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ARTICLE INFO ABSTRACT
Keywords: Many allegations have been levelled against the electoral process of many countries across
Election forensics the world by most opposition leaders, especially when they lose a presidential election e.g.

Hartigans’ dip test of unimodality
Benford’s second order test of conformity
First-two digits

Ghana

Ghana in 2012 and 2020. Therefore, the need to apply election forensic techniques to the
certified election results data of valid votes count to statistically verify if some suspected or
possible anomalies and irregularities exist in the voting pattern. This paper seeks to provide
a comprehensive review of election forensics techniques and make a comparative analysis of
Benford’s Second-order test of conformity (using the first two digits) and Hartigans’ dip test of
unimodality to examine the existence of possible anomalies and irregularities in the 2012 and
2020 presidential elections held in Ghana. The findings of the two tests suggest that the electoral
process produced possible anomalous data in the 2012 presidential election results (with an
overall 16.67% suspected anomalies), whilst possible non-anomalous data was produced in the
2020 presidential election results (with an overall 0% suspected anomaly) of valid votes count.
Therefore, the study recommends that for better statistical data analysis on election anomaly
detection, Benford’s test of conformity and Hartigans’ dip test of unimodality should serve as
baseline tests (initial screening tools), highlighting areas that may require further investigation or
more rigorous analysis and progressively dig deeper into the application of finite mixture fraud
models and machine learning techniques. In spite of the promising results Benford’s Law, dip
test, machine learning algorithms, and network analysis have produced in detecting irregularities
in election data, real-world applications remain challenging, particularly when dealing with
complex and evolving forms of fraud. Therefore, there is the need for continuous research and
innovation to improve the accuracy and effectiveness of these methods and promote transparency
and accountability in democratic societies.

1. Introduction

For three decades, Ghana’s democracy has seen tremendous improvement. Responsible for this are several factors, including
elections that have been organized since the return to democratic rule in 1992. During this period, the conduct of most of the polls
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has been commended by local and international observers and agencies. However, there have been grave concerns about the quality
of some elections, particularly those in 1992, 2012 and 2020. Claims of irregularities, including bloated registers, vote buying and
ballot stuffing, have been cited. Allegations of irregularities in the 1992 presidential election led to a boycott of the subsequent
parliamentary elections by four major parties. The main opposition party, New Patriotic Party (NPP), published a book in 1992
entitled, “The Stolen Verdict”. This account chronicled all the alleged irregularities in that election [1-7]. The purpose of election
forensics is to analyze and assess election integrity, specifically when there are concerns about fraud, irregularities, or other factors
that could undermine its fairness. A wide range of techniques and approaches can be incorporated into this type of analysis, including
statistical analysis, physical security assessment, and ballot design analysis. Ghana’s 2012 and 2020 election results were challenged
in the supreme court, with the plaintiff parties claiming the polls were vitiated and this makes it ideal to statistically check for
possible or suspected anomaly claims. In Ghana, election anomaly detection has not been subject to attempts at using rigorous
statistical methods except [8] through the applicability of digit-based analysis and [9] through the employment of a Dirichlet
Multinomial with credible intervals in a Bayesian framework. This study provides a comprehensive review of election forensics. It
examines the applicability and limitations of Benford’s second-order test of conformity (using first two digits) and Hartigans’ dip test
of unimodality as baseline tests to statistically determine possible/suspected irregularities in Ghana’s 2012 and 2020 electoral votes
count.

The circumstance of a losing candidates failing to accept the outcome of election results has led to the loss of lives, properties, and
relocation of people [10]. Election forensics has been used in many countries to test whether possible anomalies and irregularities
exist in the election result using valid vote counts, e.g. [11] and [12]. Many countries have had their election results and processes
tested, and good results and findings were produced in those research. Researchers have utilized a host of statistical methods to assess
election results as indicators of election irregularities in several countries like Nigeria [13], Egypt [14], Afghanistan [15], Russia
[16-18], Iran [19,20]. Past statistical analyses have focused on different data reported by electoral commissions: voter turnout, votes
earned by each candidate, and the number of invalid vote counts (rejected votes). Some authors have examined the combination
of these detailed information on votes cast. The exploration can take one of these two approaches. The first approach assumes
what ought to occur in an election free of irregularities and anomalies by the political parties involved; whereas the second adopts
the reciprocal strategy and accepts what ought to happen if election results are tampered with. [21] assert that one statistical
methodology used to examine data integrity relies on Benford’s Law.

Election anomalies are irregularities or unpredictable events that occur before, during and after a voting process. Election irreg-
ularities can take many forms, including vote manipulation [22,23], voting machine hacking [24] and voter suppression [25-27].
With the increased usage of computerized voting methods in recent years, concerns about the possibility of election irregularities
have intensified. While these systems have various advantages, like enhanced speed and accuracy in voting, they also pose security
risks such as hacking. Election anomalies are a serious problem in contemporary electoral systems because they have the ability to
affect an election’s outcome and erode public’s trust in the electoral system. To create successful prevention and impact-mitigation
techniques for election irregularities, further study is required to better understand their origins. A variety of methods has been
developed to detect anomalies in election data, including but not limited to statistical analysis which entails employing statistical
models to discover trends and discrepancies in election data that may suggest manipulation or interference [28], machine learning
which includes employing algorithms to evaluate election data and discover irregularities [29], and blockchain technology which
involves the use of decentralized and secure digital ledgers to record voting data and election results for rapid and efficient vote
counting and results verification [30].

[11] relied on the Second-digit, 2BL mean developed by [17] to analyze the Bundestag elections in Unified Germany. The data on
district-level results from German general elections spanning from 1990 to 2005 was used. Firstly, the vote count for each candidate
was obtained at the district level. Secondly, the second-digit frequencies of all numerals were calculated. Lastly, a simple Pearson
chi-square, y? test statistic was computed to identify a possible association between the observed and expected frequencies. In both
1990 and 2005, the standard frequencies significantly deviate from the observed frequencies. This implies a violation of Benford’s
Law, which indicates suspected anomalies and irregularities. A y? test statistic of 37.87 and 42.60 for 1990 and 2005, respectively,
concluded that the distribution of the second digit does not conform to that of Benford, suggesting possible election anomalies.
Though Germany’s Western part recorded more violations than its Eastern counterparts, there was a revelation of minimal evidence
of irregularities in connection to party votes from 1990 to 2005 in Unified Germany. Is there an association between foreign election
observation, election anomalies, and post-election violence? Free and fair elections are the main aim of every democratic country’s
Electoral Commission. The presence of international observers from all walks of life plays a crucial role in maintaining peace and
order after elections. [31] analyzed elections on the African continent using data from 1997 to 2009 in all African countries. The
association between the response and independent variables was estimated by the Negative Binomial model other than a Poisson
model due to the overdispersion exhibited by the dependent variable. The findings suggested that the probability of post-election
violence increases with the presence of election anomalies and corrupts foreign observers. The results from matched samples and
unmatched samples were not different, confirming the robustness of the test.

However, [32] combined both Benford’s like Law (2B L) second-digit and the last digit mean (LastC) to detect election anomalies
and irregularities in Russia with the use of vote counts digits. Since 2004 there have been widespread claims of election anomalies
in Russian federal elections [12,18] making Russia an ideal developed country to check for incidence of fraudulent polls to see
statistical backings to these claims. With the help of district-level data from Russian federal elections, a randomization test was
conducted to identify precincts known as UIKs in the Russian domain. The execution of the digits test (both the second and last
digit) produced surprising results. For instance, both tests suggest that Putin’s votes in 2004 and 2012 were not fraudulent, whilst
Medvedev’s votes in 2008 were adjudged to be fraudulent. [32] strongly argues that Putin’s vote counts in 2012 were fraudulent as
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his analysis revealed that 1223 , do not follow the distribution specified by Benford law. A tentative case study of most post-election
conflicts in Africa is nothing worth writing about as it has been on record to be part of the continent’s dark history. For example,
the disputed 2007 general elections in Kenya ended in violence which took away 1,100 lives and had a whopping 350,000 citizens
displaced [33]. [34] provided a comparative analysis of election forensic techniques such as the unimodality test, Zero Five Count
Mean, skewness, kurtosis, Last Digit Mean, and Second Digit Mean to detect possible fraud in Georgia and Armenia parliamentary
and presidential elections using precinct-level data. Apart from the dip test of unimodality, bootstrapping was used as a resampling
procedure to generate 95% confidence intervals for the remaining tests. The conclusions from the election forensics adopted suggested
several statistical anomalies and irregularities in the parliamentary and presidential elections between 2007 and 2016 in Georgia
and Armenia.

While the Benford test can be beneficial for detecting anomalies in large datasets, it does have significant drawbacks. First, it
may yield false positives or false negatives, especially in small datasets or datasets with non-uniform distributions [35,36]. Second,
the test implies that the data is independent and identically distributed, which may not always be the case in real-world applications
[37]. Lastly, the test may be unable to identify more sophisticated kinds of fraud or manipulation involving electoral data [38].
Although the dip test is widely used, it has significant limitations. One limitation is that it assumes the dataset is unimodal, which
may not always be the case in real-world applications [39]. Also, the dip test may be insensitive to tiny modes or modes that are
close together [40]. Additionally, when employed with small or highly skewed datasets, the test may produce false positives or false
negatives results [41,42]. Even as the Hartigan dip test of unimodality and Benford second order test of conformity can be effective
for identifying suspected fraud and anomalies in election numerical data, it should be used cautiously (as baseline tests) and in
conjunction with other analytical techniques (finite mixture fraud models) to provide accurate and trustworthy results. Even though
[38] argues that Benford Law has some limitations as an election forensic tool, when used and found to be significant, it raises
some red flags about the electoral data integrity and hence can be used as a baseline test for further investigations to be conducted.
Although Benford Law cannot be used as full proof of election anomaly or fraud, one major strength lies in its usage as a red flag that
can prompt further investigation. Datasets may deviate from Benford’s distribution for other reasons than manipulation and even
then Benford Law can be used as a method of raising red flags [43]. Given these evidences from other parts of the world, it is then
imperative to also check for suspected election irregularities and anomalies in the Ghanaian setting (with focus on the stronghold
and swing regions since elections are won in Ghana primarily by winning in majority of the swing regions), using the Hartigan’s dip
and Benford tests (with special focus on the first two significant digits) as baseline tests; hence, the core of this research.

The remainder of the paper is organized as follows: Section 2 gives the review of existing methods of possible election anomaly
detection. Section 3 discusses the data and the results of the specific application. Section 4 concludes the study and provide recom-
mendations for further work.

2. Review of existing methods of election forensics

Some of the existing statistical techniques used in detecting possible or suspected election anomalies and irregularities that are
key to this research are discussed in this section.

2.1. Benford second order test

Walter Mebane, a University of Michigan political scientist and statistician, was the first to use the second-digit Benford’s law-
test (2BL-test) in electoral forensics [44]. Although this technique is seen to be a straightforward method of detecting potential
irregularities in election results, it is not thought to be perfect. In a 2011 research, political scientists Joseph Deckert, Mikhail
Myagkov, and Peter C. Ordeshook asserted that when employed as a statistical indication of election fraud, Benford’s law can produce
deceptive outcomes [38]. [45] criticized their paper, criticizing their technique while acknowledging that utilizing Benford’s formula
to examine election data had significant limitations. In view of the above assertions on the applicability of Benford’s Law, it is
important to take note that for data analytic problems, a large deviation from Benford’s Law suggests suspected irregularities and
anomalies and should therefore be investigated further [46]. The second-order test is a good test to return compliant results for sets
of data with omissions and errors [47,48]. However, issues with the data that the second-order tests will find difficult to detect would
not also be detectable using the usual descriptive summary statistics such as Skewness and Kurtosis.

For the Benford test, the hypothesis of interest is:

H, : Valid votes count follow the distribution specified by Benford
H, : Valid votes count do not follow the distribution specified by Benford

With a computed Benford statistic, rejecting the null hypothesis leads to the conclusion that there is a significant difference
between observed and expected valid votes count, and hence elections were prone to possible anomalies.

The computation for the Lower and Upper bounds are respectively given by (1) and (2) as

Lower Bound = PE — |z« x | ZEL—PE) —(—1 ) e}
2 w 2w
_ PE(1 - PE) 1

U pper Bound = PE + [Z%X\IT] +(W) @

and
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where PE, W and «a are quantile of the standard normal respectively. The presence of Benford’s Law in certified election results data
at hand is verified thoroughly by resorting to three (3) different tests.

I. Benford Chi-Square test: The goodness of fit test (Pearson Chi-Square) is well known to investigate whether a given set of data
Z,,2Z,,...,Z, fit a particular distribution function Q. Here, Benford’s empirical distribution Q, is compared to the samples Q,).
The assumption usually used is the asymptotic normality. The Benford second-order y? test statistic computed by (3) as

99 0 e\2
Fe=75
Xg’tat Z : *

e
k=10 fk

, 3

where f} is the count of the observed digit k and f; is the count of the expected digit k. For this underlying distribution where
k possible digit combinations are considered, the critical value is given by ;((2:”. = 1/371’“' For this study, the first two significant
digits will be preferred because it captures more information; thus there are 90 possible digit combinations (10-99 inclusive)
with a significance level of 0.05. Thus, the critical value for the test will be given by ;(920_ 1005 = ;(39_0_05. A comparison will then
be made between a computed 1; vat and the ;(ém = 112.022. The null hypothesis of no significant difference between observed
and expected valid vote count is rejected for large values of the Pearson ;(é vt
II. Mean Absolute Deviation, M AD: The M AD does not take into account the number of observations under study, W say. This
makes it less sensitive to both small and large deviations as W is increased making it the best test to use for real-life data [49].
Mathematically (4)gives the computation of the MAD,
Z;j: 1 |Pz -P Ei|

MAD==2—1 0 @
1

where, v is the number of bins that is equal to 90 for the first two digits, P is the observed proportion and PE is Benford’s
expected proportions.

III. Mantissa Arc Test, M AT: It calculates the digits of the numbers, and a comparison is made between the actual and the
expected frequencies of Benford’s law. M AT is the mathematical cornerstone of Benford’s law and uses the mean vector of a set
of mantissa distributed on a unit circle. For any given number y, the abscissa and ordinate are given respectively by (5) and (6)
as

abscissa = cos[2r 1ogo(y;)mod1]. 5)
ordinate = sin[27 logo(y;)mod1]. 6)

When the mantissa set of numbers y,,y,,...,y, are distributed uniformly on a unit circle, the point (0,0) becomes the mean
vector and we can make a conclusion that the data conforms to the distribution specified by Benford.
The co-ordinates of the mean vector are given in (7) and (8) by

Z:Zl cos[2r log;((y;)mod1]

bsci = s 7
abscissa W 7)
and
S sin[27log;o(v)mod 1]
ordinate = —— s ®
w

where W represents the number of records under consideration.
The mean vector’s length L? and the P-value are given respectively by

L? = (abscissa)® + (ordinate). 9
and

P—value=1-exp{-L>xXW}. (10)

It can be inferred from (9) and (10) that as L? gets closer to 1 and W approaches infinity, the significant probability (P — value)
approaches 1.

Table 1 summarizes the ranges and scores of Benford’s law conformity test adopted from [48].
2.2. Data diagnostics using Benford’s law

[50] assert that “If W ~ U (a, b) where a and b are real numbers satisfying a < b. If the interval (109, 10%) covers an integer number
of orders of magnitude, then the first significant digit of the random variable T = 10" satisfies Benford’s Law exactly”. The lemma

can be interpreted simply as the specific probability distribution of all the digits under consideration of the possible values of T' that
constitutes a Benford’s set. It is to be noted here that T is a stochastic variable and just one number cannot comprise a Benford.
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Table 1
Digits Range and conclusions for MAD values.
Digits Range Conformity conclusion
First Digit 0.000 to 0.006 Close
0.006 to 0.012 Acceptable
0.012 to 0.015 Marginally Acceptable
Above 0.015 Nonconformity
Second Digit 0.000 to 0.008 Close
0.008 to 0.010 Acceptable
0.010 to 0.012 Marginally Acceptable
Above 0.012 Nonconformity
First-Two Digit 0.000 to 0.012 Close
0.012 to 0.018 Acceptable
0.018 to 0.022 Marginally Acceptable
Above 0.022 Nonconformity

For any given set of numbers, Benford’s Law is said to be satisfied if the first significant digit says, G, of the number follows the
following given probability distribution specified in (11) by;

1
Pr(Gl=g1)=log10(l+g—>, g €{l,...,9}, an
1

where Pr designates the probability of observing the event (G| = g;).
Traditionally, Benford’s Law can be viewed as

Pr(G, =g,) =log (g +1) —logyo(g1)

o)1)
=1lo =1o 1+—).
g10< 3 210 3

In general, the distribution of the first m significant digits, g;,g>. ... g, is specified by (12) as,

-1

m

Pr(G;=¢g,Gy=g,....G,, = g) =log 1+<Zgj><10m_j> , 12)
=1

for g, =1,2,3,....,.9and g,....g,=0,1,2,3,....9
2.3. Benford’s law mechanism

Assume we consider the random variable Z = 10" where Y is a Uniform distribution on the interval (0, 1). That is to say Y ~ U(0, 1)
with expectation 1 and variance L. Suppose we choose a value for Z which has a significant digit g, € {1,...,9}, then the random
variable Z will automatically be in the interval in (13).

10%g, < Z < 10%(g, + 1), (13)

for some integer k.
Taking logarithm to the base 10 of (13) yields (14) as

k+logy g, <logyg Z <k +logo(gy + 1). 14

The length of the interval in (14) is given by (15) as

| _ s+ly _ 1
0g19(g; +1) —logyg g =logyg T =logjp | I+ A (15)
1 1

which is just the probability that Z has first digit g;.

This logic is an indication that if a stochastic variable Y ~ U(0, 1) then, Z = 10" satisfies Benford’s law. Therefore, a sure way to
construct numbers that will closely conform to Benford’s law is to generate numbers from a uniformly distributed random variable
on the interval (0,1) with the help of a random number generator and exponentiate the random numbers generated with 10Y. In
practice, perfect conformity to Benford’s law for real data may not be possible. However, conformity to Benford’s Law does not signal
that the data is omission-free but nonconformity does signal an issue with data integrity.

2.4. Dip test of unimodality

[39] asserts that “For any given empirical cumulative distribution function and the set of the uni-modal distributions y, the cd f
of the set u are well characterized: they are convex on an interval [—oo, x;], then constant on [x,,x,] and concave on [x,, +c0]”.
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The distribution of the voters turnout only need not be uni-modal to give strong evidence of anomaly free elections, but also the
distribution of the winners’ share in an election should be uni-modal likewise [51].
For the dip test of unimodality, we test the hypotheses:

H, : The distribution of valid votes cast is unimodal
H,| : The distribution of valid votes cast is not unimodal

The adoption of Hartigans’ dip test for unimodality arises from the argument that if the empirical distribution of the proportion of
votes cast is not uni-modal (thus, if it has multiple peaks), then there is a possible indication of election anomalies or irregularities.
The dip test developed by [40] gives a measure of the distance between the set of uni-modal distributions and empirical cumulative
distributions.

Following [40], we let F be any arbitrary probability distribution function of interest. Then if we let D(F) = ¢ only if there exists
a non-decreasing function H such that for some x; <x,,

(i) H is the Greatest Convex Minorant (GCM) of F + ¢ in (—oo0, x;).
(i) H has a constant maximum slope in (x;, x,).
(iii) H is the Least Concave Majorant (LCM) of F — e in [x,, ).
(iv) e =supyg(x, x )| F() = H(X)| 2 supye(y, x| F(x) = HX).

Here, D(F) is the value of e such that any further decrease forces the string out of its unimodal shape. We can deduce that the
dip automatically determines [x,,x,], the modal interval where x; is the lower modal limit, and x, is the upper modal limit. Since
the dip test is much superior to the likelihood ratio test in detecting election anomalies and irregularities, we shall therefore stick
to the employment of Hartigans’ dip test in this study other than the likelihood ratio test. Large significant probability values give
justification to retain the null hypothesis of unimodality. Hence, in the absence of suspected election anomalies and irregularities,
we thus expect the p-value value of the dip to be greater than 0.05.

2.5. Second-digit mean, 2BL

The second digit in each count to which a particular test is applied is referred to as 2BL. In the presence of possible problematic
elections, the distribution that the second digits exhibits should deviate from the distribution implied by Benford’s Law [52]. Hence,
in the absence of election anomalies and irregularities, we thus expect 2BL of value to be equal to 4.187, that is 2BL =4.187.

2.6. Bi-modality coefficient

The Bi-modality Coefficient (BC) given by (16) is one of the numerous empirical methods in literature with the assumption of a
distribution exhibiting bi-modality to have low kurtosis, high skewness, or even both [42]. The BC values which are a function of
sample size, skewness given by (17) and kurtosis given by (18) are very easy to compute.

The value of the BC is computed as
k241
BC= — o T (16)

—
ka+3x [(q—2><q—3>]
where g is the size of the sample, k; is the skewness and k, is the excess kurtosis for the available data. Due to the sensitivity of
skewness and kurtosis to sample bias, we have to likewise correct for sample bias using

vaa=n | _ (i) 0=’
(g-2) 3
< (g)Zjlm—W)

ks = 17)

and

1 -
CER)) @+ 1) <E)Z;{=l(yf_y)4
Ca-ae-y | Nyt o)
(; j=1(y1' y
If BC <0.555, the distribution of the given data is considered unimodal if not a bimodal or multimodal distribution is assumed. A
higher level of significance leads to a higher probability of identifying data exhibiting unimodality compared to those of multimodal-
ity and vice versa. [42] also postulate that even though the Hartigans’ dip statistic (H D.S) is more useful than the BC, the HDS is
very subjective and difficult to use in the sense that researchers have to select an appropriate level of significance based on the size

-3@g-1]. (18)
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Table 2
Distribution and Digit tests of Election Anomaly Detection.
Test Value in the absence of anomaly
Dip Test, DipT P — value > 0.05
Benford Test, y2,, <112.022
Second-digit mean, 2BL 4.187
Last-digit mean , LastC 4.5
Skewness, Skew ~0
Kurtosis, Kurt ~3
Bimodality Coefficient, BC <0.555

Source: A Guide to Election Forensics, 2015 [53]

of the sample under consideration. It is therefore prudent for researchers to choose an appropriate significance level to avoid both
Type I and Type II errors.

2.7. Skewness
If arguments are raised in favour of unimodality then we expect that the distribution of voters’ turnout proportion should be

approximately normal and the Skewness should be approximately zero [53]. There may be problems with election results if Skewness
differs significantly from zero. Most widely used Skewness index, Skew is given by (19) as

m
Skew = —i s (19)
m;
09 T 09’ : . . . .
where m; = ==~ and m, = % Here, mj is the third moment and mj, is the variance. In the absence of suspected election

anomalies and irregularities, we expect the Skewness value to be approximately equal to 0, that is Skew =0.
2.8. Kurtosis

If arguments are raised in favour of unimodality then we expect that the distribution of voters turnout proportion should be normal
and the kurtosis should be approximately three (3). There may be problems with election results if kurtosis differs significantly from
the value of three. In the absence of possible election anomalies, we expect the kurtosis value to be approximately 3, that is Kurt ~ 3.
This implies that the kurtosis of a rigged election either substantially exceeds 3 or substantially falls below 3. The coefficient of
Kurtosis is given by (20) as:

m
Kurt = —4, (20)
m2
2
n o4
where m, = Z‘:‘(+y) is the fourth moment and m, is defined as above in skewness.

2.9. Last-digit mean

The last digit in each count to which a particular test is applied is referred to as LastC. As a scenario, considering a vote of count
“5678” per say, we observe that 8 is the last digit. In a problematic free election we expect a uniform distribution for the last digits.
That is the say that the probability of each of the ten digits (0,1,2,3,4,5,6,7,8,9) occurring is % =0.1. In instances where the last
digits occur with such probabilities, the average of the last digits is given by equation (21) as

k=9
Ly =®_ys 1)

X, =— =
ST T

Hence, in the absence of possible election anomalies and irregularities, we thus expect the value of the Last digit mean to be equal
to 4.5, that is LastC =4.5.

2.10. Summary of tests for election anomaly detection

Table 2 summarizes various statistical methods in the literature used in election anomaly detection.
For the purpose of this study equations (22) and (23) will be used as a guide in assessing anomaly percent rates,

Number of Anomalous free Subsets

Non — Anomalous Detection Rate, (NADR) = % 100%. (22)
Total Number of Subsets
The Anomalous Detection Rate, (ADR) is computed accordingly as;
Numb A lous Subset
Anomalous Detection Rate, (ADR) = umber of Anomalous Subsets % 100%. (23)

Total Number of Subsets

7
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Table 3
Summary of Coefficient of Skewness output in Stronghold and Swing Regions.
Regional votes count Parties 2012 elections 2020 elections
Mean Median Skewness Mean Median Skewness
Ashanti NPP 32577.7 31710 0.2961 38209.09 35144 0.6246
NDC 13034.38 11239 2.2326 13896.96 12534 2.3191
Volta NPP 4274.96 2851 1.0452 5577.72 4106.5 1.4465
NDC 28255.42 22456 1.7944 33704.89 32648.5 1.4010
Greater Accra NPP 29699.62 30862 -0.0531 36769.97 37795 0.1508
NDC 33110.32 31849 0.6909 39014.38 36245.5 0.7609
Central NPP 18701.52 18834 0.1839 26687.13 26629 1.4117
NDC 21407.57 21999 0.1773 23426.48 21209 1.2437
Western NPP 18019.88 17475 0.4825 25871.41 25095 0.8367
NDC 22392.04 19857 0.3128 23444.06 19942 1.0464

3. Results and discussion

The study made use of secondary data comprising of 2012 and 2020 Presidential election certified results in Ghana based on the
275 constituencies. The data used for the analysis of the study was obtained from the Electoral Commission, EC of Ghana. The data
obtained were grouped into three (3) categories; that is, the election results of the NPP, NDC, and Other political parties (i.e. all
the other political parties with the exemption of NPP and NDC). The two regions selected in our criteria as stronghold are Ashanti
and Volta. Since there have been alleged claims of over-voting and cheating in the stronghold (Ashanti and Volta) of NPP and NDC,
respectively, our primary focus was on these two regions. Elections in Ghana are also won primarily by winning in all or most swing
regions. Thus, checking for possible anomalies and irregularities in these regions is justifiable. A comparative analysis of election
forensics was made between the Benford second-order conformity test (with particular emphasis on the first two digits) and the
Hartigans’ dip test of unimodality to detect the existence of possible or suspected election anomalies and irregularities. The codes for
the study are available on GitHub. The GitHub repository can be found at https://github.com/Agyemanglz/Election-Forensics. For
brevity and ease of presentation, the dip plots of the two stronghold regions (Ashanti and Volta) and the three swing regions (Greater
Accra, Central, and Western) of NPP and NDC in the 2020 presidential elections are displayed in Fig. 1.

From Fig. 1, unimodality is observed by a single peak, whilst double and multiple peaks exhibit bi-modality and multimodality.
It is worth knowing that the plots of unimodality though an informal test of anomaly detection, are unreliable because it is likely to
be influenced by bandwidth, as a poorly chosen bandwidth can lead to an undesirable transformation of the density plot. The formal
test, Hartigan’s dip test of unimodality, is used in the analysis of possible election anomaly or manipulation.

3.1. Assessing Benford’s minimal assumptions in stronghold and swing regions

The minimal conditions required for the application of Benford’s law for first digit analysis include large data sets whose numbers
combine multiple distributions, cover several orders of magnitude, and where the mean is greater than the median with a positive
skew [38,54-57]. However, if these conditions are violated, second-digit analysis should be resorted to instead [44,45,58]. At both
stronghold and swing regional levels, 417 aggregated data points from 15,835 polling stations in 2012 and 17,881 polling stations
in 2020 were used for the study. 139 aggregated data points (representing the vote counts in each of the constituencies in both
stronghold and swing regions) for each party (47 for Ashanti region, 18 for Volta region, 34 for Greater Accra region, 23 for Central
region and 17 for Western region) which makes it a large data set enough (sufficiently large sample size per central limit theorem). It
was also observed that the valid vote counts of both NPP and NDC in stronghold and swing regions cover several orders of magnitude
(for brevity, one of the stronghold regions illustrated in Fig. 3 and Fig. 4. Furthermore, since the Other political parties make less than
3% of the votes count in Ghana, their departure from Benford distribution will not give something worthwhile but it was included
in the analysis as a baseline guide. From Table 3, it can be observed that not all the mean number of votes are greater than their
corresponding median number of votes at the various regional levels. It can thus be concluded that Ghana’s electoral data for the
analysis of this study is sufficiently large enough, cover several orders of magnitude but not all the mean number of votes count
in respective stronghold and swing regions are greater than the median number of votes count with a positive skew as evident in
Table 3. With the above justification, this study resorted to the Benford’s first-two significant digits analysis as a baseline test in
checking for election fraud, anomalies and irregularities since it captures more information - 90 possible digit combinations (10-99
inclusive) compared to the second digits - 10 possible digit combinations (0-9 inclusive) as proposed by [44,45,58].

3.2. Assessing homogeneity assumption in stronghold and swing regions

Even though bimodal or multimodal distribution, however, does not necessarily indicate manipulation, it does pose some threat to
the authenticity of the data. [59] highlighted that bimodal distributions can also result from combining observations with covariates
correlating with the turnout (e.g., income or education). To rule out alternative reasons beyond election anomalies, the authors
recommended accounting for unit homogeneity and, if possible, comparing the distributions over time to detect non-uniform changes
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Fig. 1. 2020 dip plots of stronghold and swing regions in Ghana.

in the turnout levels. The homogeneity assumption was accounted for in this study by the use of the permutation test, a non-
parametric test that is used to determine whether two or more groups of data come from the same population. This test involves
randomly permuting the data among the respective groups and calculating the p-value as the proportion of simulated statistics that
are more extreme than the observed statistic. With 10,000 permutations for each stronghold regional test and all p-values (> 0.05) as
evident in Table 4, we retain the null hypothesis of homogeneity (under the assumption of no difference between the three groups-
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Table 4
Summary of P-values of Permutation Test in Stronghold and Swing Regions.

Year Parties Stronghold regions Swing regions
Ashanti Volta Greater Accra Central Western
2012 Elections (NPP, NDC,Others) 0.965 0.052 0.999 0.993 0.977
2020 Elections (NPP, NDC,Others) 0.924 0.112 0.998 0.999 0.987
Table 5

Hartigan Dip Test and Benford Test of conformity (2016 Elections).

Swing regions Parties Dip test Benford test
Dip Statistic P-value x? Test Statistic P-value
Ashanti NPP 0.0456 0.6670 94.204 0.3327
NDC 0.0549 0.3395 145.690 0.0001
Volta NPP 0.0622 0.6100 140.390 0.0004
NDC 0.0506 0.9095 83.350 0.6489
Greater Accra NPP 0.0646 0.3170 146.400 0.0001
NDC 0.0601 0.4335 108.470 0.0787
Central NPP 0.0844 0.1785 94.548 0.3237
NDC 0.0558 0.8545 88.853 0.4844
Western NPP 0.0554 0.7950 60.866 0.9902
NDC 0.0712 0.3420 79.103 0.7645

Table 6

Summary of unimodality Test output (Stronghold Regions).

Region Party 2012 elections Modal interval [x,, x,]
Dip Test Statistic P-value
Ashanti NPP 0.0417 0.8175 [30992,35417]
NDC 0.0543 0.3510 [10144,12998]
Others 0.0385 0.9090 [366,380]
Volta NPP 0.0751 0.2625 [802,2683]
NDC 0.0672 0.4565 [20819,22571]
Others 0.0597 0.6650 [397,408]

NPP, NDC and other political parties) and conclude that the null distribution is symmetric and centred around zero. In effect, the
homogeneity assumption is valid and the dip test is appropriate for the analysis of Ghana’s 2012 and 2020 electoral dataset.

3.3. A case study of the 2016 presidential elections

Even though the 2016 presidential elections held in Ghana were not challenged in court, it is essential to conduct a thorough
analysis to ensure the integrity and fairness of the electoral process.

From Table 5, the Hartigans’ dip test of unimodality suggests that the distribution of voters proportion for NPP, NDC, and Other
political parties in both stronghold and swing regions are unimodal (p-values >0.05) indicating possible absence of anomalies and
irregularities. Thus, no possible red flags are raised by the dip test. The Benford test however concluded that the distribution of valid
voters for NDC 4 umi> N PPyoie a0d N PPg,opi0macerq are not unimodal (with p-values <0.05) confirming the suspected presence of
anomalies and irregularities worth investigating. The significant deviations for the NDC in the Ashanti region and the NPP in the
Volta region may not due to any manipulation but may be due to the fact that very few votes were obtained by respective parties
in their opposition’s stronghold. However, the significant deviation of NPP in the Greater Accra region therefore raise red flags for
further investigation.

3.4. Calculating ashanti region dip test statistic for NPP, NDC and others

With n =47 constituencies under consideration in Ashanti region, we observe from Fig. 2(a) that the modal interval for NPP is
(%7, x,,) = [X2, X309 = (30992,35417)] and the GCM and LCM have 3 and 4 nodes (shown in red and blue circles respectively) inside
(x;,x,). Likewise, we observe from Fig. 2(b) that the modal interval for NDC is (x;, x,) = [x¢, x3; = (10144,12998)] and the GCM and
LCM have 4 and 3 nodes (shown in red and blue circles respectively) inside (x;, x,).

Now, beginning with an R Studio generated dip loop, Dy, of 3.920833, the dip test statistic for NPP in Ashanti region is given
by:

10
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Fig. 2. Plot of 2012 Empirical cdf in Ashanti Region for NPP and NDC.

Summary of unimodality Test output (Swing Regions).

7
50000

Region Party 2012 elections Modal interval [x/, x,]
Dip Test Statistic P-value

Greater Accra NPP 0.0422 0.9500 [33424,35242]
NDC 0.0421 0.9460 [34802,36451]
Others 0.0574 0.5160 [508,566]

Central NPP 0.0735 0.7255 [9947,15339]
NDC 0.0532 0.8970 [21228,23509]
Others 0.0455 0.9815 [584,616]

Western NPP 0.0502 0.9070 [11473,12030]
NDC 0.0566 0.7425 [18928,19947]
Others 0.0441 0.9795 [573,578]

D, 3.920833
Dipypp= —2 == =0.0417

2n  2x47
Likewise, with a Dy,,, of 5.105108, the dip statistic of NDC in Ashanti is given by:

_ Dioop _ 5.10508

Di = = 210508
PNDC = T T AT

Finally, with a D), of 3.615385, the dip statistic of Other Political Parties in Ashanti region is given by:

=0.0543

Dioop  3.615385

Di = =
IPOthers 2n 2% 47

We use similar arguments to arrive at the dip statistic for all the other regions considered in the study.

From Table 6, for the stronghold regions under consideration, the Hartigans’ dip test of unimodality suggests that the distribution
of voters proportion for NPP, NDC, and Other political parties in both Ashanti and Volta regions are unimodal (p-values >0.05)
indicating the possible absence of anomalies and irregularities.

Also from Table 7, for the three swing regions, the Hartigans’ dip test of unimodality concluded that the distribution of valid
voters proportions for NPP, NDC, and Other Political parties in the Greater Accra, Central, and Western regions are unimodal (with
p-values >0.05) confirming the possible absence of anomalies and irregularities. This indicates that elections were possibly conducted
in an anomalous free manner.

The Non-Anomalous Detection Rate of the Hartigans’ dip test of unimodality for 2012, (N AD Ry, p;,) is computed as

=0.0385

15
15
This suggests that per the findings of Hartigans’ dip test of unimodality, there were 0% suspected anomalies or irregularities in both
the stronghold and swing regions.

For brevity and ease of presentation, we display the Benford plots of NPP 2012 Election results in the Ashanti region and NDC
2012 Election results in the Volta region.

From Fig. 3 and Fig. 4, the second-order digits distribution plots are of principal interest. The first two digits are shown on
the abscissa-axis and their frequency of occurrence is depicted on the ordinate-axis. It is usually based on sorting the data and
plotting the differences. Benford’s second-order test was then applied to the 2012 certified election results data from the Election
Commission of Ghana, and non-conformance always signals an abnormal issue related to the integrity of the data. The fit of the
observed proportions to that of expected (Benford’s) proportion is visually fascinating, as depicted by both figures. We observe from

NAD Ry = 12 X 100% = 100%

11
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Table 8
Benford’s Test output (Stronghold Regions).

Region Party 2012 elections MAD P-value
x* Test Statistic MATS
Ashanti NPP 80.8290 0.1506 0.0115 0.7197
NDC 120.7202 0.2093 0.0143 0.01422
Others 131.5404 0.4360 0.0138 0.0023
Volta NPP 79.4611 0.0135 0.0142 0.7555
NDC 72.4663 0.1888 0.0143 0.8988
Others 111.7002 0.0853 0.0160 0.05214
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Fig. 3. Plot of NPP 2012 Benford second order test in Ashanti Region.
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Fig. 4. Plot of NDC 2012 Benford second order test in Volta Region.

the probability distributions of various stronghold regions that for a host of the higher (60 and above) - first-two significant digits
combinations, the deviation between the observed and Benford’s proportions is just a minute percentage.

For the stronghold regions, a computed 42 test statistic value of 120.720 and 131.540 (from Table 8 highlighted in red) for NDC
and Other political parties respectively in Ashanti region exceeded the ;(sz = 112.022 indicating non-conformity to Benford’s Law.
This, in turn, suggests that elections were conducted in a possible anomalous manner to either go for (an anomaly in favour of NPP)
or against (anomaly against NDC) since the Ashanti region is the stronghold of NPP. Benford’s test of conformity further revealed
that except for NDC and other Political parties in the Ashanti region, elections were possibly conducted fairly in the two stronghold
regions for all political fronts involved in the 2012 presidential elections (with computed 2 test statistic values of 80.829, 79.461,
72.466 and 111.700 from Table 8 for Ashypp, Voltaypp, Voltaype and Voltag,y,,., respectively) with Volta region being likely
anomalous free stronghold region in the 2012 Presidential elections held.

For the swing regions, Benford’s test of conformity revealed that except for election results of other political parties in Greater
Accra, Central and Western (with computed y? test statistic values of 176.1405, 118.1002 and 139.2505 from Table O for Accrag,perss
Central p,p,,s and Westerng,,,, respectively) where their computed Pearson test statistic exceeded the critical threshold value of

12
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Table 9
Benford’s Test output (Swing Regions).
Region Party 2012 elections MAD P-value
x? Test Statistic MATS
Greater Accra NPP 106.5101 0.3520 0.0157 0.0995
NDC 89.7863 0.4736 0.0148 0.4567
Others 176.1405 0.6272 0.0172 0.0010
Central NPP 82.9728 0.0779 0.0141 0.6599
NDC 62.0296 0.4989 0.0139 0.9868
Others 118.1002 0.4174 0.0169 0.0212
Western NPP 55.6379 0.1719 0.0135 0.9978
NDC 89.3763 0.2867 0.0143 0.4689
Others 139.2505 0.2484 0.0160 0.0005
Table 10
Summary of unimodality Test output (Stronghold Regions).
Region Party 2020 elections Modal interval [x,, x,]
Dip Test Statistic P-value
Ashanti NPP 0.0424 0.7795 [19224,29125]
NDC 0.0319 0.9920 [12290, 14721]
Others 0.0428 0.7950 [213,252]
Volta NPP 0.0962 0.1550 [3687,4186]
NDC 0.0829 0.3740 [32229,33542]
Others 0.0507 0.9885 [461, 473]
Table 11
Summary of unimodality Test output (Swing Regions).
Region Party 2020 elections Modal interval [x/, x,]
Dip Test Statistic P-value
Greater Accra NPP 0.0322 0.9983 [37473,41485]
NDC 0.0538 0.6210 [34555,38270]
Others 0.0428 0.9390 [558,882]
Central NPP 0.0523 0.9150 [26629,27670]
NDC 0.9050 0.0529 [19163,21338]
Others 0.0869 0.1695 [536,751]
Western NPP 0.0602 0.8880 [23847,26396]
NDC 0.3470 0.0859 [9254,11798]
Others 0.0563 0.9650 [1359,1481]

112.022, elections were possibly conducted fairly in all the three swing regions for all political parties involved in the December
2012 electoral process in Ghana.
The Non-Anomalous Detection Rate of the Benford Second-Order test of conformity for 2012 (N ADRyg12penora) 1S computed as

NADRyy2penford = % x 100% = 66.67%

This suggests that per the findings of the Benford Second-Order test of conformity, there was a 33.33% suspected anomaly or irregu-
larities in both the stronghold and swing regions in the 2012 Presidential election held in Ghana.
The Overall Non-Anomalous Detection Rate of the two tests (N AD Ry 50perair) fOr the 2012 Presidential elections is computed as

N AD Ry 15000rall = % x 100% = 83.33%

This suggests that from the analyses of both the Hartigans’ dip test of unimodality and Benford Second-Order test of Conformity,
there was a 16.67% suspected anomalies or irregularities in both the stronghold and swing regions in the 2012 Presidential election
conducted in Ghana.

For the stronghold regions, the Hartigans’ dip test of unimodality suggests that the distribution of voters proportion for NPP,
NDC, and Other political parties in both Ashanti and Volta regions are unimodal (p-values >0.05), indicating a possibility of absence
of anomalies and irregularities in the 2020 Presidential elections in Ghana as evident in Table 10.

For the swing regions, the Hartigans’ dip test of unimodality concluded that the distribution of valid voters proportion of NPP,
NDC, and Other Political Parties in the Greater Accra, Central, and Western regions are unimodal (p-values > 0.05), suggesting a

13
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Table 12
Benford Test output (Stronghold Regions).
Region Party 2020 elections MAD P-value
2 Test Statistic MATS
Ashanti NPP 79.9510 0.1324 0.0118 0.7429
NDC 93.0970 0.2625 0.0126 0.3623
Others 109.5400 0.2379 0.0128 0.0689
Volta NPP 93.1530 0.1645 0.0175 0.3608
NDC 99.2930 0.1244 0.0168 0.2138
Others 98.1460 0.1578 0.0171 0.2380
Table 13
Benford’s Test output (Swing Regions).
Region Party 2020 elections MAD P-value
x? Test Statistic MATS
Greater Accra NPP 93.9220 0.2338 0.0139 0.3401
NDC 107.1700 0.4260 0.0157 0.4009
Others 94.2570 0.2370 0.0153 0.3313
Central NPP 62.6350 0.4691 0.0151 0.9847
NDC 61.6300 0.3748 0.0147 0.9880
Others 83.7470 0.1981 0.0160 0.6374
Western NPP 56.6050 0.4466 0.0158 0.9971
NDC 83.8230 0.0797 0.0173 0.6352
Others 77.7290 0.0169 0.0168 0.7975

possible absence of anomalies and irregularities as seen in Table 11. This is an indication that elections were possibly conducted in
an anomalous free manner and the data integrity was not perhaps tempered with.

The Non-Anomalous Detection Rate of the Hartigans’ dip test of unimodality for 2020 elections data is the same as for the 2012
elections, as discussed above. Hence, there was a 0% suspected or possible anomaly or irregularities in both the stronghold and swing
regions.

From Table 12, small values of Pearson’s y2 test statistic for all Political Parties in the two stronghold regions compared to the
indicated critical value of 112.022 led to the conclusion of compliance to the distribution specified by Benford’s Law. Thus, valid
vote counts for all Political Parties in the 2020 Presidential elections in both the Ashanti and Volta regions are therefore not prone
to possible manipulation, anomalies and irregularities.

Likewise from Table 13, the Benford’s Second Order test of Conformity further revealed that elections were possibly conducted
in an anomalous free manner (with Pearson ;(é o < 112.022) in all the three swing regions for all Political Parties involved in the
December 2020 electoral process. This indicates that the observed frequencies of valid votes cast did not differ significantly from the
expected frequencies specified by Benford’s Law.

The Non-Anomalous Detection Rate of the Benford Second-Order test of Conformity for 2020 (N AD Ry pensorq) i computed as

13 % 100% = 100%
15
This suggests that per the analysis of the Benford Second-Order test of Conformity, there was a 0% suspected anomalies or irregular-
ities in both the stronghold and swing regions in the 2020 Presidential election held in Ghana.
The Overall Non-Anomalous Detection Rate of the two tests for the 2020 (N AD Rygy00uerai;) Presidential elections is computed as

NADRy0Benfora =

N AD Ropro0meral = % x 100% = 100%

This suggests that from the analyses of both the Hartigans’ dip test of unimodality and Benford Second-Order test of Conformity,
there was a 0% suspected anomalies or irregularities in both the stronghold and swing regions in the 2020 Presidential elections
conducted in Ghana.

4. Conclusions and recommendations

Election anomaly detection is an important part of guaranteeing fair and free elections. Researchers have been investigating
several strategies for detecting anomalies in election data, with the goal of assuring election results’ accuracy, reliability, and trans-
parency. Even though researchers like [38] argue that Benford Law when used as an election forensic in detecting anomaly or fraud
is problematic, when used and found to be significant, it raises some red flags about the electoral data integrity and hence can be
used as a baseline test for further investigations to be conducted. In this study, we resorted to exploring election forensic techniques
such as the Hartigans’ dip test of unimodality and Benford second order (with the application of the first two digits) test of confor-
mity to statistically detect the existence of suspected or possible anomalies of valid votes count in the 2012 and 2020 Presidential
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elections held in Ghana. A comparative analysis of these two methods was then carried out. The contradictory conclusions from the
two election forensics considered for the study of the 2012 valid votes count give a suspicion of possible irregularities and anomalies
in the presidential election results (stronghold and swing regions) in Ghana (with an overall 16.67% suspected anomalies), which is
subject to further investigation. This indicates some curiosities in the 2012 presidential election data worth unveiling. However, for
the election forensics analysis of 2020 valid votes count, there was a perfect agreement between both tests, concluding a 0% sus-
pected or possible anomalous elections. This indicates that the observed frequencies of valid votes count did not differ significantly
from the expected frequencies specified by Benford’s Law. This led to the conclusion of compliance with the distribution specified
by Benford’s Law. Thus, valid vote counts for all political parties in the 2020 Presidential elections in both the stronghold and swing
regions are, therefore, not prone to suspected manipulation, anomalies and irregularities. The results of the 2020 anomaly detection
for both Benford’s Second-order test (using the first two digits) and Hartigans’ dip test of unimodality are in perfect conformity with
another study by [9] who made use of a Dirichlet Bayesian approach with credible intervals to reach similar conclusion. Likewise,
the results of the 2020 presidential election anomaly detection also conform to the research by [8] who resorted to the applicability
of digital frequency based analysis in election anomaly detection. The findings of this study suggest that the electoral process pro-
duced possible anomalous data in the 2012 presidential election results, whilst possible non-anomalous data was produced in the
2020 presidential election results of valid votes count. The study, therefore, recommended that for deeper statistical data analysis
on election anomaly detection, researchers should start with Benford’s second-order test of conformity and Hartigans’ dip test of
unimodality as baseline tests and progressively dig deeper into the application of finite mixture fraud models and machine learning
techniques. More research is needed to increase the accuracy and reliability of these election forensic techniques as well as to ensure
that election results are transparent and trustworthy. To conclude, election anomaly detection research plays an important role in
ensuring fairness and integrity of democratic processes. To identify anomalies in election data, a variety of statistical and computa-
tional techniques have been developed, including Benford’s Law, the dip test, machine learning algorithms, and network analysis. In
spite of the promising results these methods have produced in detecting irregularities in election data, real-world applications remain
challenging, particularly when dealing with complex and evolving forms of fraud such as election anomaly detection. Although the
Benford and Hartigan dip test has its strengths, it should be noted that they are not foolproof and cannot definitively prove or dis-
prove fraud, anomalies or irregularities. It serves as an initial screening tool, highlighting areas that may require further investigation
or more rigorous analysis. Therefore, continued research and innovation in this area is key for the development of more effective
and accurate methods for detecting election anomalies and promoting transparency and accountability in democratic societies.
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