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Abstract

In this work, we introduce the new spaces, H, , H}f o Hp0o Qpas Ppgs called the martin-

gale Hardy-amalgam spaces. We study some of the properties of these newly introduced
spaces; two definitions of atoms are given and hence two atomic decompositions are given,
dualities of these spaces are characterized and the martingale inequalities and embeddings
of these spaces are also discussed. It is proved that the dual of Hy , (0 <p < ¢ < 1),

is a Campanato-type space and the dual of H; , (1 < p < ¢ < 00), is H, ,
(p,p), (q,q) are conjugate pairs. The variation integrable space G, is also introduced
and it is established that the jump bounded space BD, , is the dual of G, ,. To be able

to characterize this duality, a larger space, which we denote by (L, ,, (,.), is introduced,

, where

such that G, , can be embedded into. The classical Doob’s martingale inequality is also
extended from the classical martingale Hardy spaces to the newly introduced martingale
Hardy-amalgam spaces. The Burkholder-Davis-Gundy inequality is also extended from
the classical martingale Hardy spaces to the martingale Hardy-amalgam spaces as well as
the convexity inequality and the concavity inequalities involving measurable functions.
The classical martingale Hardy space embeddings are also extended to the martingale
Hardy-amalgam spaces. The Davis decompositions of martingales in the classical mar-
tingale Hardy spaces are also extended to the martingale Hardy-amalgam spaces. As
an application of the Davis decomposition and the Garsia space, a duality theorem for
Hy, (1 < p,q <2)is provided. Finally, the boundedness of martingale transforms be-
tween the martingale Hardy-amalgam spaces are also discussed. No data was collected

for this study as the methodology used is purely theoretical in nature.



University of Ghana http://ugspace.ug.edu.gh

Dedication

I am dedicating this work to my family. Thank you for your love and support.




University of Ghana http://ugspace.ug.edu.gh

Acknowledgement

First, I would like to thank God for His grace that has opened doors and strengthened
me on my academic journey. I would also like to thank the BANGA-Africa Project for
their generosity, which made it possible for me to pursue my Doctorate in Mathematics.
Finally, I would like to thank my supervisor, Dr. Benoit F. Sehba for his sound guidance

on my research. I am truly grateful for all the support that I received.

i



Contents

Declaration
Abstract i
Dedication i
Acknowledgement ii
1 Introduction and Problem Statement 1
1.1 Backgroundef Study . & . o oL . . 0oL L S0 aL L 1
1.1.1 Mar(iiSSies . . SEEEEE . . . SN . . . .. . . 1
1.1.2 Hardy Spaces and Martingale Hardy Spaces . . . . . . .. .. .. 2
1.1.3 Amalgam Spaces and Hardy-amalgam Spaces . . . .. . ... .. 3
1.2 Problem Statement and Motivation . . . . . . . . . ... ... ... ... 5
2 Preliminaries and Notations 8
2.1 Dyadic Intervals and Dyadic Filtration . . . . . ... ... ... ... .. 8
2.1.1 o-algebra, Filtration and Probability Space . . . . . . . . . . . .. 8
2.2.1 Dyadic Intervals and Dyadic Filtration . . ... .. ... ... ... 9
2.3 Martingale and Related Concepts . . . . ... . . ... ... ... ..... 10
2.5.1 Difference Sequence and Stopped Processes . . . . . . . . ... .. 12
2.9.1 Quasi-Linear Operators on Martingales . . . . . . . . . ... ... 14
2.10.1 Martingale Transforms . . . . .. 0000 L L s L L L L 17
2.11 Wiener| bglgameSiaces . . . - ol L L L 18
2.12 Martingale Hardy-amalgam Spaces .« v . L w0 o Lo oo 19
2.13 A Brief Overview of the Remaining Chapters . . . . .. .. .. ... ... 21
3 Atomic Decompositions 23
3.3 Atomic Decompositions of H7 . . .. .. ... ... 24
3.6 Atomic Decompositions of Q,, . . . . .. ... 38

3.9 Atomic Decompositionof Pp, . . . . . . ..o 51

il



4 Martingale Inequalities and Embeddings 64

4.2 Martingale Inequalities . . . . . . . . .. .. Lo 66
4.9 Davis Decompositions . . . . . . . . .. ... o 70
4.12 Martingale Embeddings . . . . . . . .. ..o oo 76

5 Dual Space Characterizations 84
5.1 Dual Space Characterization of Hy . . . . . ... ... ... ... ..., 85
5.1.1 Dualityof H; forO0<p<g<1 .................. 85

5.3.1 Duality of Hy for1<p,g<oo ................... 90

5.8 Dual Space Characterization of the Garsia-type Space . . . . . . . .. .. 95
5.14 Dual Space Characterization of Hy . . . . .. ... ... ... ... ... 105

6 Martingale Transforms Between Martingale Hardy-amalgam Spaces 108
6.2 Relations Between P, and Py, 40 - . - - . . . . oo 109
6.5 Relations Between Hy and Hp . . ... .. ... .. ... .. ..., 112
6.8 Relation Between Q,, and Qp 40 - - - - . . . . oL 115

7 Conclusion and Recommendations 119
References 125

v



Chapter 1
Introduction and Problem Statement

An overview of the three main concepts; martingales, martingale Hardy spaces and
Wiener amalgam spaces, that are employed in this study are introduced in this chapter.
The problem statement and motivation for this study are discussed in the last section of

this chapter. This chapter is then concluded with an outline of the study.

1.1 Background of Study

1.1.1 Martingales

The concept of martingale is attributed to J. L. Doob during his seminal works in the
1950’s [16]. One major contribution by Doob to the theory of martingales was that he was
able to show the connection between martingales and analytic functions [17]. Afterwards,
various authors including Davis B. J., Cairoli R. , Garsia A. M., and Burkholder D. L.,
contributed to the growth of the theory of martingale. [7, 8, 10, 14, 26, 54, 65].

A stochastic process or a random process is a mathematical object defined as a family of
random variables [42, 45, 67]. A martingale is a discrete-time or continuous-time stochas-
tic process with the property that, at every instant, given the current value and all the
past values of the process, the conditional expectation of every future value is equal to
the current value [19, 40, 46, 65, 67]. It is well known that the Wiener process (Brow-
nian motion) is a typical example of a martingale [46]. Martingales can also be created
from stochastic processes by suitable transformations. An example is the compensated
Poisson process [43, 57]. One of the numerous reasons why martingales are important
in application is its Convergence Theorem which states that martingale will converge
given some conditions on their moments [19, 40, 67]. That is if M : [0,00) x @ — R

is a continuous martingale such that sup,., E(|M|’) < +oo for some p > 1, then there



exists a random variable M € LP(€2,P,R) such that M; — M as t — oo both P-almost
surely and in LP(Q2,P,R) [57] where E is the expectation operator. Hence problems in
probability theory have been solved by first finding a martingale in the problem and
studying it. The notions and notations introduced in this section will be made clearer
in subsequent pages of this study. Due to their connection and application in Fourier
analysis, Hardy spaces and complex analysis, martingales are in particularly interesting
in their own sense. Some of these connections are discussed in [4, 7, 16, 18, 47, 65]. For
instance in [7], we see that the methods developed for Banach valued martingales can
be used to obtain sharp constants in some inequalities. The Riesz Theorem can also be
proved in a probabilistic way as it is done in [4]. The martingale proof of T'(b) Theorem
and some other martingale techniques in Harmonic analysis are discussed in [47, 48] and
of course the main book by Weisz [65] contains applications where martingale techniques

are used in Fourier analysis.

1.1.2 Hardy Spaces and Martingale Hardy Spaces

Classical Hardy space H? := H?(R?) is defined as the space of tempered distribution f
such that

Mg (f) = sup | * ¢1]

t>0

is in LY(R?), (the space of measurable functions such that [g,|f]?dx < oo with norm
1fllze := (Jga | f]7dp)*9) that is || Myf||zame < 00, for ¢ > 0 where ¢ € C>(R?) with
support B(0,1) such that [, ¢dt = 1 and ¢ is the dilated functions ¢ () =t 4¢(%), = €
R? [23, 60, 61, 62]. It is known that for 1 < ¢ < oo, the Hardy space is equivalent to the
Lebesgue space [23]. In the Theory of Hardy spaces, C. Fefferman and E. Stein in the
paper [21], contributed immensely to the growth and development of this subject area.
In recent times, Hardy spaces has become the object of studies and thus various authors
have established enormous generalizations of this space (see for instance [13, 24, 37, 44,
52, 53, 59, 63]).

The Paley’s inquality is known to be valid on the interval (1,00) [55]. Motivated by
Doob, when he pointed out the connection between martingale and analytic functions,
Burkholder and Gundy, in the 1970’s, were able to extend Paley’s inequality to cover the
whole (0, 00) partially. Partially in the sense that, the extension was done by considering
only martingales. This is because structures defined in the martingale settings are simple
and makes it easier when one wants to study some properties of function spaces such
as equivalences of spaces and dual characterizations. Their ability to do this was the
introduction of the measurable functions s(f) and S(f), (s and S are actually quasi-

linear operators), where f is a martingale. These measurable functions are referred to



as conditional quadratic variation and quadratic variation respectively and were first
introduced by Burkholder and Gundy [8]. This insight from Burkholder and Gundy gave
birth to the classical martingale Hardy spaces of which many authors have contributed

immensely to the growth of this area in the past few years (see for example [8, 14, 26,

48, 65]).

These martingale techniques introduced by Burkholder and his colleagues, led to the
establishments of many important results in literature. One of these results is on the
equivalence result named after Burkholder, Davis and Gundy where they showed that
the function space generated by the maximal function and function space generated by
the quadratic variation are equivalent for 1 < p < oo [8, 65]. Another important result
obtained by applying these martingale techniques is the characterization of the dual space
of the spaces generated by the maximal functions when p = 1. This dual space was shown
to be the space of bounded mean oscillations [26]. It is also worth mention that with
these martingale techniques and the use of the quasi-linear operators s, S, Burkholder
and Gundy have been able to discuss the integrability of Brownian motions and stopping

times (see [8]).

The spaces of all martingales whose maximal function, quadratic variation, or condi-
tional quadratic variation belongs to the usual Lebesgue spaces L, with a probability
measure are defined as the classical martingale Hardy spaces. The atomic decomposi-
tions, martingale embeddings and dual spaces of these classical martingale Hardy spaces
and related spaces are discussed by F. Weisz in [65]. Several authors have considered
this type of studies for some generalizations of the classical Lebesgue spaces as Lorentz
spaces, Orlicz spaces, Orlicz-Musielak spaces (see for instance [30, 38, 50, 58, 68, 69, 70]).
Even though this study mainly focuses on martingale Hardy-amalgam spaces, it is also
worth mentioning that atomic decompositions, martingale embeddings and dual spaces
are also considered for Morrey-type spaces and its various generalizations (see for instance

[15, 31, 39, 32]). Weak-type martingale Hardy spaces are also discussed in [66].

1.1.3 Amalgam Spaces and Hardy-amalgam Spaces

The amalgam space is a space of functions or distributions defined by a norm which mixes
or amalgamates a local criterion for a membership with a global criterion. Many times in
the literature, various versions of the amalgam space have risen independently and often
provide compelling context for formulating results. Wiener amalgam spaces, as they are
sometimes referred to, are good substitutions for Lebesgue spaces [12] because of the
failure on the part of L,(R)-spaces to distinguish between the local and global properties
of functions [29]. Hence it is not possible to recognise from its norm whether a function

is the characteristic function of an interval or the sum of many characteristic functions



of small intervals spread widely over R [29]. Wiener amalgams were first introduced by
Norbert Wiener in 1980 when Wiener aimed at the possibility of describing local and
global properties of a function or distribution, [22], in connection with his development
of the theory of generalized harmonic analysis [28]. In literature, the Wiener amalgam
spaces are denoted W (LP, L?) where L? is the local and L9 is the global. That is the
amalgam space, L4, is the space of measurable functions f such that ||f1q,|, < oo
and the sequence {||f1q,||,} ez is in the sequence space where §2;’s are disjoint such that
U;€; = €2, and ) an arbitrary non-empty set. However, in the settings of this study, we

shall denote W (LP, L9) simply as L, ,. In particular Wiener defined the discrete norm for

1£llzy, = (Z (/ opar) g) 3

neL

these spaces [25, 29] as

After its introduction in 1980, there has been major developments through independent
studies including papers by Hans Feichtinger, who developed a comprehensive notion
of amalgams which allow an extremely wide range of Banach spaces of functions or
distributions on locally compact groups to be used as local or global components [22].
Among other results, Busby and Smith [9] derived convolution theorem for amalgam. J.

J. Fournier and Stewarts [25] also dealt with the case of locally abelian compact groups.

The introduction of the Wiener amalgam spaces have become very useful to researchers

in the past few years. For example Essen, [20], applied Wiener amalgam techniques

oo
w

in renewal theory. He used what we will call the space W (M, L>°) where the local
component is the space of locally bounded measures and the global component is the
weighted L*°—spaces. Wiener amalgams are also indispensable in the theory of time-
frequency analysis. In time frequency analysis, it is the space Sy = W (F L', L) consisting
of functions that are locally the Fourier transform of an L! function and globally on L*
behaviour. Sy is the smallest Segal algebra on which time-shift and frequency-shift act
isometrically [29]. It is also known as the Modulation space, M', which is the proper
space of window functions for time-frequency analysis [29]. Wiener amalgam spaces
have been employed to study the boundedness properties of pseudo-differential operators,
Fourier multipliers, Fourier integral operators and well-posedness of solutions to partial

differential equations [12].

Hardy-amalgam spaces introduced by Ablé et al, [24], are generalizations to the classical
Hardy spaces. The Hardy-amalgam spaces are formed by replacing the Lebesgue norm
of the Hardy spaces by the Wiener amalgam norm. Various properties of this space such
as atomic decompositions, duality and inequalities are discussed in [23, 24]. The authors

also applied their results to investigate the boundedness of pseudo-differential operators



in these spaces. A generalization of the work of Ablé et al was recently obtained by Xie

et al [69].

1.2 Problem Statement and Motivation

Over the years, one major area of research that is of great importance to mathematicians
is in the field of stochastic integration. The introduction of martingale Hardy spaces
by Burkholder and Gundy, [8], has contributed immensely to answer some of the many
questions mathematicians seek to address as far as stochastic integration is concerned.
We recall that we have defined the classical martingale Hardy spaces to be the spaces
of martingales whose maximal functions, quadratic variation and conditional quadratic
variations all belong to the usual Lebesgue space with a probability measure. However, as
pointed out in earlier sections, the Lebesgue space is not able to distinguish between the
local and global properties of functions. This is so because, say we consider the set of real
numbers, then it is impossible to know from the norm of a measurable function whether
the function is defined with respect to an interval or is the sum of indicator functions of
smaller intervals that cover R [29]. Hence in this regard the Wiener amalgam space is a
proper substitute for the Lebesgue spaces. Therefore just as the Hardy-amalgam space
[23, 24] is a generalization to the classical Hardy spaces, the martingale Hardy-amalgam
spaces will be a form of generalization of the classical martingale Hardy spaces introduced
by Burkholder, Gundy, Davis, F. Weisz, Garsia, [6, 7, 8, 14, 26|, by replacing the Lebesgue
space norm of the classical martingale Hardy spaces with the Wiener amalgam space
norm. Hence the title martingale Hardy-amalgam spaces. This idea was inspired by the
recent works of the authors [23, 24, 69]. The martingale Hardy-amalgam spaces can be

seen as a generalization of the classical martingale Hardy spaces.

Objectives of Study

After these new martingale Hardy-amalgam spaces have been introduced in the appro-
priate section below, some of the important properties of these newly introduced spaces

will be studied. More specifically
e We seek to find the atomic decompositions of these newly introduced spaces.

e We seek to find the martingale embeddings and martingale inequalities of the var-
ious spaces. In addition, we seek to find the Davis decompositions of these spaces

and discuss some of its consequences.

e Asan application of the atomic decompositions of these newly introduced spaces, we

seek to characterize the dual spaces of these newly introduced spaces. In addition a



Garcia-type space in the martingale Hardy-amalgam space will also be introduced

and we seek to characterize its duality.

e Finally, we seek to find the martingale transforms between the martingale Hardy-

amalgam space.

The motivation for this study is essentially based on two observations. As the first
observation, we note that in the case of classical Hardy-amalgam spaces of [24], atomic
decomposition is obtained only for the range 0 < p < ¢ < 1. The question that arose
was to know if any answer could be obtained beyond this range. The second observation
is that dyadic analogues of Hardy spaces and their dual spaces are quite practical when
it comes to the study of some operators as paraproducts, Calderon-Zygmund operators
and their commutators on some function spaces. It was then natural to consider dyadic
analogues and more generally, martingale analogues of the Hardy-amalgam spaces of [24].

Thus all the martingales considered in this study will be defined on a dyadic filtration.

These properties of these new spaces that we want to study are very important not just
in this work but for general purposes as they will play crucial roles in aiding researchers
who are interested in this area of research. The atomic decompositions for instance,
enables one to study other properties of the spaces such as dual characterizations. On
the other hand, dualities in general, are also very crucial in applications where in recent
times problems in optimal control can be reformulated as problems in dual spaces called
the Dual Variational Problems in Optimal Control. Dual spaces also help to investigate
other properties of the spaces such as separability. The embeddings of the various spaces
have also proven to be applicable in stochastic integration, especially in the Lebesgue
normed space [8], and we hope that such applications could equally be extended to the
martingale Hardy-amalgam spaces. Most of the techniques employed in this study are

techniques used by Weisz, Burkholder and Gundy in the classical cases.

Methodology and Outline of the Study

The methods and techniques employed in this study are theoretical in nature. Hence no
data was collected for this study. In Chapter 2, we get familiar with the various con-
cepts and notations that will be needed in subsequent chapters. After the introduction
of these concepts and notations, each chapter, respectively, will address each item listed
in the objectives. That is, the outline of the results obtained in this study is presented as
follows. In Chapter 3, we present the results on the atomic decompositions of the newly
introduced spaces. In Chapter 4, we present the results on the martingale embeddings
of the martingale Hardy-amalgam spaces and the extended results of some classical mar-

tingale inequalities. In Chapter 5, we present the results on the dual characterizations of
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these spaces. The results presented in Chapter 3 and part of Chapter 5 are published by
the author in [2]. The remainder of Chapter 5 and Chapter 4 is also published by the
author in [3]. Chapter 6 presents the results on the martingale transforms between the
martingale Hardy-amalgam spaces. Results presented in Chapter 6 are published by the

author in [1].




Chapter 2
Preliminaries and Notations

We begin by setting down the fundamental notions and notations that will be relevant in
this study. Let us start by getting familiar with the notion of dyadic intervals and dyadic
filtration.

2.1 Dyadic Intervals and Dyadic Filtration

We begin with the definitions of the basic objects g-algebra and filtration of an arbitrary

non-empty set.

2.1.1 o-algebra, Filtration and Probability Space

Let Q be a non-empty set and let F be a class of subsets of €. Then F is a o-algebra if
i. Qand () are in F
ii. A, Be F,then ANB e F,AUB c F and A° € F
iii. for any sequence of sets A, in F then | J~, A, € F.

The sequence {F, }nen of sub-o-algebra of F is called a filtration if F,, C F,, for all
m,n € N and n < m [5].

A pair (2, F) consisting of an arbitrary non-empty set (2 and a o-algebra F of its subsets
is called a measurable space. A measure on the measurable space (€2, F) is a mapping

p: F — [0, 00] with the property that u(f) = 0 and

m (U An> <> p(An).

n>1 n>1



If u(2) =1, then p is called probability measure. The triple (2, F, ) is called a measure
space. When (21, W) and (£22,V) are measurable spaces, a mapping f : 3 — Qy is
measurable if f~*(B) € W for all B € V. If Oy = R, (the set of real numbers), then the

measurable function f is called a real random variable.

Definition 2.2 (Probability Space). In particular if 4 = P, the probability measure, then
(Q, F,P) is called the probability space and the quadruple (Q, F, {F,}nen, P) is called

the filtered space or more specifically a stochastic basis, where {F, },en is a filtration.

Let X be some random variable that is defined on the probability space. Then, the

expectation operator, E, is defined as

IEX:/XdIP’
Q

Let X be a random variable and suppose that E|X| < oo with respect to the probability
space (2, F,P). Let Y be a sub-c-algebra of F. The conditional expectation of X given
Y, denoted by E(X|)Y), is the random variable satisfying the following conditions;

a. E(X|)Y) is Y-measurable
b. E(E[X|Y]) < o

c. For all Y € ), we have that

ﬁmmwszxw.

We mostly write [E,, to denote the conditional expectation operator.

2.2.1 Dyadic Intervals and Dyadic Filtration
Let R be the set of all real numbers. The dyadic interval is defined as the interval
Ds =2 [[O, 1) +m+ (—1)7'5} where j,m € Z and £ € R
If £ =0, then D = D = 2i[m, m + 1). Now fix j so that we have
D; ={[m2,(m+1)2’), m e Z} .
Let I,,; be a member of D; and divide I, ; into two equal halves. That is

Loy = 12m)270 2m+ D27, L = [2m+ 127, 2(m +1)27).



Then I,,lnyj and Iﬁw- are both dyadic intervals such that I%”, Iﬁw € Dj_;. That is to say
that for any dyadic interval I,,,; € D; there exist two dyadic intervals I, . and Iﬁhj in

J
D,_1 such that
=TI U

Now consider the following dyadic intervals of R;

I [m m+1

Let D,, = {lnn, m € Z}, n € N. Let F,, = 0(D,,) be the o-algebra generated by D,.
Then {F, }nen is a filtration. Indeed we observe that D,, C F,,+1 = 0(D,,+1) as interval in
D41 is a union of two intervals in D,, and the union is in F,,,; since F,. is a o-algebra.
This implies that

Fn=0(D,) Co(Fni1) = Foir-

With this filtration, called the dyadic filtration, we can define the probability space as
PS = (R, .F, {‘Fn}TLEN’]P))

where PP is the probability measure and F,, C F for all n € N. Let J;, ; € D, be the

dyadic interval defined as

k42 k414420
Jk,n,j — on 5 on .

Then

Therefore, A; € F, for all n and for all j. We observe that the A,’s are dyadic intervals.
Also A;NA; =0 for i # j and Uj A; = R. This notion of dyadic intervals and dyadic

filtration will become indispensable with our treatment of the martingale embeddings

and inequalities in the appropriate chapter below.

2.3 Martingale and Related Concepts

In this section, we recall the definition of martingales and discuss some related concepts

that will be needed in this study. We start with the definition of a martingale.

Definition 2.4 (Martingale). Let (Q,F,{F,}nen, P) be a probability space. An inte-

10



grable sequence f = (f,, n € N) is said to be a martingale with respect to the filtration
{fn}nEN 1f

1. f is adapted; that is f, is F,,-measurable for all n € N and
2. E,fn = f, for all n < m.

HE,fn > fu (Eyfm < fn) then f is a submartingale (supermartingale). As an example,
let f be integrable. Then, the sequence ¢ = (E,f n € N) is martingale [65, 67]. We
shall encounter some few examples of martingales in subsequent sections. We say that
the stochastic basis is said to be regular, if there exists some constant R > 0 such that
fn < Rf,_q for every martingale f = {f,}nen. The dyadic filtration is an example of a

regular stochastic basis.

Let L,(€2, dP) denote the usual Lebesgue space over the non-empty set €2 (for simplicity
of notation, we sometimes write L,(€2, dP) simply as L,(€2) or L,). That is

L(5) = {f @l = ( |f|pd]P’>é < oo}

equipped with the norm

11y = Ml = ( / |f|PdP)”

where f is measurable with respect to (Q,F, {F,}nen, P). A martingale f = {f,}nen
relative to the filtration {F, }nen is said to be L, bounded (0 < p < c0) if f,, € L,, n € N

and

Ht LS v || il 88
neN

Definition 2.5 (Stopping Time). The mapping v : 2 — N U {oc} is called a stopping

time relative to the filtration {F,}, . if

{weQ:vw)=n}:={v=n}eF,

An important example of a stopping time is hitting time of a Borel set B. This is defined
by
vp(w) :=inf{n e N: f(w)y € B} for we

where f, is a measurable function defined on Q(see for example [54]). Further examples

of stopping time can be found in [42, 67].

11



2.5.1 Difference Sequence and Stopped Processes

Definition 2.6. (Difference Sequence) Let f = {f,}nen be a sequence of measurable

functions. Then the difference sequence of f is the sequence {d, f},en where

dnf:fn_fn—la fOZO, n € N.

Let us discuss some useful properties of the difference sequence which will be useful in
this study.

1. First we observe that if f = {f, }nen is a martingale with respect to some probability
space, then {d, f },.en is adapted to the underlying filtration of f since f is adapted.
Also

Enfldnf = ]Enfl(fn - fnfl) = fnfl - fnfl =0
for all n € N. In this case {d,, f }nen is called the martingale difference sequence.

2. We also observe that martingale differences are orthogonal. Indeed, let m =n—1 <

n. Then since d,, f is F,,-measurable, we have that

and hence

3. Let f = {fu}nen and g = {gn}neny be martingales with respect to an underlying
stochastic basis. Let h = f + ¢g. Then h is also adapted to the underlying filtration
and for n < m we have that E,[f,, + 9] = Enfin + Engm = fo + 9 = hy. Thus b

is a martingale. Now

dnh = hn - hnfl == (fn I gn) = (fn-l aln gn—l) — dnf + dng

and
anéf == afn —Qfp—1 = adTLf

for every constant . Hence the martingale difference operator, d,,, is linear.

Definition 2.7. (Stopped Process) Let v be a stopping time and let f = {f,}nen be a
martingale adapted to an underlying filtration with difference sequence d = {d,, f }nen.
When f., exist almost everywhere, then the stopped sequence f* = {f’},en is defined
by

fr = farw, neN

12



where n A v := min{n, v}.

v
n—1

The difference sequence of the stopped process d,, f* = f* — is given by

df = { fo— foor for {n<v} { dnf for {n<wvp _ 1nenydnf.

fo—f, for {v<n} |0 for {n>v}

Now by telescopic sum, we have that f,, = > ,_, dyf. Hence

frlj = fn/\l/ - Z dkfy = Z 1{k§u}dkf
k=1 k=1

Since f = {f.}nen is adapted, the above equation implies that the stopped process is
also adapted. Also {n < v} ={v <n—1}°€ F,_1, since v is a stopping time. It then

implies that 1,<,y is JF,_1-measurable. Consequently,

]Enfl(f:; - 71;—1) - Enfldnfy
- En—l(l{ngy}dnf)
S 1{n§V}En—1(dnf) =0

since d,, f is a martingale difference sequence. Therefore
En—1<falmj s rl:—l) — En—l(frl:) .
Thus the stopped process is also a martingale. Hence the following definition.

Definition 2.8. (Stopped Martingale) If v is a stopping time and [ = {f,}.en is a
martingale adapted to an underlying filtration, then the stopped martingale f* = {f“},.en
is defined by

i S - D 9
m=1

Remark 2.9. We have seen that d, f* = 1y,<,)d, f. Hence for d, f, we can write

dnf T fn = er—l - fn/\l/ = fn—l/\y - fyl; i 717?_1 5 dnfy

since n — 1 <n < v. Thus

dofdnf” = |dnf"]?. (2.3)
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2.9.1 Quasi-Linear Operators on Martingales

In this part of the study, we recall the quasi-linear operators which were introduced by
Burkholder and Gundy [8]. These are the operators that aided Burkholder and Gundy to
extend the Paley’s inequality. They are denoted simply as s, S and M. Let f = {f,}nen
be a martingale with respect to an underlying filtration. The quadratic variation, S(f),

and the conditional quadratic variation, s(f), of f = {f.}nen are defined as

N

and s(f) = (ZEn—1|dnf|2>

neN

S(f) = <Z|dnf|2)

neN

respectively, where d,, f = f, — f._1 are the martingale differences. We define the stopping

v(w) =n and f” := f™ and observe that

SUM = D Ercaldef"” = Baalfurn — fr-1nnl”

keN keN
Hence
82(fn) = ZEkflyfk/\n = fkfl/\n|2 = Z Ex—1|fenn — fkfl/\n‘2
k=1 k=n+1
= ZEk’fllfk/\n — fr1nal® + Z Era|fenn — fe_ianl?
k<n k—1>n
= > Eealfi - fial’+ Y Baalfo — ful?
k<n k—1>n
= ZEkA’fk = fkfl‘z +0 = Si(f)-
k=1
Thus
s(f*) = 5.(f): (2.4)
Similarly,
S2(f™) = Solfe— ficaP+ D =SB =S2(f). (2.5)
k<n k—1>n

Consequently, we shall agree on the notation

Su(f) = (ZWP) and s, (f) : (ZEm\dkﬂ?) :

k=1

14



The maximal function f* or M(f) of the martingale f = {f,}nen is defined by

M(f) = f" = sup|ful.

neN
Let us discuss some identities of these operators that will be helpful in this study.

1. Let o be some stopping time. Then we observe that
s(f = ) = $(f) = s (f). (2.6)
Indeed by definition and linearity of martingale difference operator,

SUE=1 = D Baald(f = )P =D Bialdf — dif

keN keN

= ZEk—l [|difI? + |dif1? = 2dy, fdy f*]
keN

= ZEk—l [dif1? + |dif]? = 2|di f*F]
keN

= O Epa|defP =) Eia|difo
KeN keN

Hence by definition
sS(f=F% = s(f)=5"(f%)
where have made use of identity (2.3). Similarly,
M B e (2.7)
2. It is also true that s*(f — g) + s%(f + g) = 2(s*(f) + s%(g))- Indeed by definition,

s (f—g) = ZEk—lldkf—dng

keN
- ZEk—l [k f1*+1drgl” — 2difdrg]

keN

S(f+g) = ZEkq!dkf*'dkzg‘z

keN

= ZEk—l [|dif? + |drgl? + 2dy. fdyg]

keN

15



Hence

S(f+9)+s*(f—9g) = 22Ek—1|dkf|2 + ZZ]Ek—1|dkg|2

keN keN

and thus s°(f — g) +s*(f +9) = 2(s*(f) +s%(g)). Similarly, S*(f —g) +S*(f +g) =
2(S%(f) + S%*(g)). Also, we observe that since s*(f + g) and s?(f — g) are positive,

sSH(f—g) = 2(5°(f) +5*(9) — s*(f +9)
< 2(s*(f) + s*(9))
sS(f+g) = 25°(f) +5*(9) = s*(f —9)
< 2(s°(f) + s*(9))
Hence
s(f —g) Ss(f)+s(g) and s(f+g) < s(f)+s(g). (2.8)
Similarly
S(f=9)25(f)+8(9). and S(f+9) SS()+ S(9) (2.9)

where A < B means A < ¢B where ¢ is a constant.

. We also point out that since d. f is adapted to the underlying filtration on which
the martingale f = { fx}xen is defined with respect to, the quantities s(f), S(f) and
M(f) are measurable and thus Es(f),ES(f) and EM(f) are all well defined.

. 8,(f) is increasing in n. Indeed since E;_1|dy f|*> > 0 for all k,

sa(f) = Y Bialdef|” <D B 1|dif? +Enldni /I
k=1 k=1

n+1

= Y Eialdif]? = 52,1 (f)

k=1

Thus $,(f) < spy1(f). Similarly, S,(f) < Spsa(f)-

. Let 7 > 2. Then by the classical inequality ° — 1 < f(z — 1)2%~!, (1< z,1 <),

it is true that

[s0(f) = sna ()] (2.10)

16



Indeed, since s,(f) is increasing and r > 2, one can make the substitution

U1 €) B 52;

into the classical inequality and inequality (2.10) is obtained.
Remark 2.10. A martingale f = {f,}nen is said to be previsible if there exists a real
number R > 0 such that

|d,fI> < RE,_|d,.f|*. (2.11)

It is established in [65, Proposition 2.19] that the stochastic basis is regular if and only
if the martingale is previsible. Hence by summing both sides of (2.11) over n € N, it is

true for a regular stochastic basis,

[N

S(f) < R2s(f).

A martingale f = {f,}nen is said to be predictable in L, if there exists a sequence
{An}nen non-decreasing, non-negative and adapted functions such that |f,| < A,—1 and

Aoo 1= SUPpey An € Lp.

2.10.1 Martingale Transforms

Let (Q, F,P, {F,}.>0) be a probability space with the underlying filtration {F,},en. Let
v = {Vn}n>0 be an adapted sequence in the sense that for all n, v, is F,_;-measurable.
This sequence is normally referred to as multiplier sequence. If f = {f,}.en is a martin-

gale with respect to the filtration {F,},cn, then the following

g wn g X
k=1

is called a martingale transform of f under the sequence v where dj. f is the usual martin-
gale difference sequence. The martingale transform need not be a martingale, however,
it is a martingale if and only if g, € L; (that is Eg, < 00) [6, 48]. As an example, let
T be a stopping time. Then the following process f7, referred to as stopped process, is
an example of a martingale transform since ly<;) is Fr_j—measurable; f7 = fu\r =
> i1 Lik<rdif. The usefulness of martingale transforms has helped various researchers
to characterize dual spaces of some classical martingale Hardy spaces. These martingale
transform techniques will be an important tool in Chapter 4 when discussing the dual
characterizations of the spaces involved. It has also been employed to study the relations

of the predictive spaces in their various generalizations such as the martingale transforms

17



between Hardy-Orlicz spaces among others [34, 49, 72]. Martingale transforms also share
some properties with fractional integrals [11, 51, 64]. Burkholder has established the
almost everywhere convergence of the martingale transform based on the condition that

the maximal function of the multiplier sequence is finite [6, 48].

2.11 Wiener Amalgam Spaces

As pointed out at the beginning of this study, the amalgam space is attributed to Norbert
Wiener in 1980 when Wiener aimed at the possibility of describing local and global
properties of a function or distribution, [22], in connection with his development of the
theory of generalized harmonic analysis [28]. In this section, we give a formal definition

of this space and discuss some of its consequences.

Let 2 be an arbitrary non-empty set and let {€2;};ez be sequence of sets that are disjoint,

ile. QN =0 for j # i, (usually we shall consider dyadic intervals), where Q; C € for
all j such that
R, i

JEZ
Let (©, F,P) be the corresponding probability space of (2 where F is a o-algebra. Let
f be a measurable function defined on €2 and as usual L, represent the usual Lebesgue
space. Let a = {ay}rez and let ¢ € (0,00). Then the sequence space is the space of

a = {ay trez such that ), |ag|? < co. The sequence space is normally denoted /.

The classical amalgam of L, and ¢;, where we agree to the notation L, ,, on {2 consist
of functions which are locally in L, (€2) and have ¢, behaviour globally, [25], in the sense

that the L,-norm over the disjoint subsets §2; C € form an {;-sequence. That is, for

p,q € (0,00), ,
Lygi=< f: [Z (/Q|f|p19deP’>p] < 00

jez

equipped with the (quasi)-norm is given by

e =N TG [Z ( / |f\f’1gjdu>) ’q’} & (2.12)

JEZ

For p € (0,00) and g = oo, the amalgam space is define as
1
Lpoo = {f : sup (/ |f\p19jd]P’) < oo}
JEZL Q

18



equipped with the (quasi)-norm

1 lhoe = 11, e = sup ( / Ifl”lnde> . (2.13)
JEZ (9]

As usual, 14 is the indicator function of the set A. We observe that ||f||,, = |/ f]l, for

f € L,. Indeed since the €;’s are disjoint,
|3 [ israr| = ([ israr)”.
Q; Q

||f||p,p=[ ( e de)p]
; /Q ’ JEZL

Also in [23, 24, 29], we have the following properties;

RSB

1. Endowed with the (quasi)-norm || -||,,, the amalgam space L, , is a complete space,

and a Banach space for 1 < p,q < oo.

2. 1 fllpg < Ifllpif p < qand f € L,
3. Hpr < Hpr,q ifg<pand f € Ly,.

Amalgam function spaces have been essentially considered in the case QO = R?, d € N, and
in the case d = 1, the subsets €2, are normally the intervals [j, 7 + 1), j € Z [24, 25, 29].

2.12 DMartingale Hardy-amalgam Spaces

As discussed above, the classical martingale Hardy spaces were introduced by Burkholder
and Gundy [8]. The martingale Hardy-amalgam spaces are defined by replacing the L,-
norm in the classical martingale Hardy spaces with the (quasi)-norm of the amalgam

space L, ,. Let us now introduce the martingale Hardy-amalgam spaces more precisely.

Let (2, F,{Fn}nen, P) be a stochastic basis and let f = {f,}nen be a martingale defined
with respect to the filtration {F,},cn. Let M be the set of all martingales defined with
respect to the stochastic basis and recall the definitions of s(f). S(f), f/*(a maximal func-
tion), from previous sections. Let I' be the space of all sequences 8 = (f,)n>0 of adapted

(that is for all n € Z, 3, is Fp-measurable), non-decreasing, non-negative functions and
define

b := lim (,,.

n—oo
We are now in the position to introduce the martingale Hardy-amalgam spaces. Let
f € M. Then
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i. Hy () is the space of all f € M such that S(f) € L, 4(€2) with (quasi)-norm

1l zzg ) = 1S Ly o)
ii. Hy () is the space of all f € M such that s(f) € L, 4(£2) with (quasi)-norm

1f1

s @) = 15z,
iii. Hy (€) is the space of all f € M such that f* € L, ,(f2) with (quasi)-norm

/1

Hy q(Q) = ||f*||Lp,q(Q)’

iv. Let = {fBn}nen € I'. Q,4(Q) is the space of all f € M such that S,(f) < B

and ||Boo||Lp7q(Q) < oo with (quasi)-norm

= inf cas :
LT S [ P

v. Let B ={f.}nen €L. P,,(82) is the space of all f € M such that |f,| < 5,-1 and

| Bos || Lo () < 00 With (quasi)-norm

I e, R Wb I

These are the five martingale Hardy-amalgam spaces whose properties are studied in
this work. To be more precise we study properties such as the atomic decompositions,
martingale embeddings and dual characterizations of these newly introduced spaces. The
spaces Q,, and P, , are called the predictive quadratic variation and predictive spaces
respectively. It is worth to note that since ||f],, = [|fl|, for f € L,(€2), then we can
say that the classical martingale Hardy spaces studied by Burkholder and Gundy, Long,
Weisz [8, 48, 65], are special cases of these martingale Hardy-amalgam spaces. Hence
these martingale Hardy-amalgam spaces are generalizations of the classical martingale

Hardy spaces.

Two more spaces considered in the classical martingale Hardy spaces are the Garsia space,
Gp, and the jump bounded space BD,, [65]. These spaces are very useful especially in the
establishment of some classical martingale inequalities. Hence we also introduce here
the spaces G, ,(£2) and BD, ,(£2) which we shall refer to as variation integrable space (or
Garsia-type space) and jump bounded space respectively and they are generalizations to

the classical cases in [48, 65]. In the appropriate chapter, we shall prove that the dual of
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Gp.q(Q2) is BDy ().
Gpq(§2) = {f €eM: Z |dnf| € LM(Q)}
n=0

endowed with the (quasi)-norm

I fllg, ) =

> lduf]
n=0

Lyp,q(2)

for 1 <p < g < oo and

BD,,(Q2) := {f € M :supld,f| € Lp,q(Q)}

neN

endowed with the (quasi)-norm

sup |dy, f|

neN

I fllBD,.q4) =

Lyp,q(2)

for 1 <p<q<oo.

2.13 A Brief Overview of the Remaining Chapters

This chapter ends with a brief overview of the remaining chapters and an important
remark. In the previous chapters, we have defined and introduced the basic concepts and
notations that will be appropriate in this work. In the remaining chapters, we present the
results obtained in this work. We start with the atomic decompositions of H; , and the
atomic decompositions of the two predictive spaces as defined above. Following we discuss
martingale inequalities and establish the relations that exists between these martingale
Hardy-amalgam spaces. Next the dual spaces are characterized and we finish with the
presentation on the martingale transforms. The last chapter concludes and states some
recommendations for further studies.

Remark 2.14. The following remarks are in place;

e We note that the ”infimum” taken in P, , and Q,, norms are attained. Indeed let
X € {Py4 Qpq} and let pF = (ﬁff))nzo be a predictable sequence of f € M for
k € N such that

Hﬁc(jé)”p,q - ”fHX

21



University of Ghana http://ugspace.ug.edu.gh
Set 3, = inf}, By(f), n >0, then 8 = (5,)n>0 is a predictable sequence of f and

1f1lx = 11Ps

p,q-

Such an ”infimum” sequence will be referred to as optimal. This will mostly appear
in Chapter 6.

o We remark here that for the sake of presentation, we sometimes write HS (), H3 (),
H;,q(ﬂ)’ QP»Q(Q)’ Pp,q (Q)’ gPaQ(Q)7 BDZMI (Q) as H;;S:qa H;,qv H;,qy Qp,qa Pp,qa gp,qv BDp,q

respectively and || -

|Lp,q(ﬂ) as ” ' ”PJI'
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Chapter 3
Atomic Decompositions

The atomic decompositions of Hardy spaces are very useful. For instance, with the help
of atomic decompositions, other properties of the martingale Hardy spaces such as dual
characterizations, martingale embeddings and martingale inequalities were studied [65].
Thus this chapter of the study is devoted to the discussion of the atomic decompositions
of the martingale Hardy-amalgam spaces H ,Q,, and P,, which were introduced in
the previous chapter. With the help of stopping times, we give two definitions of atoms

and hence we shall discuss two atomic decompositions of each of the spaces H; , Q) , and

’Pp,q

Let (2, F,{Fn}nen, P) be a probability space and denote by 7 the set of all stopping
times defined on €). All the martingales in this chapter are defined with respect to this
probability space relative to the underlying filtration {F,},en. We also recall that the

space of all martingales is denoted M. The first definition of atom is the following.

Definition 3.1 (Atom). Let 0 < p < o0, and max(p, 1) < < 00. A measurable function
ais a (p,r)%-atom (resp. (p,r)°-atom, (p,r)*-atom) if there exists a stopping time v € T
such that

(al) a, :==Epa =0if v > n;
(a2) [Is(a)llry := fls(@ls (esp-[|S(H)lr, [la*fl;) < P(By)
where B, = {v # co}.

1
T

=

We denote by A(p, q,7)°* (resp. A(p,q,7)°, A(p,q,7)*) the set of all sequences of triplets

k are (p,r)%-atoms (resp. (p,r)°-atoms,

(g, a®, ), where \;, are nonnegative numbers, a
(p,7)*-atoms) and v* € T satisfying conditions (al) and (a2) in Definition 3.1 and such

that for any 0 < n <1,

3=

)\ n
Z <—k) ]‘Byk € L%%.
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We also have the following second definition of an atom.

Definition 3.2 (Atom). Let 0 < p < o0, 0 < ¢ < o0 and max(p,1) < r < co. A
measurable function a is a (p, ¢, r)*-atom (resp. (p,q,r)°-atom, (p,q,r)*-atom) if there

exists a stopping time v € T such that condition (al) in Definition 3.1 is satisfied and

(a3) [|s(a)|l, (vesp.[|S (@), [la*[lr) < P(B,)" |15, ;4

We denote by B(p, q,7)* (resp. B(p,q,7)°, B(p,q,7)*) the set of all sequences of triplets
k are (p,q,r)*-atoms (resp. (p,q,r)°-
atoms, (p,q,7)*-atoms) and v* € T satisfying conditions (al) and (a3) in Definition 3.2

A, a® V%), where A, are nonnegative numbers, a
7 Y 9 ?

and such that for any 0 < n <1,

A n
2 ()

& ||]‘Byk ”p:q

SRS

The presentation of the atomic decompositions of the martingale Hardy-amalgam space

H; ¢ NOW follows.

3.3 Atomic Decompositions of /'
The following Theorem 3.4 describes the atomic decomposition of H; (€2) based on Def-
inition 3.1 of an atom. We recall that Hj (€2) is the space of all f € M such that

s(f) € L,4(2) with (quasi)-norm

I/ s @ == s Iz, . @)-

Theorem 3.4. Let 0 < p < 00, 0 < ¢ < 00 and let max(p, 1) < r < oo. If the martingale

f € M isin Hj , then there evists a sequence of triplets (A, a®, %) € A(p,q,7)* such
that for all n € N,
Z)\kEnak B G.c. (3.1)
keZ
and for any 0 <n <1,
PR g
dol=——= 1 <Clfllu, (3.2)
ez \P(B,x)?

38
3
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Moreover,
m
E )\kak — f
k=l

in Hy , asm — 0o, | = —00.

Conversely if f € M has a decomposition as in (3.1), then for any 0 <n <1,

Do) 1
keZ P(Buk)p

Proof. Let 0 < p < 00,0 < ¢ < oo, max(p,1) <7 < oo and let f be in Hy and define

3=

/]

e

p.a —

3

b
n?

the nonnegative and nondecreasing sequence of stopping time, (v*)rez, as
Vo= inf{n € N:s,1(f) > 2"}. (3.3)

Take Ay = C2FP(vF £ oo)%, for some constant C, to be determined later, and (n € N)

fuk+1_fylc ;
T -l ?f " (3.4)
0, if >‘k =0

Then, it is true that s(f%) < 2%, s(ak) < P(* # oo)fi and s(f) < Y50 Mes(a”).
Indeed, we recall from (2.4) that s(f“) = s,+(f). By the definition of the stopping time,

V¥ <n + 1, and since 8,(f) is increasing in n, and 2% < s,,1(f), we obtain that

P ¥ 28 (3.5)

Moreover,

e M ey

keZ

Let us check that a* is an (p, r)*-atom. We start by showing that s(a”) < P(v* £ 00) .
Before we do that, let us observe from the definition of stopped martingale that on the
set {n < vF},

k+1 k
i 7,: _frlf i fn_fn
n )\k )\k

=0 (3.6)

and thus E,a* = 0 when v* > n. Hence a” satisfies condition (al) in Definition 3.1. Also

we note that equation (3.6) implies that

Lii—oo [8(@) <D " 1piomBEaildaa®? = 1pisBai[1prsndaa|* = 0.

neN neN
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That is the support of s(a*) is contained in B,x = {v* # oo}. Using inequalities (2.8)
and (3.5), we obtain that

s(a®) = s <—fu +)\_ I >
k

1 Vk:+l l/k
= )\—ks(f - )

V2
M

() 4 () < 2R O
py A

C(2%) B 1

C2P(vk # 00)r  P(By)»

1
where we take C' > 3v/2. Thus s(a*) < P(B,+) » and zero outside of B, . Therefore

s(a)||m = s"(a
ls(@)ll (A (

=/B ()d]pg/B P(B,x) rdP
= Méwﬂ[;dP;M&nﬂMaw.

vk

c
vk

k)dIP’:/ sr(ak)dIP’—i—/ s"(a®)dP
B B
aF

k

Hence we obtain that

1
T

S |~

Is(a®) [l < P(v* # o0) (3.7)

Thus condition (a2) in the definition of an (p, r)*-atom is also satisfied.

We observe that, by measurability and martingale property of a*,
$(a") = Bna|d.a®P= Y Eia[(ah)? + (af))® — 2afal )]
= 3 Eoal(af)? +(af )% = 2B, [afal ]
=t ZEn—l[(aﬁ)z + (a£—1)2] - 2“:,—1En—l[am

= Y Eiaf(ah) 4 (af ) = 2(ak )
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and then
E[s*(a)] = Y ElE.l(ay)’ + (a5_1)%]) — 2E[(ap_,)°]
= iE[(aﬁV + (an1)" = 2(ay )]
= Enzn:[(aﬁ)Q — (an_1)’] = E[(a")"].

In other words, ||s(a®)||2 = ||a*|]2. Thus from (3.7), we have that ||s(a”)|], < P(V* # oo)_%
and hence ||a*|, = [|s(a®)|]2s < P(V* # oo)_%. Which implies that sup,, [|ak |l < P(v* #

oo)fi < oo. Hence for a fixed k, a* = {a*},en is an Ly-bounded martingale since
|a®|| := ||E,a®|| < ||a*||2. Consequently, the limit

lim a)

Jim o}

exists a.e. and in L5[67]. Hence there exists af € Ly such that E, a* is well defined and

k k+1

— f“*, we have that

since a® is a martingale, E,a* = a¥. Now since \za* = f”

N Nk = ST = g he

keZ keZ
and thus (3.1) is satisfied.

Let us now check that if the martingale f = {f,}.en has the representation as in (3.1),

then s(f) < 3,5 Aws(aF). Since a* is a martingale, we have that

dnf = fn— fo1= Z )\kEnak - Z AkEn—lak - Z )\k(aff:Z — a,’i,l) = Z )\kdnak.

kEZ keZ keZ keZ

Therefore

2
|dnf|2 == (Z /\k:dna'k> = Z |)‘kdnak|2 i Z )\t)\rdnatdnar'

kEZ kEZ t<r<oo

We have by orthogonality of martingale difference, Remark 2.2, that
oty W R Ry
Hence

Enoildnf” =) MEnaldua® P +2 > MNEpadnd'dea” = NE,_1|dna*).

keZ t<r<oo keZ
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Hence by definition,

=

s(f) = (ZEn_lwdnﬂ?) =(ZZAiEn_1!dna’f\2>

neN neN keZ
1
— (Z AiZEnlydna’fPD <> M (Z Ep_1|dna”|?
keZ neN keZ neN

and therefore by definition

s(f) <) <Z En_1|dnak|2> = Ms(db).
keZ neN keZ

We now check that
> Md — fin Hy .
k

As equation (3.4) implies that A\ya* = 7 — 7% we obtain that

S k=3 At = o and therefore we have that

m
l

£ dkak =(F — ) 4

k=l

Now by definition,

m+1

Lf =" g, = 15(F = £ lpa-

Thus for €2; as in the definition of amalgam space,

Q=

4 ( /Q g W f””“)lgjdlf»)f’

=7/

[s(f =F ™ )lpg = {

= [Z Il (f = f”m“)lnjHZ] I’

jEL
Now by identity (2.6), we have
NNTECR DR A (B

As s2(f — ") < s”(f) and
/ sP(f)dP < oo,
Q

J

it follows from the Dominated Convergence Theorem that

Is(f = " )1g,ll, — 0

28
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m — oo and s(f — f*"") — 0 as m — oo. Hence as > ez Is(H)La,llE = || £
applying the Dominated Convergence Theorem for the sequence space ¢,, we conclude
that

q
< o0
Hyq ’

m+1 m—+1
g, = lIs(f = Mlpg — 0

If=r

as m — oQ.

Also since s(f*") < 2%, we have that

l l
177 g, = s ()l < 2

Hence || f*'|

ms, — 0as | — —oc. Thus (3.9) implies that

= ="+

2
k=l

S
s Hp 4
P.q

= |s((f = ")+ 1)
s(f — ) +s(f1) pd
< st - + s

p.q

AN

— 0
p,q

as m — oo and [ — —o0. Hence Y ;" \pa* — fin HS asm — oo, | — —oc.

Let us now establish (3.2). Let ©,; C € be as it appeared in the definition of amalgam
space. Then by definition,

n
Z( )\k 1) 1Byk
keZ ]P)(Buk)p

Considering the inner sum, we see that

b Y
BE /<Z (P(Bmi) 13”’“) o

pa jez
n’n

b 1Y

A ! g _ C2*P(V* #£ oo)% ! 4 £ o
(= () 2ne ) = (DSR2 50} - (3 02an,)

We shall use some ideas from [69]. Let Gy, = B, \ By where B, = {v* # co}. Then
G} are disjoint such that B,» = J,—, G, and

38

3 =

1p, = 1g,. (3.10)
r=k
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Then

> (21, = Zmz’m-ihr
r=k

kEZ keZ
Cn
_ k s (k+1)
— ZZC”Z Mg < 5T okt o
reZ k<r kEZ
Thus
ol o) !
Z (02’?)" 1p, < 1 (Z 2(k+1)1Gk) < 1 (Z S(f)lgk> [by disjointedness]
kez " \kez " \kez
given us
n
(2C)" (2C)"
Z (6*2’“)77 1p, < o1 s( ] (Z 1a ) = % Z 1g, [by disjointedness].
kEZ N keZ N kEZ
Hence

38

3

IA
i
o
2 Q
Ay
— <
3

-

Q

=
v

(Z (C2h)" 1Buk>

keZ keZ ’
4 (2C)ps(f)"< ) ) L @Oy
(20— 1)n é - @21—1) & a

We then have that

Z 1 1Buk
keZ P(ka) P

3=
Q|3
3|~

N—
SAS)

N
blal ™) -
2 \ ez \P(Bx)?

P
n

3

IN

I
YN A el WS
‘T
i [
1Q
[~
rs Sk |
ST
%

) IS
N
=
2
ol
2
(o
=
~_

RSl
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Hence we have that

2

kEZ

n n
) 1Buk

A]
P(B,.)?

33

3

2

jEz

establishing the first part of the theorem.

Conversely, let the martingale f = {f,}nen have a representation as in (3.1). Then as

P Sp(f)lﬂj dP)

(e

— 20 sl =

(2 - 1)

2C

(21— 1)

a

P

1
q

1 Lz,

(a¥) < P(v* # 00) v < P(vF # 00)~# with support in By, we obtain from (3.8) that

Ak
s, = Ns(llpg < [ D Ms(a®| < |1> i,
keZ pa wez P(Byr)? P
Let us quickly check that
n "
A A
st < n(2)
keZ P(Buk)p Dq keZ P(Buk)p P g
. n’n
for 0 < n < 1. Indeed by definition,
N K A i : g
Z k 1: 8 — Z (/ ( k T1p k) 1deP)
wez P(Byr) 7 g | jez \" % \kez P(B,x)»
[ \ p} Z%
_ /( & 113k> 1o dP
iz \ YU\ 2z P(B,x)7
n p
A n
[ -
jez @ \ ez \P(Byr)?
== 1 1BVI<:
keZ ]P)(Bu’“)p Ppg
Thus
0 1
A A !
kezZ P(ka)p P.q kezZ ]P)<Buk>p pa

31
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Hence

3=

/]

s
Hpq_

o)
——= | 15,
é <P<Buk) ) ’

For the case ¢ = 0o, we have, by definition, that

3 =
33
3

establishing the converse.

m—+1 ’

If ="

= I5(f = " lipoo = sup s(f = £ ) La,
JEZ

Hence, as above, sup;cy ||s(f — f"m+1)19ij — 0 as m — oo since |[s(f — f*"")|l, = 0
as m — oo. We also observe that, since s(f*") < 2%, it is true that [|s(f*)|peo < 28 = 0
as | — —oo. Hence || f*'|

ms.. — 0 asl — —oo. Therefore

Vm+1 lll
< =77 Ollag o + 1 Mg . =0

g
k=l

Hs

p,00

Hence

k=l
in Hy ., asm — oo, [ = —oo. It follows by definition, as we did above, that

o)
Yol=—=—] 15,
kEZ ]P)<Bl/k‘> P

P

n n
Ak
= sup / — | 15, 1g,dP
(Z (P(B,,a) )

(SIS

3 =

%,oo

p
< sup / COELESN. or
oL Mo IR
20')P z
= sup L),,Z / sP(f)1q,dP
7 ANe B '

n

(
= ((fC_Y)D%Zp (/Q sp(f)lgjdpy
= (32 Il

Hence

g 201\ 7
< (525) Wl

Y= 1,
kEZ P<Buk>p

Conversely, as in the above, let the martingale f have a representation as in (3.1). Then

3
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as s(a®) <P(W* # 00)7% with support in B,x = {v # oo}, we obtain that

g = Ns()llpoo < || D Ars(a®)
kEZ p,00
S Z)\kP(Byk) P].B &
keZ P,00

p7OO

We check that

3

>y,

T
keZ P<Bl/k)p

g
m
N
VR
=
w
P
:w >~
SEE
N——
3
[
o
A
kol

p)oo

For 0 <n <1, we get

S,

keZ IP)(BV’”) P

A ’ g
= sup / —kllByk 1o dP
. i€ \/o \ gz P(Bys)

A
<. N
oN=]
N
S~
T
3
m
N
e Fﬁ
pac}
| >
t?r S
S~—
3=
~
=
[t
os]
A
ol
~_
=
=y
=
S

Hence

3=

[ fllas . <

P
Z (P(B,,o ) o

establishing the converse. The proof is complete.

3=

A second atomic decomposition of Hy (€2) is described by Theorem 3.5 below.

atomic decomposition is based on Definition 3.2 of an atom.

This

Theorem 3.5. Let 0 < p < 00, 0 < ¢ < 00 and let max(p,1) < r < oco. If the martingale

J € M isin H; , then there exists a sequence of triplets (A, a®, V%) € B(p,q,7)

33
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that for all n € N,

> MEndf = f, (3.12)

kEZ

and for any 0 <n <1,

3=

< Ol g,

p,q”

> <L> 1p, (3.13)

kZO H]‘Byk Hp:q

33
3l

Moreover,
m
§ at — f
k=l

in Hy , as m — 00, | = —o0.

Conversely if f € M has a decomposition as in (3.12), then for any 0 <n <1,

A n
C PR,
kGZZ (H]'Bukl p7q> =

Proof. Let 0 < p < 00, 0 < g < oo, max(p,1) <r < o0, and let f € H; , and define the

3=

/]

<
g, =

P g
n’n

stopping time as
VW= inf{n € N: s, (f) > 2"} (3.14)

We take the sequence, A = { A }rez, as Ay = C2¥[[1p , ||lpg, and (n € N), a = {a} }rez as

ka—I—l —fuk f
= 2N ki (3.15)
0, i

Then as in the proof of Theorem 3.4 above, one obtains that s( f;{k) < 2% and

T ——— o
(o) = s S ES < sl

and s(a*) = 0 on {v* = oc}. Also since supp(s(a*)) € B+, It follows that

Is(a®)], < </B 15 kH_’”d]P’) <1115, [, P(B)".
k

We also observe that E,a* = 0 when v* > n as in the proof of Theorem 3.4. Thus

k

conditions (al) and (a3) are satisfied and hence a” is (p, ¢, )*-atom. It then follows from
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the proof of Theorem 3.4 that
Z )\kCLk — f
k=l

in Hzﬁq as m — oo and [ — —oo since

= \F=r""+

g
k=l

s
Hs HP»‘Z
p.q

AN

s(fF— ") + s(f7) y
s(f— ) s(f*)

IN

— 0.
p,q

+

p.q

We also observe the following as in the proof of Theorem 3.4;

_ n.1
n L n e A
)\k n )\k n
) 4, - / ) g ) 10.dP
= (o) vl B S w) )
(2C)? ol
< S / CORU” 5~ oo ap
I ANAL (2n —1)n o
_ g 1
(2C)P ot
— Z ——— &% / Sp<f) 19de
JEZ (277 o 1)" Q
Hence we have that
1 q
n

oy % a5
: Z(/ﬁ .:v)

JEZ

n
Aj
2 L
kEZ ||1Bl,k, ||117‘1

=3 RS
Sl

2C
= o Pl

The first part of the theorem is then established.

/]

HS .

Conversely, let the martingale f = {f,}nen have a representation as in (3.12). Then as

s(ak) < 115, I, With support in B,«, we obtain that

Z As(a®

kEZ

[l = Ns(Hlpq <

pq




For 0 < n < 1, we proceed similarly as in the proof of Theorem 3.4 to obtain

A _ ’ ak
St = X (L e ) e
keZ H]'Bl,k b,q g jEZL keZ H]'B kaq
: a/n 11
Py o |1
- X (S rtte.) e
[ n L :Z/Tnv o
Ak !
< / — | 1p 1g.dP
> [(2 (Hhmnp,q) )
Then by definition we have
1
" 1
A A !
St < 5 () e
kez M= Buklipg kez pial il pa
n’n
Thus
1
g 1
A A !
3 T B s | (3.16)
ke ” B,,k”pq LeZ ” B,,ka,q 2 g
n’n
Hence .
P 7
[ flleg,, < i o B
p’q keZZ HlBl,k ”th o »a
n’n
establishing the converse.
For the case ¢ = oo, we have, by definition, that
Vm+1 V'm+1 V'm+1
If =7 Nag e = (S = 1" Mg = S IsCf =" )1, llp-
j
Hence, as above, sup,ez ||s(f — f"mH)leHp — 0 as m — oo since |[s(f — f*"")|l, = 0

as m — oo. We also observe that, since s(f*") < 2%, it is true that [|s(f*)|peo < 28 = 0

as [ — —oo. Hence Hf”lHH;m — 0-as ' = —oo. Therefore

< N =" s+ 17

H —0

2
k=l

Hs

p,00
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Hence .
Z )\kak — f
k=l

in Hj ., asm — 0o, | — —oo. It follows by definition, as we did above, that

A ! A\ ! " ’
k k

——F | 1p = sup / —— | 1p 1q.dP
2 (nlm Hp,q> % P\ o (Z (mm Hp,q) ) f

kEZ

QCps(f
su 16,10 dP
w ([ A S, )

J€L keZ

= sup (QL)]DPZ/G sp(f)lgjd]P’>

JEL (277 - 1)” kEZ

s

33

,O0

IN

SIS

and therefore

b
>\ ) e
keZ H]‘Bkap’q

n

D)

_ (<2O>

3

n
P,00

C st

Hence

3=

n 1
Aj 201\
E (ﬁ) 1p, i (én _)1) 1l -
keZ Bk lIp,q

Conversely, as in the above, let the martingale f have a representation as in (3.12). Then

p
n

as s(a*) < |[1p |, with support in B,x = {v # oo}, we obtain that

Z )\kS

keZ

||JC||H,§oo i ||p<>o =

D T T

21, knpq

p?oo

We now check that

3=

Moo)
2\ ) e
keZ H 1Buk szq

33

o
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For 0 <n <1, we get

kezZ vk 1IP4 keZ v
, 1
)\ p;] PN
= sup / Z—k]‘Buk 1deIP>
JEL Q \kez ||1Bl,k||p,q
\ n s 5
< sup / Z l—k ]_Buk 1QJd]P)
JEZ 2 \rez || Bl,k”p,q
n
= B .
k‘GZ || B k:”pq v P s
n?
Hence
1
oo\ "
g < | (=) Lo
keZ Lk 1IP,q %’OO
establishing the converse. The proof is complete. O

3.6 Atomic Decompositions of 9, ,

Recall that Q) ,(€2) is the space of all f € M such that S,(f) < 8,—1 and |||z, ,) < 00

with (quasi)-norm

£ 11, 0) = infllBosllz, i@

where I' be the space of all sequences 5 = (f,),>0 of adapted (that is for all n € Z, £,

is F,-measurable), non-decreasing, non-negative functions and
ﬁoo = lim 6n~
n—oo

Let us discuss the atomic decomposition of this martingale Hardy-amalgam space as
stated in the Theorem below. Theorem 3.7 describes the atomic decomposition of Q,,
based on Definition 3.1.

Theorem 3.7. Let 0 < p < 00 and 0 < g < oo. If the martingale f € M is in Q,,, then
there exists a sequence of triplets (M, a®, v¥) € A(p, q,00)° such that for any n € N,

> MEndf = f, (3.17)
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and for any 0 <n <1,

" 1
)\ n
> (— ) 15,|| <Clflo,,. (3.18)
kez P(Buk)p 24
n'n
Moreover,
> At — f
k=l

in Qp, asm — 00, | = —00.

Conversely, if f € M has a decomposition as in (3.17), then for any 0 <n <1,

N\
é(mm ) e

Proof. Let 0 < p < 00, 0 < ¢ < o0 and let f € Q,,. Then there exists an optimal,

3=

Iflle,, <C

3 =
3

%7
non-decreasing, non-negative adapted sequence (f,)nen such that S,(f) < f,-1 and
1f1ley.q = [1Bocllpq- We take

V* e N PP (3.19)

to be a stopping times and define A\, = C2"P(v* # oo)%7 and (n € N)

ka+1_fuk .
R N . (3.20)
0, otherwise.

Now on the set {n < ¥} we see that

a =0

by definition of stopped martingales and thus E,a* = 0 when v* > n. Hence a* satisfies

condition (al) in the definition of (p, 00)®-atom. Also, a® = 0 on {* = oo} for all n > 0,
and thus the support of S(a”) is contained in B,» = {v # oo}. Also by (2.5)

Now by the definition of stopping time, v* = n < n + 1 and since S, (f) is increasing in
n, we have that S, (f) < Sn41(f) < B, and 2% < 3,,. Hence,

Su(f) = S(f") < By S 28
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Then by identity (2.9) we get the following

1 k+1 k

S(a¥) = St S
k+1 k k
M 28 _C(2Y)

Ak LY

S Aik[s(f”k“HS(f”k)]S
_ C(2%) 1
P(B,)7

C2FP(vF # o0)

3=

Therefore S(a*) < P(Buk)ii and zero outside of B, k. Therefore, we obtain that

D=

1S ()|, < P(v* # 00)7™ (3.21)

and in particular || S(a”)||o < P(V* # 00)7% Thus condition (a2) in the definition of an

(p, 00)%-atom also holds. Thus a* is (p, oo0)-atom.

Moreover,

YT =) =ta ae

kEZ

We observe that since

S (@) =) |t P =3 [(a5)® + (ap_1)* —2afay_,].

n n

we have by martingale property of a* that
E[S*(@)] = > E(l(af)’ + (af_1)?]) — 2E[apap_]
a EH:E([(GQ)2 +(an_1)’]) = 2E(Eni[ara;_y])
= ﬁ:E[(aﬁ)Q +(agtr)” — 2an4)’]
= EﬂZ[(afﬁ)Q ~ (an_1)’] = E[(a*)’].

In other words [|S(a*)||s = ||a*||>. Thus from (3.21), we have that [|S(a*)||s < P(v* #
oo)fi and hence ||a*|]y = [[S(a")|l2 < P(v* # oo)*%. Which implies that sup,, [|a%]s <
P(* # oo)_% < oo. Hence for a fixed k, a® = {al},cn is an Lo-bounded martingale.
Consequently, the limit

lim af

n—s00

exists a.e. in Lo. Hence there exists a* € Ly such that E,a* is well defined and since a*

40



. . . k+1
is a martingale, E,a* = a*. Now since \pa* = f" — “* we have that

n

YoMah = (T = 1) = fa ae

keZ keZ

and thus (3.17) is satisfied.

We shall now establish the inequalities in the Theorem. Before we do that let us prove
that ", \ra® converges to f in Q,, as | — —oc and m — co. We shall establish some

useful results. First we show that if

CS—l :1{,,@”,1}\]5(@]“)”00 and  (Gy-1) Z )\2

k=m+1
then .
Saf =" <0 NG = (G’
k=m-+1
and therefore
SAREEEE ' | S (3.22)

Indeed from identity (2.7), we obtain

S2(f =) = SA(F) = SAT
= Y ST = SA

k=m+1
W o S 2 G
k=m+1 k=m+1

Once again since a* = 0 on the set {¥* > n}, it implies that S(a") = 0 on this set as
well. Therefore S, (a*) =15, 5, (a") =15  S(ay), where Bx = {v* # co}.
Hence it follows that

S2(f TN Z Aklgksups% )

k=m-+1
< Z Ailg IS5 = Z NG =G
k=m-+1 k=m+1

Thus S,(f — f""") < ¢u1. Therefore

<n1< Z

k=m+1 P<B )E

(3.23)
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It follows that

m+1 > )\k >
Sf=f"")<lim G < Y~ = Y 02,
nee k=m+1 ]P)(Bl/k)g ' k=m+1 ’

Hence ‘

m—+41
If =75 llg,, < Illfy <
JEZ

( i C2leyk> 1o,

k=m+1

p

Now as in the proof of Theorem 3.4, we obtain that

( > (Jzleuk> 1o, < CBxlg,.
k=m+1
Hence as ||81q, ||, < oo, it follows from the the Dominated Convergence Theorem that

H( i CleByk) 1o,

k=m+1

— 0 as m — oo.

p

p

( i Czleuk> 1o,

k=m+1

and as

S [BeoLagllt = ool < 00,

JEZ

an application of the Dominated Convergence Theorem for sequence spaces leads to

> ( i Cleguk> 1o,

JEZ k=m-+1

q
— 0 as m — 0.

p

Thus ||f — """ |o,, — 0 as m — cc.

Also f € Q,, implies that S(f*') < ¢u—1 < 2'. Therefore
v
Hf HQM < ||2al,q — 0

as | — —oo. Therefore

Hf D R I (W i i S [V S TS Vi PN
k=l

Qp,q

P.q
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as m — oo and [ — —oo. Hence

i)\kak — f
k=l

in Q,, as m — 00, | — —oo and thus for all n € N,

Z AkEnak = fn

keZ

Now, just as we did in the prove of Theorem 3.4, we can proceed similarly to obtain that

o\ C2P(LF £ 00)7 |
— | 1B, = T 1p,
% <P<Buk>p> ’ Z ( ); > ’

kez P(B,

3|
3=

P P
n’ n

3l
3

1
n

= D (21,

kEZ

SIS
3k

1

(0L
@ -1y

IA

/BOO S C H/BOOHpg - CHfHQP#I

38
SRS

Conversely let f, has representation as (3.17). Then we want to show that f € 9, ,. By
quasi-linearity of S(-), and S(f,) = S(f™) = S,.(f) we obtain that

Sa(f) = S (Z AkEnak>
< D MS(EnaF) =" \eS(ak)

which implies that

kEZ k€EZ

Hence we can choose

Bn1 = ZAk”S MooL ok <n—1y-

kEZ

Since ||S(a*) o0 < P(VE # oo)_% we have that

Poo < Z B,,k

iz P(vF # 00)7
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where B,» = {v* # oco}. This implies that

3=

<C

> L;lm

1Boollp.g <
keZ ( V’“)p

o)
é(w >i) e

k
P,q v

33
3

)

where the last inequality follows directly as we did in the proof of Theorem 3.4. Hence

we obtain from definition that

3=

||f||Qp,q S ||ﬂoo||paq S C

o)
Yol=—=—=] 15,
kEZ P(Buk) P

Let us now consider the case ¢ = co. Proceeding as in the proof of Theorem 3.4,

( i 02leyk) 1q,

k=m+1

o
n?

Sl

m—+1
1f =" Nlope < lI¢ollpoo < sup
JEZL

p

and we also obtain, as in the proof of Theorem 3.4, that

< Dd Czleyk> 1, < CPw Loy

k=m+1

Hence as ||8x1q, |, < 00, it follows from the the Dominated Convergence Theorem that

()

— 0 as m — 0.

k=m+1 p
As
‘ ( > Clesuk> 1o,|| < €l llp
k=m+1 p
and as

sSup H/BOO]‘Q]'HP = || Boo llp,00 < 00,
JEZL

an application of the Dominated Convergence Theorem leads to

< i 02’f1Byk> 1o,

k=m+1

sup — 0 as m — oo.

JEZ

p

Thus || f — f”mHHQwo — 0 as m — oo. Similarly, we obtain that Hfl/l”gp’()o — 0 as
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| — —o0o. Therefore

||f — Z )\k&k —0
k=l Op,c0

as m — oo and [ — —oo. Hence
Z )\kak — f
k=l

in 9@, as m — 0o, | = —oo and thus for all n € N,
> MEndk = f,.
keZ

We also obtain, as in Theorem 3.4, that

v YL g
k k
S ) ] < (S,
ke, (P(Buk)p) L kEZ B 00
< ClBoollp,co
< 200 Fllpee-

Conversely, assume that f € M has the decomposition (3.17). Define 3, by

ﬁn = Z )‘kHS(a’k)“OO]'{VkS”}

keZ

Then (f,).> is a nondecreasing nonnegative adapted sequence also, for n > 0,

Sn(f) S anl

as we saw above. As [|S(a)[le € P(WF + 00) 7, it follows that

3=

n
/\k )\k
1Bsollpoe Do =715l = [> (—) 1p,
keZ ]P)(Buk)p P,00 kezZ P(Buk)p P oo
Then
Tanis W
T2 || S8inil PIR0 <—k—1> 1p,
keZ P(ka)p 2
n
and the proof is complete. O]

The second atomic decomposition of @, , based on Definition 3.2 of atom is as follows.

Theorem 3.8. Let 0 < p < 0o and 0 < g < 0o. If the martingale f € M is in Qp,,
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then there exists a sequence of triplets (N, a*, v*) € B(p, q,0)® such that for any n € N,

> MEndf = f, (3.24)

kEZ

and for any 0 < n <1,

o) ’
> Tl 1| =<Clflle,. (3.25)
keZ Bk llpg pa
n'n
Moreover,
Z )\kak — f
k=l

in Qpq, asm — 00, | = —00.

Conversely, if f € M has a decomposition as in (3.24), then for any 0 <n <1,

S (L)n ]

kEZ H]‘Byk ||p»q

3=

[fll, =€

P g
n’n

Proof. Let 0 < p < 00, 0 < ¢ < o0 and let f € O, ,. Then there exists an optimal,

adapted non-decreasing, non-negative adapted sequence ([, )nen such that S,(f) < 8,1
and || fllg,, = |Bsllp.q- We take

o TN | (3.26)
to be a stopping time and define \, = C2*||15 ||, ,, and (n € N)

fl/k+1 it fyk
ab = ")\—" if A # 0, and o" = 0 otherwise. (3.27)
k

Now on the set {n < ¥} we see that

k:f5k+1_f7,:k :fn_f'n:o
1 Y Y

a
by definition of stopped martingales and thus E, a® = 0 when * > n. Hence a* satisfies

condition (al). Also, a® = 0 on {v* = oo} for all n > 0, and the support of S(a") is

contained in B,» = {v # oo}. Hence as in the proof of Theorem 3.7,

Sue(f) = S(f") < By S 2°
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and by identity (2.9) we obtain

C(2%)

S(a¥) = —Ls( - < "

Ak

=115, [l (3.28)
Therefore S(a*) < |1z, ||, and zero outside of B, and thus, we obtain that
1S(a") oo < 1115, Il5g-

Thus condition (a3) also holds for 7 = oo and thus a* is (p, ¢, 00)°-atom. Moreover,

ST =1 = fa e

keZ

From (3.28), we have that [|S(a%)|, < P(Buk)%ulByk”;é and thus [|a*||s = ||S(a¥)]2 <
115, ||, 4 Hence for a fixed k, a* = {a; }nen is an Ly-bounded martingale. Consequently,
the limit

lim a®

n—o0
k

exists a.e. in L,. Hence there exists a* € L, such that E,a* is well defined and since a

k+1 vk

n

o e Iy

keZ keZ

is a martingale, IE,a® = aX. Now since \ya* = f¥ we have that

and thus (3.24) is satisfied.

We recall from the proof of Theorem 3.7 that if

571 — ]‘{VkSTL*l}HS(ak)HOO and (Cnfl)Q = Z )‘i( 7];)71)27
k=m+1
then L
L e [ue® g
k=m+1
and therefore
sGRIPROCED. (3.29)

Hence .

m—+1
1=, < el <5

JEZ

( f: (Jzleuk> 1o,

k=m+1

p

47



Now as in the proof of Theorem 3.4, we obtain that

( > 02’“13Vk> 1o, < CBxlg,.
k=m+1
Hence as || 1q,||, < oo, it follows from the the Dominated Convergence Theorem that

()

k=m+1

— 0 as m — oo.

p

p

( i (Jzleuk> 1o,

k=m+1

and as

> 1810, 12 = 18l < o0,

=

an application of the Dominated Convergence Theorem for sequence spaces leads to

JEZL k=m-+1

q
— 0 as m — 0.

p

Thus || f — f”m“HQM — 0 as m — oo.

Also f € Q,, implies that S(f*) < ¢,—1 < 2. Therefore
Ul
Hf ||Qp,q S Hzl”pﬂ i 0

as | = —oo. Therefore

Hf—ijaﬁﬁ o (G I T o | P P
k=l

QI’ »q

P,q

as m — oo and [ — —oo. Hence

Em: et — f
k=l

in Q,, as m — oo, | = —oo and thus for all n € N,

Z ME.d* = f,.

kEZ
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Now, just as we did in the prove of Theorem 3.7, we proceed similarly to obtain that

o) z v
Z 115 | 1Byk = Z(CQk)nlByk
kGZ Buk p.q 271 kEZ »a
n’'n n'n
O 1
< @womt|,, < Clclho=Clile.,
'n

33

Conversely let f, has representation as (3.24). Proceeding as in the proof of Theorem

3.7, we observe that

S Al at

kEZ

which implies that
) <D IS (@) ool b any.

kEZ

Hence we can choose

[))n 1 3 Z)\kHS HOO]'{Vk<’n 1}4

kEZ

Since [|S(a*)|loc < |18, |lp4 We have that

e

||Bk

kEZ =
where B,x = {v* # oo}. This implies that
A\ i "
k
kEZ vk 1IP,q keZ B,,k p.q

)

S8
3

where the last inequality follows directly as we did in the proof of Theorem 3.7. And

thus we see that

A . "
k
g = © Z(Hl“u ) 8
ke Bl,k, p,q P a
n'n
Hence
A ! "
k
1flle,s <C|D T e 1,
k‘EZ Bukavq

3
3
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Let us now consider the case ¢ = co. Proceeding as in the proof of Theorem 3.7,

( i 02’f13ﬂ) 1o,

k=m+1

m—+1

If ="

||Qp,oo S “COOHP,OO S Sup
| EZ

J
p

As in the proof of Theorem 3.7, we obtain that

( > 02’“13Uk> 1o, < CBxlg,.
k=m+1
Hence as ||81q,||, < oo, it follows from the the Dominated Convergence Theorem that

()

k=m+1

— 0 as m — oo.

p
As
’ ( - 02’“13Vk> Lo,|| < CllBoole;lp
k=m-+1 P
and as
sup [|Boole; Il = [|Bsellpeo < o0,
jez

an application of the Dominated Convergence Theorem leads to

( f: Oz’leyk> 1o,

sup — 0 as m — oo.
IEL || \k=m+1 p
m+1 . . . 1
Thus ||f — f*"" |, — 0asm — oco. Similarly, we obtain that ||/”'|o,.. — 0 as

| — —o0. Therefore

1= D oMatlle, o0
L

as m — oo and [ — —oo. Hence

> dt— f
k=l
in @, as m — 0o, | -+ —o0 and thus for all n € N,

> MEndt = .

20



We also obtain, as in Theorem 3.7, that

v N "
k
() ]| = [,
keZ Bk llpa ® keZ P oo
n’ n’
< ClBsolly e

Conversely, assume that f € M has the decomposition (3.24). Define 5,, by

Bo =3 MellS(a*) ool iy

kEZ

Then (f,),> is a nondecreasing nonnegative adapted sequence also, for n > 0,

Sn(f) S ﬁn—l-

As [|1S(a*)]lee < 1115,

—1 .
»qo 1t follows that

3=

1Boollp,c0 <

Z_)‘k_lBuk
p

keZ H 1BVk HPJ]

b |
> i) s
kEZ H]'Bl,k: ”pvq

3

)

=

Then

3=

[ fll@pee < 1Bocllp.oc <

B (L
e T B
k)EZ H]'Bl,k P,q Vk

and the proof is complete. O

:i ]
8

3.9 Atomic Decomposition of P,

Finally we discuss the atomic decomposition of P, ,. The first atomic decomposition of
Ppq, as stated in the Theorem 3.10 below, is in relation to Definition 3.1. We recall
that P, ,(€2) is the space of all f € M such that |f,| < B,—1 and [|B]|z, @) < oo with

(quasi)-norm

117y 0@ = IE 1 Bocllzy 0

' be the space of all sequences = (5,),>0 of adapted (that is for all n € Z, 3, is

Fn-measurable), non-decreasing, non-negative functions and

b := lim f3,.
n—oo
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Theorem 3.10. Let 0 < p < oo and 0 < q¢ < oo. If the martingale f € M is in Py,
then there exists a sequence of triplets (A, a®, v*) € A(p, q,00)* such that for any n € N,

> MEndt = f, (3.30)

kEZ

and for any 0 <n <1,

Rk
2 (— ) 1o, <Clflp,, (3.31)
ez \P(Byx)? L
Moreover,
Z )\kak — f
k=l

in Ppq as m — 00, | — —oo0.

Conversely, if f € M has a decomposition as in (3.30), then for any 0 <n <1,

P SR
kezZ P(Buk)”

Proof. Let 0 < p < 00, 0 < ¢ < oo and let f € P,,. Then there exists an optimal,

3=

Ifll,, <C

3

D
n’

adapted non-decreasing, non-negative adapted sequence (f8,,)nen such that |f,| < Ba_1

and || fllp,., = e lng: We take

B T 3 & 3 (3.32)
to be a stopping times and define )\, = C2FP(v* +# oo)fl), and (n € N)

fl/k+1 _ fl/k:
ak % if Ay, # 0, and a® = 0 otherwise. (3.33)

k
Now on the set {n < v*} we see that

ak = frl:k#l = leL/k - fn = fn s

i Y Ak

by definition of stopped martingales and thus E,a* = 0 when v* > n. Hence a* satisfies
condition (al) in the definition of (p, 00)*-atom. Also, ak = 0 on {v* = oo} for all n > 0,
and the support of (a*)* is contained in B,» = {v # oo}. Recall that (a*)* = sup,,cy |a¥|.
Now from definition of stopping time, v¥ = n and also 28 < B,. Also |f.| = |fx] <
Bu1 = Byi_1 < B, and thus |f*"| < 2%, Therefore
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[ | e e c@y L
Ak - A TN T C2P(k £ co) ’
Thus (a*)* = sup,,ey |a¥| < }P’(B,,k)*%. This implies that
1(@*)* ]l < P(* # 00)™ 7 (3.34)

and in particular [|(a*)*||e < P(v* # 00) 7. Thus condition (a2) in the definition of an

(p, 00)*-atom also holds. Thus a* is (p, 00)*-atom.

Moreover,

YT =) = fa e

keZ

From (3.34), we have that [|a*||, < P(vF # oo)_%. Hence for a fixed k, a* = {a*},cn is

an Lo-bounded martingale. Consequently, the limit

lim a
n—oo

exists a.e. in L,. Hence there exists a* € L, such that E,a* is well defined and since a*
is a martingale, IE,,a® = a*. Now since \ya* = f;{kﬂ — 5k, we have that
k k+1 k
doal =D (T =) = fa ae
keZ kEZ

and thus (3.30) is satisfied.
We have from (3.33) that

I - fj i % 3 fj Aral

k=m+1 k=m+1

and since a* = 0 on the set {uk > n}, we can write af = 1{,,9L,1}ak and hence

o (e}
m—+1
o = £ D0 Al plall < 0> el <13 sup |af.
— s neN

Thus e8]
V'm+1 *
‘fn - fn ‘ < E )\kl{VkSn—l}H(ak) HOO

k=m+1

Let (-1 = Ziiml )\kl{ykgn,l}n(ak)*ﬂm. Then since [[(a¥)*|le < P(V* # o00)™» we

23



obtain
o) A o
k=m+1 P(Vk 7£ OO)P k=m+1

It follows that .
(F= ") < dm G< Y 02,

n—00
k=m+1

Hence .

m—+1

If =7

17,, < 1ollfy <

( i C2’“13Vk> 1o,

k=m+1

JEZ P

Proceeding as in the proof of Theorem 3.4, we obtain that

( > (Jzleuk> 1o, < Cflq,.
k=m+1
Hence as || 1q,||, < oo, it follows from the the Dominated Convergence Theorem that

()

k=m-+1

— 0 as m — 0.

p

p

( i Czleuk> 1g,

k=m-+1

and as

> | sata |2 = [ Basllgy, < oo,

jez

an application of the Dominated Convergence Theorem for sequence spaces leads to

> ( i OQ’“IBVk> 1o,

q
— 0 as m — oo.

p

Thus ||f — f*""*!|p,, — 0 as m — oo. Also since F7 < 2L it is true that
b
1 Wepe < 12'llp,, — 0 as =00

It then implies that

2
k=l

= o=

p.q

Pp.q
ym+1 L
< N =77l + 1 M2y
—0
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as m — oo and | — —oo. Hence

jgilkkak — f

k=l

in P,, as m — 0o, | = —oo and thus for all n € N,

n 1 1
)\k > n . n
> < | Sem
1 Lk vk
keZ (P(Bu’“)p 24 kez 24
S C ||/BOO||p,q
S CHfHPp,q

Conversely, let [ be represented as equation (3.30). Then it is true that

j{:,Akaﬁ

keZ

|fn’ =

. AP, ), iy Jax] <Y S All(@®) oo Lk oy

keZ keZ ne kEZ

Hence by choosing

Bam1 =Y Ml (@) llooLpuhen1y

keZ

N T
keZ P(Buk) o

follows established as in the proof of Theorem 3.7. Indeed since ||(a*)*||.. < P(v* # c0)™»

the inequality
1
n

W fll»,, <C

3

p
n’

we have that

_1 A
[%n S;jg:,AkP(Vki#iOO) I’IBVk :ZZE: i 1B

— 1,
keZ kezZ P(v* s 00)?

where B,x = {v* < 0o} = {v* # oo}. This implies that

n
j{: < Ak 1) lByk
keZ P(Buk)p

where the last inequality is as we did in the proof of Theorem 3.7. And thus we have

3=

<C

>, L;1Buk

1Bcollp.g <
keZ P(Buk)p

33
3

Y2
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that

3=

1Bocllpg < €

keZ

3
3

Hence

£z, <C

Do s,
keZ P(Bl/k) P

Let us now consider the case ¢ = co. Proceeding as in the proof of Theorem 3.4,

( i C2’leyk) 1q,

k=m+1

P
n’

3

m+1|

If = f"

|y < SUP
je

p

Proceeding as in the proof of Theorem 3.4, we obtain that

( Z Czleyk> 1o, < CBla,.

k=m-+1

Hence as ||81q, ||, < 00, it follows from the the Dominated Convergence Theorem that

k=m-+1

an application of the Dominated Convergence Theorem leads to

( i Oz’leyk> 1o,

— 0 as m — 0.

p

< OByl

p

< i CQ’“lBuk> 1o,

k=m+1

and as

Sug Hﬁoolﬂjnp = ||[))oo poo < O,

JE

— 0 as m — oo.

sup
= k=m+1 p
Thus || f — f*"" 1Py = 0 as m — 00. Similarly, we obtain that

1f =D Ma*llp,.. =0
k=l

as m — oo and [ — —oo. Hence

i )\kak — f
k=l
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in P, as m — 00, | — —oo and thus for all n € N,

> MEndt = f,.

keZ

We also obtain, as in Theorem 3.4, that

n 1 1
)\k ) n . n
S (2 ) ] < [,
1 vk vk
kez (P(Buk)p 2 oo kezZ 2 oo
< CllBsslly oo

Conversely, assume that f € M has the decomposition (3.30). Define 3, by

B = > ell(@*)* oo Lpprcny-

kEZ

Then (f,),> is a nondecreasing nonnegative adapted sequence also, for n > 0,

|fn| S Bn—l-

As [|(a")*]|o < P(v* # 00) 7, it follows that

SiLs

"
)\k >\k
bl ety I (2,

kez P(Byx )7 kez \P(Byx)” 2 oo

Then
P "
Hf”P o S Hﬁoonp,oo < Z <—kl> 1p,

: vz (\P(Bys ) ..

The proof is complete. O

Let us now discuss the second atomic decomposition of P, , based on Definition 3.2.

Theorem 3.11. Let 0 < p.< o0 and 0 < q¢ < co. If the martingale f € M is in P,,,
then there exists a sequence of triplets (N, a® v*) € B(p,q,00)* such that for anyn € N,

> MEndf = f, (3.35)

kEZ
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and for any 0 <n <1,

n 1
Ak K
Sl ) | <Clfl,. (3.36)
ke || Bl,ka,q »aq
n’n
Moreover,
> At — f
k=l

in Ppq as m — 0o, | — —o0.

Conversely, if f € M has a decomposition as in (3.35), then for any 0 <n <1,

Moo\
2\ e
ke7Z ||1B,/k ||P,q

Proof. Let 0 < p < 00, 0 < ¢ < oo and let f € P,,. Then there exists an optimal,

3=

1fll7,, <C

BE
n’

adapted non-decreasing, non-negative adapted sequence (f3,)nen such that |f,| < B,-1
and || fp,.. = ||Bsclpq- We take

Z'inf{nic N 48, > 25} (3.37)

to be a stopping times and define Ay = C2"||15 , [lpq, and (n € N)

fuk‘*‘l . fu
at = B if Ay # 0, and a" = 0 otherwise. (3.38)
k

Now on the set {n < v*} we see that

o i 17 r e
" Ak Ak

by definition of stopped martingales and thus E,a” = 0 when v¥ > n. Hence a* satisfies

condition (al). Also, a® = 0 on {¥* = oo} for all n > 0, and the support of (a*)* is

k — n and also

2% < Bo. Also | ful = |for] < Buct = Byiey < Bn and thus [f*°| < 2%, Therefore

contained in Bx = {v # oo}. Now from definition of stopping time, v

oMl 4 oF
Ak

C(2%)
CQkHl = H B kaq'
B kaq

S

(3.39)
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Thus (a*)* = sup,ey |ak| < |15, |,.4- This implies that

1@®)lloo < 1115, [l5g

Hence condition (a3) also holds and thus a” is (p, ¢, 00)*-atom. Moreover,

ST =1 = e

keZ

From (3.39), we have that ||(a*)||2 < ||1p ||, 4 Hence for a fixed k, a* = {a};},en is an

Lo-bounded martingale. Consequently, the hmlt

lim af
n—oo

exists a.e. in Lo. Hence there exists a* € Ly such that E,a”* is well defined and since a*
is a martingale, E,a* = a*. Now since \yaf = f;l’k+l — ,i: , we have that
k+1 k
S el =) (T =) =1 ae

keZ keZ
and thus (3.35) is satisfied.
We have from (3.38) that

— i Z ==Y N

k=m+1 k=m+1

and since a* = 0 on the set {l/k > n}, we can write N = 1{V§n_1}ak and hence

|f fynw+1| < Z )\kl{yk<n 1}|a’n| < Z )\k:]-{l/k<'n 1}bup|an|

k=m+1 k=m+1

Thus o0
pm 1 gk
‘fn = fn " | < g )\kl{ukﬁn—l}n(ak) HOO

k=m+1

Let Got = 5240 ALy cnny (@) loc. Then since [|(@)¥lfa < [[15,, [l;2 we obtain

Cn1 < Z A—l{yk<n 13 < Z CleBk

k=m+1 11 Bkaq k=m+1

It follows that .
U S eSS O,

k=m+1
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Hence .

m—+1

If—=r

17, < lllfg <

( i Czleuk> 1o,

k=m-+1

= »

Proceeding as in the proof of Theorem 3.4, we obtain that

( Z Cz’leuk> 1o, < CBla,.
k=m+1
Hence as ||81q, ||, < o0, it follows from the the Dominated Convergence Theorem that

()

k=m+1

— 0 as m — 0.

p

< Ol Boo ey [l

p

( i CQ’“lBUk> 1o,

k=m+1

and as

> 1Bl 2 = l1Bolldq < o0

JEZ

an application of the Dominated Convergence Theorem for sequence spaces leads to

JEZ k=m-+1

— 0 as m — 0.

q
p
Thus |[f - f”kaHPp,q — 0 as m — 0o. Also since f* < 2L it is true that
1
1 p,, <112ppe —0 as I — —oo0.

It then implies that

S
k=l

= |E—2m+ 4

,PIM q

Pp,q
m+1 l
< N =17 )paa 1 N,

— 0

as m — oo and | — —oo. Hence

i )\kak — f
k=l
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in P,, as m — 0o, | = —oo and thus for all n € N,

> MEndk = f,.

keZ

Now, as in Theorem 3.4, we obtain

) " " 5
z(—> | < |2,
keZ vk 11P,q B4 keZ g

n'n n'n
S C ||/800||p,q
S CH‘fHPp,q

Conversely, let f be represented as equation (3.35). Then it is true that

Z)\ka < Z)\k’an’ < Z)\k sup |an| < Z)\kH Hoo]-{uk<n 1}

keZ kEZ keZ kEZ

|fnl =

Hence by choosing

ﬁn I Z)\kH ||oo]-{1/k<n 1}

keZ

R
2\ ) LB
ke ||1Byk ||p7q

follows established as in the proof of Theorem 3.10. Indeed since ||(a”)* ||

the inequality

3=

[NA| PR,

P g
n’n

p,q’

we have that

P,q

where B,x = {v* < oo} = {vF # oo}. This implies that

>\’
2T ) e
kEZ ”1Buk Hp~q

where the last inequality is as we did in the proof of Theorem 3.10. And thus we obtain

that
Mo\
2] e
kEZ ||1Bl,k:Hp7q

D
n

1
n

<C

1Boollp.g <

DT

kEZ 5k ”pq

3

q
’n

1Poollpg < C

)

3
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Hence

3=

I fllp,, <C

2:(__2£__>n1%k

2\ s,

p g
n’n

Let us now consider the case ¢ = co. Proceeding as in the proof of Theorem 3.10,

( i CQ’flgyk) 1o,

k=m+1

+1
Lf =" NPy < sUD
JEZ

p

and

( > CQ’“lBuk> 1o, < CBxlo,.

k=m-+1

Hence as ||81q, ||, < o0, it follows from the the Dominated Convergence Theorem that

(50

k=m+1

an application of the Dominated Convergence Theorem leads to

( i 02’f1Byk) 1o,

k=m+1

— 0 as m — 0.

p

< C”ﬁoc]-QJ ||P

p

< i 02’“1Buk> 1o,

k=m+1

and as

sup [|fc10,lp = |Bllp00 < 00,
JEL

sup — 0 as m — oo.

JEZ.

p

Thus || f—f""|
as m — oo and | — —oo. Hence Y>7", Apa® — fin P, as m — oo, | — —oo and thus
for all n € N,

Ppoe — 0 as m — oo. Similarly, we obtain that || f—>",", Aa®|lp, .. — 0

B =i

We also obtain, as in Theorem 3.4, that

3=

n
Ak
() ]| = [,
kez Bk lipg P oo keZ P oo
n’ n’
< OBl
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Conversely, assume that f € M has the decomposition (3.35). Define 3,, by

= 3 Ml (@) oo iy

kEZ

Then (f,),> is a nondecreasing nonnegative adapted sequence also, for n > 0,

|fn| S 571—1'

As [[(a")*]lo < 115, II;4, it follows that

3=

1Boollp,c0 <

P r

vk
||pq

YRS
DA\ ) e

o)
Z 1 1Buk
keZ vk 1P

3

,O0

Then

3=

1F117y00 < NlBsollpoo <

38

,00

The proof is complete.

]

We conclude this chapter by noting that upon the imposition of the condition that the

stochastic basis is regular, then all the five martingale Hardy-amalgam spaces are equiv-

alent and hence they will all have the same atomic decomposition. This is the result

stated and proved in Theorem 4.17.
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Chapter 4

Martingale Inequalities and
Embeddings

Martingale inequalities are ubiquitous, and the famous Doob’s martingale inequality is
one of the many examples. In recent past times, there have been various studies about the
embeddings of classical martingale Hardy spaces. Some of these discussions were carried
out by various authors including Ferene, Garsia and Rulin [26, 48, 65]. Other important
inequalities involving martingales are also available in [6, 8, 35, 36, 41|. For instance
in Ferenc, [65], we can find the discussion on the Doob’s inequality, the convexity and
concavity inequalities for martingales in the classical martingale Hardy spaces. We can
also find the discussion of norm inequalities for operators of matrix type on martingales
and proof of Burkholder-Davis-Gundy inequality in [8, 65]. A discussion on the weighted
norm inequality similar to the Burkholder-Davis-Gundy inequality can also be found in
[35] and inequalities of operators of non-matrix type on martingales with a weighted
probability measure is available in [41]. Tt is also interesting to mention that an analogue
of weighted norm inequality for the Hardy maximal function result is also valid in the
settings of martingale theory [36]. Some of these classical results will be very useful in
this chapter and for consistency purposes, these classical results will be restated when
needed in the appropriate section below. In recent times, new martingale inequalities
have been obtained which has proven to be very useful in applications, for example in

Fourier analysis [69].

Martingale inequalities have proven to be very useful in various applications. For in-
stance, the justification of martingale convergence theorems both forward and backward
convergence have been established by application of these classical martingale inequalities
[33]. In Fourier analysis, we have the involvement of martingale inequalities in the estab-
lishment of the boundedness of the maximal Fejér operator [69]. Martingale inequalities

also play some important roles in the study of properties of Brownian motions [8].
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In this chapter, we are interested in studying the embeddings relations between the mar-
tingale Hardy-amalgam spaces, Hp o Hpp Hy oy Qpg and Py, introduced in Chapter 2.
That is, we extend the embeddings of the classical martingale Hardy spaces, [65, Theorem
2.11], to the martingale Hardy-amalgam spaces. We will also extend the Doob’s inequal-
ity, the convexity inequality, the concavity inequality and the Burkholder-Davis-Gundy
inequality of the classical martingale Hardy spaces to the martingale Hardy-amalgam
spaces. We will also discuss the Davis decompositions of martingales in the martingale
Hardy-amalgam spaces. As an application of the Davis decomposition, the dual space of

H; , is characterized in the next chapter.

In this chapter, all the martingales are defined with respect to the stochastic basis Ps :=
(R, F, {Fn}tnen, P) where {F,}nen is the dyadic filtration. We also recall from Chapter
2 that the dyadic intervals A; = [j,j + 1) are covered by J;,,; and that A; € F,, for all
n and for all j. We also recall from Chapter 2 that the stochastic basis is regular if there
exists R > 0 such that f, < Rf,_1. The following Lemma will be relevant in most parts

of the remaining work.

Lemma 4.1. Assume that A; € F, for all n = 1. Then of f € M, then flu, =
(fnla;)n>0 is also a martingale in M (f14, is'a sub-martingale if f is a sub-martingale).

Moreover, if T is any of the operators s, S and M (the mazimal operator), then

T(fL;) = T(f)1a;

Proof. Let (R, F,{F,}nen, P) be a stochastic basis with underlying dyadic filtration.
Then we know that the dyadic interval A; = [j, j + 1) is such that A; € F, for all n € N
and for all j. In other words, the characteristic function 14, is F,-measurable for all n.
Let f = {fu}nen be a martingale (or a sub-martingale). Then f is F,-measurable for
all n. Now since 14, is also F,-measurable for all n, the product f14, = {fn14, }nen
is also adapted. Also for m < n, we have, (replacing the last equality by > if f is
sub-martingale),
En(fla,) = 14,Enfn = 14, fm

since 14, is Fp,-measurable and f is a martingale. Thus f1la, = {fa14,}nen is also a

martingale. Now since the martingale difference operator is linear, we have that

dn(f]-AJ) = ]-Ajfn - ]-Ajfn—l = ]-Ajdnf-

Therefore

$(f1a) =D Bualdn(f1a)17 = Epoala|da(H)* =D 14, Enaldn(f)]

neN neN neN
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where in the last equality, we have used the fact that the characteristic function is F,,_1-

measurable. Thus

S(f14,) = La,(). (4.1)

Similarly we shall have that
S(fla;) =14;5(f) and M(f1a;) = 14,M(f) (4.2)
and the proof is complete. n

4.2 Martingale Inequalities

In this section, we aim to extend some of the important classical martingale inequalities;
Doob’s inequality, the convexity inequality, concavity inequalities and Burkholder-Davis-
Gundy inequality, in the classical case, to the martingale Hardy-amalgam space. The

following classical result, Doob’s inequality, can be found in [65, Proposition 2.6].

Proposition 4.3 ([65]). Let f = {fu}nen be a non-negative L,-bounded submartingale.
Then for p > 1, we have that

(x| () ]) =57t

The Burkholder-Davis-Gundy inequality is a well known inequality which describe the

equivalence of the the classical spaces H(R) and HJ (R). The discussion of the following

classical result can be found in [8, Theorem 5.1] or [65, Theorem 2.12].

Theorem 4.4 ([8, 65]). The spaces H3(R) and H;(R) are equivalent for 1 < p < co.

We also have the following classical convexity and concavity inequalities from [65, Theo-
rem 2.10].

Theorem 4.5 ([65]). Let (By, t € U) be a sequence of o-algebra (not necessarily mono-
tone) such that o(UicyBr) = By where U is a countable index set. Suppose that Yu €
L,, (p>1), the following inequality holds

(&] (sup =t} ]) 5 ety

where E; is the conditional operator relative to By. Let (hy)iey be sequence of non-negative
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measurable functions. Then for p € [1,00), we have

Z E,h, Z hy

tel tel

S

Ly Ly

and for p € (0,1], we have the reverse of the inequality

Z hy Z E,h,

tel teu

S

Ly Ly

The following Theorem is the extension of Proposition 4.3 from the classical martingale

Hardy space to the martingale Hardy-amalgam space.

Theorem 4.6. Let 0 < ¢ < oo and p > 1. For every non-negative L, ,-bounded sub-

martingale f = { fn}nen, we have that

sup fn
neN

P
< —— 5w | full., )
Lp.o(R) P neN

Proof. Let A; be defined as equation (2.1). Let g, = f.14,. Then by Lemma 4.1, g =

(gn)nen is a submartingale. We observe that
sup |lgnllp = sup | fl 4, flp < i‘égzj: 11 a,lfp =supfifalls, < oo

Hence g, is a non-negative L,-bounded submartingale. Therefore by Proposition 4.3 we
have that

<
Lp(R)

sup fn1a;
neN

sup || fnla, ||z, ®)-
neN

Therefore by definition of amalgam space,
” p
P q q
e — sup || fnla.
(21) X (oo )
PENS e\
= nl - P nl : d
1) Dbt = (75) 2oy
P q
= [ == a2
= up 2 Ifndal

q q

neN

sup fn

neN - Ly q(R)

VAN
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Thus
q q
q p g _ (_P_ 4
H i‘ég fn’anq(R) S <p . 1) igg; an]'AJ Hp _ <p _ 1) ilég HfHLp,q(R)

The proof is complete. O

The next Theorem is the extension of Burkholder-Davis-Gundy inequality from the clas-

sical martingale Hardy spaces to the the martingale Hardy-amalgam space.

Theorem 4.7. The spaces Hg,q(]R) and H}; (R) are equivalent for 1 < p,q < oo, namely,

cpll f s, @) < |11

@) < Collfllag, @ (1 <pg<o0)

and
ol fllas oy < Wl o) < Coll fllas .y (1< p < o0).

Proof. The proof follows from Theorem 4.4 and Lemma 4.1. Let [ = {f,}nen be a
martingale and define g = {f,,14, fnew Where A; be defined as equation (2.1). Then since
g is a martingale, we have by Lemma 4.1 that S(g) = S(f14,) = 14,5(f). We have from
Theorem 4.4 that ||S(@)ll, < l9"llp S [1S(9)]|,- Therefore

114, S(N)llp S 114, 7 llp S 1145 - (4.3)

To get the first equivalence, we take the ¢, norm on both sides of the equivalence (4.3).

That is
SO SAISS DL FE NS DL e, S

JEZ JEZ JEZ

Hence by definition of amalgam space ¢, | f|lzs @) < |flla;,@ < Coll [l us, @)

For the second equivalence, we replace the summation with the supremum. That is
sup [[14;5(f)l5 S sup [[1a; 715 S sup [[14;5(/) I3
JEL JEZ JET

and thus by definition of amalgam space, ¢, || f|#s @) <

R < Gl fllas - O
Let us now find an extension of Theorem 4.5.

Theorem 4.8. Let (B, t € U) be a sequence of o-algebra (not necessarily monotone)

such that o(UieyBr) = By where U is a countable index set. Suppose that Yu € L,, (p >
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1), the following Doob’s inequality holds

(=] (s |Eu|)]) < O, (E[Jul?])?

where E; is the conditional operator relative to By. Let (hy)iey be sequence of non-negative

measurable functions. Then for p € [1,00), we have

Z E,h, Z hy

teu teu

<o,
Lqu

LP«Q

and for p € (0,1], we have the reverse of the inequality;

Z hy Z E,h,

teu tel

<o,

Lp,q LP»‘I

where (p,p') are conjugate pairs and ©,,0, are positive constants.

Proof. Let A; be the usual interval and let g; = fila,. Then g; is also non-negative and

measurable. Hence the conclusion of Theorem 4.5 holds for g;. Hence

S ES| = DD Eifila,
t t

P J
DD fida,
t
201
t

q

q
p

IN

thlA,-
:

J

q q
:eg?Ej‘
p J p

= ¢

q
psq
The first inequality follows by raising to the power 1/q. The second inequality can be
proved similarly by invoking the second inequality of Theorem 4.5. That is

ZEtft = Z ZEtftlAj

q
Pg J

B

J

thlAj
Y ohi

V4

q
:@;z,q}j‘
P J

thlAj

q
p

— o

q
p.q

Raising to the power 1/¢ the second inequality is obtained. The proof is complete.  [J
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4.9 Davis Decompositions

In this section, we want to focus on the Davis decomposition of martingales in the mar-
tingale Hardy-amalgam spaces H and H . Let f = {f,}nen be a martingale. Then
Davis decomposition asserts that if f € H]fq (vesp. Hj ), then f = {f,}nen can be writ-
ten as the sum of two martingales f = {f, = h, + gn}neny Where h = {h,} ey € G,y
and ¢ = {gn}nen € Qpy (resp. g = {Gn}nen € Ppy). Let us start with the Davis

decompositions of the martingale Hardy-amalgam space Hg e

Davis Decomposition of Hzfq

Theorem 4.10. Let f = {f,}nen € Hiq (1 <p<oo, 1< q<o0). Then there exists

h = {hp}nen € Gpq and g = {Gn}nen € Qpq such that f = {f, = hy, + gnlnen for all
n €N and
1hllg,, < (2+20)[flas,

and
9llgpe < (7 + 20)|| fllzzs,

Proof. Let f ={[.}nen € Hlf .~ Suppose there exists an adapted increasing nonnegative
sequence 8 = {3, },en such that S,(f) < 5, and S € L, ,. Now since [ is an increasing
adapted sequence, there exists B, 1 such that 25, 1 < 8, or 5, < 23,_1. Thus we can

write the martingale difference d,, f as
dnf — dnf]‘{ﬁn>2,3n71} + dnfl{ﬁnﬁ2ﬂn—1}'
Also since f is a martingale, E;_,dy f = 0. Therefore

fo = D fo—fia =) dif
k=1 k=1

n

= > (deflpsas ) + deflig<op, ) — Bi1dif)

k=1

= > (deflp om0y e Lo oy — B i(di fligeson,y + deflis <28, 1))
k=1

= > (defLpop 0y — Baoi(difLigs0801)) + D (drfLig<28 1) — Bacidiflip,<2p,_3))
k=1 k=1

- hn + 9n
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where
n

ho =) (deflip>28, 1) — Bro1(dnflip508, 1))

T
I

and

3

gn = > (dflig<op 3 — Brordiflip,<28,_,})) -
k=1

Let us now show that h = {h,}nen € Gpq and g = {gn}nen € Qpy. Now S, (f) < Bn
implies from definition that > ;'_, |dif|* < 2. Therefore |d, f|> < 32 and hence |df| <
B for all k. Also, |dif|lig,>28, 13 < Brl{g>28 13 < B Now B, > 25,1 implies that
Br < 2(Br — Br—1) and therefore

|di f11g>28, 13 < Bk < 2(Brx — Br—1)-

We observe from h,, above that

n

hn = Z (dkf1{5k>2ﬁk71} — Ek‘_l(dkfl{ﬁk>2ﬁkfl}))

k=1
n—1
= dnf 1,525, 1) — En 1 (dnfLig26, 1)+ D (@ Lig28,) — Bro1(dif1i5,528,1)))
k=1

= dnfl{ﬁn>26n-l} s En_1<dnf1{ﬁn>2ﬁn71}) + hn_l

We then have that h,, —h,—1 =d, flg,~25, ;3 — En_1(d, f1gs,~25, ,1) and thus

|dubl = |dnf1ig:526, 1} = En=i(dn 16,526, 1})]
< |dnfLs,>28, 1) T Enci(ldnf|1is,526,-1})
S 2(ﬂn S ﬁn—l) yi QEn—l(ﬁn = Bn—l)
and then
> ldkhl £ 2 (Be = Be-1) + 2 > Broa(Br — Bi) (4.4)
=1 =1 k=1
= 280 +2Y Bi1(Bi — Bror):
Ty
Therefore
Z |dihl < 2B+ ZEkA(ﬁk — Br-1)
k=1 P k=1 P

< 2||BOOHp,q+2

> B (B — Bi)
k=1

p.q
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and by Theorem 4.8 we have

> ldihl
k=1

< 2[Boollyq +2C

p.q

> (Br — Bir)

p.q

Hence

S 2 HBOOHp,q + 2C HBOOHpg = (2 + 20) HBOOHp,q :

> ldihl
k=1

Now (3 = {f,}nen is arbitrary and since S, (f) is increasing, nonnegative and measurable
for all n, we can set fiy = Su(f) and thus [Bucllpg = IS(Hllpg = £, Hence by

definition

p.q

llg, . < 2+ 20)[fllug, < oo

since f = {fu}nen € Hy . Thus h = {h, }nen € Gpg.

Now |dy f| < i for all k also implies that |dj f|1(s,<28, 1} < Brlg,<28, .} < Br and since
Br < 2Bk—1, we have |di f|1g, <28, 13 < 285—1. We also have that

9n = Gna1 + dn flig<op,.” ) — Easa(|dn f118,<28, 1})

and thus
dng =90 — 9n-1 = dnf]-{ﬁHSQBn_l} - En—l(dnf1{5n§2ﬁ",1})-

Hence since By_1 is Fi_1-measurable

dngl = |dnfLlig.<28, 1} — En1(dnflig,<28,1})|
|dnf 18, <28, 1y + Ena(ldnf|1is,<25, 1})
2o, A

=020, -1+ 26, 1= 46n"1-

IA

IA

Therefore |dg| < 45— for all k. We have, by definition, that

=

Salg). = (Z\MP) =<i\dkgl2+ldng|2>

2

n—1
S (Z |dk;9|2> == |d'ng| S STL—I(g) + 46n—1'
k=1

Now f = h + g implies that ¢ = f — h and by identity (2.9), we have S, _1(f — h) <
Sn—1(f) + Sn-1(h). Hence

Sn(g) 5 Sn—l(f) + Sn—l(h) + 4671—1-
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By (4.4), we also get that

n—1 % n—1
Sp1(h) = (ZydkhE) <> |dyh|
k=1

k=1

n—1
< 28,1 +2 Z Er—1(Bx — Br—1)-

k=1

Thus since S,,_1(f) < Bu_1,

n—1
Sn(Q) S Bn—l + 26n—1 + 2 ZEk—l(ﬁk - ﬁk—l) + 4ﬁn—l
k=1

n—1
= TB1+2 ZEkfl(ﬁk — Br-1)-
k=1
Define v = {7, }nen as the sequence given by

Yo =TBn+2) Ep1(Br — Br—1)-
k=1

Then as 8 = {3, }.en 18 an increasing, nonnegative adapted sequence, so is v = {V, }nen-
Therefore S,,(g) < 7—1. Hence

TBoo +2>  Ex1(B — Br1)

k=1

H’YOOHp,q =

p,q

< | 7Beol g+ 2 |[ D 1 (B — Bi1)
k=1

pq

and by Theorem 4.8 we have

eollpg < 17511, 4 +2C

Zﬁk—/ﬂkl
b=

p.q

Hence

“’YOOHp,q S 7 ”/600”17,(1 _+_ 20 ||/600||p’q = (7 + 20) ||ﬂOOHp,q

Now 8 = {f, }nen is arbitrary and since S, (f) is increasing, nonnegative and measurable
for all n, we can set B, = Su(f) and thus |Bullpg = 1S(F)lpg = |fllss, - Hence by
definition

19lgy., < (7T+2C)[| fllag, < oo

since f = {fn}nen € HS - Thus g = {gn}nen € Qpq- The proof is complete. O
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Davis Decomposition of H}

Theorem 4.11. Let f = {fu}tnen € Hy, (1 <p <00, 1 < q < o0). Then there exists
h = {hp}nen € Gpg and g = {gn}nen € Ppy such that f = {fn = hy + Gn}nen for all
n €N and

12llg, , < (44 4C) || f]|a;,

and
lgllp,, < (1344C)]f]

* .
HPaq

Proof. Let f = {fu}nen € H,,. Suppose there exists an adapted non-decreasing non-
negative sequence = {f, }nen such that |f,| < 8, and S5 € L,,. We choose h and ¢
as we did in the proof of Theorem 4.10. Let us now show that h = {h, }nen € G, 4 and

9 = {gn}nen € Ppg Now [dpf| = [fr — feo1l < |fel + [fr1l < Bk + Bro1 < B + B < 26k
and since B < 2(Br — Br—1) we have that |di f|1{s,>28, 1} < 26k < 4(Br — Br—1). Then
as in the proof of Theorem 4.10, we get that

Idnh| S 4(Bn — Bn—l) iF 4En—1(5n S ﬁn—l)

and therefore

>l f| £ 4B+ 4> Bna(Br — Bitr)-
k=1 k=l

Hence

< (4+40)|Poollp.g-

p,q

> ldef]
(5=l

uy, < ooand 8= {8}y is arbitrary, we can set 3, = sup,, | f,| and thus

Now since || f|
1Pocllpg = I 1lpq := Il fllr;,, - Hence by definition

[llg, s < (4+ 4C)|| /]

.

since f = {fu}nen € Hy .. Thus h = {hyfnen € Gpq-

Now |dif| < 20 for all k also implies that |dgf|1s, <25, .3 < 2Bklg<25, 3 < 26k and
since B < 2B;-1, we have |di f|1(3,<25,_,3 < 4Br—1. We also have that

Jn = Gn-1 + dnfl{ﬂnSQBn,ﬂ — Enfl(’dn,f’]-{ﬂn,SQ/in,l})

and thus
dng = gn — Gn-1 = dn flig, <08, 1} — En1(dnflis, <28, 1})-
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Hence since (;_1 is Fi_i-measurable

| dn f1g,<28,_1} — En-1(dnf1{s, <28, .})]
dn fl1i8,<28,_1} + En-1(|dnfl1{s,<28, 1))
S 4ﬁn—1 + 4En—1ﬁn—1 - 4671—1 + 4ﬁn—1 - 8ﬁn—1-

9]

IN

Therefore |dg| < 88— for all k. Now
gn] = |gn-1 + g0 — Gn—1] < |gn-1] + |dngl < |gn-1| + 8Bn-1.
Since g = f — h, we have
|9n-1] = |fa1 = haa| < | foa] + [hn-al-

Now

i
L

oy < (|dkf|1{5k>2gk,1} i Ek—l(ldkf|1{5k>2ﬁk—1}))

g

IN

and since |dyf|1is,>28, 13 < 4(Bk — Pr—1) and the right side of the above inequality is

positive, we have

1

n

|| < (4(Bx — Br-1) + 4Ex—1 (Bk — Br—1))
k=1
n—1
= 46, 4+ 4ZEk—1(5k — Br—1)-
-

Therefore since |f,_1]| < Bn_1, we have

‘qn’ S |gn—1| i 86n~1 S |fn—1' =F VLTL—1| + Sﬂn—l
n—1
S Bn—l ot 4[7)71,—1 =+ 4 Z Ek—l(ﬁk I Bk—l) = 8[))7171
k=1
n—1
= 138,1+4 Y Bea(Br — Bir).
k=1
Define v = {7, }nen as the sequence given by

Yo = 1353, +4 ZEkfl(ﬁk — Br—1).
k=1

Then as 8 = {3, }nen is an increasing, nonnegative adapted sequence, so is v = {7, }nen-
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Therefore |g,| < 7,_1. Hence

<138, +4

p.q

H700||p,q =

1385 +4 Z Er—1(Bk — Br-1)
k=1

> Bt (Be — Bioa)
k=1

p,q

and by Theorem 4.8 we have

Zﬁk—ﬁk 1
k=

p.q

Hence
Vool g < 13 1Bscll, g +4C | Bll,, = (13 +4C) || Bl

ow since || f|lmx, < oo and 8 = {B,}nen is arbitrary, we can set 3, = sup,, |f,| and thus

1B llpg = 1/ *llp.g == | fll1zz,,- Hence by definition
I9llp,, < (13 +4C)[flm;, < oo
since f = {fn}nen € Hy,. Thus g = {gnfnen € Ppgq. The proof is complete. O

4.12 Martingale Embeddings

In this section we will discuss the various inclusions of the martingale Hardy-amalgam
spaces HY (R), H: (R), Hy (R), Q,q(R) and P,4(R). We recall here that the disjoint
cover (A;j) ez is such that A; € 7, for all j € Z and all n > 1.

The following classical result whose proof can be found in [65, Theorem 2.11] will become

indispensable in the sequel.

Proposition 4.13 ([65]). For any f € M, the following hold.

® < Collf @y Ifllas@ < Gllfllmm — (0<p<2)

5(R)) RS Gl fllusw (2<p<e0)
® <G Hf||7>p I s ) < Coll fllop®) . 4 (B.<P < 00)
:® < Gllfle,®, flas@ < Collfllp,®  (0<p<oo)

) SGollfllpwy,  Ifllagm < Collfllo,m (0 <p < o0).
Moreover, for a regular stochastic basis, the five spaces are equivalent.

Let us now state and prove the theorem that extends the above embeddings to the

martingale Hardy-amalgam space. We recall that all the martingales in this section are
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defined with respect to an underlying dyadic filtration.

Theorem 4.14 (Martingale Embeddings). Let 0 < ¢ < oo. Then

(1) | flle ) < Clf g )5 I f11ms my,®  (0<p<2),
(i) | f1l e, < Cllf g, @), HfHqu(R Clfllas, @  (2<p<oo)
(i) |fllmy, @) < Cllfllp,@s N fllas,@ < Cllfllo,,®  (0<p<oo),
() ([ fllmz,® < Clflle,.®:  fllas,® < Clflp,@  (0<p<o0),

( )

(v) |If]

ms,® < Clfllr, @, fllus,® < Clfllo, ®

Proof. We shall make use of Proposition 4.13. Let A; be defined as equation (2.1).

(i) By definition,

1
q
[ fllezz, = (1 pg = (Z Hf"huHZ)
J

We have seen that g = f1,; is a martingale. Also g* = f*1,4,. By Proposition 4.13,
llg*|l, < Clls(g)ll, for 0 < p < 2. Hence using equation (4.1),

/]

1
q
Ty = (Z ||f*1Aj||§>
J
1

1 (Zj: ||g*||§> <C (ZH ||q>q = (2]: HS(f)lAjHZ>q

But by definition

-

(Z Is( f>1Ajng> = 115( o = I Fll 3,

The first inequality is proved. To prove the second inequality, we let g = f14,.
Then by Proposition 4.13, we have that ||S(g)|l, < C||s(g)||, for 0 < p < 2. Hence
using equations (4.1) and (4.2),

B

P

1 fllms, = (ZHS(f)ung) —<Zy|5(f1Aj)\|g)
(Z ||s(f1A]-)I|Z>p = (Z ||s<f>1Aj||g>p = /]

The second inequality is proved.

s .
Hpaq
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(ii) Considering the martingale g = f1,,, we have by Proposition 4.13 that |[s(f14,)|, <
| f*1y4,| for 2 < p < oco. Hence

/]

*
HP,Q

Hyy = (ZIIS(flAj)HZ> §<Z\|f*1Aj||Z> = 1/ lp.a = 111

To prove the second inequality, we let g = f14,. Then by Proposition 4.13, we have
that [[s(g)|l, < C||S(g)|l, for 2 < p < co. Hence using equations (4.1) and (4.2),

I, = (Zusumug)p:(Zusquj)ug)p

P

< (ZHS(flAj)ng)P:(Znsumjng) = IS()lla

The second is proved.

Let T be any of the operators s, S and M, and H, (R), H, ,(R) the corresponding mar-
tingale spaces, then since A; € F, for all j € Z and all n > 1 and by Lemma 4.1, we
have that for any martingale f € M and any j € Z,

[y = [0 =1l
R

and consequently,

ST Ll iy = Dlhd Ll (4.5)
J J

To obtain the other assertions, we first prove the following

Z i, 18, 2, & IS (4.6)

and

Pp,q(R)*

> 1L < O

We start with the proof of (4.6) as (4.7) follows similarly.

Let (0n)n>0 be an arbitrary nonnegative nondecreasing adapted sequence such that

Sn(f) S On—1, and ||QOO||Lp,q(R) < 0.

We have that the sequence (77)n>0 = (0n14,)n>0 is also nonnegative nondecreasing and
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adapted, and
Sn(flAJ) = Sn<f>1A] S Qn—llAj = 77%—1

and

V2l ) = losoda, l|,@) < N0, @) < o

It follows that
SIS L 0 < Il = Bl = lel o
J

As the sequence (o,)n>0 Was chosen arbitrarily, we conclude that
S U7 < ol = W1 e

Also let (0n)n>0 be an arbitrary nonnegative nondecreasing adapted sequence such that

|fn| S On—1, and ||Qoo||Lp,q(R) e

We have that the sequence (77),>0 = (@n14,)n>0 is also nonnegative nondecreasing and

adapted, and
|fn|1Aj < Qn—llAj — '731*1

and

V2l @) = ll0coda; l|L,@) < oz, @) < o

It follows that

DLy < D Ml = > llosla, Il
j j j

Ly(R ||QOOHLM

As the sequence (o, )n>0 Was chosen arbitrarily, we conclude that

Z 1/ L4, ||7Dp(R = 1nf ”QOOHLM = ”f”ppq

(iii) Now from Proposition 4.13, we have that | f||m®) < Gyl fllp,®), [Ifllzs® <
Coll fllo,m) (0<p < 'o0). Following (4.5) and (4.7), we have

/]

= SIS S I, S 115,

JEZ JEZ
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Also from (4.5) and (4.6), we have

1Al = SISl < S 141, S 115,

JEZ JEZ

(iv) Also, from Proposition 4.13, we have that ||f|[m:®) < Collfllo,®): [Ifllas@ <
Coll fllp,®) (0 < p < o0). Following (4.5) and (4.7), we have

/]

i, = 2 MLl S D11 1allg, S 171G,

JEZ JEZ

Also from (4.5) and (4.6), we have

1Al = SISl < N7 15, S 1%,

JEL JEL.

(v) Finally, from Proposition 4.13, we have that ||f|lzs®) < Gyl fllp,m®), [ fllas@) <
Coll fllo,m) (0 < p < 00). Following (4.5) and (4.7), we have
WA = SN, 128 ST L, I S N1,
JEZ jEz
Also from (4.5) and (4.6), we have
1A% = S Is(hLa iz S SSIFLA IS, S 115,
jEZ jEZ
The proof is complete. ]

As an application of Davis decomposition, we can improve upon Theorem 4.14 (ii). This

is stated as the corollary below.

Corollary 4.15. Let f = { fn}nen € W where W € {Hx HS } (1 <p <00, 0<q<00).
Then there exists g € H> —and h € Gy, 4 such that f, = h, + g, for alln € N and

p.q

gz, SN fllw

Proof. Let W = Hj . Then by Theorem 4.11, f,, = hy, + g, where h, € G, , and g, € Py,

and also
HgHPp,q < (13 + 4C)Hf”H;,q

Now by (v) of Theorem 4.14

Hs < Hngp,q'

P "

9]
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Thus

S l9lim,. S 117

Let ¥ = Hf’q. Then by Theorem 4.10, f, = h,, + g, where h, € G,, and g, € Q,, and

also

gl s, Hy -

l9ll,., < (7+2C) [ fllng,-

Now by (v) of Theorem 4.14

Hs < ||g||Qp,q

P N

9]
Thus

9llz, S Nglleye < 1SN,

[]

Let us now look at Theorem 4.17 that establishes the equivalence of the five martingale
Hardy-amalgam spaces. Lemma 4.16 below is essentially [65, Lemma 2.20]. It is restated

for completeness sake since it will be essential in the proof of Theorem 4.17 that follows.

Lemma 4.16 ([65]). Let 0 < p < 0o. Then for an arbitrary martingale f = {fu}nen,

< 2[|f*II7,
Ly

supEp_1 | fn|?
neN

and

sup B, 153 (f)

neN

< 2SI, -

Ly

Theorem 4.17. For 0 < p < oo and 0 < q < oo, if the stochastic basis is regqular, then

S s * :
the spaces H, ., H, . Hy . Q,, and P, 4 are equivalent.

Proof. Suppose that the stochastic basis be regular and let that f € M where f is defined
with respect to a dyadic filtration. Then by Remark 2.10, f is previsible. Hence we have
that for some R > 0, |d,f|P < RE,—1|d,f[P. Consequently, since f, < f,_1 + |d,, f|, we
have that for 0 < p < oo, |fu|? < C(| fu=1lP + |d.f|P) and thus by regularity,

‘fn}p S O(‘fnflyp = REn71|dnf‘p) S C (f;:;lil +En71‘fn]p) .

Let 87, = [P+ Ep1|fulP. Then B2, < f*P + sup,,ey En—1|fn|P. Multiplying through by

n

14,, we obtian B2 14, S f*P14, +sup,ey En_1]fnla,[P. Hence

E(/Bgo]‘Aj) S E(f*plAj) +E (Sup En—ﬂfnlAj |p> .

neN
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Therefore by Lemma 4.16, we obtain
E(#14,) S E(f"1a,) + 2B(f714)) = 3CE(f7Ls).
In other words ||Boc14, |5 < 3C|f*14,[/5 and thus
1B, [12 < (BC)P || F*La, I2.

Therefore ) )
q l . q
(leﬁoolAjIIZ> < 50y} (znf 1,4].”;) |
jez jez
Hence

1Bocllpg < BC)7 (1" [lp.g-

Since |f,| < B,-1, we have by definition that

1£llp,., < (3C)7|f]

s (4.8)

Now by definition, Sp(f) —S,—1(f) = |d.f|* < RE,_1|d,,f|* Thus
Su(f) < Snzalf) + REq21ldnf? = Su21(f) + RE,—1[Sa(f) — Su-1(f)].
Hence we obtain that
Su(f)F < C(Sp-1(f)" + En1Su(f)7)-

Let B2_1 = Sp1(f)? + Epe1Sn(f)P. Then g2 < SP(f) + sup,ey Ey—1.52(f). Multiplying
through by 1,4, we obtian 55 14, S S?(f)1a; + supyeny En—1[Sn(f)14,[7. Hence

E(#%1a) S E(SP()ia) 4 B (sup En_l|sn<f>1Aj|P) |

neN

Therefore by Lemma 4.16, we obtain
E(2,14,) S E(SP()1a;) + 2E(SP(f) L) = ICE(S™()14,).
In other words ||foc14,|[h < 3C|S(f)14,[5 and thus

1B, ]2 < (3C)#[IS(f)La, 12
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Therefore

(Z IIBMIAjII§> < (3C)» (Z IIS(f)lAjIIZ) B

jez JET
Hence

1Bl < BC) 7 1S(F) lp-

Since S, (f) < Bn_1, we have by definition that
1flle,. < B fllm;, (4.9)
Also, by Remark 2.10,

S(f) < Ras(f) = IS(N)lly < Clis(N)lly = I1S(Hllpa < Clls(Hllpa

Thus, by definition,

(4.10)

Combining inequalit rem 4.14, we obtain

the following

[Nz, <C 11 Eg,, (4.11)

O
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Chapter 5
Dual Space Characterizations

Let X be an arbitrary Banach space. Then we say that the dual of X is the space
of all linear functionals on X. In this chapter, we will characterize the dual spaces of
the martingale Hardy-amalgams spaces H; and G,,. The Garsia-type space, G, 4, is
a component of the Davis decomposition of martingales and a justification of this was
provided in the previous chapter. We shall, however, show in this chapter that the dual
of the Garsia-type space G, , is the jump bounded space BD,, 4. As an application of the

Garsia-type space in conjunction with the Davis decomposition of H; , the dual space of

7(17
H; , is characterized as well in this chapter. The atomic decomposition of H; , discussed
in the previous chapter will play a crucial role in characterizing the dual space of H,,
(0 <p < q< 1) Before we start characterzing the dual space of [ , there is one more
important space, the Campanato space, that we have to recall [56]. This space happens

to be the dual space of H; , when 0 < p < ¢ <1.

The Campanato Space

Let (2, F,P) be a probability space. Denote by L3 the set of all f € L, such that Eyf = 0.
For f € LY, put f, = E,f. We recall that (f,)ss0 is in M and L,-bounded. Moreover,
(fn)n>0 converges to f in Ly as pointed out in [54]. Define the function ¢ : F — (0, 00)
by

H) = s

for all A e F, P(A) # 0.

The Campanato space, L1 4, is then defined to be the set

1 1 o\ 2
Loy = {f € 18+ 1flles. = sup 5o (g [ 17— FPap) < oo} .
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5.1 Dual Space Characterization of H,

We recall that H; (€2) is the space of all f € M such that s(f) € L, ,(€2) with (quasi)-

norm

1f]

In this section, the dual space characterization of H,, , is discussed. The method employed

13, = 15(F) .00

does not permit the establishment of the dual space of martingale Hardy-amalgam space
H; , on the whole range 0 < p,q < oo. Instead, the range 0 < p,q < oo is divided into
subintervals and the dual spaces are obtained for each subinterval. We first characterize
the dual for the interval 0 < p < ¢ < 1 in Section 5.1.1. In Section 5.3.1, we will
characterize the dual space of Hy for 1 < ¢ <p <2or2<p <q < oo (see Theorem
5.6). It is emphasized here that martingales defined in Section 5.3.1 are with respect to
an underlying dyadic filtration.

5.1.1 Duality of H; for 0 <p<g<1

We recall from the atomic decomposition of H  that, for a (p,r)*-atom a = {a*}iez,
we have that s(a*) < P(By) » and supp(s(a*)) € By for some stopping time v* where
By = {v* # oo}. Hence s(a*) = s(a*)1p , and thus s(a*) =s(a*)15 , < ]P’(B,,k)_%lgyk.

Therefore
T

P

‘!M—‘

5(a")llx < [B(Bye)# 15, |l = P(Bye) ™

for r > max(p, 1). We will show that the dual of /5 (0 < p < ¢ < 1), is the Cam-
panato space, L, ,. We start by introducing the following result which is essentially [24,

Proposition 2.1]. We provide a proof for the sake of completeness.

Proposition 5.2 ([24]). Let 0 < p <1 and 0 < q¢ < 1. For all finite sequence {f,}"

of elements in L, ,(<2), we have

Z 1]

n=-—m

n=—m

Z |fn

n=—m

P,q =

Proof. Let 0 < p< 1,0 < g < 1 and let {f,} be a finite sequence of elements of
L,,(). For ¢ = 1, using the reverse Minkowski’s inequality in L, ([27, p. 11-12]), we

Do allpa =" Z Ifnlszl Z Ifn

n=-—m JEZ |In=—m n=—m

obtain
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Now assume that 0 < ¢ < 1 and set

Ty 1= {anlﬂjnp}jez Vn=—m,...,m.

Applying the reverse Minkowski’s inequality in ¢? and L,, we obtain

S ale = 37 ol < {z nfnlgjnp}
JEZ|| pa

n=—m n=-—m n=-—m

m

> 1l

P ) jezll g n=-m P,q

IA

Z fn]-QJ =

n=—m

The characterization of the dual space of H; , for 0 <p < ¢ <1 is as follows.

Theorem 5.3. Let 0 < p < g < 1. For x € (H, )", the dual space of H,
g € Ly 4 such that

o there exists

k(f)=Elfgl forall feH,,
and

9llz,., < ell=]l-

Conversely, let g € Lo4. Then the mapping

%) = Elfal = [ fadb, vf € La(@)

can be extended to a continuously linear functional on Hj = such that

&< cllglle. 4

Proof. Let us start by defining some spaces. For v a stopping time, we define
L5(§) :={f € Lo(2) = En(f) =0, for v > n, neN}

and
Ly(B,) = {f € L§(€) rsupp(f) € B, }.

We endow L%(B,) with

Jun

I fllzys,) == (/ |f|2dIF>>2 < 0.
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We will first prove that any continuous linear functional on H; (€2) is also continuous on

L5 (By).

Let f € L¥(B,) \ {0} and consider

a(w) = flw), we
1/ llz58.)
%_l
Then a is zero outside of B, and s(a) = %3(]‘). Hence
2 v
1_1
CP(B,)2 »
Is(@)llz = 7———lls(N)ll2-
1/ 1|25 8.)
Then for an appropriate choice of the constant, we can choose C' < %, we obtain

|s(a)]l2 < IP’(BI,)%_%. Thus a is an (p, 2)%-atom associated to v € T. Since a is (p, 2)*-atom,
1

we observe from Theorem 3.4 that s(a) < IP’(BV)_% and thus ||s(a)llp, < 118, |lpP(By) ?.
Hence by definition,

. 1
Hs () S HlBu“p,qP(Bu) 2

lal

and recalling from the hypothesis that p < g, we obtain

N|=

11

[

_ 1
CTU Ny 5)P(B)7 2 ||al
I/ llzg B, P(B)

Il 2z, P(B.)

H; () H; ()

1 5
118, llpoP(By)

[l= W=

N

S
S

It follows that for any continuous linear functional & on Hy (€2) with operator norm |||,

& < el f g @ S TEIIBB)P 2] fllzgs,)-

Hence « is continuous on L%(B,) with operator norm

g
&l sy = sup  [[&(f)| SP(B,)> 2 ||xl|.
fEL5(By)
Hf”L‘Q’(Bl,)Sl

As L¥(B,) is a subspace of Ly(B,) = Ls(B,,dP), it follows from the above observation
and the Hahn-Banach Theorem that any continuous linear functional x on Hy (£2) can
be extended to a continuous linear functional k, on Ls(B,). As Ly(B,) is auto-dual, it
follows that there exists g € Lo(B,) such that

’%V(f) = fg dIP)? vf € LQ(BV)

By
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Consequently,
K =P = [ fodp, Vi€ LB,

Next, as Ly(2) is a dense in Hj () (this follows from the fact that p < ¢ < 2 and
Theorem 3.4), we have that any element # of the dual space of H (£2) can be represented
by

f(7) = [ fodb. i € L), (5.1)

We are going to prove that the function ¢ in (5.1) is in £y 4(€2).

Let v € T and let f € L5(B,) with || f||z5s,) < 1. Define

(f — fy)lBy(w)
I(f = )1, o)

w e .

1
I3

NI

pw) = CP(B,)

(=1, lILo )
s((F=1 1B )Ly’
is (p, 2)-atom associated to the stopping time v and p € Ly(Q2). Hence

%(p)z/ﬂpgdﬁ":/ pg dP.

Then for an appropriate choice of the constant, we can choose C' < 0

Thus
/p(g-g“)dﬂ”} - /pgdP‘
= |x(p)|
< |l&lllelle; @
1
S, IslIYB, |[pP(By) 2.
Hence
f(g—g”)dP‘ - ]/ (f =)o —g")dP
B, B,
_ ” 11 1
< CHUIF — 1B, |lLa@B(By)? 2| 5 |15, |lp. P(B) "7
g
S P(B,) 2|1, llpgll<ll-
Thus
%
( \9—9”12611?’) = sup f(g—g”)dIP"
B, feLy(B,) |JB,
”fHLg(BV)Sl
1
S P(B) 2||1Bu||p7q||’{||‘
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This gives us

1
1 1 ) 2
—g'FdP | < v _
¢(By) (IP’(BU) 5, l9 = 9" ) Slel, YweT
Hence g € £4,(2), and the proof of the first part of the theorem is complete.

Conversely, let g € £54(2). Let f € H; (€2). We know that for the stopping times

VW i=inf{n € N:s,,.1(f) > 2"}, k€ Z,

< Clfllus, (5.2)

o) L
Z I 1BVk
kez P(Buk) P

and moreover,
m
2 : k
Apa” — f
k=l

in Hy  asm — oo, | = —o0, where (A, a®, v;.) € A(p,q,2)*. Also since a” is Ly-bounded,

for f € H} (),
ro(f) =E[fg] = > E[\a’g]

k>0

is well defined and linear. Using this, Schwartz’s inequality, and the fact that ||s(a¥)|, <

]P)(Byk)%ii, we obtain
ra(F)] < ZAk/ T } > Aallatlly (/ |99”k|2dﬂ”>

kEZ keZ
1
2
Vk
< 32 Melis(a)ia ( /B l9—9 |2dP>
kEZ vk
115, | 1
:Zk kpq¢( ( /lggZdP>
vez P(Buk B.x)

Hence using Proposition 5.2, inequalities (3.16) and (5.2), we deduce that

)\k )\k
kgl S Ngllay ARQCENANE S s,

vez || P(Bur)? P.q wez P(Byr)? P

v o\
< lgll2 Z( : 1) g, |l < fllag, llgll2e-
k>0 P(Buk)p P g ‘
n’'n
Thus k4(f) = E[fg] extends continuously on H; (€2) and the proof is complete. ]
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5.3.1 Duality of H, for 1 <p,q < o0

With the help of martingale transform, we are able to characterize the dual space of H ,
where 1 < p < ¢ < oo. In this part of the study, all the martingales are defined relatively
to the stochastic basis Ps := (R, F, {F, }nen, P) where F,, is the o-algebra generated by
the dyadic intervals D,, as defined in Chapter 2. We also recall from Chapter 2 that the
dyadic intervals A; = [j,7 + 1) is covered by J, ; and therefore A; € F, for all n and
for all j.

The following lemma and its corollary shows that the martingale Hardy-amalgam space
H, , is uniformly convex and reflexive. These properties will be employed to characterize

the dual space of H; when 1 < p,q < co.
Lemma 5.4. Let 2 < p < q < oo. Then the space Hy (R) is uniformly convex.

Proof. We recall that a Banach space H is uniformly convex if for any ¢ > 0, there
exists 0 > 0 such that if @,y € H with ||o|lx < 1, |lyllx < 1 and ||z — y|lx > €, then
Iz + yllz < 2(1 = 9).

We recall that for 1 < r < oo and for a,b > 0,
(a+b)"<2"7%a"+b) and a"+b" <(a+b).

Let € > 0, and assume that f, g € Hy  with || f| s > €

We start by observing that

g, < 1 gl

el

e <land | f—g|n

p,a —

sS(f+9) +5°(f — 9) =2(%(f) + 5°(9))-

We then obtain

[N]S]
NS}

((F+9)2 + (S(F = 9)2 < ((F + 9) +82(f — 9))% < 2L ["(f) + 5°(9)].

Hence for any j € Z,

Is(f + @)1, I} + sCf + 9)1a, 11} < 27 (Is(HL N + lls(9)14,117) -

Raising both members of the last inequality to the power % > 1, we obtain

Is(F + ) Lallg+ s(f + 9t lls < (Is(F +@)Lalls+lIs(F + )14, )7
< 280 (Is(F)La, 1+ lls(o) L, 12)
< 280D (ls(F)1a, 12 + 1s(9)La, )
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Hence taking the sum over j € Z, we obtain

Is(f + 954 + 1s(f = 9l < 277" (Is(AIF 4 + Is(9)]l74)

and so

Is(f + 95, < 27" (Is(H54 + (@7 ,) — Is(f = 9)llf,, < 27— €.

Thus
Is(f + 9)llpg < 2(1 =)
where )
el\«
o1 (1 - _)
2a
and the proof is complete. O]

From the above Lemma and Milman’s Theorem (see [71]), we deduce the following.

Corollary 5.5. Let 2 < p < g < oo. Then the space H;ﬁq(]R) is reflezive.

The following Theorem characterizes the dual of Hj , when 1. <p < ¢ < co.

Theorem 5.6. If either 1 < ¢ <p <2 or2 <p<q < oo, then the dual space of H; (R)
identifies with I, . (R) where % + 1% = % - i = 1.

Proof. 1t follows from Corallary 5.5 above that we only need to prove for the case 1 <
q<p<2 Letge H; (R)and

tig(f) = E (Z dnfdng> (f &y (R))
n=0
Hence by Holder’s inequality, we have that

E,_i|d, f||d,qg|dP
k()] < /z 1| fl]dngl

22 ZAZEH-I\dandngIdP

< 3 [ Y Ealdaf) (Baaldigl) P
jez 7 A n=0
% 3 [/ oo 3
< > / (ZEn_ndan) (ZEn_ndngF) dP
jez 7 Ai \n=0 n=0
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()l = 3 /

JEZ
< D () 1a,llplls(9)1a, 1y
JEZ
1 1
q , q’
< (Zns(f)ujng) (Zns(gmug/) = 1l llgle, o
JEZL JEZ

Thus
kg (f)] <

/ /(R

Conversely, let x be a continuous linear functional on H; (R). Then as H; (R) embeds
continuously into H (R) (since ¢ < p), we have by the Hahn-Banach theorem that x can
be extended to a continuous linear functional & on H;(R) having the same operator norm
as k. It follows from [65, Theorem 2.26] that there exists some g € H,(R) such that

R(f) = E(fg)  (Vf € H(R)).

In particular
w(f) = k(f) =E(fg) (Vf€ H;,(R)). (5.3)

Let us prove that

gllaz, @) S sup |5(f)] < o0. (5.4)
: FEHS o), 1l 1y <1

Obviously, this holds if Hg||Hs 4(®) = 0. Hence we assume that ||g||H L (®) # 0.

We recall that, A; € F, for all j € Z and n > 1. Set

Z Sl 7
n — 1 : ./ ° 55
: 5= Is(@)lI7 5 15(g) Ly 17~ )

Since the A;’s are pairwise disjoint, we have that

92p,74(9)1A;

2 —al)
s 5@ B T2

From the definition of s(-), we have that p, is F,_j-measurable. We define h as the
martingale transform of g by w,. That is

h, = Z prdrg (in other words d,h = p,d,g). (5.6)

k=1
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We then obtain

iEn_ﬂdnhP =
n=0

or equivalently

Z ,U%En_l |dng’2
n=0

Y e
2q _92 1 2(p'—¢') n—1|Ang| -
noo gez 157y " l1s(g)La; I,
Therefore
2 1y, - )
S (h) = Z 2q/ 9 p q Z n lldng‘
ez Is(a)L7 " lls ( ) il 0
- Z 2q —2 1 (¥ —q") i )_5721—1(9))
ez sl 7 lls ( ) H 0
1 = 2p 2 2p —4 2
= ' (9)8n-1(9)]-
Is(9) Zezn() || v Z

It follows that

']

s*(h)

ls(a)]l> " ez ||s<g>1

p —q')

> 13 g) — 5 T (g)

n=0
_ R 2<g>1AJ.
- 5 /_2 Y A
sl ” 57 ls(g)La [
Thus, by disjointedness of the A;’s,
b L
) N o0
oy ]EZ A;
We also have that for any k € Z,
(Lo V) okt
| . /ol k /__ o "
sl 1s(a) 1,15 Is(a)ll5g Ns(e)La, Iy~
Therefore
1sh)La [, < — 1 @)L acly Is@tadly " lls(@)adlly™
Arllp = 7 — 7 7 — 7
' s IE o 5@ Lally ™ lls(@) g ls(g) La, Il Is(a)ll5 o
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Hence

Is(g)1 Ak||q<Q"” Is(g >1Ak||q’ Is(9)II% .
s(h 1,4,C d < p/,q e
2 lsttaly =2, = = ol T I,

kezZ kez lls(g )qu— keZ

That is
7]

ms @) < 1.

We now test (5.4) with the martingale h above. First proceeding as in [65, p.37] and
with the application of inequality (2.10) (this is why we need p to be smaller than 2), we

obtain

k(h)] = E <Z dnhan) =E <Z Mn|dn9|2>

1
= — n—l dn 2
O <ZZ e Hp i g')
1 Sp 2 2 N 2
= || (g) q’—l (;JXGZ: 1A I|p F (Sn(g) nl(q))>

It follows that

2 I 1 S ,
|/‘i(h)| Z - 7 _ B <1Aj Sﬁ (g> - 82—1(9))
P ls(g)e EZZ Is(g )1AVIIZ/ ! %
2 1 )
- = E(l sP( ))
7 12 A;5 9
PIs(9)llyy <z lls(g)a, s
2 1 1 / )
fry — i ;] ]_Asp (g)dI[D
P ls(g)II% quze; lIs(g) L, 11574 Jr ™
2 1 1 ,
= ™ 7 /_/”S(Q)IAJ'HP’
7 ls@l7 4 Z @) o, [ -
2 1 /
= T Z || 1A‘||q’
P g>|gq o
B2l T2y
el 1 Lpliyql(R)'
Pls (g)Hq ¥ 4
The proof is complete. O

Remark 5.7. We note that because of the equivalence in (4.11), the dual of the of the
spaces qu, Hy ., Hy, Qpq and Py will be Ly4 for 0 < p < ¢ < 1 and H , for
1<g<p<ooor2<p<qg< oo when the stochastic basis is regular.
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5.8 Dual Space Characterization of the (Garsia-type
Space
In this section, all the martingales are defined with respect to the stochastic basis Ps :=

(R, F, {Fn}nen, P) where {F,, }nen is the dyadic filtration. We recall from Chapter 2 that

the variation integrable space (or Garsia-type space) is the space
o0
Opq = {f eM: Z d.f| € Lp,q}
n=0

equipped with the norm
1fllg,, =

> lduf]
n=0

for 1 < p,q < oo. This space has proven to be very useful in application. For instance,

pq

as pointed out earlier in this study, G, , is a component of the Davis decomposition of

martingales. This decomposition was discussed in detail in the previous chapter.

However, in this section, we will characterize the dual space of G, ,. We will establish in

this section that the dual of G, , is the jump bounded space. We recall from Chapter 2

< oo}
D,q

p.q

that the jump bounded space is the space

sup |dn f|

neN

BD,, = {fe/\/l:

equipped with the norm

I/ | 84 =

sup |dy, f |
neN
for 1 < p,q < .

Before we characterize this duality, let us introduce a larger space C(L, 4, ¢,) for which

Gp,q can be embedded into.
Definition 5.9. Let n € Ny and let 1 < p,q,r < co. We define the space K(L, 4, ¢-) by

K(Lyp,q, ¢-) = {measurable process € = (€,)nz0 : ||€llx(r,..0,) < 00}

r

where

1
”EHK(Lp,q’eT) = (Z len’r)

n>0
- Lp,q(R)

We observe that G, , C K(L, g, ¢1). Indeed let f be a martingale. Then it is measurable
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with respect to the underlining filtration hence it increment, d,, f, is also measurable. Thus
we can take €, = d,f and it follows by setting r = 1. Also since (o = {{tn}n>0, tn €
R for any n € Ny, sup, |t,| < oo}, if we set ¢, = €, = d,,f then we see that BD,, C
K(Lpg, loo).

We also observe that since L, ,(R) = L,(R), then K(L,,,¢,) is the space defined by
Ferenc ([65]). The following lemma is part of the proof of Propositions 5.11 and 5.12 that

follows, but for the sake of the presentation, we isolate it.

Lemma 5.10. Let 1 < p,q < oo, 1 < r < oo and let (p,p), (q,¢), (r,7") be their
respective conjugate pairs. Let n € K(Ly 4, 0). For 1 < r < oo, define the sequence
h = {hk}kzo by

p/i,'.l
Il 14

Z‘ ‘77k|T i — Nk 7£ 0
hk _ 120 g In H}C(L 1ol HHT]”Z’"’IAiHip/W ) (58)

0 , otherwise

and for r =1, define the sequence h = {hy }r>0 by

o
sign(ng) ||77H n 14,
: - = k7 0
hk _ Z’LZO 9k+1 ” H)C<L ~ b | HHn”ZOO 1Ai ”i/p/q/ ) 77 (59)

0 , otherwise
Then h has a unit norm in K(Ly.q, €. ). Consequently h € IC(Ly 4, ¢y ).

Proof. We start the proof with the case 1 < r < co. By definition,

S
Q=

1P|l (@ pgitr) = Z /(ZIhﬂ) 14,dP

Jj=0

1
q
- Zunhuerujuzp)

7>0
Now "
frei{r s 2 1
)™ = || CALN
I Hu, )
so that

S S{IE Ml (5 L

k: || ||]C(L / /Z /) l>0 HHT]H@/
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and hence

plfrlr
Il = ||n|u,””|7|7”# -
K(Ly o 0)
e L r
Il
B 1, ’”

Il ey \SE Il a,

p,q T

and then ‘1
Inllz, 14,
1Plle. =
HHK%wgzN”MW/
By disjointedness,
Inll7, 14,
I#lleLay, = R
HU”/C(LP, g l) 20 H“ﬁ”é /
“TI”IC(LPI q' £2-0) “ ||n||£r/
We now take L,(R) norm of both sides.
(p'=1)p
uliv; 1y,
/ ||hHZ.1AdeP = / “ “/_1 - (p’—q’)pdp
R = il 5,y ey L
~1)p
| Il 1,

7—1)
In ||/c L ,p, k7B ”HUHE /

1
. 7 5 Il 14,0P

st

”p —q')p

- llnnue,/u-u,

H HIC,Z:,)Z, P 1A (’p’ q")p

I

il Lt oo

I ||1c (L g +0) !

Therefore .
/_
Lall,, = T e, 14,5
KLy 1,0,
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Hence

1 _
SOl 14 lly, = > Ml 14,

§>0 3>0 In H;C(Lp, )

= > llnlle, 117

H H/CL/ /Z/) 7>0

and then

> Mlile 141, =

HT]H/C(L, oy =1
= 7 HIC(L, e

pL,q T

Therefore

1
q
1llic(Lp gty = (Z HHthrlAj”ip) =1

J20

For the case r = 1, we observe that

— 7] Ly,

: VY
2 iz, oy S5 MAlle. La I

|| =

and hence e
1 llaall 7. 14,
D =2 = =
k>0 k>0 2k I ||1c Ll, y ; H||77H£oo1Ai”Z/ !
Thus o
I7ll7.. 14,
[Alle, =

—1
I g ) il

since Y, s = 1. Hence by disjointedness,

.
H77||” ; Ly
iz, ooy ||l 2,

1Pl 1

We also observe that this equation is the same as equation (5.10) above with » = 1 and

r’ = co. Hence following as above, we obtain that

Hh“IC(Lp,q’ZI) = ]'

Thus h = (hg)k>o0 € K(Lpg, {r) since h = (hg)k>0 is measurable and the proof is complete.

]

Proposition 5.11 below characterizes the dual of (L, 4, ¢,) when 1 < r < oo and Propo-

sition 5.12 below also characterizes the dual of (L, 4, ¢,) when r =1
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Proposition 5.11. For 1 < p,q < oo and 1 < r < oo, the dual space, K(L,,, )", of
K(Lyq, ) is K(Ly g, ) where

1 1 1 1 1 1

-+=-=1 -+-5=1 -+-=1L

p ¢ d ror
Proof. Let n = (n)k>0 € K(Ly o, ) and € = (ex)r>0 € K(Lpg, Cr). Let (-, -) be the usual
inner product, that is,

(n,€) =Y ke
k

and define the functional, A, by

Ay(€) = E(n, €) Z/Rzekmdﬁ”: Z/A_Zeknkdﬂm

k>0 >0 VA4 k>0

for all n = (Mk)k>0 € K(Ly 4, ¢) measurable and € = (e;)k>0 € K(Lpg, ¢r). Then by
Holder inequality,

A, (€)= < lelliczpg.omll0lle@,, .0,)- (5.11)

pL,q T

= g

52074 k>0

and since A, (-) is linear and bounded, it is a continuous linear functional on KC(Ly 4, ¢;).

From inequality (5.11), we observe that

A < Clnllcz, a0 (5.12)

Conversely, let A be a continuous linear functional on K(Lyg, £-). Then as K(L, 4, ¢r)
embeds continuously into K(L,,¢.) (since ¢ < p), we have by Hahn-Banach Theorem
that A can be extended to a continuous linear functional A on K(L,,¢,) having the

same operator norm as A. It follows from ([65, Lemma 2.9]) that there exists some
n € K(L,,¢,) such that

Ap(€) = E(1, ¢)

for all e € K(L,,?¢,). In particular

for all e € K(L, 4, ;). Let us now show that

Il e S sup |Ay ()]

p,q T
€€ER(Lp,q,tr); lellic(Lp,g,00) <1

Set h = (hg)r>0 to be the sequence (5.8) defined in Lemma 5.10. Since h = (hg)g>o €
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K(Lpq,¢;) and with a unit norm, by linearity of the expectation operator, we have that

/

AL 2 Ay = B (Zm) pP—
)

/
Il K(Lyt g1+ k>0 >0 HHanwlAjHip,q

1 14
_ P
= HH—E ||77||,Z ; pq
K(Ly o,
! i H'rzll”,lA
||77||1c (L gt by) J
g E(Hnnwj)
= — aa
1Ml 00 550 H||77||€Tf1Aj||ip,q
1 Ml 1,17
frd 1
||n||ICL/ /f ’) _jGZ ||H?7H£,~/1AjHip/
1 o
= H ” ZHHTIHZT’]'AJ'”LP/
Ui ch, ) Li€Z
Therefore
1
Al = T ||77H,<(L, oty = Il g, -
KLy g1 600)
Thus
AL =Ml ecr, st (5.13)
completing the proof. O

Proposition 5.12. For 1 < p,q < oo, the dual space, K(Lyq,01)*, of K(Lpg, 1) is
K(Ly g, ) where

1 1 1Ll
= —/ — 1, - + —/ — 1
p b 0] ]
Proof. Let n = (N )k>0 € K(Lyp.q, loo) and € = (€x)k>0 € KLy, £1). Let (-, ) be the usual

inner product, that is,

€) = Z Mk €k
k

and define the functional, A, by

Ay, (e) / > emdP =) / > exmpdP

k>0 >0 Y45 k>0
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for all n = (M)k>0 € K(Ly ¢, o) measurable and € = (ex)k>0 € K(Lpg,¢1). Then by
Holder inequality,

1Ay (e)| =

> [ Y amae

7>0 745 k>0

< llellcpaenllnllcc, e (5.14)

and since A, (-) is linear and bounded, it is a continuous linear functional on K(Ly 4, ¢;).

From inequality (5.14), we observe that

[An()] < Clinllicz, .00 (5.15)

Conversely, let A be a continuous linear functional on IC(L, 4, ¢1). Then as KC(L, 4, (1)
embeds continuously into K(L,,¢;) (since ¢ < p), we have by Hahn-Banach Theorem
that A can be extended to a continuous linear functional A on IC(L,, ¢1) having the

same operator norm as A. It follows from ([65, Lemma 2.9]) that there exists some

n € K(Ly, ) such that

Ay (e) = E(n, ¢)

for all € € K(L,, ¢,). In particular

for all e € (L, 4, ¢,). Let us now show that

17l o) S sup Ay (€).
. AN . B

Set h = (hi)k>0 to be the sequence (5.9) defined in Lemma 5.10 and observe the following.

For some fixed integer ko, 3lnllew < |k, |- It follows that sew 9., < 2‘;3;;3'1 and also

: n
since 2|k§3|1 <D ko ;Zz—ﬂ, we have that

1 Z |77k
2k0+2 “n”goo S 2k+1 (516)
k>0

Since h = (hy)k>0 € K(Lpg, ¢1) and with a unit norm, by linearity of the expectation

operator, and using equation (5.16) we have that

el 2t 14,

k+1 '—1 -
2 ke, e 520 Ml ta]ly !

1Al > (A =E |

k>0
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C , 14,
Al > B Il Y —

>
Iz, g ey 20 lllle1a, 17
_ (i,
1 77
1Mlcz,, o) 550 \ [l a; ip,q
_ ¢ E(lInllz.1a,)
- r—1 _
Iz, e 550 Mlecta]ly !
C llexa]]7,
= '—1 p’fq
e =AW
C | y
- I Hq’—l Z HHnHeoolAjHLp,
MiK(Ly g t) Ljez
Therefore
C /
||A|| = ” Hq’—l ||77I|;ZC(Lp/,q/,€oo) i C”T’”K(Lp/,qx,ﬂoo)-
MLy 80)
Thus
1A= Cllllc gl gt (5.17)
where C' = WIH completing the proof. O]

As (K(Lpg,01))* = KLy g, lo), it is now evident that the dual of the variation integrable

space is the jump bounded space. More rigorously, we prove the following Theorem.

Theorem 5.13. Let 1 < p,q < 00 and let f = (fn)nen € M. Suppose that

[

p
S pl 1 ilelle ||f’n/HLp/(]R)- (518)

sup fn
neN

Ly(R)
Then the dual space of G, ,(R) is BD,y 4(R) where % + }% =1 and % - i =1

Proof. Let g € BD,y 4(R). As we saw in the proof of Proposition 5.12, if we set €, = dj. f
and 7, = dgg, then k defined below is a well defined continuous linear functional on
Gpq(R) for every f € G,,(R) and ¢ exists in BD, ,(R) (as we have that n exists in
’C(Lp’,q’»gr’) )

kg(f) = ZE[dkfdkg] for f € Gpq(R).
k=1

Let A; be the usual subsets of R define by equation (2.1) such that A; ( Ay = 0 for j # k
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and |J.., A; = R. Then

JEZL

kg(f)] = Z E[dy fdrg]

< ZE|dkf||dkg| EY_lldf]supdyg]
k=1 (S

< [ S 1Sl uplduolaF

=2 / > | sp dsg B

JEZ Aj k=1

|/ () |, pmorar]

<
J
1 'Y &
0 p % q % !
< Z[ / (deﬂ) dP] Z[/ sup|dkgf”dP]
i€z Y4 \ k=1 icz |/
< Z|dnf|H sup|dng||| = [[fll,.® llgllsD, , -
neN 0
n=0 P,q P ,q

Therefore
kg (f)] < Cllgllsp,, , ®)-

To prove the converse, we first assume that 7 is an arbitrary element in the dual of G, ;(R)
then we show that there exists g € BD,, ¢(R) such that 7 = r, and ||g||sp,, , < C|/7|| for
some constant C. By setting €, = dj f for f € M we saw earlier that G, ,(R) C K(L, 4, ().
We also recall that the dual space of K(Ly,,. (1) is K(Ly ., €s) and 7 is a continuous linear
functional on G, ,(R) C K(L, 4, ¢,). By Hahn-Banach Theorem, 7 can be extended to a
continuous linear functional on K(Ly 4, ¢1) having the same operator norm as 7. Let A be
this extension of 7. Then we have by Proposition 5.12 that there exists n € K(Ly 4, {)
such that

A=l Py ey and: (Bl =S TE(ewn)

k>0

for e € KC(Ly 4. ¢,). Hence

= E[(dif)m] (5.19)

is well defined. (We agree for a moment to work with f,, as we will show that f, — f in
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Gp,q as n — 00) We shall now set

, 1a; 2 p g [Exne — Epyme],n # 0
go=10
and show that g, is a martingale. Indeed we observe that
E(gnla,) = 1a, Y [Bxnk — Bpame] =B mpla, — mila, =0
k=1 k=0

and also by measurability of 14,, we obtain

1AjEn—1(gn - gn—l) - ]-Aj]En—l(Ennn - En—l”n) - ]-A]- (]En—lnn - En—lnn) = 0.

This means that g, is a martingale. Consequently, since

sup |drg|1a, = sup |(Exne—Er—1mx])1a; < sup(|Epfne|+Ep_1]ne])14, < 2supE, (sup \Uk|1Aj) ;
keN keN keN neN keN

we can invoke the Doob’s inequality (5.18) to obtain the following (as in the proof of [65,
Theorem 2.32))

/
sup |drg|1a4, < 2(supE, (sup |77k|1Aj> . 7 Sup E, (sup |77k|1Aj)
keN P neN kEN p P keN keN '
/
i sup k|14,
p/ -1 keN | | ¥ P!

Hence we have

/

q % q
,S(p’—1> Z

q/

2.

sup |dy.g| 14, sup [k (14,
keN keN

JEZL P JET, 4
and by definition
/ Zp/
sup |dig| < 1 ||Bup Il = 7 1l k@ te)-
keN 'q P — keN P .q P —
Hence g € BDyy 4 (R) and ||gllsp,, @) < C||7| since ||7]| = Inllxr, , tx)- We now show

that f, — f in G, 4 as n — oo. We observe that since f = )"~ fix — fr—1, we have that

fn_f:fn_z.fk_fkfl:fn_z.fk_fkfl_ Z fk—fkq:— Z fk_fkfl-
k=0 k=0

k=n+1 k=n+1
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Hence for n — oo, f, — f — 0. Also

STldelfa = DI = D ldifu — dif | <2 |ldiful + dif]] <43 |dif] < 00

k>0 k>0 k>0 k>0

since f € G, , and thus by the Dominated Convergence Theorem

frn = fllo,.®) = Z|dk(fn—f)] — 0 for n — oo.

k>0

Lp,q(R)
That is f, — f in G, ,(R). Consequently, from equation (5.19), as n — oo, we have that,
by setting n, = dg,

n

7(fa) =D _El(dif)m] = 7(f) = Y _El(dpf)m] = rg(f).

k=1 k=1

Hence [|g[|sp,, , &) < C||7|| = C||x| and the poof is complete. O

5.14 Dual Space Characterization of H;jq

As an application of the Garsia-type space and the Davis decomposition of martingales
in the martingale Hardy-amalgam space H, ,, the dual space of H; , (1 <p,qg<2)is
characterized in this section. In this section, all the martingales are defined with respect
to the stochastic basis Ps := (R, F, {F, }nen, P) where {F, }nen is the dyadic filtration.

Theorem 5.15. The dual space of H , (1 <g<p<2) can be given with the norm

glki= [l MM, b=+ [l

1.1 _1,1_4
where ’ + p + 7 :

1
q

Proof. Let ¢ € Hy, , N BDy g Then ¢ € Ly since Ly is dense in 7, , (from the atomic

decomposition). Define the functional kg by

£o(f ) =E(fd), . (fELa)s (5.20)

We will show that (5.20) is a bounded linear functional on Hy (1 < p,q < 2). Linearity
follows since the expectation operator is linear. Now let f € H} (1 < p,q < 2). Then by
density, ||f*||2 < co. Thus the martingale f = {f, }nen is Lz bounded and since ¢ € Lo,
the functional k4 defined in (5.20) is well defined. As f, — f in Lo norm (as n — 00),
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we have that
wo(f) = E(f6) = lim E(fu0).

Since f € H} ,, we know from Davis decomposition that f, = h, + g, for which h =

{hn}nen and g = {gn }nen are martingales where h € G, , and g € P, , such that

15llg,., < I f]

1, (5.21)

and |glp,, < [/

uz - We also recall from Corollary 4.15 that

gl < I 1m;,- (5.22)
Hence we have by linearity of E that
[E(fn0)| = [E(hn¢ + gnd)| < [E(gnd)| + [E(hno)| (5.23)

From (5.22) we have that g € Hy  since f € Hy . Hence since ¢ € H3, . it follows from
Theorem 5.6, for (¢ < p), that

[

|E(9n¢)| < Hgn| 185

e (5.24)

Similarly, since h € G,, and ¢ € BD,y o, we have by Theorem 5.13 that

|E(hn9)| < |lnllg, ,l10ll5D, - (5.25)
Therefore (5.23) becomes
E(fad)] < Igalls, |81, + Uhalla, Iéllsm,
and thus
B < lglhsg, 1811, 3+ 1A, gl@llsmy

It then follows from (5.21) and (5.22) that

[E(fo)l < |||

Gllzgs, ot 1F

af s, 8155, -

In other words

[E(fo)l <II/]

iy, (10l + 19llsp,, ,.)- (5.26)

Thus the functional k4 is continuous linear functional on H;,q.
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Conversely, assume that r is an arbitrary continuous linear on H; . Then as H; , embeds
continuously in i (¢ < p), we have by Hahn-Banach theorem that r, can be extended to
a continuous linear functional £y on H; having the same operator norm as rg. It follows
from [65, Theorem 2.34] that there exists some ¢ € Ly such that

Ro(f) =E(f0), (f € La).

In particular

ro(f) = Ro(f) = E(f9), (f € Hy,).

We observe that since

*:=supl|f,] = su dy,
Fimsmpind = ]S

supZ |di f| < supZ |di f| = Z | f|
=1

nEN

IN

it implies that

(in other words, ||f|

1" llp.q =

tg, < | fllg,.)-

Thus G,, C H ; e Therefore x4 is also a continuous linear functional on G, ,. It follows

from Theorem 5.13 that

19llsp,, , < Cliksl (5.27)

We also recall from the embeddings, Theorem 4.14, that || f{|gs < O/ f{|ms, (1 <p,q <

2). Therefore k, is also a continuous linear functional on H, . Hence by Theorem 5.6, for
(¢ <p),

ue, S Cllrgll. (5.28)

From (5.27) and (5.28), we obtain that

[olep, ,» + lidllars, , < Cllxsl|

and the proof is complete. O

107



Chapter 6

Martingale Transforms Between

Martingale Hardy-amalgam Spaces

Burkholder introduced the notion of martingale transforms [6] in the 1960’s. Since then,
it has become an indispensable tool in the study of some relations between classical
martingale Hardy spaces, mostly the predictive spaces P, in the classical settings [26, 48].
In Chapter 4, we also saw a role martingale transform played in characterizing the dual
space of Hy . In this chapter, we will discuss the martingale transforms between the
martingale Hardy-amalgam spaces Hj ,, Q,, and P,,. More precisely if p; < p and
¢1 < g and f is a martingale in P, ,,, then its martingale transforms are the martingales
in P, , and similarly for H; , and Q, ,. The motivation to look for the various martingale
transforms in these spaces comes from the various applications of martingale transforms
in general. Especially, with the use of martingale transforms, the upcrossing theorem of
martingales was established, the convergence of martingales has also been proved using

martingale transforms and L'-characterization of martingales [6, 48].

Let Ps := (Q, F, P, {F, }n>0) be a probability space with the filtration {F,},>¢. Let v =
{Vn}n>0 be an adapted increasing sequence such that for all n, v, is F,_;—measurable,
normally referred to as multiplier sequence. If f = (f,, n € N) is a martingale, then we
recall that

dn = Z I/kdkf7 Jgo = 0
k=1

is called a martingale transform where d f is the usual martingale difference sequence.
Burkholder has established the almost everywhere convergence of the martingale trans-
form based on the condition that the maximal function of the multiplier sequence is finite.

In fact, we can find the proof of the following convergence result in [6, Theorem 1].

Theorem 6.1. Let f = (f,, n € N), fo =0 be an L' bounded martingale and g be f’s
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martingale transform with multiplier sequence v = (v;)k>0 defined below;
In = kadkf, n>1, go=0.
k=1

Then, g = (gn)n>0 converges almost everywhere on the set {supy, |vk| < co}.

Let us present the theorems that we will discuss in this chapter. We start with the results
on Py, followed by H; , and finally Q, ,. We also note that all the martingales are defined
with respect to Ps := (Q, F, P, {F,. }n>0) relative to the filtration {F,},>o.

6.2 Relations Between P,, and P,

Theorem 6.3 (Relation Between P, , and P, 4,). Let 0 <p <g<oo, 0 <p; <p, 0<
G = %q < qand a =1 — %1. Let f = (fn, n € N) be a martingale define on Ps
and suppose that f &€ Ppya- Let v = ()0 be the optimal bounded positive increasing

adapted process such that | fn| < vp—1 and vo, € Ly, - Then the process defined by

n

9. -y v (6.1)

(0%
k=1 k—1

1s a martingale transform of f and converges almost everywhere.
Moreover, g = (g,, n € N) € P,, and

q
H g AN g B
g Pp,g — ) Pri.a1°

Proof. Let f € P, - By the hypothesis; | f,| <v,,—1 and v € Ly, g (v = (V5)n>0 Optimal).

From equation (6.1)

gnzyfi” +Z_:fk(j —%) (6.2)

Indeed

n-1 3 Yk—1

n—1 —1
e Zﬁ I <« fr  fia
n—1 — Ve Vi = Vi1 Vi

~n n_lkarnz_ifk—l <

ol
&
?‘t E
L
<

A
Q

:tg
L



el

_ i e
= Vn1 ;Vk 1 YV

_n 1

= —|-ka( l/k)‘

n—1 Vi1

TT

We note that when v,_; <t <y, then V% < t% which implies that
k

Vg Vi 1 _ _ Vg 1
/ —a</ :&é%—%iﬁf —dt.
v Vk Vi— t Vi V-1 t

1

Therefore, from equation (6.2), we get that

vt ] 1
lgn| < / —dt < + 1) vi=e (6.3)
0

1
—EZO,Weget

Indeed since —+
14

k—1

n—1
i Z 3 1
< — _
|gn| = Va_1+ |fk| I/aﬁ 7/;3

1
1 @ §
V-1 Vg
n—1 n—1 ”
_ 11—« 11—« 11—« 11—« k—1
= +§ (v *kal)*’ELqu_ o
Vi
k=1 k=1

1— VUn—1 1 1 1
< °‘+/ t—dt v N bl
B it

Hence sup,, |g,| < oo since {v,}n>0 is a bounded sequence. We note that vy is Fj_1-
measurable as it is adapted and so is v, %. Now the sequence wy, = v} % is a positive
decreasing sequence which is bounded above by v, ® since 19 > 0. Therefore sup,, |v, | <
oo since v # 0 for all k. Thus equation (6.1) is a martingale transform and hence by

Theorem 6.1, g,, converges almost everywhere.

We observe that as (1 — a)p = p;, we also have that [|vJ1q, ||, = [[Veola, ||p1 . Therefore

(6.4)

Vo . pg = ||Voo||p1,q13 ||f||7§p1,q1'
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Let 8,1 = (ﬁ + 1) v~ Then the sequence 3 = (8,)n>0 is also an increasing positive

1
_ ——+Qw¢mw
v (1—a

)

adapted process. Hence by definition

1 —a
o, < | (125 +1) &

Equation (6.4) then gives us

]) a1
MMWSQﬂJ)W%M

establishing the result. O

The next Theorem states that if g € P, , is the martingale transform of f, then f € P,

1,91

which in turn is the martingale transform of g.

Theorem 6.4 (Relation Between P, , and Pp, 4, ). Let 0 <p < g<oo, 0 <p; <p, 0<
G = %q <qanda=1— %. Let f = (fu, n € N) be a martingale define on Ps and let
v = (vk)k>0 be a bounded positive increasing adapted process such that vs, € Ly, 4. Let

g = (gn, n € N) € P,y be a martingale transform of f defined by

n

gn:Z - dkf7 gO:O

e
k=1 k-1

such that E(gy) < co. Then
(a) fo="> 4 Vi 1drg and converges almost everywhere and

(b) f € Py, 4 and moreover,

=tk
[ lPoyay S N9llPp0 Vool lp g -

Proof. Let g € P,,. Then there exists an optimal positive increasing adapted sequence

U = (Un)n>0, such that |gn| < Up—1 and tee € Ly

Part (a) follows by observing that d,g = gp — gn-1 = =L — d,.f =12 ,d,g. Therefore

«a
Vn—1

Pl A ki
k=1

Since g is a martingale and v is a bounded positive increasing and adapted and for all n,

v, is F,_1—measurable, the convergence of f, follows from Theorem 6.1.

For Part (b), since f,, = > ;_, v dkg, proceeding as in the proof of equation (6.2), we
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obtain

n—1
fo=gaviy = ) grdir.
s

Hence since (uy,)n>0 is increasing and div® is positive, we obtain that

n—1
[fal < gnlvioy + D geldir®
k=1
n—1 n—1
< UpaVy_g+ Z Up—1dpV™ < Up_qUp_ g+ Upy Z dpv®
k=1 k=1

« (87
< 2upv, | < 2Usl, .

Let Yp—1 = 2usr? ;. Then, the sequence v = (7,)n>0 is also positive increasing and

bounded adapted process. Hence by definition,

11200 < [1voollprar = 2ltccSllprar

Hence

1/ 12y gy < 2t Vo] lpria: - (6.5)

By definition,

1

a1
Huooyc?olem = (Z |‘u001/3019j H;?711> ’

JEZ
With the choice of «, and also observing that ¢; = (1 — a)q, we apply Hélder’s inequality

to obtain

1—2L
[toc¥ss . S Ntoolp,all¥oslprar -
Inequality (6.5) then becomes

. a8 1—P1
||f||7’p1,q1 < 2”“00”17,(1””00“1)1,(11; = 2“9“7’;,,(;””00”]31#7 .

and the Theorem is proved. O]
6.5 Relations Between H S and Hj

In this section, we will discuss the boundedness of the martingale transforms on the

martingale Hardy-amalgam spaces H, , and H, .

Theorem 6.6 (Relation Between Hy and Hy ). Let0 <p<g<oo, 0<p; <p, 0<
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G = %q <qand a=1-— %. Let f = (fn, n € N) be a martingale define on Ps. Let
s(f) be the conditional quadratic variation operator which we assume it is bounded and

non-zero. Then the process defined by

g = Z %dkf, g =0 (6.6)

1s the martingale transform of f and converges almost everywhere. Moreover, if f €

H? then g € H, , and
q
q s : Al
< (2) 01,

p1,q1’
Proof. Let s(f) be the conditional quadratic variation operator. Then by definition

9]

sk(f) is Fx—1—measurable. Thus s, “(f) is F,_;—measurable and positive and bounded
adapted decreasing process. Hence g, is a martingale transform. Since sx(f) is pos-
itive and bounded, s,*(f) is also positive and bounded. That is supy |s,“(f)| < oo.

Thus by Theorem 6.1, g, converges almost everywhere. Suppose that [ € Hj Then

1,91°

1(f)|lpr.q1 < 00. From equation (6.6), we obtain by measurability that

daf E,_dif
g === F, jdig—— =
b = () . T

Since Ey,_1d2f = si(f) — si_,(f), we sum both sides of the last equality to obtain

a0 -y, W _sall) 67

k=1 k

Since si,(f) is increasing, we observe that for ¢ > 0, s (f) <t < s7(f) and thus

1 5 1
Ha(7) T

It follows that

sz(f) 1 se(f) 1
[0 L e [ 1,
2 () Sl 2 (nt

ST ECR oA % S ld
532(f) = /52 ) -

We deduce from this and (6.7) that

That is
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and hence we obtain that

which gives us

Now since
a1

15"~ (P lpa = Is(H) et

we have that

15(0)lna < (pﬁ) sl

1
P 2 a
. < () 191,

and the Theorem is proved. O]

Thus by definition

lg]

The converse of the above Theorem is the following Theorem. That is given that g € H ,

is the martingale transform of f, then f is the martingale transform of g and f € H; .

Theorem 6.7 (Relation Between H; , and H;l’ql). Let0 <p<g<oo, 0<pr <p, 0<

@ =5¢<qanda=1-"5. Let [ = (fu, n € N) be a martingale define on Ps and

s(f) be the conditional quadratic variation operator which we assume it is bounded and

non-zero. Let g = (gn, n € N) € Hy . be a martingale transform of f defined by

n

1
n = = b =0
9 ;sg(f) kfs 90

such that E(g,) < co. Then
(a) fo=">1_ s ([)drg and converges almost everywhere and

(b) f € H, , and moreover,
a1
I ']

P1,91

1f]

St
Hpsq

Proof. Part (a) follows by observing that d,g = ¢, — gn—1 = S(i(}c) — dpf = s%(f)dng.

Therefore .

fn = ng(f)dkg'

k=1
Since g is a martingale and s(f) is a bounded positive increasing and adapted and for

all n, s,(f) is F,_1—measurable, the convergence of f, follows from Theorem 6.1. For
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Part (b), we have from equation (6.6) that dif = drgs{(f) and by measurability and the

increasing property of s(-), we get that
Er_1dy f < s°*(f)Er_1dig.

Summing both sides, we shall obtain

and thus
s'7(f) < s(g)
But u
15"~ (A)llpa = s lphan-
Therefore u
Is(H)llpar < 115(9)llp.g-
The proof is complete. [

6.8 Relation Between O,, and O, ..

This section is devoted to the discussion of the boundedness of the martingale transforms
on the martingale Hardy-amalgam spaces 9, , and Q,, ,,. We start by showing that if
f € Qp,.q1, then the martingale transform of f is in the space 9, , and converges almost

everywhere.

Theorem 6.9 (Relation Between Q,, and 9, 4 ). Let 0 < p < ¢ < 00, 0 < p1 <
p0<q=5¢<qanda=1-E5. Let [ = (fn, n € N) be a martingale define on Ps
and suppose that f € Qp 4. Let v = (Vg )i>0 be the optimal bounded positive increasing

adapted process such that Sp(f) < vp—1 and Voo € Ly, 4. Then the process defined by

n

1
b, = di.f, =0 6.8
G =) e vfy 9o (6.8)
=l

is a martingale transform of f and converges almost everywhere.

Moreover, g = (gn, n € N) € Q,, and
p
ol < (£ +1) 1118,
Proof. Let f € Q, 4. By hypothesis, S,(f) < vy,—1 and voo € Ly 40 (v = (Un)n>0
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optimal). Considering equation (6.8), we have that
dngl® = v, 27 |dn f*.

Since v = (v4)k>0 is increasing and Si(f) < vx_1, we observe from

(6.9)

equation (6.9) that,

(as SO(f) = O)?
— Si(f) = Si i (f)
52 — k 1
2(9) ; oy
n—1
_SA) Sha) Si(f) = Si 1 (f)
- 2a 20 +Z 200
Vn1 Vn1 k=1 Vi—1
n—1 n—1
_SU(RASHD S | K2 S - St ()
vy 1 v ity 1 iy
n—1
_ S NRSHO) SH)
Zel 1 V/?a1 Vi“
1
2 2a
< i Lo ( - F)
< I 2a+§:y 29
> Vpg k—1 Vk; ] V]%a
n—1 1/2
_ = 2a+z 2 20¢_V2 %a)_FZVi:%Q_ VkQ—al
k=1 k
_ 2 20 22 4 - Vl%—l
= +Z Y
k=1 k
n—1 n—1 V2
_ V2—2a+ZV_1%_ o <V2—2a+z 5 idt
o 0 120 p2o = 0 ), o
k=1 kK k =i Al
Vit ] 1
< Vg_Qa +/ th K <1 = 1) Vi_%a.
0 & ¢
Hence we get that
1

Snlg) < <

11—«

1

1
3 1
+ 1 Vn:(ll'
o1

This implies that S(g) < (;% + 1) Voo < 0. Also v, ¢ is adapted.

Thus g, is a martin-

gale transform and by Theorem 6.1, g,, converges almost everywhere since sup,, |v, “| < oo

(as vy > 0) and f is a martingale.

Let ﬁn—l = ’/ﬁ + ]_Vrll:?

. Then the sequence =
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and bounded adapted process. Hence by definition

[ 1 o [ 1 a
l9lle,. < Bscllpg = H 1-4 + 1,78 “V1iZa + 1w lp.q-
P.q

In the same manner as we obtained equation (6.4), we also have that

162 g = Nl = 171G, , -

Therefore

1
lglla,, < (m + 1) 115,, .,

In other words

p
lol,, < (2 +1) 15

and the theorem is proved.

]

Similarly, if g € 9, , is the martingale transform of f, then f € 9, , and moreover, f

is the martingale transform of g. This is the statement below.

Theorem 6.10 (Relation Between Q,, and Q,, 4, ). Let 0 < p < ¢ < 00, 0 < p; <
p, 0<q = plq <qgand a=1-— 1. Let f = (fn, n € N) be a martingale define on Ps
and let v = (Vk)kzo be a bounded positive increasing adapted process such that ve, € Ly, 4,

Let g = (gn, n € N) € Q,, be a martingale transform of f defined by

n

gn:Z j ) 90:0

e

such that E(gy,) < oco. Then
(a) fo=">4_ Vi 1dyg and converges almost everywhere and
(b) f € Qp 4 and moreover,

e Py
HfHQpl,ql HgHqu”l/OClevql =

Proof. Similar to the proof of Theorem 6.4, Part (a) is established. For Part (b), let

g € 9,4 Then there exists an optimal increasing positive adapted process u = (ug)g>o
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such that S, (¢g) < u,—1 and us € L, ,. From equation (6.9), we have that

n

(o f1? = v |dng® = S2(f) = > 174153 (9) — Sp_1(9))-

k=1

We also observe from the proof of Theorem 6.4 that

n—1
S2(f) = SHgw*y =Y Sig)dp™
k=1

and therefore

Sn(f) < \/§uool/3_1.

Let v,-1 = \/§uoouﬁf_1. Then the sequence v = (7, )n>0 is also positive increasing and

bounded adapted process. Hence by definition,

HfHQpl,ql < Voollpr,an = \/§||UOCV30H1717(]1'

In other words

1F | = V2 ¥ lpr s (6.10)

By definition,

5

a1
[wootesllprar = <Z||uool/§olﬂj||§i> :

JEZ
With the choice of «, and noting that ¢; = (1 — «)g, we apply Hoélder’s inequality to get

D1
||uooygo||p1,q1 - HUOOHp,qHVoonpl,qu .

Inequality (6.10) then becomes

1—PL 1—PL
1 1l 2pr.0r < V2l tcollpgllPeollondt = V2lglle, Voo lpssch -

and the theorem is proved. O
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Chapter 7
Conclusion and Recommendations

In this study, we have introduced the martingale Hardy-amalgam spaces and provided a
theory on some of the properties of martingales in these spaces. The martingale Hardy-
amalgam spaces are generalizations of the classical martingale Hardy spaces. The mar-
tingale Hardy-amalgam spaces are also considered as proper substitute to the classical
martingale Hardy spaces as the amalgam spaces are good substitutes to the Lebesgue

spaces.

We have studied two atomic decompositions of the new martingale Hardy-amalgam spaces
introduced. We have also characterized the duality of a Garsia-type spaces. As applica-
tions of the atomic decompositions and the dual of the Garsia-type space, we were able
to characterize the dual spaces of the martingale Hardy-amalgam spaces. We have also
extended on the Burkholder-Davis-Gundy inequality involving martingales in the martin-
gale Hardy-amalgam spaces. Other classical martingale inequalities were also extended
to martingales in the martingale Hardy-amalgam spaces. In addition, the theory on the
extension of the martingale embeddings for martingale in the martingale Hardy-amalgam
space were also discussed. The Davis decompositions of martingales in the martingale
Hardy-amalgam spaces was also studied and as applications of these decompositions, the
dual space of H, , was established. Finally, we discussed the martingale transforms that
exist between martingale Hard-amalgam spaces. These transforms, as we saw in the
study, were very useful as we applied these martingale transform techniques in the dual
space characterizations. The results obtained in this study will be relevant for further
studies especially when one wants to describe other properties of these newly introduced
spaces. For instance, the results obtained can serve as a foundation if one wants to de-
termine whether the constants that appear in the martingale inequalities are sharp or
not. It will also help other researchers who are interested in research in this area of

mathematics.
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As a limitation to this study, one realizes that the atomic decompositions of H; , and Hﬁ g
were not discussed. This limitation is due to the fact that the atomic decompositions of
the classical spaces H; and H];g do not exist yet. In fact the stopping time argument,
which is the method employed to characterize the atoms in the classical spaces Hy, Py, Q)
cannot be applied to the martingales in the spaces H, Hg . So at the moment one is not
able to describe the atoms of martingales in these spaces. Hence the available knowledge
does not permit one to make further generalizations of these martingale Hardy-amalgam
spaces, H,  and Hiq, as far as atomic decompositions are concerned. However, this
problem is partially solved in the sense that if one assumes that the stochastic basis is
regular, then by Theorem 4.17, the spaces H]i . and Hp -are equivalent to the other three
spaces H, . Qp, and P,,. Thus HZ;S: , and Hj ~assume the same properties as that of
H;,» Qpq and P, 4. Thus, in particular, all the five martingale Hardy-amalgam spaces
will have the same atomic decomposition when the stochastic basis is regular. This
problem of characterizing the atoms in the classical spaces H,; and Hzf and that of Hj
and Hg ; 18 challenging and it is not harmful to suggest that the solution will require the
development of new set of tools instead of the stopping time argument. Hence as part of

my future research, it is in my interest to find solutions to these open problems.
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