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Abstract

In this work, we introduce the new spaces, Hs
p,q, H

S
p,q, H

∗
p,q, Qp,q, Pp,q, called the martin-

gale Hardy-amalgam spaces. We study some of the properties of these newly introduced

spaces; two definitions of atoms are given and hence two atomic decompositions are given,

dualities of these spaces are characterized and the martingale inequalities and embeddings

of these spaces are also discussed. It is proved that the dual of Hs
p,q, (0 < p ≤ q ≤ 1),

is a Campanato-type space and the dual of Hs
p,q, (1 < p ≤ q < ∞), is Hs

p′,q′ where

(p, p′), (q, q′) are conjugate pairs. The variation integrable space Gp,q is also introduced

and it is established that the jump bounded space BDp,q is the dual of Gp,q. To be able

to characterize this duality, a larger space, which we denote by K(Lp,q, `r), is introduced,

such that Gp,q can be embedded into. The classical Doob’s martingale inequality is also

extended from the classical martingale Hardy spaces to the newly introduced martingale

Hardy-amalgam spaces. The Burkholder-Davis-Gundy inequality is also extended from

the classical martingale Hardy spaces to the martingale Hardy-amalgam spaces as well as

the convexity inequality and the concavity inequalities involving measurable functions.

The classical martingale Hardy space embeddings are also extended to the martingale

Hardy-amalgam spaces. The Davis decompositions of martingales in the classical mar-

tingale Hardy spaces are also extended to the martingale Hardy-amalgam spaces. As

an application of the Davis decomposition and the Garsia space, a duality theorem for

H∗p,q (1 ≤ p, q ≤ 2) is provided. Finally, the boundedness of martingale transforms be-

tween the martingale Hardy-amalgam spaces are also discussed. No data was collected

for this study as the methodology used is purely theoretical in nature.
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Chapter 1

Introduction and Problem Statement

An overview of the three main concepts; martingales, martingale Hardy spaces and

Wiener amalgam spaces, that are employed in this study are introduced in this chapter.

The problem statement and motivation for this study are discussed in the last section of

this chapter. This chapter is then concluded with an outline of the study.

1.1 Background of Study

1.1.1 Martingales

The concept of martingale is attributed to J. L. Doob during his seminal works in the

1950’s [16]. One major contribution by Doob to the theory of martingales was that he was

able to show the connection between martingales and analytic functions [17]. Afterwards,

various authors including Davis B. J., Cairoli R. , Garsia A. M., and Burkholder D. L.,

contributed to the growth of the theory of martingale. [7, 8, 10, 14, 26, 54, 65].

A stochastic process or a random process is a mathematical object defined as a family of

random variables [42, 45, 67]. A martingale is a discrete-time or continuous-time stochas-

tic process with the property that, at every instant, given the current value and all the

past values of the process, the conditional expectation of every future value is equal to

the current value [19, 40, 46, 65, 67]. It is well known that the Wiener process (Brow-

nian motion) is a typical example of a martingale [46]. Martingales can also be created

from stochastic processes by suitable transformations. An example is the compensated

Poisson process [43, 57]. One of the numerous reasons why martingales are important

in application is its Convergence Theorem which states that martingale will converge

given some conditions on their moments [19, 40, 67]. That is if M : [0,∞) × Ω −→ R
is a continuous martingale such that supt>0 E(|Mt|p) < +∞ for some p > 1, then there

1
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exists a random variable M ∈ Lp(Ω,P,R) such that Mt → M as t → ∞ both P-almost

surely and in Lp(Ω,P,R) [57] where E is the expectation operator. Hence problems in

probability theory have been solved by first finding a martingale in the problem and

studying it. The notions and notations introduced in this section will be made clearer

in subsequent pages of this study. Due to their connection and application in Fourier

analysis, Hardy spaces and complex analysis, martingales are in particularly interesting

in their own sense. Some of these connections are discussed in [4, 7, 16, 18, 47, 65]. For

instance in [7], we see that the methods developed for Banach valued martingales can

be used to obtain sharp constants in some inequalities. The Riesz Theorem can also be

proved in a probabilistic way as it is done in [4]. The martingale proof of T (b) Theorem

and some other martingale techniques in Harmonic analysis are discussed in [47, 48] and

of course the main book by Weisz [65] contains applications where martingale techniques

are used in Fourier analysis.

1.1.2 Hardy Spaces and Martingale Hardy Spaces

Classical Hardy space Hq := Hq(Rd) is defined as the space of tempered distribution f

such that

Mφ(f) = sup
t>0
|f ∗ φt|

is in Lq(Rd), (the space of measurable functions such that
∫
Rd |f |

qdµ < ∞ with norm

‖f‖Lq := (
∫
Rd |f |

qdµ)1/q) that is ‖Mφf‖Lq(Rd) < ∞, for q > 0 where φ ∈ C∞(Rd) with

support B(0, 1) such that
∫
Rd φdt = 1 and φt is the dilated functions φt(x) = t−dφ(x

t
), x ∈

Rd [23, 60, 61, 62]. It is known that for 1 < q <∞, the Hardy space is equivalent to the

Lebesgue space [23]. In the Theory of Hardy spaces, C. Fefferman and E. Stein in the

paper [21], contributed immensely to the growth and development of this subject area.

In recent times, Hardy spaces has become the object of studies and thus various authors

have established enormous generalizations of this space (see for instance [13, 24, 37, 44,

52, 53, 59, 63]).

The Paley’s inquality is known to be valid on the interval (1,∞) [55]. Motivated by

Doob, when he pointed out the connection between martingale and analytic functions,

Burkholder and Gundy, in the 1970’s, were able to extend Paley’s inequality to cover the

whole (0,∞) partially. Partially in the sense that, the extension was done by considering

only martingales. This is because structures defined in the martingale settings are simple

and makes it easier when one wants to study some properties of function spaces such

as equivalences of spaces and dual characterizations. Their ability to do this was the

introduction of the measurable functions s(f) and S(f), (s and S are actually quasi-

linear operators), where f is a martingale. These measurable functions are referred to

2
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as conditional quadratic variation and quadratic variation respectively and were first

introduced by Burkholder and Gundy [8]. This insight from Burkholder and Gundy gave

birth to the classical martingale Hardy spaces of which many authors have contributed

immensely to the growth of this area in the past few years (see for example [8, 14, 26,

48, 65]).

These martingale techniques introduced by Burkholder and his colleagues, led to the

establishments of many important results in literature. One of these results is on the

equivalence result named after Burkholder, Davis and Gundy where they showed that

the function space generated by the maximal function and function space generated by

the quadratic variation are equivalent for 1 ≤ p < ∞ [8, 65]. Another important result

obtained by applying these martingale techniques is the characterization of the dual space

of the spaces generated by the maximal functions when p = 1. This dual space was shown

to be the space of bounded mean oscillations [26]. It is also worth mention that with

these martingale techniques and the use of the quasi-linear operators s, S, Burkholder

and Gundy have been able to discuss the integrability of Brownian motions and stopping

times (see [8]).

The spaces of all martingales whose maximal function, quadratic variation, or condi-

tional quadratic variation belongs to the usual Lebesgue spaces Lp with a probability

measure are defined as the classical martingale Hardy spaces. The atomic decomposi-

tions, martingale embeddings and dual spaces of these classical martingale Hardy spaces

and related spaces are discussed by F. Weisz in [65]. Several authors have considered

this type of studies for some generalizations of the classical Lebesgue spaces as Lorentz

spaces, Orlicz spaces, Orlicz-Musielak spaces (see for instance [30, 38, 50, 58, 68, 69, 70]).

Even though this study mainly focuses on martingale Hardy-amalgam spaces, it is also

worth mentioning that atomic decompositions, martingale embeddings and dual spaces

are also considered for Morrey-type spaces and its various generalizations (see for instance

[15, 31, 39, 32]). Weak-type martingale Hardy spaces are also discussed in [66].

1.1.3 Amalgam Spaces and Hardy-amalgam Spaces

The amalgam space is a space of functions or distributions defined by a norm which mixes

or amalgamates a local criterion for a membership with a global criterion. Many times in

the literature, various versions of the amalgam space have risen independently and often

provide compelling context for formulating results. Wiener amalgam spaces, as they are

sometimes referred to, are good substitutions for Lebesgue spaces [12] because of the

failure on the part of Lp(R)-spaces to distinguish between the local and global properties

of functions [29]. Hence it is not possible to recognise from its norm whether a function

is the characteristic function of an interval or the sum of many characteristic functions

3
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of small intervals spread widely over R [29]. Wiener amalgams were first introduced by

Norbert Wiener in 1980 when Wiener aimed at the possibility of describing local and

global properties of a function or distribution, [22], in connection with his development

of the theory of generalized harmonic analysis [28]. In literature, the Wiener amalgam

spaces are denoted W (Lp, Lq) where Lp is the local and Lq is the global. That is the

amalgam space, Lp,q, is the space of measurable functions f such that ‖f1Ωj‖p < ∞
and the sequence {‖f1Ωj‖p}j∈Z is in the sequence space where Ωj’s are disjoint such that

∪jΩj = Ω, and Ω an arbitrary non-empty set. However, in the settings of this study, we

shall denote W (Lp, Lq) simply as Lp,q. In particular Wiener defined the discrete norm for

these spaces [25, 29] as

‖f‖Lp,q =

(∑
n∈Z

(∫ n+1

n

|f(t)|pdt
) q

p

) 1
q

.

After its introduction in 1980, there has been major developments through independent

studies including papers by Hans Feichtinger, who developed a comprehensive notion

of amalgams which allow an extremely wide range of Banach spaces of functions or

distributions on locally compact groups to be used as local or global components [22].

Among other results, Busby and Smith [9] derived convolution theorem for amalgam. J.

J. Fournier and Stewarts [25] also dealt with the case of locally abelian compact groups.

The introduction of the Wiener amalgam spaces have become very useful to researchers

in the past few years. For example Essen, [20], applied Wiener amalgam techniques

in renewal theory. He used what we will call the space W (M,L∞w ) where the local

component is the space of locally bounded measures and the global component is the

weighted L∞−spaces. Wiener amalgams are also indispensable in the theory of time-

frequency analysis. In time frequency analysis, it is the space S0 = W (FL1, L1) consisting

of functions that are locally the Fourier transform of an L1 function and globally on L1

behaviour. S0 is the smallest Segal algebra on which time-shift and frequency-shift act

isometrically [29]. It is also known as the Modulation space, M1, which is the proper

space of window functions for time-frequency analysis [29]. Wiener amalgam spaces

have been employed to study the boundedness properties of pseudo-differential operators,

Fourier multipliers, Fourier integral operators and well-posedness of solutions to partial

differential equations [12].

Hardy-amalgam spaces introduced by Ablé et al, [24], are generalizations to the classical

Hardy spaces. The Hardy-amalgam spaces are formed by replacing the Lebesgue norm

of the Hardy spaces by the Wiener amalgam norm. Various properties of this space such

as atomic decompositions, duality and inequalities are discussed in [23, 24]. The authors

also applied their results to investigate the boundedness of pseudo-differential operators

4
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in these spaces. A generalization of the work of Ablé et al was recently obtained by Xie

et al [69].

1.2 Problem Statement and Motivation

Over the years, one major area of research that is of great importance to mathematicians

is in the field of stochastic integration. The introduction of martingale Hardy spaces

by Burkholder and Gundy, [8], has contributed immensely to answer some of the many

questions mathematicians seek to address as far as stochastic integration is concerned.

We recall that we have defined the classical martingale Hardy spaces to be the spaces

of martingales whose maximal functions, quadratic variation and conditional quadratic

variations all belong to the usual Lebesgue space with a probability measure. However, as

pointed out in earlier sections, the Lebesgue space is not able to distinguish between the

local and global properties of functions. This is so because, say we consider the set of real

numbers, then it is impossible to know from the norm of a measurable function whether

the function is defined with respect to an interval or is the sum of indicator functions of

smaller intervals that cover R [29]. Hence in this regard the Wiener amalgam space is a

proper substitute for the Lebesgue spaces. Therefore just as the Hardy-amalgam space

[23, 24] is a generalization to the classical Hardy spaces, the martingale Hardy-amalgam

spaces will be a form of generalization of the classical martingale Hardy spaces introduced

by Burkholder, Gundy, Davis, F. Weisz, Garsia, [6, 7, 8, 14, 26], by replacing the Lebesgue

space norm of the classical martingale Hardy spaces with the Wiener amalgam space

norm. Hence the title martingale Hardy-amalgam spaces. This idea was inspired by the

recent works of the authors [23, 24, 69]. The martingale Hardy-amalgam spaces can be

seen as a generalization of the classical martingale Hardy spaces.

Objectives of Study

After these new martingale Hardy-amalgam spaces have been introduced in the appro-

priate section below, some of the important properties of these newly introduced spaces

will be studied. More specifically

• We seek to find the atomic decompositions of these newly introduced spaces.

• We seek to find the martingale embeddings and martingale inequalities of the var-

ious spaces. In addition, we seek to find the Davis decompositions of these spaces

and discuss some of its consequences.

• As an application of the atomic decompositions of these newly introduced spaces, we

seek to characterize the dual spaces of these newly introduced spaces. In addition a

5
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Garcia-type space in the martingale Hardy-amalgam space will also be introduced

and we seek to characterize its duality.

• Finally, we seek to find the martingale transforms between the martingale Hardy-

amalgam space.

The motivation for this study is essentially based on two observations. As the first

observation, we note that in the case of classical Hardy-amalgam spaces of [24], atomic

decomposition is obtained only for the range 0 < p ≤ q ≤ 1. The question that arose

was to know if any answer could be obtained beyond this range. The second observation

is that dyadic analogues of Hardy spaces and their dual spaces are quite practical when

it comes to the study of some operators as paraproducts, Calderon-Zygmund operators

and their commutators on some function spaces. It was then natural to consider dyadic

analogues and more generally, martingale analogues of the Hardy-amalgam spaces of [24].

Thus all the martingales considered in this study will be defined on a dyadic filtration.

These properties of these new spaces that we want to study are very important not just

in this work but for general purposes as they will play crucial roles in aiding researchers

who are interested in this area of research. The atomic decompositions for instance,

enables one to study other properties of the spaces such as dual characterizations. On

the other hand, dualities in general, are also very crucial in applications where in recent

times problems in optimal control can be reformulated as problems in dual spaces called

the Dual Variational Problems in Optimal Control. Dual spaces also help to investigate

other properties of the spaces such as separability. The embeddings of the various spaces

have also proven to be applicable in stochastic integration, especially in the Lebesgue

normed space [8], and we hope that such applications could equally be extended to the

martingale Hardy-amalgam spaces. Most of the techniques employed in this study are

techniques used by Weisz, Burkholder and Gundy in the classical cases.

Methodology and Outline of the Study

The methods and techniques employed in this study are theoretical in nature. Hence no

data was collected for this study. In Chapter 2, we get familiar with the various con-

cepts and notations that will be needed in subsequent chapters. After the introduction

of these concepts and notations, each chapter, respectively, will address each item listed

in the objectives. That is, the outline of the results obtained in this study is presented as

follows. In Chapter 3, we present the results on the atomic decompositions of the newly

introduced spaces. In Chapter 4, we present the results on the martingale embeddings

of the martingale Hardy-amalgam spaces and the extended results of some classical mar-

tingale inequalities. In Chapter 5, we present the results on the dual characterizations of

6
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these spaces. The results presented in Chapter 3 and part of Chapter 5 are published by

the author in [2]. The remainder of Chapter 5 and Chapter 4 is also published by the

author in [3]. Chapter 6 presents the results on the martingale transforms between the

martingale Hardy-amalgam spaces. Results presented in Chapter 6 are published by the

author in [1].

7
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Chapter 2

Preliminaries and Notations

We begin by setting down the fundamental notions and notations that will be relevant in

this study. Let us start by getting familiar with the notion of dyadic intervals and dyadic

filtration.

2.1 Dyadic Intervals and Dyadic Filtration

We begin with the definitions of the basic objects σ-algebra and filtration of an arbitrary

non-empty set.

2.1.1 σ-algebra, Filtration and Probability Space

Let Ω be a non-empty set and let F be a class of subsets of Ω. Then F is a σ-algebra if

i. Ω and ∅ are in F

ii. A, B ∈ F , then A ∩B ∈ F , A ∪B ∈ F and Ac ∈ F

iii. for any sequence of sets An in F then
⋃∞
n=1An ∈ F .

The sequence {Fn}n∈N of sub-σ-algebra of F is called a filtration if Fn ⊂ Fm for all

m,n ∈ N and n ≤ m [5].

A pair (Ω,F) consisting of an arbitrary non-empty set Ω and a σ-algebra F of its subsets

is called a measurable space. A measure on the measurable space (Ω,F) is a mapping

µ : F −→ [0,∞] with the property that µ(∅) = 0 and

µ

(⋃
n≥1

An

)
≤
∑
n≥1

µ(An).

8
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If µ(Ω) = 1, then µ is called probability measure. The triple (Ω,F , µ) is called a measure

space. When (Ω1,W) and (Ω2,V) are measurable spaces, a mapping f : Ω1 −→ Ω2 is

measurable if f−1(B) ∈ W for all B ∈ V . If Ω2 = R, (the set of real numbers), then the

measurable function f is called a real random variable.

Definition 2.2 (Probability Space). In particular if µ = P, the probability measure, then

(Ω,F ,P) is called the probability space and the quadruple (Ω,F , {Fn}n∈N,P) is called

the filtered space or more specifically a stochastic basis, where {Fn}n∈N is a filtration.

Let X be some random variable that is defined on the probability space. Then, the

expectation operator, E, is defined as

EX =

∫
Ω

XdP

Let X be a random variable and suppose that E|X| <∞ with respect to the probability

space (Ω,F ,P). Let Y be a sub-σ-algebra of F . The conditional expectation of X given

Y , denoted by E(X|Y), is the random variable satisfying the following conditions;

a. E(X|Y) is Y-measurable

b. E(E[X|Y ]) <∞

c. For all Y ∈ Y , we have that ∫
Y

E(X|Y)dP =

∫
Y

XdP.

We mostly write En to denote the conditional expectation operator.

2.2.1 Dyadic Intervals and Dyadic Filtration

Let R be the set of all real numbers. The dyadic interval is defined as the interval

Dξ = 2j
[
[0, 1) +m+ (−1)jξ

]
where j,m ∈ Z and ξ ∈ R

If ξ = 0, then Dξ = D = 2j[m,m+ 1). Now fix j so that we have

Dj =
{

[m2j, (m+ 1)2j), m ∈ Z
}
.

Let Im,j be a member of Dj and divide Im,j into two equal halves. That is

I1
m,j = [(2m)2j−1, (2m+ 1)2j−1), I2

m,j = [(2m+ 1)2j−1, 2(m+ 1)2j−1).

9

University of Ghana http://ugspace.ug.edu.gh 



Then I1
m,j and I2

m,j are both dyadic intervals such that I1
m,j, I

2
m,j ∈ Dj−1. That is to say

that for any dyadic interval Im,j ∈ Dj there exist two dyadic intervals I1
m,j and I2

m,j in

Dj−1 such that

Im,j = I1
m,j

⋃
I2
m,j.

Now consider the following dyadic intervals of R;

Im,n =

[
m

2n
,
m+ 1

2n

)
n ∈ N, m ∈ Z.

Let Dn = {Im,n, m ∈ Z}, n ∈ N. Let Fn = σ(Dn) be the σ-algebra generated by Dn.
Then {Fn}n∈N is a filtration. Indeed we observe that Dn ⊆ Fn+1 = σ(Dn+1) as interval in

Dn+1 is a union of two intervals in Dn and the union is in Fn+1 since Fn+1 is a σ-algebra.

This implies that

Fn = σ(Dn) ⊆ σ(Fn+1) = Fn+1.

With this filtration, called the dyadic filtration, we can define the probability space as

Ps := (R,F , {Fn}n∈N,P)

where P is the probability measure and Fn ⊆ F for all n ∈ N. Let Jk,n,j ∈ Dn be the

dyadic interval defined as

Jk,n,j =

[
k + j2n

2n
,
k + 1 + j2n

2n

)
.

Then

Aj = [j, j + 1) =
2n−1⋃
k=0

Jk,n,j. (2.1)

Therefore, Aj ∈ Fn for all n and for all j. We observe that the Aj’s are dyadic intervals.

Also Ai ∩ Aj = ∅ for i 6= j and
⋃
j Aj = R. This notion of dyadic intervals and dyadic

filtration will become indispensable with our treatment of the martingale embeddings

and inequalities in the appropriate chapter below.

2.3 Martingale and Related Concepts

In this section, we recall the definition of martingales and discuss some related concepts

that will be needed in this study. We start with the definition of a martingale.

Definition 2.4 (Martingale). Let (Ω,F , {Fn}n∈N,P) be a probability space. An inte-

10
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grable sequence f = (fn, n ∈ N) is said to be a martingale with respect to the filtration

{Fn}n∈N if

1. f is adapted; that is fn is Fn-measurable for all n ∈ N and

2. Enfm = fn for all n ≤ m.

If Enfm ≥ fn (Enfm ≤ fn) then f is a submartingale (supermartingale). As an example,

let f be integrable. Then, the sequence g = (Enf n ∈ N) is martingale [65, 67]. We

shall encounter some few examples of martingales in subsequent sections. We say that

the stochastic basis is said to be regular, if there exists some constant R > 0 such that

fn ≤ Rfn−1 for every martingale f = {fn}n∈N. The dyadic filtration is an example of a

regular stochastic basis.

Let Lp(Ω, dP) denote the usual Lebesgue space over the non-empty set Ω (for simplicity

of notation, we sometimes write Lp(Ω, dP) simply as Lp(Ω) or Lp). That is

Lp(Ω) =

{
f : (E|f |p)

1
p =

(∫
Ω

|f |pdP
) 1

p

<∞

}

equipped with the norm

‖f‖Lp(Ω) := ‖f‖p =

(∫
Ω

|f |pdP
) 1

p

where f is measurable with respect to (Ω,F , {Fn}n∈N,P). A martingale f = {fn}n∈N
relative to the filtration {Fn}n∈N is said to be Lp bounded (0 < p ≤ ∞) if fn ∈ Lp, n ∈ N
and

‖f‖p := sup
n∈N
‖fn‖p <∞.

Definition 2.5 (Stopping Time). The mapping ν : Ω −→ N ∪ {∞} is called a stopping

time relative to the filtration {Fn}n∈N if

{ω ∈ Ω : ν(ω) = n} := {ν = n} ∈ Fn.

An important example of a stopping time is hitting time of a Borel set B. This is defined

by

νB(ω) := inf {n ∈ N : fn(ω) ∈ B} for ω ∈ Ω

where fn is a measurable function defined on Ω(see for example [54]). Further examples

of stopping time can be found in [42, 67].
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2.5.1 Difference Sequence and Stopped Processes

Definition 2.6. (Difference Sequence) Let f = {fn}n∈N be a sequence of measurable

functions. Then the difference sequence of f is the sequence {dnf}n∈N where

dnf = fn − fn−1, f0 = 0, n ∈ N.

Let us discuss some useful properties of the difference sequence which will be useful in

this study.

1. First we observe that if f = {fn}n∈N is a martingale with respect to some probability

space, then {dnf}n∈N is adapted to the underlying filtration of f since f is adapted.

Also

En−1dnf = En−1(fn − fn−1) = fn−1 − fn−1 = 0

for all n ∈ N. In this case {dnf}n∈N is called the martingale difference sequence.

2. We also observe that martingale differences are orthogonal. Indeed, let m = n−1 <

n. Then since dmf is Fm-measurable, we have that

Em[dnfdmf ] = dmfEmdnf = 0 (2.2)

and hence

E[dnfdmf ] = E[Em(dnfdmf)] = E[dmfEmdnf ] = 0.

3. Let f = {fn}n∈N and g = {gn}n∈N be martingales with respect to an underlying

stochastic basis. Let h = f + g. Then h is also adapted to the underlying filtration

and for n < m we have that En[fm + gm] = Enfm + Engm = fn + gn = hn. Thus h

is a martingale. Now

dnh = hn − hn−1 = (fn + gn)− (fn−1 + gn−1) = dnf + dng

and

dnαf = αfn − αfn−1 = αdnf

for every constant α. Hence the martingale difference operator, dn, is linear.

Definition 2.7. (Stopped Process) Let ν be a stopping time and let f = {fn}n∈N be a

martingale adapted to an underlying filtration with difference sequence d = {dnf}n∈N.
When f∞ exist almost everywhere, then the stopped sequence f ν = {f νn}n∈N is defined

by

f νn = fn∧ν , n ∈ N

12
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where n ∧ ν := min{n, ν}.

The difference sequence of the stopped process dnf
ν = f νn − f νn−1 is given by

dnf
ν =

{
fn − fn−1 for {n ≤ ν}
fν − fν for {ν < n}

=

{
dnf for {n ≤ ν}
0 for {n > ν}

= 1{n≤ν}dnf.

Now by telescopic sum, we have that fn =
∑n

k=1 dkf. Hence

f νn = fn∧ν =
n∑
k=1

dkf
ν =

n∑
k=1

1{k≤ν}dkf.

Since f = {fn}n∈N is adapted, the above equation implies that the stopped process is

also adapted. Also {n ≤ ν} = {ν < n − 1}c ∈ Fn−1, since ν is a stopping time. It then

implies that 1{n≤ν} is Fn−1-measurable. Consequently,

En−1(f νn − f νn−1) = En−1dnf
ν

= En−1(1{n≤ν}dnf)

= 1{n≤ν}En−1(dnf) = 0

since dnf is a martingale difference sequence. Therefore

En−1(f νn − f νn−1) = En−1(f νn)− f νn−1 = 0.

Thus the stopped process is also a martingale. Hence the following definition.

Definition 2.8. (Stopped Martingale) If ν is a stopping time and f = {fn}n∈N is a

martingale adapted to an underlying filtration, then the stopped martingale f ν = {f νn}n∈N
is defined by

f νn = fn∧ν :=
n∑

m=1

1(ν≥m)dmf.

Remark 2.9. We have seen that dnf
ν = 1{n≤ν}dnf. Hence for dnf, we can write

dnf = fn − fn−1 = fn∧ν − fn−1∧ν = f νn − f νn−1 = dnf
ν

since n− 1 < n ≤ ν. Thus

dnfdnf
ν = |dnf ν |2. (2.3)

13
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2.9.1 Quasi-Linear Operators on Martingales

In this part of the study, we recall the quasi-linear operators which were introduced by

Burkholder and Gundy [8]. These are the operators that aided Burkholder and Gundy to

extend the Paley’s inequality. They are denoted simply as s, S and M. Let f = {fn}n∈N
be a martingale with respect to an underlying filtration. The quadratic variation, S(f),

and the conditional quadratic variation, s(f), of f = {fn}n∈N are defined as

S(f) :=

(∑
n∈N

|dnf |2
) 1

2

and s(f) :=

(∑
n∈N

En−1|dnf |2
) 1

2

respectively, where dnf = fn−fn−1 are the martingale differences. We define the stopping

ν(ω) ≡ n and f ν := fn and observe that

s2(fn) =
∑
k∈N

Ek−1|dkfn|2 =
∑
k∈N

Ek−1|fk∧n − fk−1∧n|2

Hence

s2(fn) =
n∑
k=1

Ek−1|fk∧n − fk−1∧n|2 +
∞∑

k=n+1

Ek−1|fk∧n − fk−1∧n|2

=
∑
k≤n

Ek−1|fk∧n − fk−1∧n|2 +
∑
k−1≥n

Ek−1|fk∧n − fk−1∧n|2

=
∑
k≤n

Ek−1|fk − fk−1|2 +
∑
k−1≥n

Ek−1|fn − fn|2

=
n∑
k=1

Ek−1|fk − fk−1|2 + 0 = s2
n(f).

Thus

s(fn) = sn(f). (2.4)

Similarly,

S2(fn) =
∑
k≤n

|fk − fk−1|2 +
∑
k−1≥n

|fn − fn|2 = S2
n(f). (2.5)

Consequently, we shall agree on the notation

Sn(f) :=

(
n∑
k=1

|dkf |2
) 1

2

and sn(f) :=

(
n∑
k=1

Ek−1|dkf |2
) 1

2

.
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The maximal function f ∗ or M(f) of the martingale f = {fn}n∈N is defined by

M(f) = f ∗ := sup
n∈N
|fn|.

Let us discuss some identities of these operators that will be helpful in this study.

1. Let α be some stopping time. Then we observe that

s2(f − fα) = s2(f)− s2(fα). (2.6)

Indeed by definition and linearity of martingale difference operator,

s2(f − fα) =
∑
k∈N

Ek−1|dk(f − fα)|2 =
∑
k∈N

Ek−1|dkf − dkfα|2

=
∑
k∈N

Ek−1

[
|dkf |2 + |dkfα|2 − 2dkfdkf

α
]

=
∑
k∈N

Ek−1

[
|dkf |2 + |dkfα|2 − 2|dkfα|2

]
=

∑
k∈N

Ek−1|dkf |2 −
∑
k∈N

Ek−1|dkfα|2

Hence by definition

s2(f − fα) = s2(f)− s2(fα)

where have made use of identity (2.3). Similarly,

S2(f − fα) = S2(f)− S2(fα). (2.7)

2. It is also true that s2(f − g) + s2(f + g) = 2(s2(f) + s2(g)). Indeed by definition,

s2(f − g) =
∑
k∈N

Ek−1|dkf − dkg|2

=
∑
k∈N

Ek−1

[
|dkf |2 + |dkg|2 − 2dkfdkg

]

s2(f + g) =
∑
k∈N

Ek−1|dkf + dkg|2

=
∑
k∈N

Ek−1

[
|dkf |2 + |dkg|2 + 2dkfdkg

]
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Hence

s2(f + g) + s2(f − g) = 2
∑
k∈N

Ek−1|dkf |2 + 2
∑
k∈N

Ek−1|dkg|2

and thus s2(f −g)+s2(f +g) = 2(s2(f)+s2(g)). Similarly, S2(f −g)+S2(f +g) =

2(S2(f) + S2(g)). Also, we observe that since s2(f + g) and s2(f − g) are positive,

s2(f − g) = 2(s2(f) + s2(g))− s2(f + g)

≤ 2(s2(f) + s2(g)).

s2(f + g) = 2(s2(f) + s2(g))− s2(f − g)

≤ 2(s2(f) + s2(g)).

Hence

s(f − g) . s(f) + s(g) and s(f + g) . s(f) + s(g). (2.8)

Similarly

S(f − g) . S(f) + S(g) and S(f + g) . S(f) + S(g) (2.9)

where A . B means A ≤ cB where c is a constant.

3. We also point out that since dkf is adapted to the underlying filtration on which

the martingale f = {fk}k∈N is defined with respect to, the quantities s(f), S(f) and

M(f) are measurable and thus Es(f),ES(f) and EM(f) are all well defined.

4. sn(f) is increasing in n. Indeed since Ek−1|dkf |2 ≥ 0 for all k,

s2
n(f) =

n∑
k=1

Ek−1|dkf |2 ≤
n∑
k=1

Ek−1|dkf |2 + En|dn+1f |2

=
n+1∑
k=1

Ek−1|dkf |2 = s2
n+1(f)

Thus sn(f) ≤ sn+1(f). Similarly, Sn(f) ≤ Sn+1(f).

5. Let r ≥ 2. Then by the classical inequality xβ − 1 ≤ β(x− 1)xβ−1, (1 ≤ x, 1 ≤ β),

it is true that

sr−2
n (f)[s2

n(f)− s2
n−1(f)] ≥ 2

r
[srn(f)− srn−1(f)]. (2.10)
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Indeed, since sn(f) is increasing and r ≥ 2, one can make the substitution

x =
s2
n(f)

s2
n−1(f)

and β =
r

2

into the classical inequality and inequality (2.10) is obtained.

Remark 2.10. A martingale f = {fn}n∈N is said to be previsible if there exists a real

number R > 0 such that

|dnf |2 ≤ REn−1|dnf |2. (2.11)

It is established in [65, Proposition 2.19] that the stochastic basis is regular if and only

if the martingale is previsible. Hence by summing both sides of (2.11) over n ∈ N, it is

true for a regular stochastic basis,

S(f) ≤ R
1
2 s(f).

A martingale f = {fn}n∈N is said to be predictable in Lp if there exists a sequence

{λn}n∈N non-decreasing, non-negative and adapted functions such that |fn| < λn−1 and

λ∞ := supn∈N λn ∈ Lp.

2.10.1 Martingale Transforms

Let (Ω,F ,P, {Fn}n≥0) be a probability space with the underlying filtration {Fn}n∈N. Let

ν = {νn}n≥0 be an adapted sequence in the sense that for all n, νn is Fn−1-measurable.

This sequence is normally referred to as multiplier sequence. If f = {fn}n∈N is a martin-

gale with respect to the filtration {Fn}n∈N, then the following

gn =
n∑
k=1

νkdkf, g0 = 0

is called a martingale transform of f under the sequence ν where dkf is the usual martin-

gale difference sequence. The martingale transform need not be a martingale, however,

it is a martingale if and only if gn ∈ L1 (that is Egn < ∞) [6, 48]. As an example, let

τ be a stopping time. Then the following process f τn , referred to as stopped process, is

an example of a martingale transform since 1{k≤τ} is Fk−1−measurable; f τn = fn∧τ =∑n
k=1 1{k≤τ}dkf. The usefulness of martingale transforms has helped various researchers

to characterize dual spaces of some classical martingale Hardy spaces. These martingale

transform techniques will be an important tool in Chapter 4 when discussing the dual

characterizations of the spaces involved. It has also been employed to study the relations

of the predictive spaces in their various generalizations such as the martingale transforms
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between Hardy-Orlicz spaces among others [34, 49, 72]. Martingale transforms also share

some properties with fractional integrals [11, 51, 64]. Burkholder has established the

almost everywhere convergence of the martingale transform based on the condition that

the maximal function of the multiplier sequence is finite [6, 48].

2.11 Wiener Amalgam Spaces

As pointed out at the beginning of this study, the amalgam space is attributed to Norbert

Wiener in 1980 when Wiener aimed at the possibility of describing local and global

properties of a function or distribution, [22], in connection with his development of the

theory of generalized harmonic analysis [28]. In this section, we give a formal definition

of this space and discuss some of its consequences.

Let Ω be an arbitrary non-empty set and let {Ωj}j∈Z be sequence of sets that are disjoint,

i.e. Ωj ∩ Ωi = ∅ for j 6= i, (usually we shall consider dyadic intervals), where Ωj ⊂ Ω for

all j such that ⋃
j∈Z

Ωj = Ω.

Let (Ω,F ,P) be the corresponding probability space of Ω where F is a σ-algebra. Let

f be a measurable function defined on Ω and as usual Lp represent the usual Lebesgue

space. Let α = {αk}k∈Z and let q ∈ (0,∞). Then the sequence space is the space of

α = {αk}k∈Z such that
∑

k |αk|q <∞. The sequence space is normally denoted `q.

The classical amalgam of Lp and `q, where we agree to the notation Lp,q, on Ω consist

of functions which are locally in Lp(Ω) and have `q behaviour globally, [25], in the sense

that the Lp-norm over the disjoint subsets Ωj ⊂ Ω form an `q-sequence. That is, for

p, q ∈ (0,∞),

Lp,q :=

f :

[∑
j∈Z

(∫
Ω

|f |p1ΩjdP
) q

p

] 1
q

<∞


equipped with the (quasi)-norm is given by

‖f‖p,q := ‖f‖Lp,q(Ω) :=

[∑
j∈Z

(∫
Ω

|f |p1ΩjdP
) q

p

] 1
q

. (2.12)

For p ∈ (0,∞) and q =∞, the amalgam space is define as

Lp,∞ =

{
f : sup

j∈Z

(∫
Ω

|f |p1ΩjdP
) 1

p

<∞

}
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equipped with the (quasi)-norm

‖f‖p,∞ := ‖f‖Lp,∞(Ω) := sup
j∈Z

(∫
Ω

|f |p1ΩjdP
) 1

p

. (2.13)

As usual, 1A is the indicator function of the set A. We observe that ‖f‖p,p = ‖f‖p for

f ∈ Lp. Indeed since the Ωj’s are disjoint,

‖f‖p,p =

[∑
j∈Z

(∫
Ω

|f |p1ΩjdP
) p

p

] 1
p

=

[∑
j∈Z

∫
Ωj

|f |pdP

] 1
p

=

(∫
Ω

|f |pdP
) 1

p

.

Also in [23, 24, 29], we have the following properties;

1. Endowed with the (quasi)-norm ‖·‖p,q, the amalgam space Lp,q is a complete space,

and a Banach space for 1 ≤ p, q ≤ ∞.

2. ‖f‖p,q ≤ ‖f‖p if p ≤ q and f ∈ Lp.

3. ‖f‖p ≤ ‖f‖p,q if q ≤ p and f ∈ Lp,q.

Amalgam function spaces have been essentially considered in the case Ω = Rd, d ∈ N, and

in the case d = 1, the subsets Ωj are normally the intervals [j, j + 1), j ∈ Z [24, 25, 29].

2.12 Martingale Hardy-amalgam Spaces

As discussed above, the classical martingale Hardy spaces were introduced by Burkholder

and Gundy [8]. The martingale Hardy-amalgam spaces are defined by replacing the Lp-

norm in the classical martingale Hardy spaces with the (quasi)-norm of the amalgam

space Lp,q. Let us now introduce the martingale Hardy-amalgam spaces more precisely.

Let (Ω,F , {Fn}n∈N,P) be a stochastic basis and let f = {fn}n∈N be a martingale defined

with respect to the filtration {Fn}n∈N. Let M be the set of all martingales defined with

respect to the stochastic basis and recall the definitions of s(f), S(f), f ∗(a maximal func-

tion), from previous sections. Let Γ be the space of all sequences β = (βn)n≥0 of adapted

(that is for all n ∈ Z, βn is Fn-measurable), non-decreasing, non-negative functions and

define

β∞ := lim
n→∞

βn.

We are now in the position to introduce the martingale Hardy-amalgam spaces. Let

f ∈M. Then
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i. HS
p,q(Ω) is the space of all f ∈M such that S(f) ∈ Lp,q(Ω) with (quasi)-norm

‖f‖HS
p,q(Ω) := ‖S(f)‖Lp,q(Ω).

ii. Hs
p,q(Ω) is the space of all f ∈M such that s(f) ∈ Lp,q(Ω) with (quasi)-norm

‖f‖Hs
p,q(Ω) := ‖s(f)‖Lp,q(Ω).

iii. H∗p,q(Ω) is the space of all f ∈M such that f ∗ ∈ Lp,q(Ω) with (quasi)-norm

‖f‖H∗p,q(Ω) := ‖f ∗‖Lp,q(Ω).

iv. Let β = {βn}n∈N ∈ Γ. Qp,q(Ω) is the space of all f ∈ M such that Sn(f) ≤ βn−1

and ‖β∞‖Lp,q(Ω) <∞ with (quasi)-norm

‖f‖Qp,q(Ω) := inf
β∈Γ,Sn(f)≤βn−1

‖β∞‖Lp,q(Ω).

v. Let β = {βn}n∈N ∈ Γ. Pp,q(Ω) is the space of all f ∈ M such that |fn| ≤ βn−1 and

‖β∞‖Lp,q(Ω) <∞ with (quasi)-norm

‖f‖Pp,q(Ω) := inf
β∈Γ,|fn|≤βn−1

‖β∞‖Lp,q(Ω).

These are the five martingale Hardy-amalgam spaces whose properties are studied in

this work. To be more precise we study properties such as the atomic decompositions,

martingale embeddings and dual characterizations of these newly introduced spaces. The

spaces Qp,q and Pp,q are called the predictive quadratic variation and predictive spaces

respectively. It is worth to note that since ‖f‖p,p = ‖f‖p for f ∈ Lp(Ω), then we can

say that the classical martingale Hardy spaces studied by Burkholder and Gundy, Long,

Weisz [8, 48, 65], are special cases of these martingale Hardy-amalgam spaces. Hence

these martingale Hardy-amalgam spaces are generalizations of the classical martingale

Hardy spaces.

Two more spaces considered in the classical martingale Hardy spaces are the Garsia space,

Gp, and the jump bounded space BDp [65]. These spaces are very useful especially in the

establishment of some classical martingale inequalities. Hence we also introduce here

the spaces Gp,q(Ω) and BDp,q(Ω) which we shall refer to as variation integrable space (or

Garsia-type space) and jump bounded space respectively and they are generalizations to

the classical cases in [48, 65]. In the appropriate chapter, we shall prove that the dual of
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Gp,q(Ω) is BDp′,q′(Ω).

Gp,q(Ω) :=

{
f ∈M :

∞∑
n=0

|dnf | ∈ Lp,q(Ω)

}

endowed with the (quasi)-norm

‖f‖Gp,q(Ω) =

∥∥∥∥∥
∞∑
n=0

|dnf |

∥∥∥∥∥
Lp,q(Ω)

for 1 ≤ p ≤ q <∞ and

BDp,q(Ω) :=

{
f ∈M : sup

n∈N
|dnf | ∈ Lp,q(Ω)

}
endowed with the (quasi)-norm

‖f‖BDp,q(Ω) =

∥∥∥∥sup
n∈N
|dnf |

∥∥∥∥
Lp,q(Ω)

for 1 ≤ p ≤ q ≤ ∞.

2.13 A Brief Overview of the Remaining Chapters

This chapter ends with a brief overview of the remaining chapters and an important

remark. In the previous chapters, we have defined and introduced the basic concepts and

notations that will be appropriate in this work. In the remaining chapters, we present the

results obtained in this work. We start with the atomic decompositions of Hs
p,q and the

atomic decompositions of the two predictive spaces as defined above. Following we discuss

martingale inequalities and establish the relations that exists between these martingale

Hardy-amalgam spaces. Next the dual spaces are characterized and we finish with the

presentation on the martingale transforms. The last chapter concludes and states some

recommendations for further studies.

Remark 2.14. The following remarks are in place;

• We note that the ”infimum” taken in Pp,q and Qp,q norms are attained. Indeed let

X ∈ {Pp,q,Qp,q} and let βk = (β
(k)
n )n≥0 be a predictable sequence of f ∈ M for

k ∈ N such that

‖β(k)
∞ ‖p,q → ‖f‖X .
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Set βn = infk β
(k)
n , n ≥ 0, then β = (βn)n≥0 is a predictable sequence of f and

‖f‖X = ‖β∞‖p,q.

Such an ”infimum” sequence will be referred to as optimal. This will mostly appear

in Chapter 6.

• We remark here that for the sake of presentation, we sometimes writeHS
p,q(Ω), Hs

p,q(Ω),

H∗p,q(Ω), Qp,q(Ω),Pp,q(Ω), Gp,q(Ω),BDp,q(Ω) as HS
p,q, H

s
p,q, H

∗
p,q, Qp,q,Pp,q, Gp,q,BDp,q

respectively and ‖ · ‖Lp,q(Ω) as ‖ · ‖p,q.

22

University of Ghana http://ugspace.ug.edu.gh 



Chapter 3

Atomic Decompositions

The atomic decompositions of Hardy spaces are very useful. For instance, with the help

of atomic decompositions, other properties of the martingale Hardy spaces such as dual

characterizations, martingale embeddings and martingale inequalities were studied [65].

Thus this chapter of the study is devoted to the discussion of the atomic decompositions

of the martingale Hardy-amalgam spaces Hs
p,q,Qp,q and Pp,q which were introduced in

the previous chapter. With the help of stopping times, we give two definitions of atoms

and hence we shall discuss two atomic decompositions of each of the spaces Hs
p,q,Qp,q and

Pp,q.

Let (Ω,F , {Fn}n∈N,P) be a probability space and denote by T the set of all stopping

times defined on Ω. All the martingales in this chapter are defined with respect to this

probability space relative to the underlying filtration {Fn}n∈N. We also recall that the

space of all martingales is denoted M. The first definition of atom is the following.

Definition 3.1 (Atom). Let 0 < p <∞, and max(p, 1) < r ≤ ∞. A measurable function

a is a (p, r)s-atom (resp. (p, r)S-atom, (p, r)∗-atom) if there exists a stopping time ν ∈ T
such that

(a1) an := Ena = 0 if ν ≥ n;

(a2) ‖s(a)‖r,r := ‖s(a)‖r (resp.‖S(f)‖r, ‖a∗‖r) ≤ P(Bν)
1
r
− 1
p

where Bν = {ν 6=∞}.

We denote by A(p, q, r)s (resp. A(p, q, r)S, A(p, q, r)∗) the set of all sequences of triplets

(λk, a
k, νk), where λk are nonnegative numbers, ak are (p, r)s-atoms (resp. (p, r)S-atoms,

(p, r)∗-atoms) and νk ∈ T satisfying conditions (a1) and (a2) in Definition 3.1 and such

that for any 0 < η ≤ 1, ∑
k

(
λk

P(Bνk)
1
p

)η

1B
νk
∈ L p

η
, q
η
.
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We also have the following second definition of an atom.

Definition 3.2 (Atom). Let 0 < p < ∞, 0 < q ≤ ∞ and max(p, 1) < r ≤ ∞. A

measurable function a is a (p, q, r)s-atom (resp. (p, q, r)S-atom, (p, q, r)∗-atom) if there

exists a stopping time ν ∈ T such that condition (a1) in Definition 3.1 is satisfied and

(a3) ‖s(a)‖r (resp.‖S(a)‖r, ‖a∗‖r) ≤ P(Bν)
1
r ‖1Bν‖−1

p,q.

We denote by B(p, q, r)s (resp. B(p, q, r)S, B(p, q, r)∗) the set of all sequences of triplets

(λk, a
k, νk), where λk are nonnegative numbers, ak are (p, q, r)s-atoms (resp. (p, q, r)S-

atoms, (p, q, r)∗-atoms) and νk ∈ T satisfying conditions (a1) and (a3) in Definition 3.2

and such that for any 0 < η ≤ 1,

∑
k

(
λk

‖1B
νk
‖p,q

)η

1B
νk
∈ L p

η
, q
η
.

The presentation of the atomic decompositions of the martingale Hardy-amalgam space

Hs
p,q now follows.

3.3 Atomic Decompositions of Hs
p,q

The following Theorem 3.4 describes the atomic decomposition of Hs
p,q(Ω) based on Def-

inition 3.1 of an atom. We recall that Hs
p,q(Ω) is the space of all f ∈ M such that

s(f) ∈ Lp,q(Ω) with (quasi)-norm

‖f‖Hs
p,q(Ω) := ‖s(f)‖Lp,q(Ω).

Theorem 3.4. Let 0 < p <∞, 0 < q ≤ ∞ and let max(p, 1) < r ≤ ∞. If the martingale

f ∈ M is in Hs
p,q, then there exists a sequence of triplets (λk, a

k, νk) ∈ A(p, q, r)s such

that for all n ∈ N, ∑
k∈Z

λkEnak = fn a.e. (3.1)

and for any 0 < η ≤ 1,

∥∥∥∥∥∑
k∈Z

(
λk

P(Bνk)
1
p

)η

1B
νk

∥∥∥∥∥
1
η

p
η
, q
η

≤ C‖f‖Hs
p,q
. (3.2)
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Moreover,
m∑
k=l

λka
k −→ f

in Hs
p,q as m→∞, l→ −∞.

Conversely if f ∈M has a decomposition as in (3.1), then for any 0 < η ≤ 1,

‖f‖Hs
p,q
≤ C

∥∥∥∥∥∑
k∈Z

(
λk

P(Bνk)
1
p

)η

1B
νk

∥∥∥∥∥
1
η

p
η
, q
η

.

Proof. Let 0 < p < ∞, 0 < q < ∞, max(p, 1) < r ≤ ∞ and let f be in Hs
p,q and define

the nonnegative and nondecreasing sequence of stopping time, (νk)k∈Z, as

νk := inf{n ∈ N : sn+1(f) > 2k}. (3.3)

Take λk = C2kP(νk 6=∞)
1
p , for some constant C, to be determined later, and (n ∈ N)

akn =

{
fν
k+1

n −fνkn
λk

, if λk 6= 0

0, if λk = 0
. (3.4)

Then, it is true that s(f ν
k

n ) ≤ 2k, s(ak) ≤ P(νk 6= ∞)−
1
p and s(f) ≤

∑
k≥0 λks(a

k).

Indeed, we recall from (2.4) that s(f ν
k
) = sνk(f). By the definition of the stopping time,

νk ≤ n+ 1, and since sn(f) is increasing in n, and 2k < sn+1(f), we obtain that

sνk(f) ≤ 2k. (3.5)

Moreover, ∑
k∈Z

(f ν
k+1

n − f νkn ) = fn a.e.

Let us check that ak is an (p, r)s-atom. We start by showing that s(ak) ≤ P(νk 6=∞)−
1
p .

Before we do that, let us observe from the definition of stopped martingale that on the

set {n ≤ νk},

akn =
f ν

k+1

n − f νkn
λk

=
fn − fn
λk

= 0 (3.6)

and thus Enak = 0 when νk ≥ n. Hence ak satisfies condition (a1) in Definition 3.1. Also

we note that equation (3.6) implies that

1{νk=∞}[s(a
k)]2 ≤

∑
n∈N

1{νk≥n}En−1|dnak|2 =
∑
n∈N

1{νk≥n}En−1|1{νk≥n}dnak|2 = 0.
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That is the support of s(ak) is contained in Bνk = {νk 6= ∞}. Using inequalities (2.8)

and (3.5), we obtain that

s(ak) = s

(
f ν

k+1 − f νk

λk

)
=

1

λk
s(f ν

k+1 − f νk)

≤
√

2

λk
[s(f ν

k+1

) + s(f ν
k

)] ≤
√

2(2k+1 + 2k)

λk
≤ C(2k)

λk

=
C(2k)

C2kP(νk 6=∞)
1
p

=
1

P(Bνk)
1
p

where we take C ≥ 3
√

2. Thus s(ak) ≤ P(Bνk)
− 1
p and zero outside of Bνk . Therefore

‖s(ak)‖rr :=

∫
Ω

sr(ak)dP =

∫
B
νk

sr(ak)dP +

∫
Bc
νk

sr(ak)dP

=

∫
B
νk

sr(ak)dP ≤
∫
B
νk

P(Bνk)
− r
pdP

= P(Bνk)
− r
p

∫
B
νk

dP = P(Bνk)
− r
pP(Bνk).

Hence we obtain that

‖s(ak)‖r ≤ P(νk 6=∞)
1
r
− 1
p . (3.7)

Thus condition (a2) in the definition of an (p, r)s-atom is also satisfied.

We observe that, by measurability and martingale property of ak,

s2(ak) =
∑
n

En−1|dnak|2 =
∑
n

En−1[(akn)2 + (akn−1)2 − 2akna
k
n−1]

=
∑
n

En−1[(akn)2 + (akn−1)2]− 2En−1[akna
k
n−1]

=
∑
n

En−1[(akn)2 + (akn−1)2]− 2akn−1En−1[akn]

=
∑
n

En−1[(akn)2 + (akn−1)2]− 2(akn−1)2
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and then

E[s2(ak)] =
∑
n

E[(En−1[(akn)2 + (akn−1)2])− 2E[(akn−1)2]]

=
∑
n

E[(akn)2 + (akn−1)2 − 2(akn−1)2]

= E
∑
n

[(akn)2 − (akn−1)2] = E[(ak)2].

In other words, ‖s(ak)‖2 = ‖ak‖2. Thus from (3.7), we have that ‖s(ak)‖2 ≤ P(νk 6=∞)−
1
p

and hence ‖ak‖2 = ‖s(ak)‖2 ≤ P(νk 6= ∞)−
1
p . Which implies that supn ‖akn‖2 < P(νk 6=

∞)−
1
p < ∞. Hence for a fixed k, ak = {akn}n∈N is an L2-bounded martingale since

‖akn‖ := ‖Enak‖ ≤ ‖ak‖2. Consequently, the limit

lim
n→∞

akn

exists a.e. and in L2[67]. Hence there exists ak ∈ L2 such that Enak is well defined and

since ak is a martingale, Enak = akn. Now since λka
k
n = f ν

k+1

n − f νkn , we have that∑
k∈Z

λka
k
n =

∑
k∈Z

(f ν
k+1

n − f νkn ) = fn a.e.

and thus (3.1) is satisfied.

Let us now check that if the martingale f = {fn}n∈N has the representation as in (3.1),

then s(f) ≤
∑

k∈Z λks(a
k). Since ak is a martingale, we have that

dnf = fn − fn−1 =
∑
k∈Z

λkEnak −
∑
k∈Z

λkEn−1a
k =

∑
k∈Z

λk(a
k
n − akn−1) =

∑
k∈Z

λkdna
k.

Therefore

|dnf |2 =

(∑
k∈Z

λkdna
k

)2

=
∑
k∈Z

|λkdnak|2 + 2
∑

t<r≤∞

λtλrdna
tdna

r.

We have by orthogonality of martingale difference, Remark 2.2, that

En−1[λtλrdna
tdna

r] = 0.

Hence

En−1|dnf |2 =
∑
k∈Z

λ2
kEn−1|dnak|2 + 2

∑
t<r≤∞

λtλrEn−1dna
tdna

r =
∑
k∈Z

λ2
kEn−1|dnak|2.
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Hence by definition,

s(f) =

(∑
n∈N

En−1|dnf |2
) 1

2

=

(∑
n∈N

∑
k∈Z

λ2
kEn−1|dnak|2

) 1
2

=

(∑
k∈Z

[
λ2
k

∑
n∈N

En−1|dnak|2
]) 1

2

≤
∑
k∈Z

λk

(∑
n∈N

En−1|dnak|2
) 1

2

and therefore by definition

s(f) ≤
∑
k∈Z

λk

(∑
n∈N

En−1|dnak|2
) 1

2

=
∑
k∈Z

λks(a
k). (3.8)

We now check that ∑
k

λka
k −→ f in Hs

p,q.

As equation (3.4) implies that λka
k = f ν

k+1 − f νk , we obtain that∑m
k=l λka

k =
∑m

k=l f
νk+1 − f νk = f ν

m+1 − f νl and therefore we have that

f −
m∑
k=l

λka
k = (f − f νm+1

) + f ν
l

. (3.9)

Now by definition,

‖f − f νm+1‖Hs
p,q

= ‖s(f − f νm+1

)‖p,q.

Thus for Ωj as in the definition of amalgam space,

‖s(f − f νm+1)‖p,q =

[∑
j∈Z

(∫
Ω

sp(f − f νm+1

)1ΩjdP
) q

p

] 1
q

=

[∑
j∈Z

‖s(f − f νm+1

)1Ωj‖qp

] 1
q

.

Now by identity (2.6), we have

s2(f − f νm+1

) = s2(f)− s2(f ν
m+1

) ≤ s2(f).

As sp(f − f νm+1
) ≤ sp(f) and ∫

Ωj

sp(f)dP <∞,

it follows from the Dominated Convergence Theorem that

‖s(f − f νm+1

)1Ωj‖p −→ 0
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m → ∞ and s(f − f νm+1
) → 0 as m → ∞. Hence as

∑
j∈Z ‖s(f)1Ωj‖qp = ‖f‖qHs

p,q
< ∞,

applying the Dominated Convergence Theorem for the sequence space `q, we conclude

that

‖f − f νm+1‖Hs
p,q

= ‖s(f − f νm+1

)‖p,q −→ 0

as m −→∞.

Also since s(f ν
k
) . 2k, we have that

‖f νl‖Hs
p,q

= ‖s(f νl)‖p,q . 2l.

Hence ‖f νl‖Hs
p,q
−→ 0 as l −→ −∞. Thus (3.9) implies that∥∥∥∥∥f −

m∑
k=l

λka
k

∥∥∥∥∥
Hs
p,q

=
∥∥∥(f − f νm+1

) + f ν
l
∥∥∥
Hs
p,q

=
∥∥∥s((f − f νm+1

) + f ν
l

)
∥∥∥
p,q

.
∥∥∥s(f − f νm+1

) + s(f ν
l

)
∥∥∥
p,q

≤
∥∥∥s(f − f νm+1

)
∥∥∥
p,q

+
∥∥∥s(f νl)∥∥∥

p,q
→ 0

as m −→∞ and l −→ −∞. Hence
∑m

k=l λka
k −→ f in Hs

p,q as m→∞, l→ −∞.

Let us now establish (3.2). Let Ωj ⊂ Ω be as it appeared in the definition of amalgam

space. Then by definition,

∥∥∥∥∥∑
k∈Z

(
λk

P(Bνk)
1
p

)η

1B
νk

∥∥∥∥∥
1
η

p
η
, q
η

=

∑
j∈Z

∫
Ω

(∑
k∈Z

(
λk

P(Bνk)
1
p

)η

1B
νk

) p
η

1ΩjdP


q
p


η
q
· 1
η

.

Considering the inner sum, we see that(∑
k∈Z

(
λk

P(Bνk)
1
p

)η

1B
νk

) p
η

=

(∑
k∈Z

(
C2kP(νk 6=∞)

1
p

P(Bνk)
1
p

)η

1B
νk

) p
η

=

(∑
k∈Z

(
C2k

)η
1B

νk

) p
η

.

We shall use some ideas from [69]. Let Gk = Bνk \ Bνk+1 where Bνk = {νk 6= ∞}. Then

Gk are disjoint such that Bνk =
⋃∞
r=kGr and

1B
νk

=
∞∑
r=k

1Gr . (3.10)
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Then

∑
k∈Z

(
C2k

)η
1B

νk
=

∑
k∈Z

Cη2kη ·
∞∑
r=k

1Gr

=
∑
r∈Z

∑
k≤r

Cη2kη1Gr ≤
Cη

2η − 1

∑
k∈Z

2(k+1)η1Gk .

Thus

∑
k∈Z

(
C2k

)η
1B

νk
≤ Cη

2η − 1

(∑
k∈Z

2(k+1)1Gk

)η

≤ (2C)η

2η − 1

(∑
k∈Z

s(f)1Gk

)η

[by disjointedness]

given us

∑
k∈Z

(
C2k

)η
1B

νk
≤ (2C)ηs(f)η

2η − 1

(∑
k∈Z

1Gk

)η

=
(2C)ηs(f)η

2η − 1

∑
k∈Z

1Gk [by disjointedness].

Hence (∑
k∈Z

(
C2k

)η
1B

νk

) p
η

≤

(
(2C)ηs(f)η

2η − 1

∑
k∈Z

1Gk

) p
η

=
(2C)ps(f)p

(2η − 1)
p
η

(∑
k∈Z

1Gk

) p
η

=
(2C)ps(f)p

(2η − 1)
p
η

∑
k∈Z

1Gk .

We then have that

∥∥∥∥∥∑
k∈Z

(
λk

P(Bνk)
1
p

)η

1B
νk

∥∥∥∥∥
1
η

p
η
, q
η

=

∑
j∈Z

∫
Ω

(∑
k∈Z

(
λk

P(Bνk)
1
p

)η

1B
νk

) p
η

1ΩjdP


q
p


η
q
· 1
η

≤

∑
j∈Z

(∫
Ω

(2C)ps(f)p

(2η − 1)
p
η

∑
k∈Z

1Gk1ΩjdP

) q
p


η
q
· 1
η

=

∑
j∈Z

(
(2C)p

(2η − 1)
p
η

∫
Ω

sp(f)
∑
k∈Z

1Gk1ΩjdP

) q
p


η
q
· 1
η

=

∑
j∈Z

(
(2C)p

(2η − 1)
p
η

∑
k∈Z

∫
Gk

sp(f)1ΩjdP

) q
p


η
q
· 1
η

=

∑
j∈Z

(
(2C)p

(2η − 1)
p
η

∫
Ω

sp(f)1ΩjdP

) q
p


η
q
· 1
η

.
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Hence we have that

∥∥∥∥∥∑
k∈Z

(
λj

P(Bνk)
1
p

)η

1B
νk

∥∥∥∥∥
1
η

p
η
, q
η

≤

∑
j∈Z

(∫
Ω

(2C)p

(2η − 1)
p
η

sp(f)1ΩjdP

) q
p

 1
q

=
2C

(2η − 1)
1
η

‖s(f)‖p,q =
2C

(2η − 1)
1
η

‖f‖Hs
p,q

establishing the first part of the theorem.

Conversely, let the martingale f = {fn}n∈N have a representation as in (3.1). Then as

s(ak) ≤ P(νk 6=∞)
1
r
− 1
p ≤ P(νk 6=∞)−

1
p with support in Bνk , we obtain from (3.8) that

‖f‖Hs
p,q

= ‖s(f)‖p,q ≤

∥∥∥∥∥∑
k∈Z

λks(a
k)

∥∥∥∥∥
p,q

≤

∥∥∥∥∥∑
k∈Z

λk

P(Bνk)
1
p

1B
νk

∥∥∥∥∥
p,q

.

Let us quickly check that

∥∥∥∥∥∑
k∈Z

λk

P(Bνk)
1
p

1B
νk

∥∥∥∥∥
p,q

≤

∥∥∥∥∥∑
k∈Z

(
λk

P(Bνk)
1
p

)η

1B
νk

∥∥∥∥∥
1
η

p
η
, q
η

for 0 < η < 1. Indeed by definition,

∥∥∥∥∥∑
k∈Z

λk

P(Bνk)
1
p

1B
νk

∥∥∥∥∥
p,q

=

∑
j∈Z

(∫
Ω

(∑
k∈Z

λk

P(Bνk)
1
p

1B
νk

)p

1ΩjdP

) q
p

 1
q

=

∑
j∈Z

∫
Ω

(∑
k∈Z

λk

P(Bνk)
1
p

1B
νk

)p η
η

1ΩjdP


q/η
p/η


1
q
· η
η

≤

∑
j∈Z

∫
Ω

(∑
k∈Z

(
λk

P(Bνk)
1
p

)η

1B
νk

) p
η

1ΩjdP


q/η
p/η


η
q
· 1
η

=

∥∥∥∥∥∑
k∈Z

(
λk

P(Bνk)
1
p

)η

1B
νk

∥∥∥∥∥
1
η

p
η
, q
η

.

Thus ∥∥∥∥∥∑
k∈Z

λk

P(Bνk)
1
p

1B
νk

∥∥∥∥∥
p,q

≤

∥∥∥∥∥∑
k∈Z

(
λk

P(Bνk)
1
p

)η

1B
νk

∥∥∥∥∥
1
η

p
η
, q
η

. (3.11)
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Hence

‖f‖Hs
p,q
≤

∥∥∥∥∥∑
k∈Z

(
λk

P(Bνk)
1
p

)η

1B
νk

∥∥∥∥∥
1
η

p
η
, q
η

establishing the converse.

For the case q =∞, we have, by definition, that

‖f − f νm+1‖Hs
p,∞ = ‖s(f − f νm+1

)‖p,∞ := sup
j∈Z
‖s(f − f νm+1

)1Ωj‖p.

Hence, as above, supj∈Z ‖s(f − f ν
m+1

)1Ωj‖p → 0 as m → ∞ since ‖s(f − f νm+1
)‖p → 0

as m→∞. We also observe that, since s(f ν
k
) . 2k, it is true that ‖s(f νl)‖p,∞ ≤ 2l → 0

as l→ −∞. Hence ‖f νl‖Hs
p,∞ → 0 as l→ −∞. Therefore∥∥∥∥∥f −

m∑
k=l

λka
k

∥∥∥∥∥
Hs
p,∞

≤ ‖(f − f νm+1

)‖Hs
p,∞ + ‖f νl‖Hs

p,∞ → 0.

Hence
m∑
k=l

λka
k −→ f

in Hs
p,∞ as m→∞, l→ −∞. It follows by definition, as we did above, that

∥∥∥∥∥∑
k∈Z

(
λk

P(Bνk)
1
p

)η

1B
νk

∥∥∥∥∥
p
η
,∞

= sup
j∈Z

∫
Ω

(∑
k∈Z

(
λk

P(Bνk)
1
p

)η

1B
νk

) p
η

1ΩjdP


η
p

≤ sup
j∈Z

(∫
Ω

(2C)ps(f)p

(2η − 1)
p
η

∑
k∈Z

1Gk1ΩjdP

) η
p

= sup
j∈Z

(
(2C)p

(2η − 1)
p
η

∑
k∈Z

∫
Gk

sp(f)1ΩjdP

) η
p

=

(
(2C)η

2η − 1

)
sup
j∈Z

(∫
Ω

sp(f)1ΩjdP
) η

p

=

(
(2C)η

2η − 1

)
‖s(f)‖ηp,∞.

Hence ∥∥∥∥∥∑
k∈Z

(
λj

P(Bνk)
1
p

)η

1B
νk

∥∥∥∥∥
1
η

p
η
,∞

≤
(

(2C)η

2η − 1

) 1
η

‖f‖Hs
p,∞ .

Conversely, as in the above, let the martingale f have a representation as in (3.1). Then

32

University of Ghana http://ugspace.ug.edu.gh 



as s(ak) ≤ P(νk 6=∞)−
1
p with support in Bνk = {ν 6=∞}, we obtain that

‖f‖Hs
p,∞ = ‖s(f)‖p,∞ ≤

∥∥∥∥∥∑
k∈Z

λks(a
k)

∥∥∥∥∥
p,∞

≤

∥∥∥∥∥∑
k∈Z

λkP(Bνk)
− 1
p1B

νk

∥∥∥∥∥
p,∞

=

∥∥∥∥∥∑
k∈Z

λk

P(Bνk)
1
p

1B
νk

∥∥∥∥∥
p,∞

.

We check that ∥∥∥∥∥∑
k∈Z

λk

P(Bνk)
1
p

1B
νk

∥∥∥∥∥
p,∞

≤

∥∥∥∥∥∑
k∈Z

(
λk

P(Bνk)
1
p

)η

1B
νk

∥∥∥∥∥
1
η

p
η
,∞

.

For 0 < η < 1, we get

∥∥∥∥∥∑
k∈Z

λk

P(Bνk)
1
p

1B
νk

∥∥∥∥∥
p,∞

= sup
j∈Z

(∫
Ω

(∑
k∈Z

λk

P(Bνk)
1
p

1B
νk

)p

1ΩjdP

) 1
p

= sup
j∈Z

∫
Ω

(∑
k∈Z

λk

P(Bνk)
1
p

1B
νk

)p η
η

1ΩjdP

 1
p
· η
η

≤ sup
j∈Z

∫
Ω

(∑
k∈Z

(
λk

P(Bνk)
1
p

)η

1B
νk

) p
η

1ΩjdP

 1
p
· η
η

=

∥∥∥∥∥∑
k∈Z

(
λk

P(Bνk)
1
p

)η

1B
νk

∥∥∥∥∥
1
η

p
η
,∞

.

Hence

‖f‖Hs
p,∞ ≤

∥∥∥∥∥∑
k∈Z

(
λk

P(Bνk)
1
p

)η

1B
νk

∥∥∥∥∥
1
η

p
η
,∞

establishing the converse. The proof is complete.

A second atomic decomposition of Hs
p,q(Ω) is described by Theorem 3.5 below. This

atomic decomposition is based on Definition 3.2 of an atom.

Theorem 3.5. Let 0 < p <∞, 0 < q ≤ ∞ and let max(p, 1) < r ≤ ∞. If the martingale

f ∈ M is in Hs
p,q then there exists a sequence of triplets (λk, a

k, νk) ∈ B(p, q, r)s such
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that for all n ∈ N, ∑
k∈Z

λkEnak = fn (3.12)

and for any 0 < η ≤ 1,

∥∥∥∥∥∑
k≥0

(
λk

‖1B
νk
‖p,q

)η

1B
νk

∥∥∥∥∥
1
η

p
η
, q
η

≤ C‖f‖Hs
p,q
. (3.13)

Moreover,
m∑
k=l

λka
k −→ f

in Hs
p,q as m→∞, l→ −∞.

Conversely if f ∈M has a decomposition as in (3.12), then for any 0 < η ≤ 1,

‖f‖Hs
p,q
≤ C

∥∥∥∥∥∑
k∈Z

(
λk

‖1B
νk
‖p,q

)η

1B
νk

∥∥∥∥∥
1
η

p
η
, q
η

.

Proof. Let 0 < p <∞, 0 < q <∞, max(p, 1) < r ≤ ∞, and let f ∈ Hs
p,q and define the

stopping time as

νk := inf{n ∈ N : sn+1(f) > 2k}. (3.14)

We take the sequence, λ = {λk}k∈Z, as λk = C2k‖1B
νk
‖p,q, and (n ∈ N), a = {akn}k∈Z as

akn =

{
fν
k+1

n −fνkn
λk

, if λk 6= 0

0, if λk = 0.
(3.15)

Then as in the proof of Theorem 3.4 above, one obtains that s(f ν
k

n ) . 2k and

s(ak) =
1

λk
s(f ν

k+1 − f νk) ≤ C2k

λk
≤ ‖1B

νk
‖−1
p,q

and s(ak) = 0 on {νk =∞}. Also since supp(s(ak)) ⊆ Bνk , It follows that

‖s(ak)‖r ≤

(∫
B
νk

‖1B
νk
‖−rp,qdP

) 1
r

≤ ‖1B
νk
‖−1
p,qP(Bνk)

1
r .

We also observe that Enak = 0 when νk ≥ n as in the proof of Theorem 3.4. Thus

conditions (a1) and (a3) are satisfied and hence ak is (p, q, r)s-atom. It then follows from
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the proof of Theorem 3.4 that
m∑
k=l

λka
k → f

in Hs
p,q as m→∞ and l→ −∞ since∥∥∥∥∥f −

m∑
k=l

λka
k

∥∥∥∥∥
Hs
p,q

=
∥∥∥(f − f νm+1

) + f ν
l
∥∥∥
Hs
p,q

.
∥∥∥s(f − f νm+1

) + s(f ν
l

)
∥∥∥
p,q

≤
∥∥∥s(f − f νm+1

)
∥∥∥
p,q

+
∥∥∥s(f νl)∥∥∥

p,q
→ 0.

We also observe the following as in the proof of Theorem 3.4;

∥∥∥∥∥∑
k∈Z

(
λk

‖1B
νk
‖p,q

)η

1B
νk

∥∥∥∥∥
1
η

p
η
, q
η

=

∑
j∈Z

∫
Ω

(∑
k∈Z

(
λk

‖1B
νk
‖p,q

)η

1B
νk

) p
η

1ΩjdP


q
p


η
q
· 1
η

≤

∑
j∈Z

(∫
Ω

(2C)ps(f)p

(2η − 1)
p
η

∑
k∈Z

1Gk1ΩjdP

) q
p


η
q
· 1
η

=

∑
j∈Z

(
(2C)p

(2η − 1)
p
η

∫
Ω

sp(f)1ΩjdP

) q
p


η
q
· 1
η

.

Hence we have that

∥∥∥∥∥∑
k∈Z

(
λj

‖1B
νk
‖p,q

)η

1B
νk

∥∥∥∥∥
1
η

p
η
, q
η

≤

∑
j∈Z

(∫
Ω

(2C)p

(2η − 1)
p
η

sp(f)1ΩjdP

) q
p

 1
q

=
2C

(2η − 1)
1
η

‖s(f)‖p,q =
2C

(2η − 1)
1
η

‖f‖Hs
p,q
.

The first part of the theorem is then established.

Conversely, let the martingale f = {fn}n∈N have a representation as in (3.12). Then as

s(ak) ≤ ‖1B
νk
‖−1
p,q with support in Bνk , we obtain that

‖f‖Hs
p,q

= ‖s(f)‖p,q ≤

∥∥∥∥∥∑
k∈Z

λks(a
k)

∥∥∥∥∥
p,q

≤

∥∥∥∥∥∑
k∈Z

λk
‖1B

νk
‖p,q

1B
νk

∥∥∥∥∥
p,q

.
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For 0 < η < 1, we proceed similarly as in the proof of Theorem 3.4 to obtain

∥∥∥∥∥∑
k∈Z

λk
‖1B

νk
‖p,q

1B
νk

∥∥∥∥∥
p,q

=

∑
j∈Z

(∫
Ω

(∑
k∈Z

λk
‖1B

νk
‖p,q

1B
νk

)p

1ΩjdP

) q
p

 1
q

=

∑
j∈Z

∫
Ω

(∑
k∈Z

λk
‖1B

νk
‖p,q

1B
νk

)p η
η

1ΩjdP


q/η
p/η


1
q
· η
η

≤

∑
j∈Z

∫
Ω

(∑
k∈Z

(
λk

‖1B
νk
‖p,q

)η

1B
νk

) p
η

1ΩjdP


q/η
p/η


η
q
· 1
η

.

Then by definition we have

∥∥∥∥∥∑
k∈Z

λk
‖1B

νk
‖p,q

1B
νk

∥∥∥∥∥
p,q

≤

∥∥∥∥∥∑
k∈Z

(
λk

‖1B
νk
‖p,q

)η

1B
νk

∥∥∥∥∥
1
η

p
η
, q
η

.

Thus ∥∥∥∥∥∑
k∈Z

λk
‖1B

νk
‖p,q

1B
νk

∥∥∥∥∥
p,q

≤

∥∥∥∥∥∑
k∈Z

(
λk

‖1B
νk
‖p,q

)η

1B
νk

∥∥∥∥∥
1
η

p
η
, q
η

. (3.16)

Hence

‖f‖Hs
p,q
≤

∥∥∥∥∥∑
k∈Z

(
λk

‖1B
νk
‖p,q

)η

1B
νk

∥∥∥∥∥
1
η

p
η
, q
η

establishing the converse.

For the case q =∞, we have, by definition, that

‖f − f νm+1‖Hs
p,∞ = ‖s(f − f νm+1

)‖p,∞ := sup
j∈Z
‖s(f − f νm+1

)1Ωj‖p.

Hence, as above, supj∈Z ‖s(f − f ν
m+1

)1Ωj‖p → 0 as m → ∞ since ‖s(f − f νm+1
)‖p → 0

as m→∞. We also observe that, since s(f ν
k
) . 2k, it is true that ‖s(f νl)‖p,∞ . 2l → 0

as l→ −∞. Hence ‖f νl‖Hs
p,∞ → 0 as l→ −∞. Therefore∥∥∥∥∥f −

m∑
k=l

λka
k

∥∥∥∥∥
Hs
p,∞

≤ ‖(f − f νm+1

)‖Hs
p,∞ + ‖f νl‖Hs

p,∞ → 0
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Hence
m∑
k=l

λka
k −→ f

in Hs
p,∞ as m→∞, l→ −∞. It follows by definition, as we did above, that

∥∥∥∥∥∑
k∈Z

(
λk

‖1B
νk
‖p,q

)η

1B
νk

∥∥∥∥∥
p
η
,∞

= sup
j∈Z

∫
Ω

(∑
k∈Z

(
λk

‖1B
νk
‖p,q

)η

1B
νk

) p
η

1ΩjdP


η
p

≤ sup
j∈Z

(∫
Ω

(2C)ps(f)p

(2η − 1)
p
η

∑
k∈Z

1Gk1ΩjdP

) η
p

= sup
j∈Z

(
(2C)p

(2η − 1)
p
η

∑
k∈Z

∫
Gk

sp(f)1ΩjdP

) η
p

and therefore∥∥∥∥∥∑
k∈Z

(
λk

‖1B
νk
‖p,q

)η

1B
νk

∥∥∥∥∥
p
η
,∞

≤
(

(2C)η

2η − 1

)
sup
j∈Z

(∫
Ω

sp(f)1ΩjdP
) η

p

=

(
(2C)η

2η − 1

)
‖s(f)‖ηp,∞.

Hence ∥∥∥∥∥∑
k∈Z

(
λj

‖1B
νk
‖p,q

)η

1B
νk

∥∥∥∥∥
1
η

p
η
,∞

≤
(

(2C)η

2η − 1

) 1
η

‖f‖Hs
p,∞ .

Conversely, as in the above, let the martingale f have a representation as in (3.12). Then

as s(ak) ≤ ‖1B
νk
‖−1
p,q with support in Bνk = {ν 6=∞}, we obtain that

‖f‖Hs
p,∞ = ‖s(f)‖p,∞ ≤

∥∥∥∥∥∑
k∈Z

λks(a
k)

∥∥∥∥∥
p,∞

≤

∥∥∥∥∥∑
k∈Z

λk
‖1B

νk
‖p,q

1B
νk

∥∥∥∥∥
p,∞

.

We now check that∥∥∥∥∥∑
k∈Z

λk
‖1B

νk
‖p,q

1B
νk

∥∥∥∥∥
p,∞

≤

∥∥∥∥∥∑
k∈Z

(
λk

‖1B
νk
‖p,q

)η

1B
νk

∥∥∥∥∥
1
η

p
η
,∞

.
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For 0 < η < 1, we get

∥∥∥∥∥∑
k∈Z

λk
‖1B

νk
‖p,q

1B
νk

∥∥∥∥∥
p,∞

= sup
j∈Z

(∫
Ω

(∑
k∈Z

λk
‖1B

νk
‖p,q

1B
νk

)p

1ΩjdP

) 1
p

= sup
j∈Z

∫
Ω

(∑
k∈Z

λk
‖1B

νk
‖p,q

1B
νk

)p η
η

1ΩjdP

 1
p
· η
η

≤ sup
j∈Z

∫
Ω

(∑
k∈Z

(
λk

‖1B
νk
‖p,q

)η

1B
νk

) p
η

1ΩjdP

 1
p
· η
η

=

∥∥∥∥∥∑
k∈Z

(
λk

‖1B
νk
‖p,q

)η

1B
νk

∥∥∥∥∥
1
η

p
η
,∞

.

Hence

‖f‖Hs
p,∞ ≤

∥∥∥∥∥∑
k∈Z

(
λk

‖1B
νk
‖p,q

)η

1B
νk

∥∥∥∥∥
1
η

p
η
,∞

establishing the converse. The proof is complete.

3.6 Atomic Decompositions of Qp,q

Recall thatQp,q(Ω) is the space of all f ∈M such that Sn(f) ≤ βn−1 and ‖β∞‖Lp,q(Ω) <∞
with (quasi)-norm

‖f‖Qp,q(Ω) := inf
β∈Γ
‖β∞‖Lp,q(Ω)

where Γ be the space of all sequences β = (βn)n≥0 of adapted (that is for all n ∈ Z, βn
is Fn-measurable), non-decreasing, non-negative functions and

β∞ := lim
n→∞

βn.

Let us discuss the atomic decomposition of this martingale Hardy-amalgam space as

stated in the Theorem below. Theorem 3.7 describes the atomic decomposition of Qp,q
based on Definition 3.1.

Theorem 3.7. Let 0 < p <∞ and 0 < q ≤ ∞. If the martingale f ∈M is in Qp,q, then

there exists a sequence of triplets (λk, a
k, νk) ∈ A(p, q,∞)S such that for any n ∈ N,∑

k∈Z

λkEnak = fn (3.17)
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and for any 0 < η ≤ 1,

∥∥∥∥∥∑
k∈Z

(
λk

P(Bνk)
1
p

)η

1B
νk

∥∥∥∥∥
1
η

p
η
, q
η

≤ C‖f‖Qp,q . (3.18)

Moreover,
m∑
k=l

λka
k −→ f

in Qp,q as m→∞, l→ −∞.

Conversely, if f ∈M has a decomposition as in (3.17), then for any 0 < η ≤ 1,

‖f‖Qp,q ≤ C

∥∥∥∥∥∑
k∈Z

(
λk

P(Bνk)
1
p

)η

1B
νk

∥∥∥∥∥
1
η

p
η
, q
η

.

Proof. Let 0 < p < ∞, 0 < q < ∞ and let f ∈ Qp,q. Then there exists an optimal,

non-decreasing, non-negative adapted sequence (βn)n∈N such that Sn(f) ≤ βn−1 and

‖f‖Qp,q = ‖β∞‖p,q. We take

νk := inf{n ∈ N : βn > 2k} (3.19)

to be a stopping times and define λk = C2kP(νk 6=∞)
1
p , and (n ∈ N)

akn =

{
fν
k+1

n −fνkn
λk

, if λk 6= 0

0, otherwise.
(3.20)

Now on the set {n ≤ νk} we see that

akn =
f ν

k+1

n − f νkn
λk

=
fn − fn
λk

= 0

by definition of stopped martingales and thus Enak = 0 when νk ≥ n. Hence ak satisfies

condition (a1) in the definition of (p,∞)S-atom. Also, akn = 0 on {νk =∞} for all n ≥ 0,

and thus the support of S(ak) is contained in Bνk = {ν 6=∞}. Also by (2.5)

S(f ν
k

) = Sνk(f).

Now by the definition of stopping time, νk = n ≤ n + 1 and since Sn(f) is increasing in

n, we have that Sνk(f) ≤ Sn+1(f) ≤ βn and 2k < βn. Hence,

Sνk(f) = S(f ν
k

) ≤ βνk−1 . 2k.
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Then by identity (2.9) we get the following

S(ak) =
1

λk
S(f ν

k+1 − f νk)

.
1

λk
[S(f ν

k+1

) + S(f ν
k

)] .
2k+1 + 2k

λk
≤ C(2k)

λk

=
C(2k)

C2kP(νk 6=∞)
1
p

=
1

P(Bνk)
1
p

Therefore S(ak) ≤ P(Bνk)
− 1
p and zero outside of Bνk . Therefore, we obtain that

‖S(ak)‖r ≤ P(νk 6=∞)
1
r
− 1
p (3.21)

and in particular ‖S(ak)‖∞ ≤ P(νk 6=∞)−
1
p . Thus condition (a2) in the definition of an

(p,∞)S-atom also holds. Thus ak is (p,∞)S-atom.

Moreover, ∑
k∈Z

(f ν
k+1

n − f νkn ) = fn a.e.

We observe that since

S2(ak) =
∑
n

|dnak|2 =
∑
n

[(akn)2 + (akn−1)2 − 2akna
k
n−1],

we have by martingale property of ak that

E[S2(ak)] =
∑
n

E([(akn)2 + (akn−1)2])− 2E[akna
k
n−1]

=
∑
n

E([(akn)2 + (akn−1)2])− 2E(En−1[akna
k
n−1])

=
∑
n

E[(akn)2 + (akn−1)2 − 2(akn−1)2]

= E
∑
n

[(akn)2 − (akn−1)2] = E[(ak)2].

In other words ‖S(ak)‖2 = ‖ak‖2. Thus from (3.21), we have that ‖S(ak)‖2 ≤ P(νk 6=
∞)−

1
p and hence ‖ak‖2 = ‖S(ak)‖2 ≤ P(νk 6= ∞)−

1
p . Which implies that supn ‖akn‖2 <

P(νk 6= ∞)−
1
p < ∞. Hence for a fixed k, ak = {akn}n∈N is an L2-bounded martingale.

Consequently, the limit

lim
n→∞

akn

exists a.e. in L2. Hence there exists ak ∈ L2 such that Enak is well defined and since ak
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is a martingale, Enak = akn. Now since λka
k
n = f ν

k+1

n − f νkn , we have that∑
k∈Z

λka
k
n =

∑
k∈Z

(f ν
k+1

n − f νkn ) = fn a.e.

and thus (3.17) is satisfied.

We shall now establish the inequalities in the Theorem. Before we do that let us prove

that
∑m

k=l λka
k converges to f in Qp,q as l→ −∞ and m→∞. We shall establish some

useful results. First we show that if

ζkn−1 = 1{νk≤n−1}‖S(ak)‖∞ and (ζn−1)2 =
∞∑

k=m+1

λ2
k(ζ

k
n−1)2,

then

S2
n(f − f νm+1

) ≤ C

∞∑
k=m+1

λ2
k(ζ

k
n−1)2 = (ζn−1)2

and therefore

Sn(f − f νm+1

) ≤ ζn−1. (3.22)

Indeed from identity (2.7), we obtain

S2
n(f − f νm+1

) = S2
n(f)− S2

n(f ν
m+1

)

=
∞∑

k=m+1

S2
n(f ν

k+1

)− S2
n(f ν

k

)

=
∞∑

k=m+1

S2
n(f ν

k+1 − f νk) =
∞∑

k=m+1

λ2
kS

2
n(ak).

Once again since ak = 0 on the set {νk ≥ n}, it implies that S(ak) = 0 on this set as

well. Therefore Sn(ak) = 1B
νk
Sn(ak) = 1B

νk
S(akn), where Bνk = {νk 6=∞}.

Hence it follows that

S2
n(f − f νm+1

) ≤
∞∑

k=m+1

λ2
k1Bνk sup

n∈N
S2(akn)

≤
∞∑

k=m+1

λ2
k1Bνk‖S(ak)‖2

∞ =
∞∑

k=m+1

λ2
k(ζ

k
n−1)2 = ζ2

n−1.

Thus Sn(f − f νm+1
) ≤ ζn−1. Therefore

ζn−1 ≤
∞∑

k=m+1

λk

P(Bνk)
1
p

1B
νk
. (3.23)
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It follows that

S(f − f νm+1

) ≤ lim
n→∞

ζn ≤
∞∑

k=m+1

λk

P(Bνk)
1
p

1B
νk

=
∞∑

k=m+1

C2k1B
νk

Hence

‖f − f νm+1‖qQp,q ≤ ‖ζ∞‖
q
p,q ≤

∑
j∈Z

∥∥∥∥∥
(

∞∑
k=m+1

C2k1B
νk

)
1Ωj

∥∥∥∥∥
q

p

.

Now as in the proof of Theorem 3.4, we obtain that(
∞∑

k=m+1

C2k1B
νk

)
1Ωj ≤ Cβ∞1Ωj .

Hence as ‖β∞1Ωj‖p <∞, it follows from the the Dominated Convergence Theorem that∥∥∥∥∥
(

∞∑
k=m+1

C2k1B
νk

)
1Ωj

∥∥∥∥∥
p

→ 0 as m→∞.

As ∥∥∥∥∥
(

∞∑
k=m+1

C2k1B
νk

)
1Ωj

∥∥∥∥∥
p

≤ C‖β∞1Ωj‖p

and as ∑
j∈Z

‖β∞1Ωj‖qp = ‖β∞‖qp,q <∞,

an application of the Dominated Convergence Theorem for sequence spaces leads to

∑
j∈Z

∥∥∥∥∥
(

∞∑
k=m+1

C2k1B
νk

)
1Ωj

∥∥∥∥∥
q

p

→ 0 as m→∞.

Thus ‖f − f νm+1‖Qp,q → 0 as m→∞.

Also f ∈ Qp,q implies that S(f ν
l
) < ζn−1 < 2l. Therefore

‖f νl‖Qp,q ≤ ‖2l‖p,q −→ 0

as l→ −∞. Therefore∥∥∥∥∥f −
m∑
k=l

λka
k

∥∥∥∥∥
Qp,q

=
∥∥∥(f − f νm+1

) + f ν
l
∥∥∥
Qp,q
≤ ‖(f − f νm+1

)‖Qp,q + ‖f νl‖Qp,q → 0
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as m→∞ and l→ −∞. Hence
m∑
k=l

λka
k −→ f

in Qp,q as m→∞, l→ −∞ and thus for all n ∈ N,∑
k∈Z

λkEnak = fn.

Now, just as we did in the prove of Theorem 3.4, we can proceed similarly to obtain that

∥∥∥∥∥∑
k∈Z

(
λk

P(Bνk)
1
p

)η

1B
νk

∥∥∥∥∥
1
η

p
η
, q
η

=

∥∥∥∥∥∑
k∈Z

(
C2kP(νk 6=∞)

1
p

P(Bνk)
1
p

)η

1B
νk

∥∥∥∥∥
1
η

p
η
, q
η

=

∥∥∥∥∥∑
k∈Z

(C2k)η1B
νk

∥∥∥∥∥
1
η

p
η
, q
η

≤
∥∥∥∥ Cp

(2η − 1)p
β∞

∥∥∥∥ 1
η

p
η
, q
η

≤ C ‖β∞‖p,q = C‖f‖Qp,q .

Conversely let f , has representation as (3.17). Then we want to show that f ∈ Qp,q. By

quasi-linearity of S(·), and S(fn) = S(fn) = Sn(f) we obtain that

Sn(f) = S

(∑
k∈Z

λkEnak
)

.
∑
k∈Z

λkS(Enak) =
∑
k∈Z

λkS(akn)

which implies that

Sn(f) ≤
∑
k∈Z

|λk| sup
n∈N

S(akn) ≤
∑
k∈Z

|λk|‖S(ak)‖∞1{νk<n−1}.

Hence we can choose

βn−1 =
∑
k∈Z

λk‖S(ak)‖∞1{νk<n−1}.

Since ‖S(ak)‖∞ ≤ P(νk 6=∞)−
1
p we have that

β∞ ≤
∑
k∈Z

λk

P(νk 6=∞)
1
p

1B
νk
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where Bνk = {νk 6=∞}. This implies that

‖β∞‖p,q .

∥∥∥∥∥∑
k∈Z

λk

P(Bνk)
1
p

1B
νk

∥∥∥∥∥
p,q

≤ C

∥∥∥∥∥∑
k∈Z

(
λk

P(Bνk)
1
p

)η

1B
νk

∥∥∥∥∥
1
η

p
η
, q
η

where the last inequality follows directly as we did in the proof of Theorem 3.4. Hence

we obtain from definition that

‖f‖Qp,q ≤ ‖β∞‖p,q ≤ C

∥∥∥∥∥∑
k∈Z

(
λk

P(Bνk)
1
p

)η

1B
νk

∥∥∥∥∥
1
η

p
η
, q
η

.

Let us now consider the case q =∞. Proceeding as in the proof of Theorem 3.4,

‖f − f νm+1‖Qp,∞ ≤ ‖ζ∞‖p,∞ ≤ sup
j∈Z

∥∥∥∥∥
(

∞∑
k=m+1

C2k1B
νk

)
1Ωj

∥∥∥∥∥
p

and we also obtain, as in the proof of Theorem 3.4, that(
∞∑

k=m+1

C2k1B
νk

)
1Ωj ≤ Cβ∞1Ωj .

Hence as ‖β∞1Ωj‖p <∞, it follows from the the Dominated Convergence Theorem that∥∥∥∥∥
(

∞∑
k=m+1

C2k1B
νk

)
1Ωj

∥∥∥∥∥
p

→ 0 as m→∞.

As ∥∥∥∥∥
(

∞∑
k=m+1

C2k1B
νk

)
1Ωj

∥∥∥∥∥
p

≤ C‖β∞1Ωj‖p

and as

sup
j∈Z
‖β∞1Ωj‖p = ‖β∞‖p,∞ <∞,

an application of the Dominated Convergence Theorem leads to

sup
j∈Z

∥∥∥∥∥
(

∞∑
k=m+1

C2k1B
νk

)
1Ωj

∥∥∥∥∥
p

→ 0 as m→∞.

Thus ‖f − f ν
m+1‖Qp,∞ → 0 as m → ∞. Similarly, we obtain that ‖f νl‖Qp,∞ → 0 as
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l −→ −∞. Therefore ∥∥∥∥∥f −
m∑
k=l

λka
k

∥∥∥∥∥
Qp,∞

→ 0

as m→∞ and l→ −∞. Hence
m∑
k=l

λka
k −→ f

in Qp,∞ as m→∞, l→ −∞ and thus for all n ∈ N,∑
k∈Z

λkEnak = fn.

We also obtain, as in Theorem 3.4, that

∥∥∥∥∥∑
k∈Z

(
λk

P(Bνk)
1
p

)η

1B
νk

∥∥∥∥∥
1
η

p
η
,∞

≤

∥∥∥∥∥∑
k∈Z

(C2k)η1B
νk

∥∥∥∥∥
1
η

p
η
,∞

≤ C ‖β∞‖p,∞
≤ 2C‖f‖Qp,∞ .

Conversely, assume that f ∈M has the decomposition (3.17). Define βn by

βn :=
∑
k∈Z

λk‖S(ak)‖∞1{νk≤n}.

Then (βn)n≥ is a nondecreasing nonnegative adapted sequence also, for n ≥ 0,

Sn(f) . βn−1

as we saw above. As ‖S(ak)‖∞ ≤ P(νk 6=∞)−
1
p , it follows that

‖β∞‖p,∞ ≤

∥∥∥∥∥∑
k∈Z

λk

P(Bνk)
1
p

1B
νk

∥∥∥∥∥
p,∞

≤

∥∥∥∥∥∑
k∈Z

(
λk

P(Bνk)
1
p

)η

1B
νk

∥∥∥∥∥
1
η

p
η
,∞

.

Then

‖f‖Qp,∞ ≤ ‖β∞‖p,∞ ≤

∥∥∥∥∥∑
k∈Z

(
λk

P(Bνk)
1
p

)η

1B
νk

∥∥∥∥∥
1
η

p
η
,∞

and the proof is complete.

The second atomic decomposition of Qp,q based on Definition 3.2 of atom is as follows.

Theorem 3.8. Let 0 < p < ∞ and 0 < q ≤ ∞. If the martingale f ∈ M is in Qp,q,
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then there exists a sequence of triplets (λk, a
k, νk) ∈ B(p, q,∞)S such that for any n ∈ N,∑

k∈Z

λkEnak = fn (3.24)

and for any 0 < η ≤ 1,

∥∥∥∥∥∑
k∈Z

(
λk

‖1B
νk
‖p,q

)η

1B
νk

∥∥∥∥∥
1
η

p
η
, q
η

≤ C‖f‖Qp,q . (3.25)

Moreover,
m∑
k=l

λka
k −→ f

in Qp,q as m→∞, l→ −∞.

Conversely, if f ∈M has a decomposition as in (3.24), then for any 0 < η ≤ 1,

‖f‖Qp,q ≤ C

∥∥∥∥∥∑
k∈Z

(
λk

‖1B
νk
‖p,q

)η

1B
νk

∥∥∥∥∥
1
η

p
η
, q
η

.

Proof. Let 0 < p < ∞, 0 < q < ∞ and let f ∈ Qp,q. Then there exists an optimal,

adapted non-decreasing, non-negative adapted sequence (βn)n∈N such that Sn(f) ≤ βn−1

and ‖f‖Qp,q = ‖β∞‖p,q. We take

νk := inf{n ∈ N : βn > 2k} (3.26)

to be a stopping time and define λk = C2k‖1B
νk
‖p,q, and (n ∈ N)

akn =
f ν

k+1

n − f νkn
λk

if λk 6= 0, and ak = 0 otherwise. (3.27)

Now on the set {n ≤ νk} we see that

akn =
f ν

k+1

n − f νkn
λk

=
fn − fn
λk

= 0

by definition of stopped martingales and thus Enak = 0 when νk > n. Hence ak satisfies

condition (a1). Also, akn = 0 on {νk = ∞} for all n ≥ 0, and the support of S(ak) is

contained in Bνk = {ν 6=∞}. Hence as in the proof of Theorem 3.7,

Sνk(f) = S(f ν
k

) ≤ βνk−1 . 2k
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and by identity (2.9) we obtain

S(ak) =
1

λk
S(f ν

k+1 − f νk) ≤ C(2k)

λk
= ‖1B

νk
‖−1
p,q. (3.28)

Therefore S(ak) ≤ ‖1B
νk
‖−1
p,q and zero outside of Bνk and thus, we obtain that

‖S(ak)‖∞ ≤ ‖1B
νk
‖−1
p,q.

Thus condition (a3) also holds for r =∞ and thus ak is (p, q,∞)S-atom. Moreover,∑
k∈Z

(f ν
k+1

n − f νkn ) = fn a.e.

From (3.28), we have that ‖S(ak)‖2 ≤ P(Bνk)
1
2‖1B

νk
‖−1
p,q and thus ‖ak‖2 = ‖S(ak)‖2 ≤

‖1B
νk
‖−1
p,q. Hence for a fixed k, ak = {akn}n∈N is an L2-bounded martingale. Consequently,

the limit

lim
n→∞

akn

exists a.e. in L2. Hence there exists ak ∈ L2 such that Enak is well defined and since ak

is a martingale, Enak = akn. Now since λka
k
n = f ν

k+1

n − f νkn , we have that∑
k∈Z

λka
k
n =

∑
k∈Z

(f ν
k+1

n − f νkn ) = fn a.e.

and thus (3.24) is satisfied.

We recall from the proof of Theorem 3.7 that if

ζkn−1 = 1{νk≤n−1}‖S(ak)‖∞ and (ζn−1)2 =
∞∑

k=m+1

λ2
k(ζ

k
n−1)2,

then

S2
n(f − f νm+1

) ≤ C

∞∑
k=m+1

λ2
k(ζ

k
n−1)2 = (ζn−1)2

and therefore

Sn(f − f νm+1

) ≤ ζn−1. (3.29)

Hence

‖f − f νm+1‖qQp,q ≤ ‖ζ∞‖
q
p,q ≤

∑
j∈Z

∥∥∥∥∥
(

∞∑
k=m+1

C2k1B
νk

)
1Ωj

∥∥∥∥∥
q

p

.
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Now as in the proof of Theorem 3.4, we obtain that(
∞∑

k=m+1

C2k1B
νk

)
1Ωj ≤ Cβ∞1Ωj .

Hence as ‖β∞1Ωj‖p <∞, it follows from the the Dominated Convergence Theorem that∥∥∥∥∥
(

∞∑
k=m+1

C2k1B
νk

)
1Ωj

∥∥∥∥∥
p

→ 0 as m→∞.

As ∥∥∥∥∥
(

∞∑
k=m+1

C2k1B
νk

)
1Ωj

∥∥∥∥∥
p

≤ C‖β∞1Ωj‖p

and as ∑
j∈Z

‖β∞1Ωj‖qp = ‖β∞‖qp,q <∞,

an application of the Dominated Convergence Theorem for sequence spaces leads to

∑
j∈Z

∥∥∥∥∥
(

∞∑
k=m+1

C2k1B
νk

)
1Ωj

∥∥∥∥∥
q

p

→ 0 as m→∞.

Thus ‖f − f νm+1‖Qp,q → 0 as m→∞.

Also f ∈ Qp,q implies that S(f ν
l
) < ζn−1 < 2l. Therefore

‖f νl‖Qp,q ≤ ‖2l‖p,q −→ 0

as l→ −∞. Therefore∥∥∥∥∥f −
m∑
k=l

λka
k

∥∥∥∥∥
Qp,q

=
∥∥∥(f − f νm+1

) + f ν
l
∥∥∥
Qp,q
≤ ‖(f − f νm+1

)‖Qp,q + ‖f νl‖Qp,q → 0

as m→∞ and l→ −∞. Hence
m∑
k=l

λka
k −→ f

in Qp,q as m→∞, l→ −∞ and thus for all n ∈ N,∑
k∈Z

λkEnak = fn.
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Now, just as we did in the prove of Theorem 3.7, we proceed similarly to obtain that

∥∥∥∥∥∑
k∈Z

(
λk

‖1B
νk
‖p,q

)η

1B
νk

∥∥∥∥∥
1
η

p
η
, q
η

=

∥∥∥∥∥∑
k∈Z

(C2k)η1B
νk

∥∥∥∥∥
1
η

p
η
, q
η

≤
∥∥∥∥ Cp

(2η − 1)p
β∞

∥∥∥∥ 1
η

p
η
, q
η

≤ C ‖β∞‖p,q = C‖f‖Qp,q

Conversely let f , has representation as (3.24). Proceeding as in the proof of Theorem

3.7, we observe that

S(f) ≤
∑
k∈Z

|λk|S(akn)

which implies that

Sn(f) ≤
∑
k∈Z

|λk|‖S(ak)‖∞1{νk<n−1}.

Hence we can choose

βn−1 =
∑
k∈Z

λk‖S(ak)‖∞1{νk<n−1}.

Since ‖S(ak)‖∞ ≤ ‖1B
νk
‖−1
p,q we have that

β∞ ≤
∑
k∈Z

λk
‖1B

νk
‖p,q

1B
νk

where Bνk = {νk 6=∞}. This implies that

‖β∞‖p,q .

∥∥∥∥∥∑
k∈Z

λk
‖1B

νk
‖p,q

1B
νk

∥∥∥∥∥
p,q

≤ C

∥∥∥∥∥∑
k∈Z

(
λk

‖1B
νk
‖p,q

)η

1B
νk

∥∥∥∥∥
1
η

p
η
, q
η

where the last inequality follows directly as we did in the proof of Theorem 3.7. And

thus we see that

‖β∞‖p,q ≤ C

∥∥∥∥∥∑
k∈Z

(
λk

‖1B
νk
‖p,q

)η

1B
νk

∥∥∥∥∥
1
η

p
η
, q
η

.

Hence

‖f‖Qp,q ≤ C

∥∥∥∥∥∑
k∈Z

(
λk

‖1B
νk
‖p,q

)η

1B
νk

∥∥∥∥∥
1
η

p
η
, q
η

.
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Let us now consider the case q =∞. Proceeding as in the proof of Theorem 3.7,

‖f − f νm+1‖Qp,∞ ≤ ‖ζ∞‖p,∞ ≤ sup
j∈Z

∥∥∥∥∥
(

∞∑
k=m+1

C2k1B
νk

)
1Ωj

∥∥∥∥∥
p

.

As in the proof of Theorem 3.7, we obtain that(
∞∑

k=m+1

C2k1B
νk

)
1Ωj ≤ Cβ∞1Ωj .

Hence as ‖β∞1Ωj‖p <∞, it follows from the the Dominated Convergence Theorem that∥∥∥∥∥
(

∞∑
k=m+1

C2k1B
νk

)
1Ωj

∥∥∥∥∥
p

→ 0 as m→∞.

As ∥∥∥∥∥
(

∞∑
k=m+1

C2k1B
νk

)
1Ωj

∥∥∥∥∥
p

≤ C‖β∞1Ωj‖p

and as

sup
j∈Z
‖β∞1Ωj‖p = ‖β∞‖p,∞ <∞,

an application of the Dominated Convergence Theorem leads to

sup
j∈Z

∥∥∥∥∥
(

∞∑
k=m+1

C2k1B
νk

)
1Ωj

∥∥∥∥∥
p

→ 0 as m→∞.

Thus ‖f − f ν
m+1‖Qp,∞ → 0 as m → ∞. Similarly, we obtain that ‖f νl‖Qp,∞ → 0 as

l −→ −∞. Therefore

‖f −
m∑
k=l

λka
k‖Qp,∞ → 0

as m→∞ and l→ −∞. Hence
m∑
k=l

λka
k −→ f

in Qp,∞ as m→∞, l→ −∞ and thus for all n ∈ N,∑
k∈Z

λkEnak = fn.
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We also obtain, as in Theorem 3.7, that

∥∥∥∥∥∑
k∈Z

(
λk

‖1B
νk
‖p,q

)η

1B
νk

∥∥∥∥∥
1
η

p
η
,∞

≤

∥∥∥∥∥∑
k∈Z

(C2k)η1B
νk

∥∥∥∥∥
1
η

p
η
,∞

≤ C ‖β∞‖p,∞
≤ 2C‖f‖Qp,∞ .

Conversely, assume that f ∈M has the decomposition (3.24). Define βn by

βn :=
∑
k∈Z

λk‖S(ak)‖∞1{νk≤n}.

Then (βn)n≥ is a nondecreasing nonnegative adapted sequence also, for n ≥ 0,

Sn(f) ≤ βn−1.

As ‖S(ak)‖∞ ≤ ‖1B
νk
‖−1
p,q, it follows that

‖β∞‖p,∞ ≤

∥∥∥∥∥∑
k∈Z

λk
‖1B

νk
‖p,q

1B
νk

∥∥∥∥∥
p,∞

≤

∥∥∥∥∥∑
k∈Z

(
λk

‖1B
νk
‖p,q

)η

1B
νk

∥∥∥∥∥
1
η

p
η
,∞

.

Then

‖f‖Qp,∞ ≤ ‖β∞‖p,∞ ≤

∥∥∥∥∥∑
k∈Z

(
λk

‖1B
νk
‖p,q

)η

1B
νk

∥∥∥∥∥
1
η

p
η
,∞

and the proof is complete.

3.9 Atomic Decomposition of Pp,q

Finally we discuss the atomic decomposition of Pp,q. The first atomic decomposition of

Pp,q, as stated in the Theorem 3.10 below, is in relation to Definition 3.1. We recall

that Pp,q(Ω) is the space of all f ∈ M such that |fn| ≤ βn−1 and ‖β∞‖Lp,q(Ω) < ∞ with

(quasi)-norm

‖f‖Pp,q(Ω) := inf
β∈Γ
‖β∞‖Lp,q(Ω)

Γ be the space of all sequences β = (βn)n≥0 of adapted (that is for all n ∈ Z, βn is

Fn-measurable), non-decreasing, non-negative functions and

β∞ := lim
n→∞

βn.
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Theorem 3.10. Let 0 < p < ∞ and 0 < q ≤ ∞. If the martingale f ∈ M is in Pp,q,
then there exists a sequence of triplets (λk, a

k, νk) ∈ A(p, q,∞)∗ such that for any n ∈ N,∑
k∈Z

λkEnak = fn (3.30)

and for any 0 < η ≤ 1,

∥∥∥∥∥∑
k∈Z

(
λk

P(Bνk)
1
p

)η

1B
νk

∥∥∥∥∥
1
η

p
η
, q
η

≤ C‖f‖Pp,q . (3.31)

Moreover,
m∑
k=l

λka
k −→ f

in Pp,q as m→∞, l→ −∞.

Conversely, if f ∈M has a decomposition as in (3.30), then for any 0 < η ≤ 1,

‖f‖Pp,q ≤ C

∥∥∥∥∥∑
k∈Z

(
λk

P(Bνk)
1
p

)η

1B
νk

∥∥∥∥∥
1
η

p
η
, q
η

.

Proof. Let 0 < p < ∞, 0 < q < ∞ and let f ∈ Pp,q. Then there exists an optimal,

adapted non-decreasing, non-negative adapted sequence (βn)n∈N such that |fn| ≤ βn−1

and ‖f‖Pp,q = ‖β∞‖p,q. We take

νk := inf{n ∈ N : βn > 2k} (3.32)

to be a stopping times and define λk = C2kP(νk 6=∞)
1
p , and (n ∈ N)

akn =
f ν

k+1

n − f νkn
λk

if λk 6= 0, and ak = 0 otherwise. (3.33)

Now on the set {n ≤ νk} we see that

akn =
f ν

k+1

n − f νkn
λk

=
fn − fn
λk

= 0

by definition of stopped martingales and thus Enak = 0 when νk > n. Hence ak satisfies

condition (a1) in the definition of (p,∞)∗-atom. Also, akn = 0 on {νk =∞} for all n ≥ 0,

and the support of (ak)∗ is contained in Bνk = {ν 6=∞}. Recall that (ak)∗ = supn∈N |akn|.
Now from definition of stopping time, νk = n and also 2k < βn. Also |fn| = |fνk | ≤
βn−1 = βνk−1 ≤ βn and thus |f νk | . 2k. Therefore
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|ak| =

∣∣∣∣∣f ν
k+1 − f νk

λk

∣∣∣∣∣ ≤
∣∣∣∣∣ |f ν

k+1|+ |f νk |
λk

∣∣∣∣∣ .
∣∣∣∣2k+1 + 2k

λk

∣∣∣∣ ≤ C(2k)

C2kP(νk 6=∞)
1
p

= P(Bνk)
− 1
p .

Thus (ak)∗ = supn∈N |akn| ≤ P(Bνk)
− 1
p . This implies that

‖(ak)∗‖r ≤ P(νk 6=∞)
1
r
− 1
p (3.34)

and in particular ‖(ak)∗‖∞ ≤ P(νk 6= ∞)−
1
p . Thus condition (a2) in the definition of an

(p,∞)∗-atom also holds. Thus ak is (p,∞)∗-atom.

Moreover, ∑
k∈Z

(f ν
k+1

n − f νkn ) = fn a.e.

From (3.34), we have that ‖ak‖2 ≤ P(νk 6= ∞)−
1
p . Hence for a fixed k, ak = {akn}n∈N is

an L2-bounded martingale. Consequently, the limit

lim
n→∞

akn

exists a.e. in L2. Hence there exists ak ∈ L2 such that Enak is well defined and since ak

is a martingale, Enak = akn. Now since λka
k
n = f ν

k+1

n − f νkn , we have that∑
k∈Z

λka
k
n =

∑
k∈Z

(f ν
k+1

n − f νkn ) = fn a.e.

and thus (3.30) is satisfied.

We have from (3.33) that

fn − f ν
m+1

n =
∞∑

k=m+1

f ν
k+1

n − f νkn =
∞∑

k=m+1

λka
k
n

and since ak = 0 on the set {νk > n}, we can write ak = 1{ν≤n−1}a
k and hence

|fn − f ν
m+1

n | ≤
∞∑

k=m+1

λk1{νk≤n−1}|akn| ≤
∞∑

k=m+1

λk1{νk≤n−1} sup
n∈N
|akn|.

Thus

|fn − f ν
m+1

n | ≤
∞∑

k=m+1

λk1{νk≤n−1}‖(ak)∗‖∞.

Let ζn−1 =
∑∞

k=m+1 λk1{νk≤n−1}‖(ak)∗‖∞. Then since ‖(ak)∗‖∞ ≤ P(νk 6= ∞)−
1
p we
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obtain

ζn−1 ≤
∞∑

k=m+1

λk

P(νk 6=∞)
1
p

1{νk≤n−1} ≤
∞∑

k=m+1

C2k1B
νk
.

It follows that

(f − f νm+1

)∗ ≤ lim
n→∞

ζn ≤
∞∑

k=m+1

C2k1B
νk
.

Hence

‖f − f νm+1‖qPp,q ≤ ‖ζ∞‖
q
p,q ≤

∑
j∈Z

∥∥∥∥∥
(

∞∑
k=m+1

C2k1B
νk

)
1Ωj

∥∥∥∥∥
q

p

.

Proceeding as in the proof of Theorem 3.4, we obtain that(
∞∑

k=m+1

C2k1B
νk

)
1Ωj ≤ Cβ∞1Ωj .

Hence as ‖β∞1Ωj‖p <∞, it follows from the the Dominated Convergence Theorem that∥∥∥∥∥
(

∞∑
k=m+1

C2k1B
νk

)
1Ωj

∥∥∥∥∥
p

→ 0 as m→∞.

As ∥∥∥∥∥
(

∞∑
k=m+1

C2k1B
νk

)
1Ωj

∥∥∥∥∥
p

≤ C‖β∞1Ωj‖p

and as ∑
j∈Z

‖β∞1Ωj‖qp = ‖β∞‖qp,q <∞,

an application of the Dominated Convergence Theorem for sequence spaces leads to

∑
j∈Z

∥∥∥∥∥
(

∞∑
k=m+1

C2k1B
νk

)
1Ωj

∥∥∥∥∥
q

p

→ 0 as m→∞.

Thus ‖f − f νkm+1‖Pp,q → 0 as m→∞. Also since f ν
l ≤ 2l, it is true that

‖f νl‖Pp,q ≤ ‖2l‖Pp,q −→ 0 as l −→ −∞.

It then implies that∥∥∥∥∥f −
m∑
k=l

λka
k

∥∥∥∥∥
Pp,q

=
∥∥∥(f − f νm+1

) + f ν
l
∥∥∥
Pp,q

≤ ‖(f − f νm+1

)‖Pp,q + ‖f νl‖Pp,q
−→ 0
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as m −→∞ and l −→ −∞. Hence

m∑
k=l

λka
k −→ f

in Pp,q as m→∞, l→ −∞ and thus for all n ∈ N,∑
k∈Z

λkEnak = fn.

Now, as in Theorem 3.4, we obtain

∥∥∥∥∥∑
k∈Z

(
λk

P(Bνk)
1
p

)η

1B
νk

∥∥∥∥∥
1
η

p
η
, q
η

≤

∥∥∥∥∥∑
k∈Z

(C2k)η1B
νk

∥∥∥∥∥
1
η

p
η
, q
η

≤ C ‖β∞‖p,q
≤ C‖f‖Pp,q .

Conversely, let f be represented as equation (3.30). Then it is true that

|fn| =

∣∣∣∣∣∑
k∈Z

λka
k
n

∣∣∣∣∣ ≤∑
k∈Z

λk|akn| ≤
∑
k∈Z

λk sup
n∈N
|akn| ≤

∑
k∈Z

λk‖(ak)∗‖∞1{νk<n−1}.

Hence by choosing

βn−1 =
∑
k∈Z

λk‖(ak)∗‖∞1{νk<n−1}

the inequality

‖f‖Pp,q ≤ C

∥∥∥∥∥∑
k∈Z

(
λk

P(Bνk)
1
p

)η

1B
νk

∥∥∥∥∥
1
η

p
η
, q
η

follows established as in the proof of Theorem 3.7. Indeed since ‖(ak)∗‖∞ ≤ P(νk 6=∞)−
1
p

we have that

β∞ ≤
∑
k∈Z

λkP(νk 6=∞)−
1
p1B

νk
=
∑
k∈Z

λk

P(νk 6=∞)
1
p

1B
νk

where Bνk = {νk <∞} = {νk 6=∞}. This implies that

‖β∞‖p,q ≤

∥∥∥∥∥∑
k∈Z

λk

P(Bνk)
1
p

1B
νk

∥∥∥∥∥
p,q

≤ C

∥∥∥∥∥∑
k∈Z

(
λk

P(Bνk)
1
p

)η

1B
νk

∥∥∥∥∥
1
η

p
η
, q
η

where the last inequality is as we did in the proof of Theorem 3.7. And thus we have
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that

‖β∞‖p,q ≤ C

∥∥∥∥∥∑
k∈Z

(
λk

P(Bνk)
1
p

)η

1B
νk

∥∥∥∥∥
1
η

p
η
, q
η

.

Hence

‖f‖Pp,q ≤ C

∥∥∥∥∥∑
k∈Z

(
λk

P(Bνk)
1
p

)η

1B
νk

∥∥∥∥∥
1
η

p
η
, q
η

.

Let us now consider the case q =∞. Proceeding as in the proof of Theorem 3.4,

‖f − f νm+1‖Pp,∞ ≤ sup
j∈Z

∥∥∥∥∥
(

∞∑
k=m+1

C2k1B
νk

)
1Ωj

∥∥∥∥∥
p

.

Proceeding as in the proof of Theorem 3.4, we obtain that(
∞∑

k=m+1

C2k1B
νk

)
1Ωj ≤ Cβ∞1Ωj .

Hence as ‖β∞1Ωj‖p <∞, it follows from the the Dominated Convergence Theorem that∥∥∥∥∥
(

∞∑
k=m+1

C2k1B
νk

)
1Ωj

∥∥∥∥∥
p

→ 0 as m→∞.

As ∥∥∥∥∥
(

∞∑
k=m+1

C2k1B
νk

)
1Ωj

∥∥∥∥∥
p

≤ C‖β∞1Ωj‖p

and as

sup
j∈Z
‖β∞1Ωj‖p = ‖β∞‖p,∞ <∞,

an application of the Dominated Convergence Theorem leads to

sup
j∈Z

∥∥∥∥∥
(

∞∑
k=m+1

C2k1B
νk

)
1Ωj

∥∥∥∥∥
p

→ 0 as m→∞.

Thus ‖f − f νm+1‖Pp,∞ → 0 as m→∞. Similarly, we obtain that

‖f −
m∑
k=l

λka
k‖Pp,∞ → 0

as m→∞ and l→ −∞. Hence
m∑
k=l

λka
k −→ f
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in Pp,∞ as m→∞, l→ −∞ and thus for all n ∈ N,∑
k∈Z

λkEnak = fn.

We also obtain, as in Theorem 3.4, that

∥∥∥∥∥∑
k∈Z

(
λk

P(Bνk)
1
p

)η

1B
νk

∥∥∥∥∥
1
η

p
η
,∞

≤

∥∥∥∥∥∑
k∈Z

(C2k)η1B
νk

∥∥∥∥∥
1
η

p
η
,∞

≤ C ‖β∞‖p,∞
≤ C‖f‖Pp,∞ .

Conversely, assume that f ∈M has the decomposition (3.30). Define βn by

βn :=
∑
k∈Z

λk‖(ak)∗‖∞1{νk≤n}.

Then (βn)n≥ is a nondecreasing nonnegative adapted sequence also, for n ≥ 0,

|fn| ≤ βn−1.

As ‖(ak)∗‖∞ ≤ P(νk 6=∞)−
1
p , it follows that

‖β∞‖p,∞ ≤

∥∥∥∥∥∑
k∈Z

λk

P(Bνk)
1
p

1B
νk

∥∥∥∥∥
p,∞

≤

∥∥∥∥∥∑
k∈Z

(
λk

P(Bνk)
1
p

)η

1B
νk

∥∥∥∥∥
1
η

p
η
,∞

.

Then

‖f‖Pp,∞ ≤ ‖β∞‖p,∞ ≤

∥∥∥∥∥∑
k∈Z

(
λk

P(Bνk)
1
p

)η

1B
νk

∥∥∥∥∥
1
η

p
η
,∞

.

The proof is complete.

Let us now discuss the second atomic decomposition of Pp,q based on Definition 3.2.

Theorem 3.11. Let 0 < p < ∞ and 0 < q ≤ ∞. If the martingale f ∈ M is in Pp,q,
then there exists a sequence of triplets (λk, a

k, νk) ∈ B(p, q,∞)∗ such that for any n ∈ N,∑
k∈Z

λkEnak = fn (3.35)
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and for any 0 < η ≤ 1,

∥∥∥∥∥∑
k∈Z

(
λk

‖1B
νk
‖p,q

)η

1B
νk

∥∥∥∥∥
1
η

p
η
, q
η

≤ C‖f‖Pp,q . (3.36)

Moreover,
m∑
k=l

λka
k −→ f

in Pp,q as m→∞, l→ −∞.

Conversely, if f ∈M has a decomposition as in (3.35), then for any 0 < η ≤ 1,

‖f‖Pp,q ≤ C

∥∥∥∥∥∑
k∈Z

(
λk

‖1B
νk
‖p,q

)η

1B
νk

∥∥∥∥∥
1
η

p
η
, q
η

.

Proof. Let 0 < p < ∞, 0 < q < ∞ and let f ∈ Pp,q. Then there exists an optimal,

adapted non-decreasing, non-negative adapted sequence (βn)n∈N such that |fn| ≤ βn−1

and ‖f‖Pp,q = ‖β∞‖p,q. We take

νk := inf{n ∈ N : βn > 2k} (3.37)

to be a stopping times and define λk = C2k‖1B
νk
‖p,q, and (n ∈ N)

akn =
f ν

k+1

n − f νkn
λk

if λk 6= 0, and ak = 0 otherwise. (3.38)

Now on the set {n ≤ νk} we see that

akn =
f ν

k+1

n − f νkn
λk

=
fn − fn
λk

= 0

by definition of stopped martingales and thus Enak = 0 when νk > n. Hence ak satisfies

condition (a1). Also, akn = 0 on {νk = ∞} for all n ≥ 0, and the support of (ak)∗ is

contained in Bνk = {ν 6= ∞}. Now from definition of stopping time, νk = n and also

2k < βn. Also |fn| = |fνk | ≤ βn−1 = βνk−1 ≤ βn and thus |f νk | . 2k. Therefore

|ak| =

∣∣∣∣∣f ν
k+1 − f νk

λk

∣∣∣∣∣ .
∣∣∣∣2k+1 + 2k

λk

∣∣∣∣ ≤ C(2k)

C2k‖1B
νk
‖p,q

= ‖1B
νk
‖−1
p,q. (3.39)
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Thus (ak)∗ = supn∈N |akn| ≤ ‖1Bνk‖
−1
p,q. This implies that

‖(ak)‖∞ ≤ ‖1B
νk
‖−1
p,q.

Hence condition (a3) also holds and thus ak is (p, q,∞)∗-atom. Moreover,∑
k∈Z

(f ν
k+1

n − f νkn ) = fn a.e.

From (3.39), we have that ‖(ak)‖2 ≤ ‖1B
νk
‖−1
p,q. Hence for a fixed k, ak = {akn}n∈N is an

L2-bounded martingale. Consequently, the limit

lim
n→∞

akn

exists a.e. in L2. Hence there exists ak ∈ L2 such that Enak is well defined and since ak

is a martingale, Enak = akn. Now since λka
k
n = f ν

k+1

n − f νkn , we have that∑
k∈Z

λka
k
n =

∑
k∈Z

(f ν
k+1

n − f νkn ) = fn a.e.

and thus (3.35) is satisfied.

We have from (3.38) that

fn − f ν
m+1

n =
∞∑

k=m+1

f ν
k+1

n − f νkn =
∞∑

k=m+1

λka
k
n

and since ak = 0 on the set {νk > n}, we can write ak = 1{ν≤n−1}a
k and hence

|fn − f ν
m+1

n | ≤
∞∑

k=m+1

λk1{νk≤n−1}|akn| ≤
∞∑

k=m+1

λk1{νk≤n−1} sup
n∈N
|akn|.

Thus

|fn − f ν
m+1

n | ≤
∞∑

k=m+1

λk1{νk≤n−1}‖(ak)∗‖∞.

Let ζn−1 =
∑∞

k=m+1 λk1{νk≤n−1}‖(ak)∗‖∞. Then since ‖(ak)∗‖∞ ≤ ‖1B
νk
‖−1
p,q we obtain

ζn−1 ≤
∞∑

k=m+1

λk
‖1B

νk
‖p,q

1{νk≤n−1} ≤
∞∑

k=m+1

C2k1B
νk
.

It follows that

(f − f νm+1

)∗ ≤ lim
n→∞

ζn ≤
∞∑

k=m+1

C2k1B
νk
.
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Hence

‖f − f νm+1‖qPp,q ≤ ‖ζ∞‖
q
p,q ≤

∑
j∈Z

∥∥∥∥∥
(

∞∑
k=m+1

C2k1B
νk

)
1Ωj

∥∥∥∥∥
q

p

.

Proceeding as in the proof of Theorem 3.4, we obtain that(
∞∑

k=m+1

C2k1B
νk

)
1Ωj ≤ Cβ∞1Ωj .

Hence as ‖β∞1Ωj‖p <∞, it follows from the the Dominated Convergence Theorem that∥∥∥∥∥
(

∞∑
k=m+1

C2k1B
νk

)
1Ωj

∥∥∥∥∥
p

→ 0 as m→∞.

As ∥∥∥∥∥
(

∞∑
k=m+1

C2k1B
νk

)
1Ωj

∥∥∥∥∥
p

≤ C‖β∞1Ωj‖p

and as ∑
j∈Z

‖β∞1Ωj‖qp = ‖β∞‖qp,q <∞,

an application of the Dominated Convergence Theorem for sequence spaces leads to

∑
j∈Z

∥∥∥∥∥
(

∞∑
k=m+1

C2k1B
νk

)
1Ωj

∥∥∥∥∥
q

p

→ 0 as m→∞.

Thus ‖f − f νkm+1‖Pp,q → 0 as m→∞. Also since f ν
l ≤ 2l, it is true that

‖f νl‖Pp,q ≤ ‖2l‖Pp,q −→ 0 as l −→ −∞.

It then implies that∥∥∥∥∥f −
m∑
k=l

λka
k

∥∥∥∥∥
Pp,q

=
∥∥∥(f − f νm+1

) + f ν
l
∥∥∥
Pp,q

≤ ‖(f − f νm+1

)‖Pp,q + ‖f νl‖Pp,q
−→ 0

as m −→∞ and l −→ −∞. Hence

m∑
k=l

λka
k −→ f
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in Pp,q as m→∞, l→ −∞ and thus for all n ∈ N,∑
k∈Z

λkEnak = fn.

Now, as in Theorem 3.4, we obtain

∥∥∥∥∥∑
k∈Z

(
λk

‖1B
νk
‖−1
p,q

)η

1B
νk

∥∥∥∥∥
1
η

p
η
, q
η

≤

∥∥∥∥∥∑
k∈Z

(C2k)η1B
νk

∥∥∥∥∥
1
η

p
η
, q
η

≤ C ‖β∞‖p,q
≤ C‖f‖Pp,q .

Conversely, let f be represented as equation (3.35). Then it is true that

|fn| =

∣∣∣∣∣∑
k∈Z

λka
k
n

∣∣∣∣∣ ≤∑
k∈Z

λk|akn| ≤
∑
k∈Z

λk sup
n∈N
|akn| ≤

∑
k∈Z

λk‖(ak)∗‖∞1{νk<n−1}

Hence by choosing

βn−1 =
∑
k∈Z

λk‖(ak)∗‖∞1{νk<n−1}

the inequality

‖f‖Pp,q ≤ C

∥∥∥∥∥∑
k∈Z

(
λk

‖1B
νk
‖p,q

)η

1B
νk

∥∥∥∥∥
1
η

p
η
, q
η

follows established as in the proof of Theorem 3.10. Indeed since ‖(ak)∗‖∞ ≤ ‖1B
νk
‖−1
p,q,

we have that

β∞ ≤
∑
k∈Z

λk
‖1B

νk
‖p,q

1B
νk

where Bνk = {νk <∞} = {νk 6=∞}. This implies that

‖β∞‖p,q ≤

∥∥∥∥∥∑
k∈Z

λk
‖1B

νk
‖p,q

1B
νk

∥∥∥∥∥
p,q

≤ C

∥∥∥∥∥∑
k∈Z

(
λk

‖1B
νk
‖p,q

)η

1B
νk

∥∥∥∥∥
1
η

p
η
, q
η

where the last inequality is as we did in the proof of Theorem 3.10. And thus we obtain

that

‖β∞‖p,q ≤ C

∥∥∥∥∥∑
k∈Z

(
λk

‖1B
νk
‖p,q

)η

1B
νk

∥∥∥∥∥
1
η

p
η
, q
η

.

61

University of Ghana http://ugspace.ug.edu.gh 



Hence

‖f‖Pp,q ≤ C

∥∥∥∥∥∑
k∈Z

(
λk

‖1B
νk
‖p,q

)η

1B
νk

∥∥∥∥∥
1
η

p
η
, q
η

.

Let us now consider the case q =∞. Proceeding as in the proof of Theorem 3.10,

‖f − f νm+1‖Pp,∞ ≤ sup
j∈Z

∥∥∥∥∥
(

∞∑
k=m+1

C2k1B
νk

)
1Ωj

∥∥∥∥∥
p

and (
∞∑

k=m+1

C2k1B
νk

)
1Ωj ≤ Cβ∞1Ωj .

Hence as ‖β∞1Ωj‖p <∞, it follows from the the Dominated Convergence Theorem that∥∥∥∥∥
(

∞∑
k=m+1

C2k1B
νk

)
1Ωj

∥∥∥∥∥
p

→ 0 as m→∞.

As ∥∥∥∥∥
(

∞∑
k=m+1

C2k1B
νk

)
1Ωj

∥∥∥∥∥
p

≤ C‖β∞1Ωj‖p

and as

sup
j∈Z
‖β∞1Ωj‖p = ‖β∞‖p,∞ <∞,

an application of the Dominated Convergence Theorem leads to

sup
j∈Z

∥∥∥∥∥
(

∞∑
k=m+1

C2k1B
νk

)
1Ωj

∥∥∥∥∥
p

→ 0 as m→∞.

Thus ‖f−f νm+1‖Pp,∞ → 0 as m→∞. Similarly, we obtain that ‖f−
∑m

k=l λka
k‖Pp,∞ → 0

as m→∞ and l→ −∞. Hence
∑m

k=l λka
k −→ f in Pp,∞ as m→∞, l→ −∞ and thus

for all n ∈ N, ∑
k∈Z

λkEnak = fn.

We also obtain, as in Theorem 3.4, that

∥∥∥∥∥∑
k∈Z

(
λk

‖1B
νk
‖p,q

)η

1B
νk

∥∥∥∥∥
1
η

p
η
,∞

≤

∥∥∥∥∥∑
k∈Z

(C2k)η1B
νk

∥∥∥∥∥
1
η

p
η
,∞

≤ C ‖β∞‖p,∞
≤ C‖f‖Pp,∞ .
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Conversely, assume that f ∈M has the decomposition (3.35). Define βn by

βn :=
∑
k∈Z

λk‖(ak)∗‖∞1{νk≤n}.

Then (βn)n≥ is a nondecreasing nonnegative adapted sequence also, for n ≥ 0,

|fn| ≤ βn−1.

As ‖(ak)∗‖∞ ≤ ‖1B
νk
‖−1
p,q, it follows that

‖β∞‖p,∞ ≤

∥∥∥∥∥∑
k∈Z

λk
‖1B

νk
‖p,q

1B
νk

∥∥∥∥∥
p,∞

≤

∥∥∥∥∥∑
k∈Z

(
λk

‖1B
νk
‖p,q

)η

1B
νk

∥∥∥∥∥
1
η

p
η
,∞

.

Then

‖f‖Pp,∞ ≤ ‖β∞‖p,∞ ≤

∥∥∥∥∥∑
k∈Z

(
λk

‖1B
νk
‖p,q

)η

1B
νk

∥∥∥∥∥
1
η

p
η
,∞

.

The proof is complete.

We conclude this chapter by noting that upon the imposition of the condition that the

stochastic basis is regular, then all the five martingale Hardy-amalgam spaces are equiv-

alent and hence they will all have the same atomic decomposition. This is the result

stated and proved in Theorem 4.17.
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Chapter 4

Martingale Inequalities and

Embeddings

Martingale inequalities are ubiquitous, and the famous Doob’s martingale inequality is

one of the many examples. In recent past times, there have been various studies about the

embeddings of classical martingale Hardy spaces. Some of these discussions were carried

out by various authors including Ferenc, Garsia and Rulin [26, 48, 65]. Other important

inequalities involving martingales are also available in [6, 8, 35, 36, 41]. For instance

in Ferenc, [65], we can find the discussion on the Doob’s inequality, the convexity and

concavity inequalities for martingales in the classical martingale Hardy spaces. We can

also find the discussion of norm inequalities for operators of matrix type on martingales

and proof of Burkholder-Davis-Gundy inequality in [8, 65]. A discussion on the weighted

norm inequality similar to the Burkholder-Davis-Gundy inequality can also be found in

[35] and inequalities of operators of non-matrix type on martingales with a weighted

probability measure is available in [41]. It is also interesting to mention that an analogue

of weighted norm inequality for the Hardy maximal function result is also valid in the

settings of martingale theory [36]. Some of these classical results will be very useful in

this chapter and for consistency purposes, these classical results will be restated when

needed in the appropriate section below. In recent times, new martingale inequalities

have been obtained which has proven to be very useful in applications, for example in

Fourier analysis [69].

Martingale inequalities have proven to be very useful in various applications. For in-

stance, the justification of martingale convergence theorems both forward and backward

convergence have been established by application of these classical martingale inequalities

[33]. In Fourier analysis, we have the involvement of martingale inequalities in the estab-

lishment of the boundedness of the maximal Fejér operator [69]. Martingale inequalities

also play some important roles in the study of properties of Brownian motions [8].
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In this chapter, we are interested in studying the embeddings relations between the mar-

tingale Hardy-amalgam spaces, HS
p,q, H

s
p,q, H

∗
p,q, Qp,q and Pp,q, introduced in Chapter 2.

That is, we extend the embeddings of the classical martingale Hardy spaces, [65, Theorem

2.11], to the martingale Hardy-amalgam spaces. We will also extend the Doob’s inequal-

ity, the convexity inequality, the concavity inequality and the Burkholder-Davis-Gundy

inequality of the classical martingale Hardy spaces to the martingale Hardy-amalgam

spaces. We will also discuss the Davis decompositions of martingales in the martingale

Hardy-amalgam spaces. As an application of the Davis decomposition, the dual space of

H∗p,q is characterized in the next chapter.

In this chapter, all the martingales are defined with respect to the stochastic basis Ps :=

(R,F , {Fn}n∈N,P) where {Fn}n∈N is the dyadic filtration. We also recall from Chapter

2 that the dyadic intervals Aj = [j, j + 1) are covered by Jk,n,j and that Aj ∈ Fn for all

n and for all j. We also recall from Chapter 2 that the stochastic basis is regular if there

exists R > 0 such that fn ≤ Rfn−1. The following Lemma will be relevant in most parts

of the remaining work.

Lemma 4.1. Assume that Aj ∈ Fn for all n ≥ 1. Then if f ∈ M, then f1Aj =

(fn1Aj)n≥0 is also a martingale inM (f1Aj is a sub-martingale if f is a sub-martingale).

Moreover, if T is any of the operators s, S and M (the maximal operator), then

T (f1Aj) = T (f)1Aj .

Proof. Let (R,F , {Fn}n∈N,P) be a stochastic basis with underlying dyadic filtration.

Then we know that the dyadic interval Aj = [j, j + 1) is such that Aj ∈ Fn for all n ∈ N
and for all j. In other words, the characteristic function 1Aj is Fn-measurable for all n.

Let f = {fn}n∈N be a martingale (or a sub-martingale). Then f is Fn-measurable for

all n. Now since 1Aj is also Fn-measurable for all n, the product f1Aj = {fn1Aj}n∈N
is also adapted. Also for m ≤ n, we have, (replacing the last equality by ≥ if f is

sub-martingale),

Em(f1Aj) = 1AjEmfn = 1Ajfm

since 1Aj is Fm-measurable and f is a martingale. Thus f1Aj = {fn1Aj}n∈N is also a

martingale. Now since the martingale difference operator is linear, we have that

dn(f1Aj) = 1Ajfn − 1Ajfn−1 = 1Ajdnf.

Therefore

s2(f1Aj) =
∑
n∈N

En−1|dn(f1Aj)|2 =
∑
n∈N

En−11Aj |dn(f)|2 =
∑
n∈N

1AjEn−1|dn(f)|2
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where in the last equality, we have used the fact that the characteristic function is Fn−1-

measurable. Thus

s(f1Aj) = 1Ajs(f). (4.1)

Similarly we shall have that

S(f1Aj) = 1AjS(f) and M(f1Aj) = 1AjM(f) (4.2)

and the proof is complete.

4.2 Martingale Inequalities

In this section, we aim to extend some of the important classical martingale inequalities;

Doob’s inequality, the convexity inequality, concavity inequalities and Burkholder-Davis-

Gundy inequality, in the classical case, to the martingale Hardy-amalgam space. The

following classical result, Doob’s inequality, can be found in [65, Proposition 2.6].

Proposition 4.3 ([65]). Let f = {fn}n∈N be a non-negative Lp-bounded submartingale.

Then for p > 1, we have that(
E
[(

sup
n∈N

fn

)p])p
≤ p

p− 1
sup
n∈N

(E[fpn])p.

The Burkholder-Davis-Gundy inequality is a well known inequality which describe the

equivalence of the the classical spaces H∗p (R) and HS
p (R). The discussion of the following

classical result can be found in [8, Theorem 5.1] or [65, Theorem 2.12].

Theorem 4.4 ([8, 65]). The spaces H∗p (R) and HS
p (R) are equivalent for 1 ≤ p <∞.

We also have the following classical convexity and concavity inequalities from [65, Theo-

rem 2.10].

Theorem 4.5 ([65]). Let (Bt, t ∈ U) be a sequence of σ-algebra (not necessarily mono-

tone) such that σ(∪t∈UBt) = Bt where U is a countable index set. Suppose that ∀u ∈
Lp, (p > 1), the following inequality holds(

E
[(

sup
t∈U
|Etu|

)p])p
. (E[|u|p])p

where Et is the conditional operator relative to Bt. Let (ht)t∈U be sequence of non-negative
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measurable functions. Then for p ∈ [1,∞), we have∥∥∥∥∥∑
t∈U

Etht

∥∥∥∥∥
Lp

.

∥∥∥∥∥∑
t∈U

ht

∥∥∥∥∥
Lp

and for p ∈ (0, 1], we have the reverse of the inequality∥∥∥∥∥∑
t∈U

ht

∥∥∥∥∥
Lp

.

∥∥∥∥∥∑
t∈U

Etht

∥∥∥∥∥
Lp

.

The following Theorem is the extension of Proposition 4.3 from the classical martingale

Hardy space to the martingale Hardy-amalgam space.

Theorem 4.6. Let 0 < q < ∞ and p > 1. For every non-negative Lp,q-bounded sub-

martingale f = {fn}n∈N, we have that∥∥∥∥sup
n∈N

fn

∥∥∥∥
Lp,q(R)

≤ p

p− 1
sup
n∈N
‖fn‖Lp,q(R).

Proof. Let Aj be defined as equation (2.1). Let gn = fn1Aj . Then by Lemma 4.1, g =

(gn)n∈N is a submartingale. We observe that

sup
n∈N
‖gn‖qp = sup

n∈N
‖fn1Aj‖qp ≤ sup

n∈N

∑
j

‖fn1Aj‖qp = sup
n∈N
‖fn‖qp,q <∞.

Hence gn is a non-negative Lp-bounded submartingale. Therefore by Proposition 4.3 we

have that ∥∥∥∥sup
n∈N

fn1Aj

∥∥∥∥
Lp(R)

≤ p

p− 1
sup
n∈N
‖fn1Aj‖Lp(R).

Therefore by definition of amalgam space,∥∥∥∥sup
n∈N

fn

∥∥∥∥q
Lp,q(R)

=
∑
j

∥∥∥∥sup
n∈N

fn1Aj

∥∥∥∥q
p

≤
(

p

p− 1

)q∑
j

(
sup
n∈N
‖fn1Aj‖p

)q
=

(
p

p− 1

)q∑
j

sup
n∈N
‖fn1Aj‖qp =

(
p

p− 1

)q
sup
n∈N

∑
j

‖fn1Aj‖qp

=

(
p

p− 1

)q
sup
n∈N

∑
j

‖fn1Aj‖qp
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Thus

‖ sup
n∈N

fn‖qLp,q(R) ≤
(

p

p− 1

)q
sup
n∈N

∑
j

‖fn1Aj‖qp =

(
p

p− 1

)q
sup
n∈N
‖f‖qLp,q(R).

The proof is complete.

The next Theorem is the extension of Burkholder-Davis-Gundy inequality from the clas-

sical martingale Hardy spaces to the the martingale Hardy-amalgam space.

Theorem 4.7. The spaces HS
p,q(R) and H∗p,q(R) are equivalent for 1 ≤ p, q ≤ ∞, namely,

cp‖f‖HS
p,q(R) ≤ ‖f‖H∗p,q(R) ≤ Cp‖f‖HS

p,q(R) (1 ≤ p, q <∞)

and

cp‖f‖HS
p,∞(R) ≤ ‖f‖H∗p,∞(R) ≤ Cp‖f‖HS

p,∞(R) (1 ≤ p <∞).

Proof. The proof follows from Theorem 4.4 and Lemma 4.1. Let f = {fn}n∈N be a

martingale and define g = {fn1Aj}n∈N where Aj be defined as equation (2.1). Then since

g is a martingale, we have by Lemma 4.1 that S(g) = S(f1Aj) = 1AjS(f). We have from

Theorem 4.4 that ‖S(g)‖p . ‖g∗‖p . ‖S(g)‖p. Therefore

‖1AjS(f)‖p . ‖1Ajf ∗‖p . ‖1AjS(f)‖p. (4.3)

To get the first equivalence, we take the `q norm on both sides of the equivalence (4.3).

That is ∑
j∈Z

‖1AjS(f)‖qp .
∑
j∈Z

‖1Ajf ∗‖qp .
∑
j∈Z

‖1AjS(f)‖qp.

Hence by definition of amalgam space cp‖f‖HS
p,q(R) ≤ ‖f‖H∗p,q(R) ≤ Cp‖f‖HS

p,q(R).

For the second equivalence, we replace the summation with the supremum. That is

sup
j∈Z
‖1AjS(f)‖qp . sup

j∈Z
‖1Ajf ∗‖qp . sup

j∈Z
‖1AjS(f)‖qp

and thus by definition of amalgam space, cp‖f‖HS
p,∞(R) ≤ ‖f‖H∗p,∞(R) ≤ Cp‖f‖HS

p,∞(R).

Let us now find an extension of Theorem 4.5.

Theorem 4.8. Let (Bt, t ∈ U) be a sequence of σ-algebra (not necessarily monotone)

such that σ(∪t∈UBt) = Bt where U is a countable index set. Suppose that ∀u ∈ Lp, (p >
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1), the following Doob’s inequality holds(
E
[(

sup
t∈U
|Etu|

)p])p
≤ θp(E[|u|p])p

where Et is the conditional operator relative to Bt. Let (ht)t∈U be sequence of non-negative

measurable functions. Then for p ∈ [1,∞), we have∥∥∥∥∥∑
t∈U

Etht

∥∥∥∥∥
Lp,q

≤ θpp′

∥∥∥∥∥∑
t∈U

ht

∥∥∥∥∥
Lp,q

and for p ∈ (0, 1], we have the reverse of the inequality;∥∥∥∥∥∑
t∈U

ht

∥∥∥∥∥
Lp,q

≤ Θp

∥∥∥∥∥∑
t∈U

Etht

∥∥∥∥∥
Lp,q

where (p, p′) are conjugate pairs and Θp, θp are positive constants.

Proof. Let Aj be the usual interval and let gt = ft1Aj . Then gt is also non-negative and

measurable. Hence the conclusion of Theorem 4.5 holds for gt. Hence∥∥∥∥∥∑
t

Etft

∥∥∥∥∥
q

p,q

=
∑
j

∥∥∥∥∥∑
t

Etft1Aj

∥∥∥∥∥
q

p

≤
∑
j

θpqp′

∥∥∥∥∥∑
t

ft1Aj

∥∥∥∥∥
q

p

= θpqp′
∑
j

∥∥∥∥∥∑
t

ft1Aj

∥∥∥∥∥
q

p

= θpqp′

∥∥∥∥∥∑
t

ft

∥∥∥∥∥
q

p,q

.

The first inequality follows by raising to the power 1/q. The second inequality can be

proved similarly by invoking the second inequality of Theorem 4.5. That is∥∥∥∥∥∑
t

Etft

∥∥∥∥∥
q

p,q

=
∑
j

∥∥∥∥∥∑
t

Etft1Aj

∥∥∥∥∥
q

p

≥
∑
j

Θpq
p′

∥∥∥∥∥∑
t

ft1Aj

∥∥∥∥∥
q

p

= Θpq
p′

∑
j

∥∥∥∥∥∑
t

ft1Aj

∥∥∥∥∥
q

p

= Θpq
p′

∥∥∥∥∥∑
t

ft

∥∥∥∥∥
q

p,q

.

Raising to the power 1/q the second inequality is obtained. The proof is complete.
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4.9 Davis Decompositions

In this section, we want to focus on the Davis decomposition of martingales in the mar-

tingale Hardy-amalgam spaces HS
p,q and H∗p,q. Let f = {fn}n∈N be a martingale. Then

Davis decomposition asserts that if f ∈ HS
pq (resp. H∗p,q), then f = {fn}n∈N can be writ-

ten as the sum of two martingales f = {fn = hn + gn}n∈N where h = {hn}n∈N ∈ Gp,q
and g = {gn}n∈N ∈ Qp,q (resp. g = {gn}n∈N ∈ Pp,q). Let us start with the Davis

decompositions of the martingale Hardy-amalgam space HS
p,q.

Davis Decomposition of HS
p,q

Theorem 4.10. Let f = {fn}n∈N ∈ HS
p,q (1 ≤ p < ∞, 1 ≤ q < ∞). Then there exists

h = {hn}n∈N ∈ Gp,q and g = {gn}n∈N ∈ Qp,q such that f = {fn = hn + gn}n∈N for all

n ∈ N and

‖h‖Gp,q ≤ (2 + 2C)‖f‖HS
p,q

and

‖g‖Qp,q ≤ (7 + 2C)‖f‖HS
p,q

Proof. Let f = {fn}n∈N ∈ HS
p,q. Suppose there exists an adapted increasing nonnegative

sequence β = {βn}n∈N such that Sn(f) ≤ βn and β∞ ∈ Lp,q. Now since β is an increasing

adapted sequence, there exists βn−1 such that 2βn−1 < βn or βn ≤ 2βn−1. Thus we can

write the martingale difference dnf as

dnf = dnf1{βn>2βn−1} + dnf1{βn≤2βn−1}.

Also since f is a martingale, Ek−1dkf = 0. Therefore

fn =
n∑
k=1

fk − fk−1 =
n∑
k=1

dkf

=
n∑
k=1

(
dkf1{βk>2βk−1} + dkf1{βk≤2βk−1} − Ek−1dkf

)
=

n∑
k=1

(
dkf1{βk>2βk−1} + dkf1{βk≤2βk−1} − Ek−1(dkf1{βk>2βk−1} + dkf1{βk≤2βk−1})

)
=

n∑
k=1

(
dkf1{βk>2βk−1} − Ek−1(dkf1{βk>2βk−1})

)
+

n∑
k=1

(
dkf1{βk≤2βk−1} − Ek−1dkf1{βk≤2βk−1})

)
= hn + gn
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where

hn =
n∑
k=1

(
dkf1{βk>2βk−1} − Ek−1(dkf1{βk>2βk−1})

)
and

gn =
n∑
k=1

(
dkf1{βk≤2βk−1} − Ek−1dkf1{βk≤2βk−1})

)
.

Let us now show that h = {hn}n∈N ∈ Gp,q and g = {gn}n∈N ∈ Qp,q. Now Sn(f) ≤ βn

implies from definition that
∑n

k=1 |dkf |2 ≤ β2
n. Therefore |dnf |2 ≤ β2

n and hence |dkf | ≤
βk for all k. Also, |dkf |1{βk>2βk−1} ≤ βk1{βk>2βk−1} ≤ βk. Now βk > 2βk−1 implies that

βk < 2(βk − βk−1) and therefore

|dkf |1{βk>2βk−1} ≤ βk < 2(βk − βk−1).

We observe from hn above that

hn =
n∑
k=1

(
dkf1{βk>2βk−1} − Ek−1(dkf1{βk>2βk−1})

)
= dnf1{βn>2βn−1} − En−1(dnf1{βn>2βn−1}) +

n−1∑
k=1

(
dkf1{βk>2βk−1} − Ek−1(dkf1{βk>2βk−1})

)
= dnf1{βn>2βn−1} − En−1(dnf1{βn>2βn−1}) + hn−1.

We then have that hn − hn−1 = dnf1{βn>2βn−1} − En−1(dnf1{βn>2βn−1}) and thus

|dnh| = |dnf1{βn>2βn−1} − En−1(dnf1{βn>2βn−1})|

≤ |dnf |1{βn>2βn−1} + En−1(|dnf |1{βn>2βn−1})

≤ 2(βn − βn−1) + 2En−1(βn − βn−1)

and then

∞∑
k=1

|dkh| ≤ 2
∞∑
k=1

(βk − βk−1) + 2
∞∑
k=1

Ek−1(βk − βk−1) (4.4)

= 2β∞ + 2
∞∑
k=1

Ek−1(βk − βk−1).

Therefore ∥∥∥∥∥
∞∑
k=1

|dkh|

∥∥∥∥∥
p,q

≤ 2

∥∥∥∥∥β∞ +
∞∑
k=1

Ek−1(βk − βk−1)

∥∥∥∥∥
p,q

≤ 2 ‖β∞‖p,q + 2

∥∥∥∥∥
∞∑
k=1

Ek−1(βk − βk−1)

∥∥∥∥∥
p,q

71

University of Ghana http://ugspace.ug.edu.gh 



and by Theorem 4.8 we have∥∥∥∥∥
∞∑
k=1

|dkh|

∥∥∥∥∥
p,q

≤ 2 ‖β∞‖p,q + 2C

∥∥∥∥∥
∞∑
k=1

(βk − βk−1)

∥∥∥∥∥
p,q

.

Hence ∥∥∥∥∥
∞∑
k=1

|dkh|

∥∥∥∥∥
p,q

≤ 2 ‖β∞‖p,q + 2C ‖β∞‖p,q = (2 + 2C) ‖β∞‖p,q .

Now β = {βn}n∈N is arbitrary and since Sn(f) is increasing, nonnegative and measurable

for all n, we can set βn = Sn(f) and thus ‖β∞‖p,q = ‖S(f)‖p,q := ‖f‖HS
p,q
. Hence by

definition

|h‖Gp,q ≤ (2 + 2C)‖f‖HS
p,q
<∞

since f = {fn}n∈N ∈ HS
p,q. Thus h = {hn}n∈N ∈ Gp,q.

Now |dkf | ≤ βk for all k also implies that |dkf |1{βk≤2βk−1} ≤ βk1{βk≤2βk−1} ≤ βk and since

βk ≤ 2βk−1, we have |dkf |1{βk≤2βk−1} ≤ 2βk−1. We also have that

gn = gn−1 + dnf1{βn≤2βn−1} − En−1(|dnf |1{βn≤2βn−1})

and thus

dng = gn − gn−1 = dnf1{βn≤2βn−1} − En−1(dnf1{βn≤2βn−1}).

Hence since βk−1 is Fk−1-measurable

|dng| = |dnf1{βn≤2βn−1} − En−1(dnf1{βn≤2βn−1})|

≤ |dnf |1{βn≤2βn−1} + En−1(|dnf |1{βn≤2βn−1})

≤ 2βn−1 + 2En−1βn−1

= 2βn−1 + 2βn−1 = 4βn−1.

Therefore |dkg| ≤ 4βk−1 for all k. We have, by definition, that

Sn(g) =

(
n∑
k=1

|dkg|2
) 1

2

=

(
n−1∑
k=1

|dkg|2 + |dng|2
) 1

2

≤

(
n−1∑
k=1

|dkg|2
) 1

2

+ |dng| ≤ Sn−1(g) + 4βn−1.

Now f = h + g implies that g = f − h and by identity (2.9), we have Sn−1(f − h) .

Sn−1(f) + Sn−1(h). Hence

Sn(g) . Sn−1(f) + Sn−1(h) + 4βn−1.
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By (4.4), we also get that

Sn−1(h) =

(
n−1∑
k=1

|dkh|2
) 1

2

≤
n−1∑
k=1

|dkh|

≤ 2βn−1 + 2
n−1∑
k=1

Ek−1(βk − βk−1).

Thus since Sn−1(f) ≤ βn−1,

Sn(g) ≤ βn−1 + 2βn−1 + 2
n−1∑
k=1

Ek−1(βk − βk−1) + 4βn−1

= 7βn−1 + 2
n−1∑
k=1

Ek−1(βk − βk−1).

Define γ = {γn}n∈N as the sequence given by

γn = 7βn + 2
n∑
k=1

Ek−1(βk − βk−1).

Then as β = {βn}n∈N is an increasing, nonnegative adapted sequence, so is γ = {γn}n∈N.
Therefore Sn(g) ≤ γn−1. Hence

‖γ∞‖p,q =

∥∥∥∥∥7β∞ + 2
∞∑
k=1

Ek−1(βk − βk−1)

∥∥∥∥∥
p,q

≤ ‖7β∞‖p,q + 2

∥∥∥∥∥
∞∑
k=1

Ek−1(βk − βk−1)

∥∥∥∥∥
p,q

and by Theorem 4.8 we have

‖γ∞‖p,q ≤ ‖7β∞‖p,q + 2C

∥∥∥∥∥
∞∑
k=1

(βk − βk−1)

∥∥∥∥∥
p,q

.

Hence

‖γ∞‖p,q ≤ 7 ‖β∞‖p,q + 2C ‖β∞‖p,q = (7 + 2C) ‖β∞‖p,q .

Now β = {βn}n∈N is arbitrary and since Sn(f) is increasing, nonnegative and measurable

for all n, we can set βn = Sn(f) and thus ‖β∞‖p,q = ‖S(f)‖p,q := ‖f‖HS
p,q
. Hence by

definition

‖g‖Qp,q ≤ (7 + 2C)‖f‖HS
p,q
<∞

since f = {fn}n∈N ∈ HS
p,q. Thus g = {gn}n∈N ∈ Qp,q. The proof is complete.
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Davis Decomposition of H∗p,q

Theorem 4.11. Let f = {fn}n∈N ∈ H∗p,q (1 ≤ p < ∞, 1 ≤ q < ∞). Then there exists

h = {hn}n∈N ∈ Gp,q and g = {gn}n∈N ∈ Pp,q such that f = {fn = hn + gn}n∈N for all

n ∈ N and

‖h‖Gp,q ≤ (4 + 4C)‖f‖H∗p,q

and

‖g‖Pp,q ≤ (13 + 4C)‖f‖H∗p,q .

Proof. Let f = {fn}n∈N ∈ H∗p,q. Suppose there exists an adapted non-decreasing non-

negative sequence β = {βn}n∈N such that |fn| ≤ βn and β∞ ∈ Lp,q. We choose h and g

as we did in the proof of Theorem 4.10. Let us now show that h = {hn}n∈N ∈ Gp,q and

g = {gn}n∈N ∈ Pp,q. Now |dkf | = |fk − fk−1| ≤ |fk|+ |fk−1| ≤ βk + βk−1 ≤ βk + βk ≤ 2βk

and since βk ≤ 2(βk − βk−1) we have that |dkf |1{βk>2βk−1} ≤ 2βk ≤ 4(βk − βk−1). Then

as in the proof of Theorem 4.10, we get that

|dnh| ≤ 4(βn − βn−1) + 4En−1(βn − βn−1)

and therefore
∞∑
k=1

|dkf | ≤ 4β∞ + 4
∞∑
k=1

En−1(βk − βk−1).

Hence ∥∥∥∥∥
∞∑
k=1

|dkf |

∥∥∥∥∥
p,q

≤ (4 + 4C)‖β∞‖p,q.

Now since ‖f‖H∗p,q <∞ and β = {βn}n∈N is arbitrary, we can set βn = supn |fn| and thus

‖β∞‖p,q = ‖f ∗‖p,q := ‖f‖H∗p,q . Hence by definition

‖h‖Gp,q ≤ (4 + 4C)‖f‖H∗p,q <∞

since f = {fn}n∈N ∈ H∗p,q. Thus h = {hn}n∈N ∈ Gp,q.

Now |dkf | ≤ 2βk for all k also implies that |dkf |1{βk≤2βk−1} ≤ 2βk1{βk≤2βk−1} ≤ 2βk and

since βk ≤ 2βk−1, we have |dkf |1{βk≤2βk−1} ≤ 4βk−1. We also have that

gn = gn−1 + dnf1{βn≤2βn−1} − En−1(|dnf |1{βn≤2βn−1})

and thus

dng = gn − gn−1 = dnf1{βn≤2βn−1} − En−1(dnf1{βn≤2βn−1}).
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Hence since βk−1 is Fk−1-measurable

|dng| = |dnf1{βn≤2βn−1} − En−1(dnf1{βn≤2βn−1})|

≤ |dnf |1{βn≤2βn−1} + En−1(|dnf |1{βn≤2βn−1})

≤ 4βn−1 + 4En−1βn−1 = 4βn−1 + 4βn−1 = 8βn−1.

Therefore |dkg| ≤ 8βk−1 for all k. Now

|gn| = |gn−1 + gn − gn−1| ≤ |gn−1|+ |dng| ≤ |gn−1|+ 8βn−1.

Since g = f − h, we have

|gn−1| = |fn−1 − hn−1| ≤ |fn−1|+ |hn−1|.

Now

hn−1 ≤
n−1∑
k=1

(
|dkf |1{βk>2βk−1} + Ek−1(|dkf |1{βk>2βk−1})

)
and since |dkf |1{βk>2βk−1} ≤ 4(βk − βk−1) and the right side of the above inequality is

positive, we have

|hn−1| ≤
n−1∑
k=1

(4(βk − βk−1) + 4Ek−1(βk − βk−1))

= 4βn−1 + 4
n−1∑
k=1

Ek−1(βk − βk−1).

Therefore since |fn−1| < βn−1, we have

|gn| ≤ |gn−1|+ 8βn−1 ≤ |fn−1|+ |hn−1|+ 8βn−1

≤ βn−1 + 4βn−1 + 4
n−1∑
k=1

Ek−1(βk − βk−1) + 8βn−1

= 13βn−1 + 4
n−1∑
k=1

Ek−1(βk − βk−1).

Define γ = {γn}n∈N as the sequence given by

γn = 13βn + 4
n∑
k=1

Ek−1(βk − βk−1).

Then as β = {βn}n∈N is an increasing, nonnegative adapted sequence, so is γ = {γn}n∈N.
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Therefore |gn| ≤ γn−1. Hence

‖γ∞‖p,q =

∥∥∥∥∥13β∞ + 4
∞∑
k=1

Ek−1(βk − βk−1)

∥∥∥∥∥
p,q

≤ ‖13β∞‖p,q + 4

∥∥∥∥∥
∞∑
k=1

Ek−1(βk − βk−1)

∥∥∥∥∥
p,q

and by Theorem 4.8 we have

‖γ∞‖p,q ≤ ‖13β∞‖p,q + 4C

∥∥∥∥∥
∞∑
k=1

(βk − βk−1)

∥∥∥∥∥
p,q

.

Hence

‖γ∞‖p,q ≤ 13 ‖β∞‖p,q + 4C ‖β∞‖p,q = (13 + 4C) ‖β∞‖p,q .

ow since ‖f‖H∗p,q < ∞ and β = {βn}n∈N is arbitrary, we can set βn = supn |fn| and thus

‖β∞‖p,q = ‖f ∗‖p,q := ‖f‖H∗p,q . Hence by definition

‖g‖Pp,q ≤ (13 + 4C)‖f‖H∗p,q <∞

since f = {fn}n∈N ∈ H∗p,q. Thus g = {gn}n∈N ∈ Pp,q. The proof is complete.

4.12 Martingale Embeddings

In this section we will discuss the various inclusions of the martingale Hardy-amalgam

spaces HS
p,q(R), Hs

p,q(R), H∗p,q(R), Qp,q(R) and Pp,q(R). We recall here that the disjoint

cover (Aj)j∈Z is such that Aj ∈ Fn for all j ∈ Z and all n ≥ 1.

The following classical result whose proof can be found in [65, Theorem 2.11] will become

indispensable in the sequel.

Proposition 4.13 ([65]). For any f ∈M, the following hold.

(i) ‖f‖H∗p (R) ≤ Cp‖f‖Hs
p(R), ‖f‖HS

p (R) ≤ Cp‖f‖Hs
p(R) (0 < p ≤ 2)

(ii) ‖f‖Hs
p(R) ≤ Cp‖f‖H∗p (R), ‖f‖Hs

p
(R) ≤ Cp‖f‖HS

p (R) (2 ≤ p <∞)

(iii) ‖f‖H∗p (R) ≤ Cp‖f‖Pp(R), ‖f‖HS
p (R) ≤ Cp‖f‖Qp(R) (0 < p <∞)

(iv) ‖f‖H∗p (R) ≤ Cp‖f‖Qp(R), ‖f‖HS
p (R) ≤ Cp‖f‖Pp(R) (0 < p <∞)

(v) ‖f‖Hs
p(R) ≤ Cp‖f‖Pp(R), ‖f‖Hs

p(R) ≤ Cp‖f‖Qp(R) (0 < p <∞).

Moreover, for a regular stochastic basis, the five spaces are equivalent.

Let us now state and prove the theorem that extends the above embeddings to the

martingale Hardy-amalgam space. We recall that all the martingales in this section are
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defined with respect to an underlying dyadic filtration.

Theorem 4.14 (Martingale Embeddings). Let 0 < q ≤ ∞. Then

(i) ‖f‖H∗p,q(R) ≤ C‖f‖Hs
p,q(R), ‖f‖HS

p,q(R) ≤ C‖f‖Hs
p,q(R) (0 < p ≤ 2),

(ii) ‖f‖Hs
p,q(R) ≤ C‖f‖H∗p,q(R), ‖f‖Hs

p,q(R) ≤ C‖f‖HS
p,q(R) (2 ≤ p <∞).

(iii) ‖f‖H∗p,q(R) ≤ C‖f‖Pp,q(R), ‖f‖HS
p,q(R) ≤ C‖f‖Qp,q(R) (0 < p <∞),

(iv) ‖f‖H∗p,q(R) ≤ C‖f‖Qp,q(R), ‖f‖HS
p,q(R) ≤ C‖f‖Pp,q(R) (0 < p <∞),

(v) ‖f‖Hs
p,q(R) ≤ C‖f‖Pp,q(R), ‖f‖Hs

p,q(R) ≤ C‖f‖Qp,q(R) (0 < p <∞).

Proof. We shall make use of Proposition 4.13. Let Aj be defined as equation (2.1).

(i) By definition,

‖f‖H∗p,q = ‖f ∗‖p,q =

(∑
j

‖f ∗1Aj‖qp

) 1
q

.

We have seen that g = f1Aj is a martingale. Also g∗ = f ∗1Aj . By Proposition 4.13,

‖g∗‖p ≤ C‖s(g)‖p for 0 < p ≤ 2. Hence using equation (4.1),

‖f‖H∗p,q =

(∑
j

‖f ∗1Aj‖qp

) 1
q

=

(∑
j

‖g∗‖qp

) 1
q

≤ C

(∑
j

‖s(g)‖qp

) 1
q

=

(∑
j

‖s(f)1Aj‖qp

) 1
q

.

But by definition

(∑
j

‖s(f)1Aj‖qp

) 1
q

= ‖s(f)‖p,q = ‖f‖Hs
p,q
.

The first inequality is proved. To prove the second inequality, we let g = f1Aj .

Then by Proposition 4.13, we have that ‖S(g)‖p ≤ C‖s(g)‖p for 0 < p ≤ 2. Hence

using equations (4.1) and (4.2),

‖f‖HS
p,q

=

(∑
j

‖S(f)1Aj‖qp

) 1
p

=

(∑
j

‖S(f1Aj)‖qp

) 1
p

.

(∑
j

‖s(f1Aj)‖qp

) 1
p

=

(∑
j

‖s(f)1Aj‖qp

) 1
p

= ‖f‖Hs
p,q
.

The second inequality is proved.
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(ii) Considering the martingale g = f1Aj , we have by Proposition 4.13 that ‖s(f1Aj)‖p ≤
‖f ∗1Aj‖ for 2 ≤ p <∞. Hence

‖f‖Hs
p,q

=

(∑
j

‖s(f1Aj)‖qp

) 1
p

≤

(∑
j

‖f ∗1Aj‖qp

) 1
p

= ‖f ∗‖p,q = ‖f‖H∗p,q

To prove the second inequality, we let g = f1Aj . Then by Proposition 4.13, we have

that ‖s(g)‖p ≤ C‖S(g)‖p for 2 ≤ p <∞. Hence using equations (4.1) and (4.2),

‖f‖Hs
p,q

=

(∑
j

‖s(f)1Aj‖qp

) 1
p

=

(∑
j

‖s(f1Aj)‖qp

) 1
p

≤

(∑
j

‖S(f1Aj)‖qp

) 1
p

=

(∑
j

‖S(f)1Aj‖qp

) 1
p

= ‖S(f)‖p,q.

The second is proved.

Let T be any of the operators s, S and M , and HT
p (R), HT

p,q(R) the corresponding mar-

tingale spaces, then since Aj ∈ Fn for all j ∈ Z and all n ≥ 1 and by Lemma 4.1, we

have that for any martingale f ∈M and any j ∈ Z,∫
R
T (f)p1AjdP =

∫
R
T (f1Aj)

pdP = ‖f1Aj‖
p
HT
p (R)

,

and consequently, ∑
j

‖T (f)1Aj‖
q
Lp(R) =

∑
j

‖f1Aj‖
q
HT
p (R)

. (4.5)

To obtain the other assertions, we first prove the following∑
j

‖f1Aj‖
q
Qp(R) ≤ C‖f‖qQp,q(R) (4.6)

and ∑
j

‖f1Aj‖
q
Pp(R) ≤ C‖f‖qPp,q(R). (4.7)

We start with the proof of (4.6) as (4.7) follows similarly.

Let (%n)n≥0 be an arbitrary nonnegative nondecreasing adapted sequence such that

Sn(f) ≤ %n−1, and ‖%∞‖Lp,q(R) <∞.

We have that the sequence (γjn)n≥0 = (%n1Aj)n≥0 is also nonnegative nondecreasing and
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adapted, and

Sn(f1Aj) = Sn(f)1Aj ≤ %n−11Aj = γjn−1

and

‖γj∞‖Lp(R) = ‖%∞1Aj‖Lp(R) ≤ ‖%∞‖Lp,q(R) <∞.

It follows that∑
j

‖f1Aj‖
q
Qp(R) ≤

∑
j

‖γj∞‖
q
Lp(R) =

∑
j

‖%∞1Aj‖
q
Lp(R) = ‖%∞‖qLp,q(R).

As the sequence (%n)n≥0 was chosen arbitrarily, we conclude that∑
j

‖f1Aj‖
q
Qp(R) ≤ inf

%∈ρ
‖%∞‖qLp,q(R) = ‖f‖qQp,q(R).

Also let (%n)n≥0 be an arbitrary nonnegative nondecreasing adapted sequence such that

|fn| ≤ %n−1, and ‖%∞‖Lp,q(R) <∞.

We have that the sequence (γjn)n≥0 = (%n1Aj)n≥0 is also nonnegative nondecreasing and

adapted, and

|fn|1Aj ≤ %n−11Aj = γjn−1

and

‖γj∞‖Lp(R) = ‖%∞1Aj‖Lp(R) ≤ ‖%∞‖Lp,q(R) <∞.

It follows that∑
j

‖f1Aj‖
q
Pp(R) ≤

∑
j

‖γj∞‖
q
Lp(R) =

∑
j

‖%∞1Aj‖
q
Lp(R) = ‖%∞‖qLp,q(R).

As the sequence (%n)n≥0 was chosen arbitrarily, we conclude that∑
j

‖f1Aj‖
q
Pp(R) ≤ inf

%∈ρ
‖%∞‖qLp,q(R) = ‖f‖qPp,q(R).

(iii) Now from Proposition 4.13, we have that ‖f‖H∗p (R) ≤ Cp‖f‖Pp(R), ‖f‖HS
p (R) ≤

Cp‖f‖Qp(R) (0 < p <∞). Following (4.5) and (4.7), we have

‖f‖qH∗p,q =
∑
j∈Z

‖f ∗1Aj‖qp .
∑
j∈Z

‖f1Aj‖
q
Pp . ‖f‖

q
Pp,q .
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Also from (4.5) and (4.6), we have

‖f‖q
HS
p,q

=
∑
j∈Z

‖S(f)1Aj‖qp .
∑
j∈Z

‖f1Aj‖
q
Qp . ‖f‖

q
Qp,q .

(iv) Also, from Proposition 4.13, we have that ‖f‖H∗p (R) ≤ Cp‖f‖Qp(R), ‖f‖HS
p (R) ≤

Cp‖f‖Pp(R) (0 < p <∞). Following (4.5) and (4.7), we have

‖f‖qH∗p,q =
∑
j∈Z

‖f ∗1Aj‖qp .
∑
j∈Z

‖f1Aj‖
q
Qp . ‖f‖

q
Qp,q .

Also from (4.5) and (4.6), we have

‖f‖q
HS
p,q

=
∑
j∈Z

‖S(f)1Aj‖qp .
∑
j∈Z

‖f1Aj‖
q
Pp . ‖f‖

q
Pp,q .

(v) Finally, from Proposition 4.13, we have that ‖f‖Hs
p(R) ≤ Cp‖f‖Pp(R), ‖f‖Hs

p(R) ≤
Cp‖f‖Qp(R) (0 < p <∞). Following (4.5) and (4.7), we have

‖f‖qHs
p,q

=
∑
j∈Z

‖s(f)1Aj‖qp .
∑
j∈Z

‖f1Aj‖
q
Pp . ‖f‖

q
Pp,q .

Also from (4.5) and (4.6), we have

‖f‖qHs
p,q

=
∑
j∈Z

‖s(f)1Aj‖qp .
∑
j∈Z

‖f1Aj‖
q
Qp . ‖f‖

q
Qp,q .

The proof is complete.

As an application of Davis decomposition, we can improve upon Theorem 4.14 (ii). This

is stated as the corollary below.

Corollary 4.15. Let f = {fn}n∈N ∈ Ψ where Ψ ∈ {H∗p,q, HS
p,q} (1 ≤ p <∞, 0 < q <∞).

Then there exists g ∈ Hs
p,q and h ∈ Gp,q such that fn = hn + gn for all n ∈ N and

‖g‖Hs
p,q

. ‖f‖Ψ

Proof. Let Ψ = H∗p,q. Then by Theorem 4.11, fn = hn + gn where hn ∈ Gp,q and gn ∈ Pp,q
and also

‖g‖Pp,q ≤ (13 + 4C)‖f‖H∗p,q .

Now by (v) of Theorem 4.14

‖g‖Hs
p,q

. ‖g‖Pp,q .
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Thus

‖g‖Hs
p,q

. ‖g‖Pp,q . ‖f‖H∗p,q .

Let Ψ = HS
p,q. Then by Theorem 4.10, fn = hn + gn where hn ∈ Gp,q and gn ∈ Qp,q and

also

‖g‖Qp,q ≤ (7 + 2C)‖f‖HS
p,q
.

Now by (v) of Theorem 4.14

‖g‖Hs
p,q

. ‖g‖Qp,q .

Thus

‖g‖Hs
p,q

. ‖g‖Qp,q . ‖f‖HS
p,q
.

Let us now look at Theorem 4.17 that establishes the equivalence of the five martingale

Hardy-amalgam spaces. Lemma 4.16 below is essentially [65, Lemma 2.20]. It is restated

for completeness sake since it will be essential in the proof of Theorem 4.17 that follows.

Lemma 4.16 ([65]). Let 0 < p <∞. Then for an arbitrary martingale f = {fn}n∈N,∥∥∥∥sup
n∈N

En−1|fn|p
∥∥∥∥
L1

≤ 2‖f ∗‖pLp

and ∥∥∥∥sup
n∈N

En−1S
p
n(f)

∥∥∥∥
L1

≤ 2‖S(f))‖pLp .

Theorem 4.17. For 0 < p < ∞ and 0 < q < ∞, if the stochastic basis is regular, then

the spaces HS
p,q, H

s
p,q, H

∗
p,q, Qp,q and Pp,q are equivalent.

Proof. Suppose that the stochastic basis be regular and let that f ∈M where f is defined

with respect to a dyadic filtration. Then by Remark 2.10, f is previsible. Hence we have

that for some R > 0, |dnf |p ≤ REn−1|dnf |p. Consequently, since fn ≤ fn−1 + |dnf |, we

have that for 0 < p <∞, |fn|p ≤ C(|fn−1|p + |dnf |p) and thus by regularity,

|fn|p ≤ C (|fn−1|p +REn−1|dnf |p) ≤ C
(
f ∗pn−1 + En−1|fn|p

)
.

Let βpn−1 = f ∗pn−1 +En−1|fn|p. Then βp∞ . f ∗p + supn∈N En−1|fn|p. Multiplying through by

1Aj , we obtian βp∞1Aj . f ∗p1Aj + supn∈N En−1|fn1Aj |p. Hence

E(βp∞1Aj) . E(f ∗p1Aj) + E
(

sup
n∈N

En−1|fn1Aj |p
)
.
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Therefore by Lemma 4.16, we obtain

E(βp∞1Aj) . E(f ∗p1Aj) + 2E(f ∗p1Aj) = 3CE(f ∗p1Aj).

In other words ‖β∞1Aj‖pp ≤ 3C‖f ∗1Aj‖pp and thus

‖β∞1Aj‖qp ≤ (3C)
q
p‖f ∗1Aj‖qp.

Therefore (∑
j∈Z

‖β∞1Aj‖qp

) 1
q

≤ (3C)
1
p

(∑
j∈Z

‖f ∗1Aj‖qp

) 1
q

.

Hence

‖β∞‖p,q ≤ (3C)
1
p‖f ∗‖p,q.

Since |fn| ≤ βn−1, we have by definition that

‖f‖Pp,q ≤ (3C)
1
p‖f‖H∗p,q . (4.8)

Now by definition, Sn(f)− Sn−1(f) = |dnf |2 ≤ REn−1|dnf |2. Thus

Sn(f) ≤ Sn−1(f) +REn−1|dnf |2 = Sn−1(f) +REn−1[Sn(f)− Sn−1(f)].

Hence we obtain that

Sn(f)p ≤ C (Sn−1(f)p + En−1Sn(f)p) .

Let βpn−1 = Sn−1(f)p + En−1Sn(f)p. Then βp∞ . Sp(f) + supn∈N En−1S
p
n(f). Multiplying

through by 1Aj , we obtian βp∞1Aj . Sp(f)1Aj + supn∈N En−1|Sn(f)1Aj |p. Hence

E(βp∞1Aj) . E(Sp(f)1Aj) + E
(

sup
n∈N

En−1|Sn(f)1Aj |p
)
.

Therefore by Lemma 4.16, we obtain

E(βp∞1Aj) . E(Sp(f)1Aj) + 2E(Sp(f)1Aj) = 3CE(Sp(f)1Aj).

In other words ‖β∞1Aj‖pp ≤ 3C‖S(f)1Aj‖pp and thus

‖β∞1Aj‖qp ≤ (3C)
q
p‖S(f)1Aj‖qp.
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Therefore (∑
j∈Z

‖β∞1Aj‖qp

) 1
q

≤ (3C)
1
p

(∑
j∈Z

‖S(f)1Aj‖qp

) 1
q

.

Hence

‖β∞‖p,q ≤ (3C)
1
p‖S(f)‖p,q.

Since Sn(f) ≤ βn−1, we have by definition that

‖f‖Qp,q ≤ (3C)
1
p‖f‖H∗p,q . (4.9)

Also, by Remark 2.10,

S(f) ≤ R
1
2 s(f) =⇒ ‖S(f)‖p ≤ C‖s(f)‖p =⇒ ‖S(f)‖p,q ≤ C‖s(f)‖p,q.

Thus, by definition,

‖f‖HS
p,q
≤ C‖f‖Hs

p,q
. (4.10)

Combining inequalities (4.8), (4.9) and (4.10), together with Theorem 4.14, we obtain

the following

‖f‖Hs
p,q
≤ C‖f‖HS

p,q
≤ C‖f‖H∗p,q ≤ C‖f‖Pp,q ≤ C‖f‖Qp,q ≤ C‖f‖Hs

p,q
. (4.11)

We have thus established the theorem.
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Chapter 5

Dual Space Characterizations

Let X be an arbitrary Banach space. Then we say that the dual of X is the space

of all linear functionals on X . In this chapter, we will characterize the dual spaces of

the martingale Hardy-amalgams spaces Hs
p,q and Gp,q. The Garsia-type space, Gp,q, is

a component of the Davis decomposition of martingales and a justification of this was

provided in the previous chapter. We shall, however, show in this chapter that the dual

of the Garsia-type space Gp,q is the jump bounded space BDp′,q′ . As an application of the

Garsia-type space in conjunction with the Davis decomposition of H∗p,q, the dual space of

H∗p,q is characterized as well in this chapter. The atomic decomposition of Hs
p,q discussed

in the previous chapter will play a crucial role in characterizing the dual space of Hs
p,q

(0 < p ≤ q ≤ 1). Before we start characterzing the dual space of Hs
p,q, there is one more

important space, the Campanato space, that we have to recall [56]. This space happens

to be the dual space of Hs
p,q when 0 < p ≤ q ≤ 1.

The Campanato Space

Let (Ω,F ,P) be a probability space. Denote by L0
2 the set of all f ∈ L2 such that E0f = 0.

For f ∈ L0
2, put fn = Enf . We recall that (fn)n≥0 is in M and L2-bounded. Moreover,

(fn)n≥0 converges to f in L2 as pointed out in [54]. Define the function φ : F −→ (0,∞)

by

φ(A) =
‖1A‖p,q
P(A)

for all A ∈ F , P (A) 6= 0.

The Campanato space, L2,φ, is then defined to be the set

L2,φ :=

{
f ∈ L0

2 : ‖f‖L2,φ
:= sup

ν∈T

1

φ(Bν)

(
1

P(Bν)

∫
Bν

|f − f ν |2dP
) 1

2

<∞

}
.
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5.1 Dual Space Characterization of Hs
p,q

We recall that Hs
p,q(Ω) is the space of all f ∈ M such that s(f) ∈ Lp,q(Ω) with (quasi)-

norm

‖f‖Hs
p,q(Ω) := ‖s(f)‖Lp,q(Ω).

In this section, the dual space characterization of Hs
p,q is discussed. The method employed

does not permit the establishment of the dual space of martingale Hardy-amalgam space

Hs
p,q on the whole range 0 < p, q < ∞. Instead, the range 0 < p, q < ∞ is divided into

subintervals and the dual spaces are obtained for each subinterval. We first characterize

the dual for the interval 0 < p ≤ q ≤ 1 in Section 5.1.1. In Section 5.3.1, we will

characterize the dual space of Hs
p,q for 1 < q ≤ p < 2 or 2 ≤ p ≤ q < ∞ (see Theorem

5.6). It is emphasized here that martingales defined in Section 5.3.1 are with respect to

an underlying dyadic filtration.

5.1.1 Duality of Hs
p,q for 0 < p ≤ q ≤ 1

We recall from the atomic decomposition of Hs
p,q that, for a (p, r)s-atom a = {ak}k∈Z,

we have that s(ak) ≤ P(Bνk)
− 1
p and supp(s(ak)) ⊆ Bνk for some stopping time νk where

Bνk = {νk 6=∞}. Hence s(ak) = s(ak)1B
νk

and thus s(ak) = s(ak)1B
νk
≤ P(Bνk)

− 1
p1B

νk
.

Therefore

‖s(ak)‖r ≤ ‖P(Bνk)
− 1
p1B

νk
‖r = P(Bνk)

1
r
− 1
p

for r > max(p, 1). We will show that the dual of Hs
p,q (0 < p ≤ q ≤ 1), is the Cam-

panato space, L2,φ. We start by introducing the following result which is essentially [24,

Proposition 2.1]. We provide a proof for the sake of completeness.

Proposition 5.2 ([24]). Let 0 < p < 1 and 0 < q ≤ 1. For all finite sequence {fn}mn=−m

of elements in Lp,q(Ω), we have

m∑
n=−m

‖fn‖p,q ≤

∥∥∥∥∥
m∑

n=−m

|fn|

∥∥∥∥∥
p,q

.

Proof. Let 0 < p < 1, 0 < q ≤ 1 and let {fn}mn=0 be a finite sequence of elements of

Lp,q(Ω). For q = 1, using the reverse Minkowski’s inequality in Lp ([27, p. 11-12]), we

obtain
m∑

n=−m

‖fn‖p,1 =
∑
j∈Z

∥∥∥∥∥
m∑

n=−m

|fn1Ωj |

∥∥∥∥∥
p

≤

∥∥∥∥∥
m∑

n=−m

|fn|

∥∥∥∥∥
p,1

.
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Now assume that 0 < q < 1 and set

xn :=
{
‖fn1Ωj‖p

}
j∈Z ∀n = −m, . . . ,m.

Applying the reverse Minkowski’s inequality in `q and Lp, we obtain

m∑
n=−m

‖fn‖p,q =
m∑

n=−m

‖xn‖`q ≤

∥∥∥∥∥∥
{

m∑
n=−m

‖fn1Ωj‖p

}
j∈Z

∥∥∥∥∥∥
`q

≤

∥∥∥∥∥∥

∥∥∥∥∥

m∑
n=−m

fn1Ωj

∥∥∥∥∥
p


j∈Z

∥∥∥∥∥∥
`q

=

∥∥∥∥∥
m∑

n=−m

|fn|

∥∥∥∥∥
p,q

.

The characterization of the dual space of Hs
p,q for 0 < p ≤ q ≤ 1 is as follows.

Theorem 5.3. Let 0 < p ≤ q ≤ 1. For κ ∈ (Hs
p,q)
∗, the dual space of Hs

p,q, there exists

g ∈ L2,φ such that

κ(f) = E[fg] for all f ∈ Hs
p,q

and

‖g‖L2,φ
≤ c‖κ‖.

Conversely, let g ∈ L2,φ. Then the mapping

κg(f) = E[fg] =

∫
Ω

fg dP, ∀f ∈ L2(Ω)

can be extended to a continuously linear functional on Hs
p,q such that

‖κ‖ ≤ c‖g‖L2,φ
.

Proof. Let us start by defining some spaces. For ν a stopping time, we define

Lν2(Ω) := {f ∈ L2(Ω) : En(f) = 0, for ν ≥ n, n ∈ N}

and

Lν2(Bν) := {f ∈ Lν2(Ω) : supp(f) ⊆ Bν}.

We endow Lν2(Bν) with

‖f‖Lν2(Bν) :=

(∫
Bν

|f |2dP
) 1

2

<∞.
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We will first prove that any continuous linear functional on Hs
p,q(Ω) is also continuous on

Lν2(Bν).

Let f ∈ Lν2(Bν) \ {0} and consider

a(ω) :=
CP(Bν)

1
2
− 1
p

‖f‖Lν2(Bν)

f(ω), ω ∈ Ω.

Then a is zero outside of Bν and s(a) = CP(Bν)
1
2−

1
p

‖f‖Lν2(Bν )
s(f). Hence

‖s(a)‖2 =
CP(Bν)

1
2
− 1
p

‖f‖Lν2(Bν)

‖s(f)‖2.

Then for an appropriate choice of the constant, we can choose C ≤
‖f‖Lν2(Bν )

‖s(f)‖2 , we obtain

‖s(a)‖2 ≤ P(Bν)
1
2
− 1
p . Thus a is an (p, 2)s-atom associated to ν ∈ T . Since a is (p, 2)s-atom,

we observe from Theorem 3.4 that s(a) . P(Bν)
− 1
p and thus ‖s(a)‖p,q . ‖1Bν‖p,qP(Bν)

− 1
p .

Hence by definition,

‖a‖Hs
p,q(Ω) . ‖1Bν‖p,qP(Bν)

− 1
p ,

and recalling from the hypothesis that p ≤ q, we obtain

‖f‖Hs
p,q(Ω) = C−1‖f‖Lν2(Bν)P(Bν)

1
p
− 1

2‖a‖Hs
p,q(Ω)

. ‖f‖Lν2(Bν)P(Bν)
1
p
− 1

2‖1Bν‖p,qP(Bν)
− 1
p

. ‖f‖Lν2(Bν)P(Bν)
1
p
− 1

2 .

It follows that for any continuous linear functional κ on Hs
p,q(Ω) with operator norm ‖κ‖,

|κ(f)| ≤ ‖κ‖‖f‖Hs
p,q(Ω) . ‖κ‖P(Bν)

1
p
− 1

2‖f‖Lν2(Bν).

Hence κ is continuous on Lν2(Bν) with operator norm

‖κ‖(Lν2(Bν))∗ := sup
f∈Lν2(Bν)
‖f‖Lν2(Bν )≤1

‖κ(f)‖ . P(Bν)
1
p
− 1

2‖κ‖.

As Lν2(Bν) is a subspace of L2(Bν) = L2(Bν , dP), it follows from the above observation

and the Hahn-Banach Theorem that any continuous linear functional κ on Hs
p,q(Ω) can

be extended to a continuous linear functional κν on L2(Bν). As L2(Bν) is auto-dual, it

follows that there exists g ∈ L2(Bν) such that

κν(f) =

∫
Bν

fg dP, ∀f ∈ L2(Bν).
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Consequently,

κ(f) = κν(f) =

∫
Bν

fg dP, ∀f ∈ Lν2(Bν).

Next, as L2(Ω) is a dense in Hs
p,q(Ω) (this follows from the fact that p ≤ q < 2 and

Theorem 3.4), we have that any element κ of the dual space of Hs
p,q(Ω) can be represented

by

κ(f) =

∫
Ω

fg dP, ∀f ∈ L2(Ω). (5.1)

We are going to prove that the function g in (5.1) is in L2,φ(Ω).

Let ν ∈ T and let f ∈ Lν2(Bν) with ‖f‖Lν2(Bν) ≤ 1. Define

ρ(ω) = CP(Bν)
1
2
− 1
p

(f − f ν)1Bν (ω)

‖(f − f ν)1Bν‖L2(Ω)

, ω ∈ Ω.

Then for an appropriate choice of the constant, we can choose C ≤ ‖(f−fν)1Bν ‖L2(Ω)

‖s((f−fν)1Bν )‖L2(Ω)
, ρ

is (p, 2)s-atom associated to the stopping time ν and ρ ∈ L2(Ω). Hence

κ(ρ) =

∫
Ω

ρg dP =

∫
Bν

ρg dP.

Thus ∣∣∣∣∫
Bν

ρ(g − gν) dP
∣∣∣∣ =

∣∣∣∣∫
Bν

ρg dP
∣∣∣∣

= |κ(ρ)|

≤ ‖κ‖‖ρ‖Hs
p,q(Ω)

. ‖κ‖‖1Bν‖p,qP(Bν)
− 1
p .

Hence∣∣∣∣∫
Bν

f(g − gν) dP
∣∣∣∣ =

∣∣∣∣∫
Bν

(f − f ν)(g − gν) dP
∣∣∣∣

. C−1‖(f − f ν)1Bν‖L2(Ω)P(Bν)
1
p
− 1

2‖κ‖‖1Bν‖p,qP(Bν)
− 1
p

. P(Bν)
− 1

2‖1Bν‖p,q‖κ‖.

Thus (∫
Bν

|g − gν |2 dP
) 1

2

:= sup
f∈Lν2(Bν)
‖f‖Lν2(Bν )≤1

∣∣∣∣∫
Bν

f(g − gν) dP
∣∣∣∣

. P(Bν)
− 1

2‖1Bν‖p,q‖κ‖.
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This gives us

1

φ(Bν)

(
1

P(Bν)

∫
Bν

|g − gν |2 dP
) 1

2

. ‖κ‖, ∀ν ∈ T .

Hence g ∈ L2,φ(Ω), and the proof of the first part of the theorem is complete.

Conversely, let g ∈ L2,φ(Ω). Let f ∈ Hs
p,q(Ω). We know that for the stopping times

νk := inf{n ∈ N : sn+1(f) > 2k}, k ∈ Z,

∥∥∥∥∥∑
k∈Z

(
λk

P(Bνk)
1
p

)η

1B
νk

∥∥∥∥∥
1
η

p
η
, q
η

≤ C‖f‖Hs
p,q
. (5.2)

and moreover,
m∑
k=l

λka
k −→ f

in Hs
p,q as m→∞, l→ −∞, where (λk, a

k, νk) ∈ A(p, q, 2)s. Also since ak is L2-bounded,

for f ∈ Hs
p,q(Ω),

κg(f) = E[fg] =
∑
k≥0

E[λka
kg]

is well defined and linear. Using this, Schwartz’s inequality, and the fact that ‖s(ak)‖2 ≤
P(Bνk)

1
2
− 1
p , we obtain

|κg(f)| ≤
∑
k∈Z

λk

∣∣∣∣∫
Ω

ak(g − gνk)dP
∣∣∣∣ ≤∑

k∈Z

λk‖ak‖2

(∫
B
νk

|g − gνk |2dP

) 1
2

.
∑
k∈Z

λk‖s(ak)‖2

(∫
B
νk

|g − gνk |2dP

) 1
2

=
∑
k∈Z

λk
‖1B

νk
‖p,q

P(Bνk)
1
p

1

φ(Bνk)

(
1

P(Bνk)

∫
|g − gνk |2dP

) 1
2

.

Hence using Proposition 5.2, inequalities (3.16) and (5.2), we deduce that

|κg(f)| . ‖g‖L2,φ

∑
k∈Z

∥∥∥∥∥ λk

P(Bνk)
1
p

1B
νk

∥∥∥∥∥
p,q

≤ ‖g‖L2,φ

∥∥∥∥∥∑
k∈Z

λk

P(Bνk)
1
p

1B
νk

∥∥∥∥∥
p,q

≤ ‖g‖2,φ

∥∥∥∥∥∑
k≥0

(
λk

P(Bνk)
1
p

)η

1B
νk

∥∥∥∥∥
1
η

p
η
, q
η

. ‖f‖Hs
p,q
‖g‖2,φ.

Thus κg(f) = E[fg] extends continuously on Hs
p,q(Ω) and the proof is complete.
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5.3.1 Duality of Hs
p,q for 1 < p, q <∞

With the help of martingale transform, we are able to characterize the dual space of Hs
p,q

where 1 < p ≤ q <∞. In this part of the study, all the martingales are defined relatively

to the stochastic basis Ps := (R,F , {Fn}n∈N,P) where Fn is the σ-algebra generated by

the dyadic intervals Dn as defined in Chapter 2. We also recall from Chapter 2 that the

dyadic intervals Aj = [j, j + 1) is covered by Jk,n,j and therefore Aj ∈ Fn for all n and

for all j.

The following lemma and its corollary shows that the martingale Hardy-amalgam space

Hs
p,q is uniformly convex and reflexive. These properties will be employed to characterize

the dual space of Hs
p,q when 1 < p, q <∞.

Lemma 5.4. Let 2 ≤ p ≤ q <∞. Then the space Hs
p,q(R) is uniformly convex.

Proof. We recall that a Banach space H is uniformly convex if for any ε > 0, there

exists δ > 0 such that if x, y ∈ H with ‖x‖H ≤ 1, ‖y‖H ≤ 1 and ‖x − y‖H ≥ ε, then

‖x+ y‖H ≤ 2(1− δ).

We recall that for 1 ≤ r <∞ and for a, b > 0,

(a+ b)r ≤ 2r−1(ar + br) and ar + br ≤ (a+ b)r.

Let ε > 0, and assume that f, g ∈ Hs
p,q with ‖f‖Hs

p,q
≤ 1, ‖g‖Hs

p,q
≤ 1 and ‖f − g‖Hs

p,q
≥ ε.

We start by observing that

s2(f + g) + s2(f − g) = 2(s2(f) + s2(g)).

We then obtain

(
s2(f + g)

) p
2 +

(
s2(f − g)

) p
2 ≤

(
s2(f + g) + s2(f − g)

) p
2 ≤ 2p−1 [sp(f) + sp(g)] .

Hence for any j ∈ Z,

‖s(f + g)1Aj‖pp + ‖s(f + g)1Aj‖pp ≤ 2p−1
(
‖s(f)1Aj‖pp + ‖s(g)1Aj‖pp

)
.

Raising both members of the last inequality to the power q
p
≥ 1, we obtain

‖s(f + g)1Aj‖qp + ‖s(f + g)1Aj‖qp ≤
(
‖s(f + g)1Aj‖pp + ‖s(f + g)1Aj‖pp

) q
p

≤ 2
q
p

(p−1)
(
‖s(f)1Aj‖pp + ‖s(g)1Aj‖pp

) q
p

≤ 2
q
p

(p−1)2
q
p
−1
(
‖s(f)1Aj‖qp + ‖s(g)1Aj‖qp

)
.
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Hence taking the sum over j ∈ Z, we obtain

‖s(f + g)‖qp,q + ‖s(f − g)‖qp,q ≤ 2q−1
(
‖s(f)‖qp,q + ‖s(g)‖qp,q

)
and so

‖s(f + g)‖qp,q ≤ 2q−1
(
‖s(f)‖qp,q + ‖s(g)‖qp,q

)
− ‖s(f − g)‖qp,q ≤ 2q − εq.

Thus

‖s(f + g)‖p,q ≤ 2(1− δ)

where

δ = 1−
(

1− εq

2q

) 1
q

and the proof is complete.

From the above Lemma and Milman’s Theorem (see [71]), we deduce the following.

Corollary 5.5. Let 2 ≤ p ≤ q <∞. Then the space Hs
p,q(R) is reflexive.

The following Theorem characterizes the dual of Hs
p,q when 1 < p ≤ q <∞.

Theorem 5.6. If either 1 < q ≤ p ≤ 2 or 2 ≤ p ≤ q <∞, then the dual space of Hs
p,q(R)

identifies with Hs
p′,q′(R) where 1

p
+ 1

p′
= 1

q
+ 1

q′
= 1.

Proof. It follows from Corallary 5.5 above that we only need to prove for the case 1 <

q ≤ p ≤ 2. Let g ∈ Hs
p′,q′(R) and

κg(f) := E

(
∞∑
n=0

dnfdng

) (
f ∈ Hs

p,q(R)
)
.

Hence by Hölder’s inequality, we have that

|κg(f)| ≤
∫
R

∞∑
n=0

En−1|dnf ||dng|dP

=
∑
j∈Z

∫
Aj

∞∑
n=0

En−1|dnf ||dng|dP

≤
∑
j∈Z

∫
Aj

∞∑
n=0

(
En−1|dnf |2

) 1
2
(
En−1|dng|2

) 1
2 dP

≤
∑
j∈Z

∫
Aj

(
∞∑
n=0

En−1|dnf |2
) 1

2
(
∞∑
n=0

En−1|dng|2
) 1

2

dP
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|κg(f)| =
∑
j∈Z

∫
Aj

s(f)s(g)dP

≤
∑
j∈Z

‖s(f)1Aj‖p‖s(g)1Aj‖p′

≤

(∑
j∈Z

‖s(f)1Aj‖qp

) 1
q
(∑
j∈Z

‖s(g)1Aj‖
q′

p′

) 1
q′

= ‖f‖Hs
p,q(R)‖g‖Hs

p′,q′ (R).

Thus

|κg(f)| ≤ C‖g‖Hs
p′,q′ (R).

Conversely, let κ be a continuous linear functional on Hs
p,q(R). Then as Hs

p,q(R) embeds

continuously into Hs
p(R) (since q < p), we have by the Hahn-Banach theorem that κ can

be extended to a continuous linear functional κ̃ on Hs
p(R) having the same operator norm

as κ. It follows from [65, Theorem 2.26] that there exists some g ∈ Hs
p′(R) such that

κ̃(f) = E(fg)
(
∀f ∈ Hs

p(R)
)
.

In particular

κ(f) = κ̃(f) = E(fg)
(
∀f ∈ Hs

p,q(R)
)
. (5.3)

Let us prove that

‖g‖Hs
p′,q′ (R) . sup

f∈Hs
p,q(R), ‖f‖Hsp,q(R)≤1

|κ(f)| <∞. (5.4)

Obviously, this holds if ‖g‖Hs
p′,q′ (R) = 0. Hence we assume that ‖g‖Hs

p′,q′ (R) 6= 0.

We recall that, Aj ∈ Fn for all j ∈ Z and n ≥ 1. Set

µn =
∑
j∈Z

sp
′−2
n (g)1Aj

‖s(g)‖q′−1
p′,q′ ‖s(g)1Aj‖

p′−q′
p′

. (5.5)

Since the Aj’s are pairwise disjoint, we have that

µ2
n =

∑
j∈Z

s2p′−4
n (g)1Aj

‖s(g)‖2q′−2
p′,q′ ‖s(g)1Aj‖

2(p′−q′)
p′

.

From the definition of s(·), we have that µn is Fn−1-measurable. We define h as the

martingale transform of g by µn. That is

hn =
n∑
k=1

µkdkg (in other words dnh = µndng). (5.6)
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We then obtain
∞∑
n=0

En−1|dnh|2 =
∞∑
n=0

µ2
nEn−1|dng|2

or equivalently

s2(h) =
∞∑
n=0

∑
j∈Z

s2p′−4
n (g)1Aj

‖s(g)‖2q′−2
p′,q′ ‖s(g)1Aj‖

2(p′−q′)
p′

En−1|dng|2.

Therefore

s2(h) =
∑
j∈Z

1Aj

‖s(g)‖2q′−2
p′,q′ ‖s(g)1Aj‖

2(p′−q′)
p′

∞∑
n=0

s2p′−4
n (g)En−1|dng|2

=
∑
j∈Z

1Aj

‖s(g)‖2q′−2
p′,q′ ‖s(g)1Aj‖

2(p′−q′)
p′

∞∑
n=0

s2p′−4
n (g)(s2

n(g)− s2
n−1(g))

=
1

‖s(g)‖2q′−2
p′,q′

∑
j∈Z

1Aj

‖s(g)1Aj‖
2(p′−q′)
p′

∞∑
n=0

[s2p′−2
n (g)− s2p′−4

n (g)s2
n−1(g)].

It follows that

s2(h) ≤ 1

‖s(g)‖2q′−2
p′,q′

∑
j∈Z

1Aj

‖s(g)1Aj‖
2(p′−q′)
p′

∞∑
n=0

[s2p′−2
n (g)− s2p′−2

n−1 (g)]

=
1

‖s(g)‖2q′−2
p′,q′

∑
j∈Z

s2p′−2(g)1Aj

‖s(g)1Aj‖
2(p′−q′)
p′

.

Thus, by disjointedness of the Aj’s,

s(h) ≤ sp
′−1(g)

‖s(g)‖q′−1
p′,q′

∑
j∈Z

1Aj

‖s(g)1Aj‖
p′−q′
p′

. (5.7)

We also have that for any k ∈ Z,

s(h)1Ak ≤
∑
j∈Z

sp
′−1(g)

‖s(g)‖q′−1
p′,q′

1Aj

‖s(g)1Aj‖
p′−q′
p′

1Ak =
sp
′−1(g)

‖s(g)‖q′−1
p′,q′

1Ak
‖s(g)1Ak‖

p′−q′
p′

.

Therefore

‖s(h)1Ak‖p ≤
‖sp′−1(g)1Ak‖p

‖s(g)‖q′−1
p′,q′ ‖s(g)1Ak‖

p′−q′
p′

=
‖s(g)1Ak‖

p′−1
p′

‖s(g)‖q′−1
p′,q′ ‖s(g)1Ak‖

p′−q′
p′

=
‖s(g)1Ak‖

q′−1
p′

‖s(g)‖q′−1
p′,q′

.
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Hence

∑
k∈Z

‖s(h)1Ak‖qp ≤
∑
k∈Z

‖s(g)1Ak‖
q(q′−1)
p′

‖s(g)‖q(q
′−1)

p′,q′

=
∑
k∈Z

‖s(g)1Ak‖
q′

p′

‖s(g)‖q′p′,q′
=
‖s(g)‖q

′

p′,q′

‖s(g)‖q′p′,q′
= 1.

That is

‖h‖Hs
p,q(R) ≤ 1.

We now test (5.4) with the martingale h above. First proceeding as in [65, p.37] and

with the application of inequality (2.10) (this is why we need p to be smaller than 2), we

obtain

|κ(h)| = E

(
∞∑
n=0

dnhdng

)
= E

(
∞∑
n=0

µn|dng|2
)

=
1

‖s(g)‖q′−1
p′,q′

E

(
∞∑
n=0

∑
j∈Z

sp
′−2
n (g)1Aj

‖s(g)1Aj‖
p′−q′
p′

En−1|dng|2
)

=
1

‖s(g)‖q′−1
p′,q′

E

(
∞∑
n=0

∑
j∈Z

sp
′−2
n (g)1Aj

‖s(g)1Aj‖
p′−q′
p′

(s2
n(g)− s2

n−1(g))

)

It follows that

|κ(h)| ≥ 2

p′
1

‖s(g)‖q′−1
p′,q′

∑
j∈Z

1

‖s(g)1Aj‖
p′−q′
p′

E

(
1Aj

∞∑
n=0

sp
′

n (g)− sp
′

n−1(g)

)

=
2

p′
1

‖s(g)‖q′−1
p′,q′

∑
j∈Z

1

‖s(g)1Aj‖
p′−q′
p′

E
(
1Ajs

p′(g)
)

=
2

p′
1

‖s(g)‖q′−1
p′,q′

∑
j∈Z

1

‖s(g)1Aj‖
p′−q′
p′

∫
R

1Ajs
p′(g)dP

=
2

p′
1

‖s(g)‖q′−1
p′,q′

∑
j∈Z

1

‖s(g)1Aj‖
p′−q′
p′

‖s(g)1Aj‖
p′

p′

=
2

p′
1

‖s(g)‖q′−1
p′,q′

∑
j∈Z

‖s(g)1Aj‖
q′

p′

=
2

p′
‖s(g)‖q

′

p′,q′

‖s(g)‖q′−1
p′,q′

=
2

p′
‖s(g)‖Lp′,q′ (R).

The proof is complete.

Remark 5.7. We note that because of the equivalence in (4.11), the dual of the of the

spaces HS
p,q, H

s
p,q, H

∗
p,q, Qp,q and Pp,q will be L2,φ for 0 < p ≤ q < 1 and Hs

p′,q′ for

1 ≤ q ≤ p <∞ or 2 ≤ p ≤ q <∞ when the stochastic basis is regular.
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5.8 Dual Space Characterization of the Garsia-type

Space

In this section, all the martingales are defined with respect to the stochastic basis Ps :=

(R,F , {Fn}n∈N,P) where {Fn}n∈N is the dyadic filtration. We recall from Chapter 2 that

the variation integrable space (or Garsia-type space) is the space

Gp,q :=

{
f ∈M :

∞∑
n=0

|dnf | ∈ Lp,q

}

equipped with the norm

‖f‖Gp,q =

∥∥∥∥∥
∞∑
n=0

|dnf |

∥∥∥∥∥
p,q

for 1 ≤ p, q < ∞. This space has proven to be very useful in application. For instance,

as pointed out earlier in this study, Gp,q is a component of the Davis decomposition of

martingales. This decomposition was discussed in detail in the previous chapter.

However, in this section, we will characterize the dual space of Gp,q. We will establish in

this section that the dual of Gp,q is the jump bounded space. We recall from Chapter 2

that the jump bounded space is the space

BDp,q :=

{
f ∈M :

∥∥∥∥sup
n∈N
|dnf |

∥∥∥∥
p,q

<∞

}

equipped with the norm

‖f‖BDp,q =

∥∥∥∥sup
n∈N
|dnf |

∥∥∥∥
p,q

for 1 ≤ p, q ≤ ∞.

Before we characterize this duality, let us introduce a larger space K(Lp,q, `r) for which

Gp,q can be embedded into.

Definition 5.9. Let n ∈ N0 and let 1 ≤ p, q, r <∞. We define the space K(Lp,q, `r) by

K(Lp,q, `r) =
{

measurable process ε = (εn)n≥0 : ‖ε‖K(Lp,q ,`r) <∞
}

where

‖ε‖K(Lp,q ,`r) =

∥∥∥∥∥∥
(∑
n≥0

|εn|r
) 1

r

∥∥∥∥∥∥
Lp,q(R)

.

We observe that Gp,q ⊆ K(Lp,q, `1). Indeed let f be a martingale. Then it is measurable
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with respect to the underlining filtration hence it increment, dnf, is also measurable. Thus

we can take εn = dnf and it follows by setting r = 1. Also since `∞ = {{tn}n≥0, tn ∈
R for any n ∈ N0, supn |tn| < ∞}, if we set tn = εn = dnf then we see that BDp,q ⊆
K(Lp,q, `∞).

We also observe that since Lp,p(R) = Lp(R), then K(Lp,p, `r) is the space defined by

Ferenc ([65]). The following lemma is part of the proof of Propositions 5.11 and 5.12 that

follows, but for the sake of the presentation, we isolate it.

Lemma 5.10. Let 1 < p, q < ∞, 1 ≤ r < ∞ and let (p, p′), (q, q′), (r, r′) be their

respective conjugate pairs. Let η ∈ K(Lp′,q′ , `r′). For 1 < r < ∞, define the sequence

h = {hk}k≥0 by

hk =


∑

i≥0
|ηk|r

′

ηk

‖η‖p
′−r′
`r′

‖η‖q
′−1
K(Lp′,q′ ,`r′ )

1Ai

‖‖η‖`r′ 1Ai‖
p′−q′

Lp′

, ηk 6= 0

0 , otherwise

(5.8)

and for r = 1, define the sequence h = {hk}k≥0 by

hk =


∑

i≥0
sign(ηk)

2k+1

‖η‖p
′−1
`∞

‖η‖q
′−1
K(Lp′,q′ ,`∞)

1Ai

‖‖η‖`∞1Ai‖
p′−q′

Lp′

, ηk 6= 0

0 , otherwise

(5.9)

Then h has a unit norm in K(Lp,q, `r). Consequently h ∈ K(Lp,q, `r).

Proof. We start the proof with the case 1 < r <∞. By definition,

‖h‖K(Lp,q ,`r) =

∑
j≥0

∫
R

(∑
k

|hk|r
) p

r

1AjdP


q
p


1
q

=

(∑
j≥0

∥∥‖h‖`r1Aj∥∥qLp
) 1

q

.

Now

|hk|r = |ηk|r
′ ‖η‖

(p′−r′)r
`r′

‖η‖(q′−1)r
K(Lp′,q′ ,`r′ )

∑
i≥0

1Ai∥∥‖η‖`r′1Ai∥∥p′−q′Lp′

r

so that ∑
k

|hk|r =
∑
k

|ηk|r
′ ‖η‖

(p′−r′)r
`r′

‖η‖(q′−1)r
K(Lp′,q′ ,`r′ )

∑
i≥0

1Ai∥∥‖η‖`r′1Ai∥∥p′−q′Lp′

r
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and hence

‖h‖r`r = ‖η‖r′`r′
‖η‖(p′−r′)r

`r′

‖η‖(q′−1)r
K(Lp′,q′ ,`r′ )

∑
i≥0

1Ai∥∥‖η‖`r′1Ai∥∥p′−q′Lp′

r

=
‖η‖r

′+(p′−r′)r
`r′

‖η‖(q′−1)r
K(Lp′,q′ ,`r′ )

∑
i≥0

1Ai∥∥‖η‖`r′1Ai∥∥p′−q′Lp′

r

=
‖η‖(p′−1)r

`r′

‖η‖(q′−1)r
K(Lp′,q′ ,`r′ )

∑
i≥0

1Ai∥∥‖η‖`r′1Ai∥∥p′−q′Lp′

r

and then

‖h‖`r =
‖η‖p

′−1
`r′

‖η‖q′−1
K(Lp′,q′ ,`r′ )

∑
i≥0

1Ai∥∥‖η‖`r′1Ai∥∥p′−q′Lp′

.

By disjointedness,

‖h‖`r1Aj =
‖η‖p

′−1
`r′

‖η‖q′−1
K(Lp′,q′ ,`r′ )

∑
i≥0

1Ai∥∥‖η‖`r′1Ai∥∥p′−q′Lp′

1Aj

=
‖η‖p

′−1
`r′

‖η‖q′−1
K(Lp′,q′ ,`r′ )

1Aj∥∥‖η‖`r′1Aj∥∥p′−q′Lp′

. (5.10)

We now take Lp(R) norm of both sides.

∫
R
‖h‖p`r1AjdP =

∫
R

‖η‖(p′−1)p
`r′

‖η‖(q′−1)p
K(Lp′,q′ ,`r′ )

1Aj∥∥‖η‖`r′1Aj∥∥(p′−q′)p
Lp′

dP

=
1

‖η‖(q′−1)p
K(Lp′,q′ ,`r′ )

∫
R

‖η‖(p′−1)p
`r′

1Aj∥∥‖η‖`r′1Aj∥∥(p′−q′)p
Lp′

dP

=
1

‖η‖(q′−1)p
K(Lp′,q′ ,`r′ )

1∥∥‖η‖`r′1Aj∥∥(p′−q′)p
Lp′

∫
R
‖η‖p

′

`r′
1AjdP

=
1

‖η‖(q′−1)p
K(Lp′,q′ ,`r′ )

∥∥‖η‖`r′1Aj∥∥p′Lp′∥∥‖η‖`r′1Aj∥∥(p′−q′)p
Lp′

=
1

‖η‖(q′−1)p
K(Lp′,q′ ,`r′ )

∥∥‖η‖`r′1Aj∥∥(q′−1)p

Lp′
.

Therefore ∥∥‖h‖`r1Aj∥∥Lp =
1

‖η‖q′−1
K(Lp′,q′ ,`r′ )

∥∥‖η‖`r′1Aj∥∥q′−1

Lp′
.
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Hence ∑
j≥0

∥∥‖h‖`r1Aj∥∥qLp =
∑
j≥0

1

‖η‖(q′−1)q
K(Lp′,q′ ,`r′ )

∥∥‖η‖`r′1Aj∥∥(q′−1)q

Lp′

=
1

‖η‖q′K(Lp′,q′ ,`r′ )

∑
j≥0

∥∥‖η‖`r′1Aj∥∥q′Lp′
and then ∑

j≥0

∥∥‖h‖`r1Aj∥∥qLp =
1

‖η‖q′K(Lp′,q′ ,`r′ )

‖η‖q
′

K(Lp′,q′ ,`r′ )
= 1.

Therefore

‖h‖K(Lp,q ,`r) =

(∑
j≥0

∥∥‖h‖`r1Aj∥∥qLp
) 1

q

= 1.

For the case r = 1, we observe that

|hk| =
1

2k+1

‖η‖p
′−1
`∞

‖η‖q′−1
K(Lp′,q′ ,`∞)

∑
i≥0

1Ai

‖‖η‖`∞1Ai‖
p′−q′
p′

and hence ∑
k≥0

|hk| =
∑
k≥0

1

2k+1

‖η‖p
′−1
`∞

‖η‖q′−1
K(Lp′,q′ ,`∞)

∑
i≥0

1Ai

‖‖η‖`∞1Ai‖
p′−q′
p′

.

Thus

‖h‖`1 =
‖η‖p

′−1
`∞

‖η‖q′−1
K(Lp′,q′ ,`∞)

∑
i≥0

1Ai

‖‖η‖`∞1Ai‖
p′−q′
p′

since
∑

k≥0
1

2k+1 = 1. Hence by disjointedness,

‖h‖`11Aj =
‖η‖p

′−1
`∞

‖η‖q′−1
K(Lp′,q′ ,`∞)

1Aj∥∥‖η‖`∞1Aj
∥∥p′−q′
p′

.

We also observe that this equation is the same as equation (5.10) above with r = 1 and

r′ =∞. Hence following as above, we obtain that

‖h‖K(Lp,q ,`1) = 1.

Thus h = (hk)k≥0 ∈ K(Lp,q, `r) since h = (hk)k≥0 is measurable and the proof is complete.

Proposition 5.11 below characterizes the dual of K(Lp,q, `r) when 1 < r <∞ and Propo-

sition 5.12 below also characterizes the dual of K(Lp,q, `r) when r = 1
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Proposition 5.11. For 1 < p, q < ∞ and 1 < r < ∞, the dual space, K(Lp,q, `r)
∗, of

K(Lp,q, `r) is K(Lp′,q′ , `r′) where

1

p
+

1

p′
= 1,

1

q
+

1

q′
= 1,

1

r
+

1

r′
= 1.

Proof. Let η = (ηk)k≥0 ∈ K(Lp′,q′ , `r′) and ε = (εk)k≥0 ∈ K(Lp,q, `r). Let 〈·, ·〉 be the usual

inner product, that is,

〈η, ε〉 =
∑
k

ηkεk.

and define the functional, Λ, by

Λη(ε) = E〈η, ε〉 =

∫
R

∑
k≥0

εkηkdP =
∑
j≥0

∫
Aj

∑
k≥0

εkηkdP

for all η = (ηk)k≥0 ∈ K(Lp′,q′ , `r′) measurable and ε = (εk)k≥0 ∈ K(Lp,q, `r). Then by

Hölder inequality,

|Λη(ε)| =

∣∣∣∣∣∑
j≥0

∫
Aj

∑
k≥0

εkηkdP

∣∣∣∣∣ ≤ ‖ε‖K(Lp,q ,`r)‖η‖K(Lp′,q′ ,`r′ )
. (5.11)

and since Λη(·) is linear and bounded, it is a continuous linear functional on K(Lp,q, `r).

From inequality (5.11), we observe that

|Λη(ε)| ≤ C‖η‖K(Lp′,q′ ,`r′ )
(5.12)

Conversely, let Λ be a continuous linear functional on K(Lp,q, `r). Then as K(Lp,q, `r)

embeds continuously into K(Lp, `r) (since q < p), we have by Hahn-Banach Theorem

that Λ can be extended to a continuous linear functional Λ̃ on K(Lp, `r) having the

same operator norm as Λ. It follows from ([65, Lemma 2.9]) that there exists some

η ∈ K(Lp′ , `r′) such that

Λ̃η(ε) = E〈η, ε〉

for all ε ∈ K(Lp, `r). In particular

Λη(ε) = Λ̃η(ε) = E〈η, ε〉

for all ε ∈ K(Lp,q, `r). Let us now show that

‖η‖K(Lp′,q′ ,`r′ )
. sup

ε∈K(Lp,q ,`r), ‖ε‖K(Lp,q,`r)≤1

|Λη(ε)|.

Set h = (hk)k≥0 to be the sequence (5.8) defined in Lemma 5.10. Since h = (hk)k≥0 ∈
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K(Lp,q, `r) and with a unit norm, by linearity of the expectation operator, we have that

‖Λ‖ ≥ |Λη(h)| = 1

‖η‖q′−1
K(Lp′,q′ ,`r′ )

E

(∑
k≥0

|ηk|r
′

) p′
r′ ∑

j≥0

1Aj∥∥‖η‖`r′1Aj∥∥p′−q′Lp′


=

1

‖η‖q′−1
K(Lp′,q′ ,`r′ )

E

‖η‖p′`r′∑
j≥0

1Aj∥∥‖η‖`r′1Aj∥∥p′−q′Lp′


≥ 1

‖η‖q′−1
K(Lp′,q′ ,`r′ )

∑
j≥0

E

 ‖η‖p
′

`r′
1Aj∥∥‖η‖`r′1Aj∥∥p′−q′Lp′


=

1

‖η‖q′−1
K(Lp′,q′ ,`r′ )

∑
j≥0

E(‖η‖p
′

`r′
1Aj)∥∥‖η‖`r′1Aj∥∥p′−q′Lp′

=
1

‖η‖q′−1
K(Lp′,q′ ,`r′ )

∑
j∈Z

∥∥‖η‖`r′1Aj∥∥p′Lp′∥∥‖η‖`r′1Aj∥∥p′−q′Lp′


=

1

‖η‖q′−1
K(Lp′,q′ ,`r′ )

[∑
j∈Z

∥∥‖η‖`r′1Aj∥∥q′Lp′
]
.

Therefore

‖Λ‖ ≥ 1

‖η‖q′−1
K(Lp′,q′ ,`r′ )

‖η‖q
′

K(Lp′,q′ ,`r′ )
= ‖η‖K(Lp′,q′ ,`r′ )

.

Thus

‖Λ‖ ≥ ‖η‖K(Lp′,q′ ,`r′ )
(5.13)

completing the proof.

Proposition 5.12. For 1 < p, q < ∞, the dual space, K(Lp,q, `1)∗, of K(Lp,q, `1) is

K(Lp′,q′ , `∞) where
1

p
+

1

p′
= 1,

1

q
+

1

q′
= 1.

Proof. Let η = (ηk)k≥0 ∈ K(Lp′,q′ , `∞) and ε = (εk)k≥0 ∈ K(Lp,q, `1). Let 〈·, ·〉 be the usual

inner product, that is,

〈η, ε〉 =
∑
k

ηkεk.

and define the functional, Λ, by

Λη(ε) = E〈η, ε〉 =

∫
R

∑
k≥0

εkηkdP =
∑
j≥0

∫
Aj

∑
k≥0

εkηkdP
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for all η = (ηk)k≥0 ∈ K(Lp′,q′ , `∞) measurable and ε = (εk)k≥0 ∈ K(Lp,q, `1). Then by

Hölder inequality,

|Λη(ε)| =

∣∣∣∣∣∑
j≥0

∫
Aj

∑
k≥0

εkηkdP

∣∣∣∣∣ ≤ ‖ε‖K(Lp,q ,`1)‖η‖K(Lp′,q′ ,`∞). (5.14)

and since Λη(·) is linear and bounded, it is a continuous linear functional on K(Lp,q, `r).

From inequality (5.14), we observe that

|Λη(ε)| ≤ C‖η‖K(Lp′,q′ ,`∞) (5.15)

Conversely, let Λ be a continuous linear functional on K(Lp,q, `1). Then as K(Lp,q, `1)

embeds continuously into K(Lp, `1) (since q < p), we have by Hahn-Banach Theorem

that Λ can be extended to a continuous linear functional Λ̃ on K(Lp, `1) having the

same operator norm as Λ. It follows from ([65, Lemma 2.9]) that there exists some

η ∈ K(Lp′ , `∞) such that

Λ̃η(ε) = E〈η, ε〉

for all ε ∈ K(Lp, `r). In particular

Λη(ε) = Λ̃η(ε) = E〈η, ε〉

for all ε ∈ K(Lp,q, `r). Let us now show that

‖η‖K(Lp′,q′ ,`∞) . sup
ε∈K(Lp,q ,`1), ‖ε‖K(Lp,q,`r)≤1

|Λη(ε)|.

Set h = (hk)k≥0 to be the sequence (5.9) defined in Lemma 5.10 and observe the following.

For some fixed integer k0,
1
2
‖η‖`∞ ≤ |ηk0|. It follows that 1

2k0+2‖η‖`∞ ≤
|ηk0
|

2k0+1 and also

since
|ηk0
|

2k0+1 ≤
∑

k≥0
|ηk|
2k+1 , we have that

1

2k0+2
‖η‖`∞ ≤

∑
k≥0

|ηk|
2k+1

(5.16)

Since h = (hk)k≥0 ∈ K(Lp,q, `1) and with a unit norm, by linearity of the expectation

operator, and using equation (5.16) we have that

‖Λ‖ ≥ |Λη(h)| = E

∑
k≥0

|ηk|
2k+1

‖η‖p
′−1
`∞

‖η‖q′−1
K(Lp′,q′ ,`∞)

∑
j≥0

1Aj∥∥‖η‖`∞1Aj
∥∥p′−q′
Lp′


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‖Λ‖ ≥ C

‖η‖q′−1
K(Lp′,q′ ,`∞)

E

‖η‖p′`∞∑
j≥0

1Aj∥∥‖η‖`∞1Aj
∥∥p′−q′
Lp′


=

C

‖η‖q′−1
K(Lp′,q′ ,`∞)

∑
j≥0

E

 ‖η‖p
′

`∞
1Aj∥∥‖η‖`∞1Aj
∥∥p′−q′
Lp′


=

C

‖η‖q′−1
K(Lp′,q′ ,`∞)

∑
j≥0

E(‖η‖p
′

`∞
1Aj)∥∥‖η‖`∞1Aj
∥∥p′−q′
Lp′

≥ C

‖η‖q′−1
K(Lp′,q′ ,`∞)

∑
j∈Z

∥∥‖η‖`∞1Aj
∥∥p′
Lp′∥∥‖η‖`∞1Aj

∥∥p′−q′
Lp′


=

C

‖η‖q′−1
K(Lp′,q′ ,`∞)

[∑
j∈Z

∥∥‖η‖`∞1Aj
∥∥q′
Lp′

]
.

Therefore

‖Λ‖ ≥ C

‖η‖q′−1
K(Lp′,q′ ,`∞)

‖η‖q
′

K(Lp′,q′ ,`∞) = C‖η‖K(Lp′,q′ ,`∞).

Thus

‖Λ‖ ≥ C‖η‖K(Lp′,q′ ,`∞) (5.17)

where C = 1
2k0+2 completing the proof.

As (K(Lp,q, `1))∗ = K(Lp′,q′ , `∞), it is now evident that the dual of the variation integrable

space is the jump bounded space. More rigorously, we prove the following Theorem.

Theorem 5.13. Let 1 < p, q <∞ and let f = (fn)n∈n ∈M. Suppose that∥∥∥∥sup
n∈N

fn

∥∥∥∥
Lp′ (R)

≤ p′

p′ − 1
sup
n∈N
‖fn‖Lp′ (R). (5.18)

Then the dual space of Gp,q(R) is BDp′,q′(R) where 1
p

+ 1
p′

= 1 and 1
q

+ 1
q′

= 1

Proof. Let g ∈ BDp′,q′(R). As we saw in the proof of Proposition 5.12, if we set εk = dkf

and ηk = dkg, then κ defined below is a well defined continuous linear functional on

Gp,q(R) for every f ∈ Gp,q(R) and g exists in BDp′,q′(R) (as we have that η exists in

K(Lp′,q′ , `r′) )

κg(f) =
∞∑
k=1

E[dkfdkg] for f ∈ Gp,q(R).

Let Aj be the usual subsets of R define by equation (2.1) such that Aj
⋂
Ak = ∅ for j 6= k
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and
⋃
j∈ZAj = R. Then

|κg(f)| =

∣∣∣∣∣
∞∑
k=1

E[dkfdkg]

∣∣∣∣∣
≤

∞∑
k=1

E[|dkf ||dkg|] ≤ E
∞∑
k=1

[|dkf | sup
k∈N
|dkg|]

|κg(f)| ≤
∫
R

∞∑
k=1

|dkf | sup
k∈N
|dkg|dP

=
∑
j∈Z

∫
Aj

∞∑
k=1

|dkf | sup
k∈N
|dkg|dP

≤
∑
j∈Z

[∫
Aj

(
∞∑
k=1

|dkf |

)p

dP

] 1
p
[∫

Aj

sup
k∈N
|dkg|p

′
dP

] 1
p′

≤

∑
j∈Z

[∫
Aj

(
∞∑
k=1

|dkf |

)p

dP

] q
p


1
q


∑
j∈Z

[∫
Aj

sup
k∈N
|dkg|p

′
dP

] q′
p′


1
q′

≤

∥∥∥∥∥
∞∑
n=0

|dnf |

∥∥∥∥∥
p,q

∥∥∥∥sup
n∈N
|dng|

∥∥∥∥
p′,q′

= ‖f‖Gp,q(R)‖g‖BDp′,q′ (R).

Therefore

|κg(f)| ≤ C‖g‖BDp′,q′ (R).

To prove the converse, we first assume that τ is an arbitrary element in the dual of Gp,q(R)

then we show that there exists g ∈ BDp′,q′(R) such that τ = κg and ‖g‖BDp′,q′ ≤ C‖τ‖ for

some constant C. By setting εk = dkf for f ∈M we saw earlier that Gp,q(R) ⊆ K(Lp,q, `1).

We also recall that the dual space of K(Lp,q, `1) is K(Lp′,q′ , `∞) and τ is a continuous linear

functional on Gp,q(R) ⊆ K(Lp,q, `1). By Hahn-Banach Theorem, τ can be extended to a

continuous linear functional on K(Lp,q, `1) having the same operator norm as τ. Let Λ be

this extension of τ. Then we have by Proposition 5.12 that there exists η ∈ K(Lp′,q′ , `∞)

such that

‖Λ‖ = ‖τ‖ = ‖η‖K(Lp′,q′ ,`∞) and Λη(ε) =
∑
k≥0

E(εkηk)

for ε ∈ K(Lp,q, `r). Hence

τ(fn) =
n∑
k=1

E[(dkf)ηk] (5.19)

is well defined. (We agree for a moment to work with fn as we will show that fn → f in
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Gp,q as n→∞) We shall now set

gn1Aj :=

{
1Aj

∑n
k=1[Ekηk − Ek−1ηk], n 6= 0

g0 = 0

and show that gn is a martingale. Indeed we observe that

E(gn1Aj) = 1Aj

n∑
k=1

[Ekηk − Ek−1ηk] = E
n∑
k=0

ηk1Aj − ηk1Aj = 0

and also by measurability of 1Aj , we obtain

1AjEn−1(gn − gn−1) = 1AjEn−1(Enηn − En−1ηn) = 1Aj(En−1ηn − En−1ηn) = 0.

This means that gn is a martingale. Consequently, since

sup
k∈N
|dkg|1Aj = sup

k∈N
|(Ekηk−Ek−1ηk|)1Aj ≤ sup

k∈N
(|Ek|ηk|+Ek−1|ηk|)1Aj ≤ 2 sup

n∈N
En
(

sup
k∈N
|ηk|1Aj

)
,

we can invoke the Doob’s inequality (5.18) to obtain the following (as in the proof of [65,

Theorem 2.32])∥∥∥∥sup
k∈N
|dkg|1Aj

∥∥∥∥
p′
≤ 2

∥∥∥∥sup
n∈N

En
(

sup
k∈N
|ηk|1Aj

)∥∥∥∥
p′
≤ 2p′

p′ − 1
sup
k∈N

∥∥∥∥En(sup
k∈N
|ηk|1Aj

)∥∥∥∥
p′

≤ 2p′

p′ − 1

∥∥∥∥sup
k∈N
|ηk|1Aj

∥∥∥∥
p′
.

Hence we have

∑
j∈Z

∥∥∥∥sup
k∈N
|dkg|1Aj

∥∥∥∥q′
p′
≤
(

2p′

p′ − 1

)q′∑
j∈Z

∥∥∥∥sup
k∈N
|ηk|1Aj

∥∥∥∥q′
p′

and by definition∥∥∥∥sup
k∈N
|dkg|

∥∥∥∥
p′,q′
≤ 2p′

p′ − 1

∥∥∥∥sup
k∈N
|ηk|
∥∥∥∥
p′,q′

=
2p′

p′ − 1
‖η‖K(Lp′,q′ ,`∞).

Hence g ∈ BDp′,q′(R) and ‖g‖BDp′,q′ (R) ≤ C‖τ‖ since ‖τ‖ = ‖η‖K(Lp′,q′ ,`∞). We now show

that fn → f in Gp,q as n→∞. We observe that since f =
∑∞

k=0 fk − fk−1, we have that

fn − f = fn −
∞∑
k=0

fk − fk−1 = fn −
n∑
k=0

fk − fk−1 −
∞∑

k=n+1

fk − fk−1 = −
∞∑

k=n+1

fk − fk−1.
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Hence for n→∞, fn − f → 0. Also∑
k≥0

|dk(fn − f)| =
∑
k≥0

|dkfn − dkf | ≤ 2
∑
k≥0

||dkfn|+ |dkf || ≤ 4
∑
k≥0

|dkf | <∞

since f ∈ Gp,q and thus by the Dominated Convergence Theorem

‖fn − f‖Gp,q(R) =

∥∥∥∥∥∑
k≥0

|dk(fn − f)|

∥∥∥∥∥
Lp,q(R)

→ 0 for n→∞.

That is fn → f in Gp,q(R). Consequently, from equation (5.19), as n→∞, we have that,

by setting ηk = dkg,

τ(fn) =
n∑
k=1

E[(dkf)ηk]→ τ(f) =
∞∑
k=1

E[(dkf)ηk] = κg(f).

Hence ‖g‖BDp′,q′ (R) ≤ C‖τ‖ = C‖κ‖ and the poof is complete.

5.14 Dual Space Characterization of H∗p,q

As an application of the Garsia-type space and the Davis decomposition of martingales

in the martingale Hardy-amalgam space H∗p,q, the dual space of H∗p,q, (1 ≤ p, q ≤ 2) is

characterized in this section. In this section, all the martingales are defined with respect

to the stochastic basis Ps := (R,F , {Fn}n∈N,P) where {Fn}n∈N is the dyadic filtration.

Theorem 5.15. The dual space of H∗p,q (1 ≤ q ≤ p ≤ 2) can be given with the norm

‖φ‖ := ‖φ‖Hs
p′,q′

+ ‖φ‖BDp′q′

where 1
p

+ 1
p′

= 1
q

+ 1
q′

= 1.

Proof. Let φ ∈ Hs
p′,q′ ∩ BDp′,q′ . Then φ ∈ L2 since L2 is dense in Hs

p′,q′ (from the atomic

decomposition). Define the functional κφ by

κφ(f) = E(fφ), (f ∈ L2). (5.20)

We will show that (5.20) is a bounded linear functional on H∗p,q (1 ≤ p, q ≤ 2). Linearity

follows since the expectation operator is linear. Now let f ∈ H∗p,q (1 ≤ p, q ≤ 2). Then by

density, ‖f ∗‖2 < ∞. Thus the martingale f = {fn}n∈N is L2 bounded and since φ ∈ L2,

the functional κφ defined in (5.20) is well defined. As fn → f in L2 norm (as n → ∞),
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we have that

κφ(f) := E(fφ) = lim
n→∞

E(fnφ).

Since f ∈ H∗p,q, we know from Davis decomposition that fn = hn + gn for which h =

{hn}n∈N and g = {gn}n∈N are martingales where h ∈ Gp,q and g ∈ Pp,q such that

‖h‖Gp,q . ‖f‖H∗p,q (5.21)

and ‖g‖Pp,q . ‖f‖H∗p,q . We also recall from Corollary 4.15 that

‖g‖Hs
p,q

. ‖f‖H∗p,q . (5.22)

Hence we have by linearity of E that

|E(fnφ)| = |E(hnφ+ gnφ)| ≤ |E(gnφ)|+ |E(hnφ)| (5.23)

From (5.22) we have that g ∈ Hs
p,q since f ∈ H∗p,q. Hence since φ ∈ Hs

p′,q′ , it follows from

Theorem 5.6, for (q ≤ p), that

|E(gnφ)| ≤ ‖gn‖Hs
p,q
‖φ‖Hs

p′,q′
. (5.24)

Similarly, since h ∈ Gp,q and φ ∈ BDp′,q′ , we have by Theorem 5.13 that

|E(hnφ)| ≤ ‖hn‖Gp,q‖φ‖BDp′,q′ . (5.25)

Therefore (5.23) becomes

|E(fnφ)| ≤ ‖gn‖Hs
p,q
‖φ‖Hs

p′,q′
+ ‖hn‖Gp,q‖φ‖BDp′,q′

and thus

|E(fφ)| ≤ ‖g‖Hs
p,q
‖φ‖Hs

p′,q′
+ ‖h‖Gp,q‖φ‖BDp′,q′ .

It then follows from (5.21) and (5.22) that

|E(fφ)| ≤ ‖f‖H∗p,q‖φ‖Hs
p′,q′

+ ‖f‖H∗p,q‖φ‖BDp′,q′ .

In other words

|E(fφ)| ≤ ‖f‖H∗p,q(‖φ‖Hs
p′,q′

+ ‖φ‖BDp′,q′ ). (5.26)

Thus the functional κφ is continuous linear functional on H∗p,q.
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Conversely, assume that κφ is an arbitrary continuous linear on H∗p,q. Then as H∗p,q embeds

continuously in H∗p (q < p), we have by Hahn-Banach theorem that κφ can be extended to

a continuous linear functional κ̃φ on H∗p having the same operator norm as κφ. It follows

from [65, Theorem 2.34] that there exists some φ ∈ L2 such that

κ̃φ(f) = E(fφ), (f ∈ L2).

In particular

κφ(f) = κ̃φ(f) = E(fφ), (f ∈ H∗p,q).

We observe that since

f ∗ := sup
n∈N
|fn| = sup

n∈N

∣∣∣∣∣
n∑
k=1

dkf

∣∣∣∣∣
≤ sup

n∈N

n∑
k=1

|dkf | ≤ sup
n∈N

∞∑
k=1

|dkf | =
∞∑
k=1

|dkf |

it implies that

‖f ∗‖p,q ≤

∥∥∥∥∥
∞∑
k=1

|dkf |

∥∥∥∥∥
p,q

(in other words, ‖f‖H∗p,q ≤ ‖f‖Gp,q).

Thus Gp,q ⊆ H∗p,q. Therefore κφ is also a continuous linear functional on Gp,q. It follows

from Theorem 5.13 that

‖φ‖BDp′,q′ ≤ C‖κφ‖ (5.27)

We also recall from the embeddings, Theorem 4.14, that ‖f‖H∗p,q ≤ C‖f‖Hs
p,q

(1 ≤ p, q ≤
2). Therefore κφ is also a continuous linear functional on Hs

p,q. Hence by Theorem 5.6, for

(q ≤ p),

‖φ‖Hs
p′,q′
≤ C‖κφ‖. (5.28)

From (5.27) and (5.28), we obtain that

‖φ‖BDp′,q′ + ‖φ‖Hs
p′,q′
≤ C‖κφ‖

and the proof is complete.
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Chapter 6

Martingale Transforms Between

Martingale Hardy-amalgam Spaces

Burkholder introduced the notion of martingale transforms [6] in the 1960’s. Since then,

it has become an indispensable tool in the study of some relations between classical

martingale Hardy spaces, mostly the predictive spaces Pp in the classical settings [26, 48].

In Chapter 4, we also saw a role martingale transform played in characterizing the dual

space of Hs
p,q. In this chapter, we will discuss the martingale transforms between the

martingale Hardy-amalgam spaces Hs
p,q, Qp,q and Pp,q. More precisely if p1 < p and

q1 < q and f is a martingale in Pp1,q1 , then its martingale transforms are the martingales

in Pp,q and similarly for Hs
p,q and Qp,q. The motivation to look for the various martingale

transforms in these spaces comes from the various applications of martingale transforms

in general. Especially, with the use of martingale transforms, the upcrossing theorem of

martingales was established, the convergence of martingales has also been proved using

martingale transforms and L1-characterization of martingales [6, 48].

Let Ps := (Ω,F ,P, {Fn}n≥0) be a probability space with the filtration {Fn}n≥0. Let ν =

{νn}n≥0 be an adapted increasing sequence such that for all n, νn is Fn−1−measurable,

normally referred to as multiplier sequence. If f = (fn, n ∈ N) is a martingale, then we

recall that

gn =
n∑
k=1

νkdkf, g0 = 0

is called a martingale transform where dkf is the usual martingale difference sequence.

Burkholder has established the almost everywhere convergence of the martingale trans-

form based on the condition that the maximal function of the multiplier sequence is finite.

In fact, we can find the proof of the following convergence result in [6, Theorem 1].

Theorem 6.1. Let f = (fn, n ∈ N), f0 = 0 be an L1 bounded martingale and g be f ’s
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martingale transform with multiplier sequence ν = (νk)k≥0 defined below;

gn =
n∑
k=1

νkdkf, n ≥ 1, g0 = 0.

Then, g = (gn)n≥0 converges almost everywhere on the set {supk |νk| <∞}.

Let us present the theorems that we will discuss in this chapter. We start with the results

on Pp,q followed by Hs
p,q and finally Qp,q. We also note that all the martingales are defined

with respect to Ps := (Ω,F ,P, {Fn}n≥0) relative to the filtration {Fn}n≥0.

6.2 Relations Between Pp,q and Pp1,q1

Theorem 6.3 (Relation Between Pp,q and Pp1,q1). Let 0 < p < q <∞, 0 < p1 < p, 0 <

q1 = p1

p
q < q and α = 1 − p1

p
. Let f = (fn, n ∈ N) be a martingale define on Ps

and suppose that f ∈ Pp1,q1 . Let ν = (νk)k≥0 be the optimal bounded positive increasing

adapted process such that |fn| ≤ νn−1 and ν∞ ∈ Lp1,q1 . Then the process defined by

gn =
n∑
k=1

1

ναk−1

dkf, g0 = 0 (6.1)

is a martingale transform of f and converges almost everywhere.

Moreover, g = (gn, n ∈ N) ∈ Pp,q and

‖g‖qPp,q ≤
(
p

p1

+ 1

)q
‖f‖q1Pp1,q1 .

Proof. Let f ∈ Pp1,q1 . By the hypothesis, |fn| ≤ νn−1 and ν∞ ∈ Lp1,q1 (ν = (νn)n≥0 optimal).

From equation (6.1)

gn =
fn
ναn−1

+
n−1∑
k=1

fk

(
1

ναk−1

− 1

ναk

)
. (6.2)

Indeed

gn =
n∑
k=1

dkf

ναk−1

=
dnf

ναn−1

+
n−1∑
k=1

dkf

ναk−1

=
fn
ναn−1

− fn−1

ναn−1

+
n−1∑
k=1

dkf

ναk−1

=
fn
ναn−1

−

(
n−1∑
k=1

fk
ναk
− fk−1

ναk−1

)
+

(
n−1∑
k=1

fk
ναk−1

− fk−1

ναk−1

)

=
fn
ναn−1

−
n−1∑
k=1

fk
ναk

+
n−1∑
k=1

fk−1

ναk−1

+
n−1∑
k=1

fk
ναk−1

−
n−1∑
k=1

fk−1

ναk−1
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gn =
fn
ναn−1

+
n−1∑
k=1

fk
ναk−1

−
n−1∑
k=1

fk
ναk

=
fn
ναn−1

+
n−1∑
k=1

fk

(
1

ναk−1

− 1

ναk

)
.

We note that when νk−1 ≤ t ≤ νk then 1
ναk
≤ 1

tα
which implies that

∫ νk

νk−1

1

ναk
dt ≤

∫ νk

νk−1

1

tα
dt⇒ νk − νk−1

ναk
≤
∫ νk

νk−1

1

tα
dt.

Therefore, from equation (6.2), we get that

|gn| ≤
∫ νn−1

0

1

tα
dt =

(
1

1− α
+ 1

)
ν1−α
n−1 . (6.3)

Indeed since 1
ναk−1
− 1

ναk
≥ 0, we get

|gn| ≤
|fn|
ναn−1

+
n−1∑
k=1

|fk|
(

1

ναk−1

− 1

ναk

)

≤ ν1−α
n−1 +

n−1∑
k=1

νk−1

(
1

ναk−1

− 1

ναk

)

= ν1−α
0 +

n−1∑
k=1

(ν1−α
k − ν1−α

k−1 ) +
n−1∑
k=1

ν1−α
k−1 −

νk−1

ναk

= ν1−α
0 +

n−1∑
k=1

ν1−α
k +

n−1∑
k=1

−νk−1

ναk

= ν1−α
0 +

n−1∑
k=1

νk
ναk
− νk−1

ναk
≤ ν1−α

0 +
n−1∑
k=1

∫ νk

νk−1

1

tα
dt

≤ ν1−α
0 +

∫ νn−1

0

1

tα
dt ≤

(
1

1− α
+ 1

)
ν1−α
n−1

Hence supn |gn| < ∞ since {νn}n≥0 is a bounded sequence. We note that νk is Fk−1-

measurable as it is adapted and so is ν−αk−1. Now the sequence wk = ν−αk−1 is a positive

decreasing sequence which is bounded above by ν−α0 since ν0 > 0. Therefore supk |ν−αk | <
∞ since ναk 6= 0 for all k. Thus equation (6.1) is a martingale transform and hence by

Theorem 6.1, gn converges almost everywhere.

We observe that as (1−α)p = p1, we also have that ‖ν1−α
∞ 1Ωj‖p = ‖ν∞1Ωj‖

p1
p
p1 . Therefore

‖ν1−α
∞ ‖p,q = ‖ν∞‖

q1
q
p1,q1 := ‖f‖

q1
q

Pp1,q1
. (6.4)
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Let βn−1 =
(

1
1−α + 1

)
ν1−α
n−1 . Then the sequence β = (βn)n≥0 is also an increasing positive

adapted process. Hence by definition

‖g‖Pp,q ≤
∥∥∥∥( 1

1− α
+ 1

)
ν1−α
∞

∥∥∥∥
p,q

=

(
1

1− α
+ 1

)
‖ν1−α
∞ ‖p,q.

Equation (6.4) then gives us

‖g‖Pp,q ≤
(
p

p1

+ 1

)
‖f‖

q1
q

Pp1,q1

establishing the result.

The next Theorem states that if g ∈ Pp,q is the martingale transform of f, then f ∈ Pp1,q1

which in turn is the martingale transform of g.

Theorem 6.4 (Relation Between Pp,q and Pp1,q1). Let 0 < p < q <∞, 0 < p1 < p, 0 <

q1 = p1

p
q < q and α = 1− p1

p
. Let f = (fn, n ∈ N) be a martingale define on Ps and let

ν = (νk)k≥0 be a bounded positive increasing adapted process such that ν∞ ∈ Lp1,q1 . Let

g = (gn, n ∈ N) ∈ Pp,q be a martingale transform of f defined by

gn =
n∑
k=1

1

ναk−1

dkf, g0 = 0

such that E(gn) <∞. Then

(a) fn =
∑n

k=1 ν
α
k−1dkg and converges almost everywhere and

(b) f ∈ Pp1,q1 and moreover,

‖f‖Pp1,q1 . ‖g‖Pp,q‖ν∞‖
1− p1

p
p1,q1 .

Proof. Let g ∈ Pp,q. Then there exists an optimal positive increasing adapted sequence

u = (un)n≥0, such that |gn| ≤ un−1 and u∞ ∈ Lp,q.

Part (a) follows by observing that dng = gn − gn−1 = dnf
ναn−1

=⇒ dnf = ναn−1dng. Therefore

fn =
n∑
k=1

ναk−1dkg.

Since g is a martingale and ν is a bounded positive increasing and adapted and for all n,

νn is Fn−1−measurable, the convergence of fn follows from Theorem 6.1.

For Part (b), since fn =
∑n

k=1 ν
α
k−1dkg, proceeding as in the proof of equation (6.2), we
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obtain

fn = gnν
α
n−1 −

n−1∑
k=1

gkdkν
α.

Hence since (un)n≥0 is increasing and dkν
α is positive, we obtain that

|fn| ≤ |gn|ναn−1 +
n−1∑
k=1

|gk|dkνα

≤ un−1ν
α
n−1 +

n−1∑
k=1

uk−1dkν
α ≤ un−1v

α
n−1 + un−1

n−1∑
k=1

dkν
α

≤ 2un−1ν
α
n−1 ≤ 2u∞ν

α
n−1.

Let γn−1 = 2u∞ν
α
n−1. Then, the sequence γ = (γn)n≥0 is also positive increasing and

bounded adapted process. Hence by definition,

‖f‖Pp1,q1 ≤ ‖γ∞‖p1,q1 = 2‖u∞να∞‖p1,q1 .

Hence

‖f‖Pp1,q1 ≤ 2‖u∞να∞‖p1,q1 . (6.5)

By definition,

‖u∞να∞‖p1,q1 =

(∑
j∈Z

‖u∞να∞1Ωj‖q1p1

) 1
q1

.

With the choice of α, and also observing that q1 = (1−α)q, we apply Hölder’s inequality

to obtain

‖u∞να∞‖p1,q1 ≤ ‖u∞‖p,q‖ν∞‖
1− p1

p
p1,q1 .

Inequality (6.5) then becomes

‖f‖Pp1,q1 ≤ 2‖u∞‖p,q‖ν∞‖
1− p1

p
p1,q1 := 2‖g‖Pp,q‖ν∞‖

1− p1
p

p1,q1 .

and the Theorem is proved.

6.5 Relations Between Hs
p,q and Hs

p1,q1

In this section, we will discuss the boundedness of the martingale transforms on the

martingale Hardy-amalgam spaces Hs
p,q and Hs

p1,q1
.

Theorem 6.6 (Relation Between Hs
p,q and Hs

p1,q1
). Let 0 < p < q <∞, 0 < p1 < p, 0 <
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q1 = p1

p
q < q and α = 1 − p1

p
. Let f = (fn, n ∈ N) be a martingale define on Ps. Let

s(f) be the conditional quadratic variation operator which we assume it is bounded and

non-zero. Then the process defined by

gn =
n∑
k=1

1

sαk (f)
dkf, g0 = 0 (6.6)

is the martingale transform of f and converges almost everywhere. Moreover, if f ∈
Hs
p1,q1

, then g ∈ Hs
p,q and

‖g‖qHs
p,q
≤
(
p

p1

) q
2

‖f‖q1Hs
p1,q1

Proof. Let s(f) be the conditional quadratic variation operator. Then by definition

sk(f) is Fk−1−measurable. Thus s−αk (f) is Fk−1−measurable and positive and bounded

adapted decreasing process. Hence gn is a martingale transform. Since sk(f) is pos-

itive and bounded, s−αk (f) is also positive and bounded. That is supk |s−αk (f)| < ∞.
Thus by Theorem 6.1, gn converges almost everywhere. Suppose that f ∈ Hs

p1,q1
. Then

‖s(f)‖p1,q1 <∞. From equation (6.6), we obtain by measurability that

d2
kg =

d2
kf

s2α
k (f)

=⇒ Ek−1d
2
kg =

Ek−1d
2
kf

s2α
k (f)

.

Since Ek−1d
2
kf = s2

k(f)− s2
k−1(f), we sum both sides of the last equality to obtain

s2
n(g) =

n∑
k=1

s2
k(f)− s2

k−1(f)

s2α
k (f)

. (6.7)

Since sk(f) is increasing, we observe that for t > 0, s2
k−1(f) ≤ t ≤ s2

k(f) and thus

1

s2α
k (f)

≤ 1

tα
.

It follows that ∫ s2k(f)

s2k−1(f)

1

s2α
k (f)

dt ≤
∫ s2k(f)

s2k−1(f)

1

tα
dt.

That is
s2
k(f)− s2

k−1(f)

s2α
k (f)

≤
∫ s2k(f)

s2k−1(f)

1

tα
dt.

We deduce from this and (6.7) that

s2
n(g) ≤

n∑
k=1

∫ s2k(f)

s2k−1(f)

1

tα
dt
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and hence we obtain that

s2
n(g) ≤

∫ s2n(f)

0

1

tα
dt ≤ 1

1− α
(s(f))2−2α

which gives us

s(g) ≤
(

1

1− α

) 1
2

s1−α(f).

Now since

‖s1−α(f)‖p,q = ‖s(f)‖
q1
q
p1,q1 ,

we have that

‖s(g)‖p,q ≤
(
p

p1

) 1
2

‖s(f)‖
q1
q
p1,q1 .

Thus by definition

‖g‖Hs
p,q
≤
(
p

p1

) 1
2

‖f‖
q1
q

Hs
p1,q1

.

and the Theorem is proved.

The converse of the above Theorem is the following Theorem. That is given that g ∈ Hs
p,q

is the martingale transform of f , then f is the martingale transform of g and f ∈ Hs
p1,q1

.

Theorem 6.7 (Relation Between Hs
p,q and Hs

p1,q1
). Let 0 < p < q <∞, 0 < p1 < p, 0 <

q1 = p1

p
q < q and α = 1 − p1

p
. Let f = (fn, n ∈ N) be a martingale define on Ps and

s(f) be the conditional quadratic variation operator which we assume it is bounded and

non-zero. Let g = (gn, n ∈ N) ∈ Hs
p,q be a martingale transform of f defined by

gn =
n∑
k=1

1

sαk (f)
dkf, g0 = 0

such that E(gn) <∞. Then

(a) fn =
∑n

k=1 s
α
k (f)dkg and converges almost everywhere and

(b) f ∈ Hs
p1,q1

and moreover,

‖f‖
q1
q

Hs
p1,q1
≤ ‖g‖Hs

p,q
.

Proof. Part (a) follows by observing that dng = gn − gn−1 = dnf
sαn(f)

=⇒ dnf = sαn(f)dng.

Therefore

fn =
n∑
k=1

sαk (f)dkg.

Since g is a martingale and s(f) is a bounded positive increasing and adapted and for

all n, sn(f) is Fn−1−measurable, the convergence of fn follows from Theorem 6.1. For
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Part (b), we have from equation (6.6) that dkf = dkgs
α
k (f) and by measurability and the

increasing property of s(·), we get that

Ek−1d
2
kf ≤ s2α(f)Ek−1d

2
kg.

Summing both sides, we shall obtain

s2(f) ≤ s2α(f)s2(g)

and thus

s1−α(f) ≤ s(g).

But

‖s1−α(f)‖p,q = ‖s(f)‖
q1
q
p1,q1 .

Therefore

‖s(f)‖
q1
q
p1,q1 ≤ ‖s(g)‖p,q.

The proof is complete.

6.8 Relation Between Qp,q and Qp1,q1

This section is devoted to the discussion of the boundedness of the martingale transforms

on the martingale Hardy-amalgam spaces Qp,q and Qp1,q1 . We start by showing that if

f ∈ Qp1,q1 , then the martingale transform of f is in the space Qp,q and converges almost

everywhere.

Theorem 6.9 (Relation Between Qp,q and Qp1,q1). Let 0 < p < q < ∞, 0 < p1 <

p, 0 < q1 = p1

p
q < q and α = 1 − p1

p
. Let f = (fn, n ∈ N) be a martingale define on Ps

and suppose that f ∈ Qp1,q1 . Let ν = (νk)k≥0 be the optimal bounded positive increasing

adapted process such that Sn(f) ≤ νn−1 and ν∞ ∈ Lp1,q1 . Then the process defined by

gn =
n∑
k=1

1

ναk−1

dkf, g0 = 0 (6.8)

is a martingale transform of f and converges almost everywhere.

Moreover, g = (gn, n ∈ N) ∈ Qp,q and

‖g‖qQp,q ≤
(
p

p1

+ 1

)
‖f‖q1Qp1,q1

Proof. Let f ∈ Qp1,q1 . By hypothesis, Sn(f) ≤ νn−1 and ν∞ ∈ Lp1,q1 (ν = (νn)n≥0
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optimal). Considering equation (6.8), we have that

|dng|2 = ν−2α
n−1 |dnf |2. (6.9)

Since ν = (νk)k≥0 is increasing and Sk(f) ≤ νk−1, we observe from equation (6.9) that,

(as S0(f) = 0),

S2
n(g) =

n∑
k=1

S2
k(f)− S2

k−1(f)

ν2α
k−1

=
S2
n(f)

ν2α
n−1

−
S2
n−1(f)

ν2α
n−1

+
n−1∑
k=1

S2
k(f)− S2

k−1(f)

ν2α
k−1

=
S2
n(f)

ν2α
n−1

−

(
n−1∑
k=1

S2
k(f)

ν2α
k

−
S2
k−1(f)

ν2α
k−1

)
+

n−1∑
k=1

S2
k(f)− S2

k−1(f)

ν2α
k−1

=
S2
n(f)

ν2α
n−1

+
n−1∑
k=1

S2
k(f)

ν2α
k−1

− S2
k(f)

ν2α
k

≤ ν2−2α
n−1 +

n−1∑
k=1

S2
k(f)

(
1

ν2α
k−1

− 1

ν2α
k

)

≤ ν2−2α
n−1 +

n−1∑
k=1

ν2
k−1

(
1

ν2α
k−1

− 1

ν2α
k

)

= ν2−2α
0 +

n−1∑
k=1

(ν2−2α
k − ν2−2α

k−1 ) +
n−1∑
k=1

ν2−2α
k−1 −

ν2
k−1

ν2α
k

= ν2−2α
0 +

n−1∑
k=1

ν2−2α
k +

n−1∑
k=1

−
ν2
k−1

ν2α
k

= ν2−2α
0 +

n−1∑
k=1

ν2
k

ν2α
k

−
ν2
k−1

ν2α
k

≤ ν2−2α
0 +

n−1∑
k=1

∫ ν2
k

ν2
k−1

1

tα
dt

≤ ν2−2α
0 +

∫ ν2
n−1

0

1

tα
dt ≤

(
1

1− α
+ 1

)
ν2−2α
n−1 .

Hence we get that

Sn(g) ≤
(

1

1− α
+ 1

) 1
2

ν1−α
n−1 .

This implies that S(g) ≤
(
p
p1

+ 1
) 1

2
ν
p1
p
∞ <∞. Also ν−αk−1 is adapted. Thus gn is a martin-

gale transform and by Theorem 6.1, gn converges almost everywhere since supk |ν−αk | <∞
(as ν0 > 0) and f is a martingale.

Let βn−1 =
√

1
1−α + 1ν1−α

n−1 . Then the sequence β = (βn)n≥0 is also an increasing positive
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and bounded adapted process. Hence by definition

‖g‖Qp,q ≤ ‖β∞‖p,q =

∥∥∥∥∥
√

1

1− α
+ 1ν1−α

n−1

∥∥∥∥∥
p,q

=

√
1

1− α
+ 1‖ν1−α

∞ ‖p,q.

In the same manner as we obtained equation (6.4), we also have that

‖ν1−α
∞ ‖p,q = ‖ν∞‖

q1
q
p1,q1 := ‖f‖

q1
q

Qp1,q1
.

Therefore

‖g‖qQp,q ≤
(

1

1− α
+ 1

) q
2

‖f‖q1Qp1,q1 .

In other words

‖g‖qQp,q ≤
(
p

p1

+ 1

) q
2

‖f‖q1Qp1,q1

and the theorem is proved.

Similarly, if g ∈ Qp,q is the martingale transform of f, then f ∈ Qp1,q1 and moreover, f

is the martingale transform of g. This is the statement below.

Theorem 6.10 (Relation Between Qp,q and Qp1,q1). Let 0 < p < q < ∞, 0 < p1 <

p, 0 < q1 = p1

p
q < q and α = 1 − p1

p
. Let f = (fn, n ∈ N) be a martingale define on Ps

and let ν = (νk)k≥0 be a bounded positive increasing adapted process such that ν∞ ∈ Lp1,q1 .

Let g = (gn, n ∈ N) ∈ Qp,q be a martingale transform of f defined by

gn =
n∑
k=1

1

ναk−1

dkf, g0 = 0

such that E(gn) <∞. Then

(a) fn =
∑n

k=1 ν
α
k−1dkg and converges almost everywhere and

(b) f ∈ Qp1,q1 and moreover,

‖f‖Qp1,q1 . ‖g‖Qp,q‖ν∞‖
1− p1

p
p1,q1 .

Proof. Similar to the proof of Theorem 6.4, Part (a) is established. For Part (b), let

g ∈ Qp,q. Then there exists an optimal increasing positive adapted process u = (uk)k≥0
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such that Sn(g) ≤ un−1 and u∞ ∈ Lp,q. From equation (6.9), we have that

|dnf |2 = ν2α
n−1|dng|2 =⇒ S2

n(f) =
n∑
k=1

ν2α
k−1[S2

k(g)− S2
k−1(g)].

We also observe from the proof of Theorem 6.4 that

S2
n(f) = S2

n(g)ν2α
n−1 −

n−1∑
k=1

S2
k(g)dkν

2α

and therefore

Sn(f) ≤
√

2u∞ν
α
n−1.

Let γn−1 =
√

2u∞ν
α
n−1. Then the sequence γ = (γn)n≥0 is also positive increasing and

bounded adapted process. Hence by definition,

‖f‖Qp1,q1 ≤ ‖γ∞‖p1,q1 =
√

2‖u∞να∞‖p1,q1 .

In other words

‖f‖Qp1,q1 ≤
√

2‖u∞να∞‖p1,q1 . (6.10)

By definition,

‖u∞να∞‖p1,q1 =

(∑
j∈Z

‖u∞να∞1Ωj‖q1p1

) 1
q1

.

With the choice of α, and noting that q1 = (1− α)q, we apply Hölder’s inequality to get

‖u∞να∞‖p1,q1 ≤ ‖u∞‖p,q‖ν∞‖
1− p1

p
p1,q1 .

Inequality (6.10) then becomes

‖f‖Qp1,q1 ≤
√

2‖u∞‖p,q‖ν∞‖
1− p1

p
p1,q1 =

√
2‖g‖Qp,q‖ν∞‖

1− p1
p

p1,q1 .

and the theorem is proved.
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Chapter 7

Conclusion and Recommendations

In this study, we have introduced the martingale Hardy-amalgam spaces and provided a

theory on some of the properties of martingales in these spaces. The martingale Hardy-

amalgam spaces are generalizations of the classical martingale Hardy spaces. The mar-

tingale Hardy-amalgam spaces are also considered as proper substitute to the classical

martingale Hardy spaces as the amalgam spaces are good substitutes to the Lebesgue

spaces.

We have studied two atomic decompositions of the new martingale Hardy-amalgam spaces

introduced. We have also characterized the duality of a Garsia-type spaces. As applica-

tions of the atomic decompositions and the dual of the Garsia-type space, we were able

to characterize the dual spaces of the martingale Hardy-amalgam spaces. We have also

extended on the Burkholder-Davis-Gundy inequality involving martingales in the martin-

gale Hardy-amalgam spaces. Other classical martingale inequalities were also extended

to martingales in the martingale Hardy-amalgam spaces. In addition, the theory on the

extension of the martingale embeddings for martingale in the martingale Hardy-amalgam

space were also discussed. The Davis decompositions of martingales in the martingale

Hardy-amalgam spaces was also studied and as applications of these decompositions, the

dual space of H∗p,q was established. Finally, we discussed the martingale transforms that

exist between martingale Hard-amalgam spaces. These transforms, as we saw in the

study, were very useful as we applied these martingale transform techniques in the dual

space characterizations. The results obtained in this study will be relevant for further

studies especially when one wants to describe other properties of these newly introduced

spaces. For instance, the results obtained can serve as a foundation if one wants to de-

termine whether the constants that appear in the martingale inequalities are sharp or

not. It will also help other researchers who are interested in research in this area of

mathematics.
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As a limitation to this study, one realizes that the atomic decompositions of H∗p,q and HS
p,q

were not discussed. This limitation is due to the fact that the atomic decompositions of

the classical spaces H∗p and HS
p do not exist yet. In fact the stopping time argument,

which is the method employed to characterize the atoms in the classical spaces Hs
p ,Pp,Qp

cannot be applied to the martingales in the spaces H∗p , H
S
p . So at the moment one is not

able to describe the atoms of martingales in these spaces. Hence the available knowledge

does not permit one to make further generalizations of these martingale Hardy-amalgam

spaces, H∗p,q and HS
p,q, as far as atomic decompositions are concerned. However, this

problem is partially solved in the sense that if one assumes that the stochastic basis is

regular, then by Theorem 4.17, the spaces HS
p,q and H∗p,q are equivalent to the other three

spaces Hs
p,q, Qp,q and Pp,q. Thus HS

p,q and H∗p,q assume the same properties as that of

Hs
p,q, Qp,q and Pp,q. Thus, in particular, all the five martingale Hardy-amalgam spaces

will have the same atomic decomposition when the stochastic basis is regular. This

problem of characterizing the atoms in the classical spaces H∗p and HS
p and that of H∗p,q

and HS
p,q is challenging and it is not harmful to suggest that the solution will require the

development of new set of tools instead of the stopping time argument. Hence as part of

my future research, it is in my interest to find solutions to these open problems.
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[23] J Feuto and Z. V. de P. Ablé, Atomic decomposition of hardy-amalgam spaces, Journal

of Mathematical Analysis and Applications 455 (2017), no. 2, 1899–1936.

[24] J. Feuto and Z. V. de P. Ablé, Duals of hardy amalgam spaces and norm inequalities,

Analysis Mathematica 45 (2019), no. 4, 647–686.

[25] J. J. F. Fournier and J. Stewart, Amalgams of lp and lq, Bulletin of the American

Mathematical Society 13 (1985), no. 1, 1–21.

[26] A. M. Garsia, Martingale inequalities: Seminar notes on recent progress, vol.

805331034, WA Benjamin Advanced Book Program, 1973.

[27] L. Grafakos, Classical fourier analysis, vol. 2, Springer, 2008.
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