected points in all ordered trees

with n edges approaches 1/6 as n — oo .

Does a system where each staff member can hire at most two underlings afford a
higher percentage of protected points? To determine this a look at {0.1.2}-trees
where the outdegree of every vertex is 0,1, or 2 is examined in [1]. The numbers of
these trees are counted by the Motzkin numbers m,, with the generating function
given in definition (1.2.5). It is known that the number of vertices in {0.1.2}-trees

with distinguished vertex, has the generating function V given by

d

V=) (n+1)M,2" = i

n>0

2 M)
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since any tree with n edges has n + 1 vertices. But then, after manipulation,
d 1—2z—+v1—-22—322 1
dz 222 V1—2z—322

Since V' = TL we see that the number of 0.1.2-trees with the distinguished leaf

has the generating function

v

1
V1—2z—322

We note that L has a singularity at z = 1/3 so the radius of convergence about
z =0 1is also 1/3 and the ratio test then tells us that

v
L:—:
T

lim 'zt 3,

where [, = [2"]L.

n—oo [,

To get our asymptotic result we now express everything in terms of [,,. Since V

may be rewritten as

1—2 1
22241 =22 —322 2 (2 +)

1
~ =.(9, —3l,) =3l, as n— 4.4
2

This is a result of some independent interest since it tells us that for {0.1.2}-trees

as n gets large about 1/3 of the vertices are leaves.

Theorem 4.2.3. [/] The average portion of protected points in {0.1.2}-trees with
n edges approaches 10/27 as n — oo.

Proof. By similar argument used in [1] to proof the average proportion of protected
points in all ordered trees, the number of {0.1.2}-trees where the root is the

protected point or the empty tree has the generating function
K:=1+2z(M—1)+2*(M —1)%,

where M is the generating function for the Motzkin numbers. Thus, the generating
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function for the number of protected points on {0.1.2}-trees is given by

LIK—-1) = L(z(M-1)+22*(M —1)?

L(zM — 24 2°M? — 22°M + 2°)

= L(zM -2+ (M—1-ZM)—22*M + 2°)

L(1=-2*)M+ 22+ —-2-1)
(1—-222)M 22—z-1

_ 45
V1—22—-322 /1—2z—322 (4:5)
But M = 1=z=v1-2:-32" Wso we have
LK —1) = (1—222)(1—2—\/1—22—3z2)+ 22 —z—1
222y/1 — 22 — 322 V1—2z—322
224 — 422 — 1 1
Sl el T G (4.6)

222¢/1 — 22 — 322 222

The first few terms of L(K — 1) are
22 +32° + 102" + 312° + 942° 4+ 28127 + 8342° + 246527 + O(2™).

Asymptotically the last two terms of the right hand side in (4.6) are irrelevant

and

20— 422 — 241
2221 — 22 — 322
1

5(2%72 — 4l — lny1 + lpga)

1 1 10

~ 5(25[” —4l, — 31, +91,) = Eln as n —oo. (4.7)

[Z"]L(K = 1) =

From (4.4) and (4.7) , we can now estimate the average number of protected points
in {0.1.2}-trees as n — 00 :

[ML(K —1) 10 037037

ERl% 3, 27 '

We note that numerically

[Z']L(K —1)  27031383306646487592615909465278819939338018482
[2100]V © 74478972710507599430502242481016373480523670569
= 0.36292
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We use the same technique to provide a result for the hex trees.

Proposition 4.2.4. The average portion of protected points in Hex-trees(Polyhexes

rooted at an edge) approaches 76/125 as n — o.

Proof. By a similar argument, the number of Hex-trees where the root is the

protected point or the empty tree has the generating function
P:=1+32(H—-1)+2*(H —-1)%

where H is the generating function for the Hex numbers given as

B 1—32—+v1—6z+522

222

H(z) (4.8)

Thus, the generating function for the number of protected points on Hex-trees is

given by

L(P—-1) = LB3z(H-1)+2*(H-1)%

. (1-22%H 22 —32—1
V1—624+522 /1—6z+ 522
224 — 422 — 32+ 1 1

T R—
2224/1 — 62 + 522 222

The first few terms of L(P — 1) are
922 4+ 5723 + 30621 + 155725 + 775025 + 3105527 + 16246728 + O (2°) .
Asymptotically the last two terms of the right hand side in (4.9) are irrelevant

and

224 — 422 —32+1

[2"L(P—1) =
2224/1 — 62 + 522
1
= 5(2171—2 — 4l — 3lpy1 + lyg2)
1 1 76

For the total number of points in the Hex-trees we consider (4.8). It is also

known that the number of vertices in Hex-trees with distinguished vertex, has the
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generating function V given by

V=> (n+1)H," = di(zﬂ)

z
n>0

since any tree with n edges has n + 1 vertices. But then, after manipulation,

d d (1—-32—+1—6z+522
— —(zH) = —
v dz(z ) dz( 2z )
(22)(1 =32 =1 —=62+4522) — (1 — 32 — /1 — 62+ 52%)(22)

(22)?

(22)[=3 — (1)(=6 +102)](1 — 62 + 52%)72 — 2(1 — 32 — /1 — 62 + 522)
(22)?
(22)(=3v1—6z+522+3—-5z) (2—062z—2V1—06z+52%)
(22)2V/1 = 62 + 522 (22)
. 1-32—-V1—62+522 1 (411)
N 222 VI—6:+52 ‘

And from (4.1) we see that the number of Hex-trees with the distinguished leaf

has the generating function

1
V1—062z+522

We note that L has a singularity at z = 1/5 so the radius of convergence about
z =01is 1/5 and the ratio test then tells us that

V
L:—:
T

l
lim 2 =5 where [, = [2"]L.

n—00 ln

To get our asymptotic result we now express everything in terms of [,,. Since V

may be rewritten as

1—3z 1
= 9,2 /—1 — 62 + 5.2 = 5'(171-&-2 - 3ln+1)
1
~ (25l — 15L,) = 5L, as n = oc. (4.12)

So for Hex-trees, as n gets large about 1/5 of the vertices are leaves. From (4.10)
and (4.12), we can now estimate the average number of protected points in Hex-

trees as n — oo :
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Z"L(P—1) B, _ 76 0608
[z7]V 5L, 125

Comparing the Protected points in Ordered, Motzkin and Hex Trees

Here, we try and compare the protected points in ordered, Motzkin and the Hex
trees when; leaves represent infected people, leaves represent computer hackers,
and when leaves represent customers.

To do this comparison, we first look at these three cases.

Case 1: In a tree structure if leaves represent infected people, we need more of the
vertices to be protected. If we focus on trying to contain the spread of a

disease it is advisable to begin the process on the protected points.

Case 2: If leaves represent computer hackers , then we need more vertices to be

protected as well.

Case 3: Many vertices are required to be unprotected if the leaves in an organiza-

tional tree represent customers.

For case 1 and case 2 where more vertices need to be protected, the hex tree is the
best model. For case 3 where fewer vertices are required to be unprotected then
the ordered tree is the best model. The motzkin tree model is the best compared to

ordered and hex tree models when leaves represent customers and infected people.

4.2.5 Riordan group elements and the uplift principle.

In several combinatorial counting problems, we have seen the appearance of an
element of the Riordan group. The uplift principle provides interesting Riordan
matrices with combinatorial implications. This section discusses some Riordan

matrices with some combinatorial implications as a result of the uplift principle.
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Example (4.1.2) provides the Riordan matrix

1
1 1

B 3 2 1
(E’ZC)_ 10 6 3 1

35 20 10 4 1

where the (n, k)-entry is the number of vertices of the ordered trees with n edges
and updegree k [0]. We can use this matrix to compute many other statistics
concerning ordered trees. If, for instance, we wanted to know how many vertices

have at least 2 children, we could start with

B0} (0,0,1,1,--)7, where (0,0,1,1,---)7 z
R— ... W .« .. p—
C? ? 9 ? Y ? Y 7 9 ? 1—Z
Applying the FTRA yields
B 22 B (zC)? C
—. zC = —=. =2’B = 2’BC?
(c’z >*1—z cC'1-.0 “""1-.c” 7
2n — 2
— 2 4 3 15 4 R n,
2°+ 4z + loz” + n2>0 n_2 Z

The probability that a randomly chosen vertex from a random chosen ordered tree

with n edges has updegree at least 2 is

(Qn_z) n—1

n—2 1
@ " 2@n-1) 1 )

n

as n — 0.

Also if we want to know how many vertices have at least 3 children, we go through

3 . 2
1Z instead of %—-
—z 1—z

The probability that a randomly chosen vertex from a randomly chosen ordered

the same steps above using

tree with n edges, has updegree at least 3, approaches % as n — 0o.

Proposition 4.2.6. The probability that a randomly chosen vertex from a ran-
domly chosen ordered tree with n edges, has updegree at least k > 1, approaches

Q%CLSH%OO.
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Here we start with

B
(E,ZC) (0,0,0,---,1%" .. T where (0,0,---,1F" .. = —

Applying the FTRA yields

B 2 B (Zc)k k o C k k
N — _ = B T—_— = B
(C’ZC)*1—Z Ci—sc 2B T e=ABC
n—k
n>0

Now the probability that a randomly chosen vertex from a random chosen ordered
tree with n edges has updegree at least k is

2n—k
—Dn—-2)(n—k+1 1
G = De-2 -kl 1

Cry  2n2n-1)@2n—2)---2n—k+1) 2
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Chapter 5

Conclusion

5.0.1 Summary

In chapter 2, we established that the Appell subgroup is a pseudo ring and we
also established advantages of the FTRA over the more primitive row reduction
formula when we are estimating and inverting some combinatorial identities which
involve infinite matrices.

We also looked at the relationship between the Riordan arrays and generating
trees and developed a formula for calculating the degree of the root and degree
of an arbitrary vertex in a generating tree involving g(z), f(z) and the A- and Z-
sequences.

In chapter 3, we established that, the hitting time subgroup is isomorphic to the
Bell, derivative and associated subgroups. We also estimated the average number
of trees with left branch length in the motzkin and ordered trees.

In chapter 4, we presented the uplift principle and we established that, if there are
k number of descendants at the root then the average number of descendants at the
root approaches 2k + 1 as n — oo. We also established that the average portion
of protected points in the hex trees approaches 76/125 as n — oo. Lastly, we
established that, the probability that a randomly chosen vertex from a randomly

chosen ordered tree with n edges has updegree at least k approaches 2%
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