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Abstract

In this work, we review 3-dimensional gravity by canonically analyzing the Hilbert-
Palatini action. We apply a time gauge used in 4-dimensional loop quantum grav-
ity [14] to the simpler case of the 3-dimensional loop quantum gravity. By time
gauge fixing this Hilbert-Palatini action it leads to the Gauss constraints, the spa-
tial diffeomorphism constraints, the Hamiltonian constraint and a new constraint
C. The gauge symmetries generated by this new constraints are spacetime diffeo-
morphism and SO(2) gauge transformations. We solve the dynamics of the theory
by providing a regularization of the generalized projector operator in terms of the
Hamiltonian constraint. We provide the definition of the physical scalar product
which can be represented in terms of a sum over finite spinfoam amplitudes. Then
we establish a clear-cut link between the canonical quantization of the new theory
to the spinfoam model (Ponzano-Regge model) defined in terms of the SU(2) spin

networks.
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Chapter 1

Introduction and Motivation

1.1 Quantum Gravity

The task of quantizing gravity is one of the outstanding problems of modern
theoretical physics. Attempts to reconcile quantum theory and general relativity
(GR) date back to the early part of the twentieth century. Several decades of
hard work have yielded an abundance of insights into quantum field theory. But
despite this enormous effort, no one has yet succeeded in formulating a complete,

self-consistent quantum theory of gravity [5].

Einstein’s description of gravity as a curvature of spacetime (geometry of curved
spacetime) was seen as a game changer at the time, as this idea totally moved away
from the notion of gravity as a force. The consequence of this was the formulation
of the theory of GR which gave a deep insight into the geometric structure of the

universe at the macroscopic level.

Quantum mechanics (QM), which describes the microscopic world was formulated
based on the laws of probability. It allows for a discrete energy spectrum instead of
a continuous radiation. QM uses the time evolution of quantum states described by
the Schrodinger equation in which the Hamiltonian generates the time evolution.
This means that physical quantities can change only in discrete amounts and not

in a continuous way [27].

Our understanding of physics, and in general nature have been greatly influenced
by QM and GR. Both principles have revolutionized the pivotal structures of New-
tonian physics. The notion of absolute time and space ceases to exist, but rather
space and time and distances between points of the spacetime manifold, that is,
the metric themselves become dynamical objects [27, 28]. Further, the determin-

istic nature of Newton’s equations of motion evaporates at a fundamental level,



rather dynamics is reigned by probabilities underlying the Heisenberg uncertainty

principle.

A usual phenomenon in fundamental physics is to reconcile two different concep-
tual theories to find a new synthesis, a satisfactory physical theory must therefore
combine both of these fundamental principles, QM and GR, in a consistent way
and which will be called quantum gravity (QG). However, despite the success sto-
ries of both QM and GR, the quantization of the gravitational field has turned
out to be one of the most challenging unsolved problems in theoretical and math-

ematical physics.

The reason for this incompatibility is that, GR requires spacetime to be a dy-
namical field, describing the notion of force as a geometry and also requires an
independent background structure. On the other hand, QM requires a dynamical
field to be quantized, and in addition requires a non-dynamical background space-
time (Hilbert space) for it to take place. In GR, spacetime is dynamical, while
in QM, any dynamical entity is made up of quanta and can be in probabilistic

superposition states.

Not only are there conceptual differences in quantizing gravity, there are techni-
cal obstacles also facing the new synthesis. Einstein’s equations which governs
the theory of gravity are highly non-linear, and hence very difficult to solve. In
addition, conventional field quantization methods which are based on the weak-
field perturbation expansion fail in their application to GR since they yield a
non-renormalizable theory. GR, hence must be replaced by a more fundamental
description that appropriately includes the quantum degrees of freedom of gravity
[24].

However, it is clear that while GR has given a very consistent framework for doing
classical physics, it has not yet been successful in bringing the quantum realm
in its wake [21]. Attempts have been made for decades to formulate a consistent

theory of quantum gravity, but with no success so far.

1.2 Loop Quantum Gravity

The past decades have seen an increase in active research in the field of quantum
theory of gravity, with some claiming to have found a quantum theory of gravity.
Notably among them is string theory, which is based on the physical hypothesis
that elementary objects are extended rather than particle-like [27]. A very rich
unified theory which includes Yang-Mills fields and gravitons, and free of ultravio-

let divergences are a few of string theory’s successful story. However, this comes at



a cost of additional physics such as supersymmetry, extra dimensions, an infinite

number of fields with an arbitrary masses and spins.

In light of this another active area of research in QG is Loop Quantum Gravity
(LQG) which takes a different approach to string theory. LQG is a canonical
and background independent base approach to the quantization of gravity paying
special attention to the conceptual lessons of GR [9], 23, 27, 28]. It proposes that
spacetime is actually divided into small chucks, when you zoom out it appears
to be a smooth sheet, but when you zoom in, it is a bunch of dots connected by
lines or loops. These small fibres, which are woven together offer an explanation

of gravity.

LQG is based on a Hamiltonian formulation of GR at the classical level. In this
formulation, spacetime is foliated into a family of hypersurfaces of constant time
with coordinates on each slice. LQG is a straightforward quantization procedure
of GR with the physical inputs of the theory been the well-tested physical theories
of QM and GR, there are no major additional physical hypothesis or assumption
made in the construction of the theory [27]. All it tries to do is to merge the
conceptual ideas of GR into QM. In addition, LQG is based on assumption that
even if Einstein’s equations are modified at high energy, the general-relativistic

notion of space and time are assumed to be true.

The theory is formulated in the more physical four dimensional case. It was
initially formulated in terms of the metric variables which was due to Arnowitt,
Deser and Misner [28], hence the name ADM formulation. In this formulation, the
canonical variables are the metric tensor of three dimensional spatial slices g, (1, t)
(here a, b are 3d space indices) and it’s conjugate momentum 7% [23] 28] following
an ADM decomposition of the action. The decomposition results in the spatial
diffeomorphism V (gup, 7*°) and Hamiltonian constraints S(qup, %), however the
non-linear dependence on the canonical variables especially by the Hamiltonian
constraint makes it mathematically difficult to promote the constraints into quan-

tum operators.

To address the problem of promoting the constraints into operators, a tetrad
formulation was introduced. The tetrad is defined as e/ = eﬁdas“ such that g, =
eﬁeim 7 (u, v are 4d spacetime tangent indices and I, J are 4d internal indices),

and 7y is the Minkowski metric. The extrinsic curvature <K g = \/ﬁKabEj{’éU )

and the densitized triad (Ef := Le;;,e**eje?) become the new canonical variables

for general relativity after a 3+1 decomposition of spacetime.

In this new formulation, additional degrees of freedom are introduced due to the

redundancy exhibited by the new variables: this occurs as there are nine EY



to describe the six components of ¢?. As a result an additional constraints-
Gauss constraint- in terms of the new variables makes this redundancy manifest.
However, the problems similar to using the ADM formulation arise when one tries

to quantize the theory.

In the pursuit of solving the non-polynomial associated with the Hamiltonian
constraint, Ashtekar introduced a new configuration variable (A?) that behaves
as a complex SU(2) connection. The three constraints now become polynomials
in the Ashtekar variables i.e the Ashtekar connection A’ and the densitized triad

E¢. This simplification open up ways to quantize the constraint.

However, despite this simplification there are still some issues in properly defining
the constraints and solving them. This comes from the fact that the Ashtekar
connection is defined as a complex variable, hence in the quantization of the theory
it is difficult to ensure one recovers real GR as opposed to complex GR, unless
the reality condition is imposed [27]. In addition, there are difficulties of a rather
technical nature related to the complete characterization of dynamics and the

quantization of the Hamiltonian constraint [23].

Despite these challenges, LQG has been able to predict the discreteness of geo-
metrical operators such as area and volume. This discreteness becomes important
at the Planck scale while the geometric operators crowds very rapidly at low en-
ergy scale. This property of the geometric operators is consistent with the smooth

spacetime picture of classical GR [23].

In carrying out canonical quantization, the guiding principle is mostly that of
Dirac. The first is to find a representation of the phase space variables as operators,
acting on some kinematical Hilbert space Hy;,. This representation of the phase
space variables should map Poisson brackets into commutators. Next is to define
the constraints into self-adjoint operators in Hj;,, and finally the solutions of
these constraints are characterize to define an inner product leading to a physical

Hilbert space Hppy.

The Poisson bracket between the Ashtekar-Barbero connection and the densitized
triad resulted in a delta function (distribution), this leads to a not well-defined
function. A regularization of the Poisson bracket is needed to address this problem,
and this is done by smearing the phase space variables to obtain the holonomy-flux
algebra. The regularization open up ways to quantize these constraints, and such
they (constraints) become operators on a kinematical Hilbert space. For more
on loop quantum gravity the reader is advice to read [23, 27, 28] and references

therein.



1.3 Loops and Spin Networks

The choice of different algebra of basic field functions to promote to quantum
operators makes LQG stands out among other different quantization techniques.
That choice is a non-canonical algebra based on the holonomies of the gravitational

connection [23, 27].

The holonomy in LQG becomes a quantum operator creating "loop states™[] In a
background independent theory like LQG, the position of a loop state is relevant
only with respect to other loops, and not with respect to the background [27].
The space spanned by these loop states are not too singular nor too many, thereby
providing a basis for the Hilbert space of LQG. A finite linear combination of some
of these loop states form a well defined orthonormal basis in the Hilbert space of
a lattice Yang-Mills theory. These orthonormal basis are the spin networks states

which eventually form the basis of the mathematical structure of LQG.

As stated earlier, one will like to know what the quanta of space (quantum prop-
erties of space) are, and how to describe them, in the pursuit of a quantum theory
of spacetime. Interactions of physical systems with other systems may occur in
"quanta” and these quanta are determined by the spectral properties of the op-
erators representing the quantities involved in the interaction with the systems.
The interactions with the gravitational field (spacetime) are through geometric
structures of the physical space resulting in measurements of length, area and

volume.

The spectrum of both volume and area turns out to be discrete. From the spectral
of the volume, the quanta of space can be thought of as grains of space. These
grains of space lie adjacent to each, where in this case adjacency means being
contiguous, or being in touch, or being nearby. If one consider a quantum state
of space formed by P grains of space, where some are in contact with one another
[21].

Then representing this state as an abstract graph I' with P nodes: these nodes of
the graph represent the grains of the space; the links of the graph connect adjacent
grains and represent the surfaces separating two adjacent grains. The quantum
state is then characterized by the graph I', with the labels on the nodes and on

the links, and a graph with these labels is called a spin network.

LQG has been able to predict the discretness of the spectrum of geometrical op-

erators like area and volume. The formulation of LQG in terms of the Ashtekar-

'In the loop representation formulation of Maxwell theory, a loop state is a state in which
the electric field vanishes everywhere except along a single Faraday line



Barbero variables result in the Gauss constraints, the spatial diffeomorphism con-
straints and the Hamiltonian constraint. Defining cylindrical functional as quan-
tum states of the Ashtekar connection, spin network states establish themselves
as solutions to both Gauss and spatial diffeomorphism constraints. Unfortunately,

this can’t be said about the Hamiltonian constraint.

1.4 Motivation and Goal of Thesis

General relativity in three dimensions is said to be ”simple” but not trivial mak-
ing it an interesting, and as such a large area of research providing an insight
into quantum gravity for the more physical four dimension. Physically three di-
mensional gravity is a topological field theory, meaning it has no degrees of [5]

freedomf] and its manifold is regarded as a two surface with time.

Conceptually both (2 + 1)-dimensional gravity and (3 + 1)-dimensional gravity
are equivalent and many of the fundamental issues carry over to quantum gravity
at the lower dimensional setting. Although (241)-dimensional model is much
simpler, mathematically and physically, and we can write down a quantum theory

for the model.

There are however few instances were (2+1)-dimensional solutions are quite dif-
ferent physically from those of (3+1)-dimensional, and in addition the (2+1)-
dimensional model does not help in understanding the dynamics of quantum grav-
ity. Based on the analysis of conceptual problems such as nature of time, the role
of topology and topology change, the relationship among different approaches to

quantization, the model has really proven highly instructive [5].

Canonical analysis of (241)-dimensional gravity [3] result in the flatness and Gauss

0 =const, the Hamiltonian and

constraints, defining a normal to the hypersurface x
spatial diffeomorphism constraints are derived. These constraints generate equal
time hypersurface which can be deformed and pushed forward in various ways. A
geometric algebra reflected in the Poisson algebra of the constraints- known as the
Dirac’s hypersurface deformation algebraf’|is satisfied by these deformations of the
hypersurface. However a quantum representation of this algebra (see [3] and other
references therein for more details) has not been reached yet even in the simple

case of three dimensional gravity.

2There are no gravitational waves in the classical theory, and no propagating gravitons in the
quantum theory.

3The Dirac algebra is universal, i.e. it is the same algebra for any theory of hypersurfaces
embedded in a higher dimensional manifold.



In the 4d decomposition of spacetime, the Ashtekar connection transforms under
the local SU(2) or SO(3) transformation with the action being Lorentz invariant.
Since three dimensional gravity is simple, one will like to explore if it is possible
to time gauge just like in four dimensional gravity, and if successful what can we
learn from it with respect to the 4d case. Symmetry plays a crucial role in any
gauge theory, and as such performing a time gauge fixing in three dimensional

gravity, one expect a break in the original symmetry of the theory.

Description of a quantum space is an issue in quantum gravity, in (3+1)-dimensional
LQG and as well in (2 + 1)-dimensional LQG. The quantum space in both cases
are describe in terms of SU(2) spin networks, the question then is, if the 241 time
gauge fixing of the Palatini action is invariant under SO(2), then can we define
a quantum space of this theory in terms of spin networks invariant under SO(2)

transformation.

Addressing some of the questions raised above, and also understanding the physics
that can be studied as a result of the time gauge fixing in (2+1)-dimensional LQG.
In addition, how does the time gauge contribute meaningfully in understanding

loop quantum gravity, in general motivated this research.

1.5 Organization of Work

We have tried to make this work self-contained and to present all materials needed
for understanding the foundations and the theoretical framework of loop quantum
gravity and in particular the notion of time gauge fixing in (2 + 1)-dimensional
loop quantum gravity. Furthermore, we have tried to understand the dynamics of

the time gauge action in canonical quantization.

In chapter 2 we discuss the canonical formulation of 3d gravity. We begin with a
review on the main ideas of the general theory on canonical formalism. We then
discuss the canonical analysis of three dimensional Hilbert-Palatini action as a
example of the canonical formalism. A time gauge is introduced and a canonical
analysis of the Hilbert-Palatini action is carried out in terms of the time gauge.
Subsequent discussions on the time evolution and algebra of constraints are carried

out.

In chapter 3 we discuss the classical representation of the phase space variables.
To this the holonomies and the flux are introduced which are seen as the basic set
phase space function for quantization. Then the Poisson bracket between these
phase space variables are computed to give a much simpler expression (algebra)

thereby making quantization of these variables feasible.



Chapter 4 looks at the kinematical Hilbert space needed for quantization of our
theory. Cylindrical functions as basic observables for quantization are discussed, in
addition an inner product of these cylindrical functions are defined leading to the
Cauchy completion of the space of the cylindrical functions. Then orthonormal
basis of the kinematical Hilbert space are introduced leading to an SO(2) spin

networks.

In chapter 5 we discuss the dynamics of the theory in terms of spin foam rep-
resentation. We begin by introducing a projector operator and then define a
regularization of the projector operator. Then the matrix element of this pro-
jector operator is constructed. This matrix element is seen as the start of the
quantization procedure. Finally, a spin foam representation of the matrix element

is carried out.

In chapter 6 a summary of the results of the work is given.

1.6 Conventions and Notations

The notations and conventions mentioned here will be used throughout this work
unless otherwise stated. Upper case Latin indices from the middle of the alphabet
I,J,...=0,1,2 are su(2) indices. Greek indices from the middle of the alphabet
W, v, p... = 0,1,2 are 3d spacetime indices. Lower case Latin indices from the
of the beginning alphabet a,b,.... = 1,2 are 2d space indices. Lower case Latin
indices from the middle of the alphabet i, j, k,... = 1,2 are 2d internal indices. In
the case of a 2 + 1 decomposition of spacetime, timelike indices will be labeled
“t =07 in the tangent space and “0” in the internal space. Throughout this work,
we use Einstein’s summation convention and, raise and lower indices with three

dimensional euclidean metric d;; = dig(1,1,1).
The su(2) generators are denoted by 77, and in terms of these generators the Lie
bracket is

[T1,T)) = erxT", (1.1)

where €755 denotes the fully antisymmetric tensor in three dimensions defined:

1 for even permutation of I, J, K

7 =4 1 for odd permutation of I, J, K

0 otherwise.



with the conventions €yy = €12 = 1.



Chapter 2

Canonical Formulation of 3d

Gravity

In (3+ 1)-dimensional LQG with gauge group G = SL(2,C), working with a time
gauge normally breaks GG into an SU(2) maximal compact subgroup. In this case
the canonical analysis simplifies and the phase space is parametrized by an su(2)-
valued connection [6 [14]. A time gauge describes the deviation of the normal to
the spacelike hypersurface t = 0 from the time direction. In [14], the time gauge
x = (1,0,0,0) was introduced in (3+ 1)-dimensional LQG for the parametrization
of the phase space.

We will carry out a similar construction for three dimensional gravity in this chap-
ter. Using this time gauge, we obtain at the end of the canonical analysis, a phase
space (for the Euclidean signature with A = 0, two copies of three-dimensional Eu-
clidean space as hyperplanes in four-dimensional Euclidean space [5]) parametrized
by a gauge connection and it’s conjugate momentum, as has been shown in the

(3 4 1)-dimensional situation [14].

This chapter is devoted to the canonical formulation of gravity, in particular,
Einstein’s theory of gravity in three dimensions (two space, one time). We shall
begin with a brief description of canonical formulation of gravity of an arbitrary
n-dimensional spacetime and later reduce our discussion to the 3-dimensional case.

A description of a three dimensional gravity’s phase space will be looked at.

Introducing a new time gauge for three dimensional gravity, a decomposition of the
triad field via the time gauge will then be carried out. Using this decomposition
of the triad, we will apply it to the (2 + 1)-dimensional Hilbert-Palatini action.
We look at the new gauge group resulting from the time gauge and the algebra

of constraints is computed. Some of the concepts (especially orthonormal frame)

10



discuss in this chapter are extensively used in [16, 22].

2.1 General Theory on Canonical Formalism

A dynamical system in classical mechanics consists of a phase spacd[[' which is
a Poisson (usually symplectic) manifold and a function H,; : I' — R called
the (classical) Hamiltonian of energy function. For example, for a single particle

moving along a real line, I' is the cotangent bundle T'(R)*.

In quantum machanics, the phase space ' is replaced by the set of rays in a
complex Hilbert space H, and the space F(I') of functions on I' by the algebra
Op(H) of (not necessarily bounded) operators on H. For example, in the case of
a single particle moving along the real line, H is the space of square-integrable

functions of x € R.

In section [I.4] three dimensional gravity was discussed as a topological theory
with no local degrees of freedom. This feature makes the description of spacetime
as a collection of patches (contractible open set of spacetime manifold), solutions
of the Einstein equations are isometric to a model spacetime which is determined

by the signature and the sign (or vanishing) of the cosmological constant.

For example, in Lorentzian signature with vanishing cosmological constant, the
model spacetime is Minkowski space while in the Euclidean signature and positive
cosmological constant it is the three-sphere, and so on [5]. This picture leads to

the description of (2 + 1)-dimensional gravity in terms of “geometric structures.”

Depending on the topology of the manifold M, these local solutions may be glued
together to obtain non-trivial global solutions of the Einstein equations. This
is mathematically executed by the isometry group of the local model spacetime
(the 3d Poincare group 1S0O(2,1) or the orthogonal group SO(4) in the examples

mentioned above). These groups are the local isometries of the model spacetime.

Matter in the form of point particles can be described geometrically in terms
of defects of the model spacetime. The space of all these geometric structures,
suitably defined, constitutes the phase space of 3d gravity. In addition, the phase
space provides us with a symplectic form (Poisson brackets) which is needed for

canonical quantization.

Canonical formulation plays a big role in the quantization of gravity. In chapter [1]
we discussed about quantum gravity precisely loop quantum gravity and the chal-

lenges in quantizing gravity. Some of the conceptual challenges like the meaning

"Where solutions of a system lie within a manifold

11



of observables and what does unitary mean for a closed universe are more notice-
able in a canonical analysis. In carrying out a canonical analysis the meaning of

quantum gravity state becomes more meaningful.

We now describe in general a canonical formulation of an n-dimensional system
and subsequently it quantization. Consider an n-dimensional system where in a

canonical analysis the action is written as

s = / L (g o) dt = / (Patis — H(gurpn) dt. 2.1)

where the momenta p,(t) are defined as

B oS B oL
P = 54~ 0y
where the basic Poisson bracket is
{Ga, v} = dap- (2.2)

For general phase space functions f, g this gives

df dg  0g Of
- 2L 2.3
0q, Opy, ~ 0qq Opy (2:3)

{f,9} =

In a canonical analysis, writing a first order action in the form of the second term
in (2.1) one obtains the Hamiltonian. The Hamiltonian defines via its flow the
time evolution of the system. By varying the action ([2.1) with respect to p and ¢

one obtains respectively the following equations of motions

. O0H ) OH
Q—a—p—{q,H}, __8_q_{p’H}' (2'4)

For an arbitrary phase space function, the time evolution is defined by the time

evolution of its basic variables thus

f = g—gq + g—ﬁp, hence we have f = {f, H}. (2.5)

The Hamiltonian H (or any other phase space function) generates a flow in a
parameter t in the sense that for any phase space function g we can find a one-

parameter solution g(t) which satisfies

Co) = {o.1}0). (2.0

Hence the Poisson bracket {g, H} describes the infinitesimal change under a trans-

12



formation generated by H or any arbitrary phase space function. However the
notion of flow generalizes by replacing the Hamiltonian H by any other phase
space function F. The Poisson bracket {g, F'} gives the infinitesimal change of a

phase space function ¢ induced by the flow of F'.

In the canonical analysis described above, the notion of phase space is provided
which is subsequently quantized [I0]. This phase space parametrizes the space of
solutions with the help of initial data, usually the basic fields and its first time
derivatives (momenta). By picking an initial data, one would have to choose an
equal time hypersurfacdﬂ Solutions can then be reconstructed by solving the field
equations for the given initial data. One way then to solve this field equations is
to use the Hamiltonian to generate time evolution, i.e. the change of initial data
under the change of the equal time hypersurface. A particular hypersurface is
selected either by putting a restriction [25] on the coordinates ®(z®), or by giving
parametrize equations of the form z® = x*(y'), where y*(i = 1,2) are coordinates

intrinsic to the hypersurfaces.

2.2 Canonical Analysis of 3d Hilbert-Palatini Ac-

tion

Given the Einstein-Hilbert action in three dimension the basic variable is the
metric g, which encodes the geometry of the three dimensional manifold M.
The metric could be define in terms of a field of n vectors, i.e. orthonormal frame
[22]. The orthonormal frame now contains the geometry of spacetime.

We say that a frame {e’}, {e;} is orthonormal if in this frame
glel,e’) = el e/, g = 51 2.7

for all p € M.

Orthonormal frames always exist since at each point p € M, we may choose for
example e/ = dx!, where dz! are canonical orthonormal basis at the centre of a
geodesic coordinate system. For a given spacetime, (M, g,,), any orthonormal

frame yields a new orthonormal frame by transforming the basis through

el(x) = L)', el (2). (2.8)

2 A hypersurface in an n-dimensional spacetime manifold is an (n—1)-dimensional submanifold

13



If the linear maps L(x) preserve the orthonormality:
Sret@el = Sl @e’,
ie. if
LS L 6kp = 614,

which is the defining equation for the Galilean transformations. Thus orthonormal

frames are unique up to Local transformations.

We now specify spacetime, through the data (./\/l, {eI }) which is equivalent to
(M, g,). These are equivalent because for a differentiable manifold with atlas of

charts, if we specify e!, for example through functions L7, so that
el(r) = Llu(x)dx’“‘, (2.9)

then
g="0b e’ ®e’ =6,L7 L7, de" @ da”, (2.10)

which implies that {e’(z)} indeed determines g,

g = 6Lt ()L (x). (2.11)

The theory of interest to us is three dimensional Euclidean gravity in first order
formalism. The spacetime M is a three dimensional oriented smooth manifold.
The variable e is the triad, i.e a Lie algebra g valued 1-form over M transforming
through the adjoint representation, F[A] is the curvature of the three dimensional
spin connection A. In this case the triad and the spin connection are both treated

as dynamical variables and therefore varied independently.

For simplicity, we will consider euclidean gravity, hence the spin connection A
is defined on a principal SU(2)-bundle over M and the Lie algebra g = su(2).
Assume the spacetime topology to be M =¥ X R, where ¥ is a Riemann surface
with arbitrary genus. In addition, we choose a slicing of the spacetime manifold
into equal time hypersurface. The materials used in this section can be viewed
from [4], 5], 19].
The triad and the spin connection are given as

el = eidx“, Al =

Tel KA, e dt. (2.12)

The curvature of A is a 2-form given by F; = Fr,,da* A dz”. In component form
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the curvature is:
Fl, = 0,Al —0,Al + €, ATAL. (2.13)
The torsion of the spin connection A with the triad e is defined by
T;{zx = a,uezi - allellj, + 6IJI(AA,u,JeU[( - GIJKAVJQ“K- (214)

Hence the Hilbert-Palatini action is

1

Sle,A] = = / el A Fi[A]. (2.15)
2 M

By varying the action ([2.15]) with respect to the triad and the spin connection the

equations of motion obtained are

F =0
dse = de+[Ae]=0 (2.16)

the flatness condition and the torsion free condition respectively.

The canonical analysis reproduces the covariant picture [4], while preparing the
road to quantization. To see how this happens, we foliate the spacetime manifold
into a family of hypersurfaces at constant time ¢, denoted ¥;. Without loss of

0 ,.1 0

generality, we will denote coordinates now by t = 2% ', 22 where 2° =const.

defines the equal time hypersurface.
Using the component form of the triad (2.12]) and the curvature (2.13)), the action

(2.15) takes the form:

1
S = 5/6£F10pdx” A dz® N dx?,

1
= 3 / el Frope"d’x. (2.17)

In the second line of (2.17)), we made use of the fact that e*7?d3x = da* Adx® Ndx?,

where €?? is the three dimensional anti-symmetric tensor.

Splitting only the spacetime indices in (2.17)), we have

1
S = 5/ [eéFmbEO“b + eéFmbeaOb + eleIboe“bo} dtd*z
1
= 3 / [e0 Frape™ — €L Frone™ — el Frope®] dtd’z, (2.18)
where we have used the fact that €0 = ¢®0 = b (a0b — _cab0 — _cab gpq
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Fryo = —Frop. Here €2 is the two dimensional anti-symmetric tensor. From (2.18)

we have

1
S = 5/ (€0 Frave™ — 2eq Frope™] dtd’s. (2.19)

Considering the second term in (2.19)), we have
—erFrope® = —el [00An — O A0 + €] % Aoy Aprc ] €
= —Eab [GiaoA[b - eé@bAm + GZESKAIOAIf(} . (220)
Substituting (2.20)) into (2.19)), we obtain

1
S = 5 / [GabeéFjab — 2€ab [eiﬁoAH, — €£8b14]0 + egeSKAIOA?'H dtdQZ‘

1
Y / [2€baeéaﬂAlb + el Frap + 2Ar0e™ (abei + EﬂKAg(eg)] dtd*z

1
- / {ebaeéﬁoAH, + éeabeéﬁ}ab + A" Dyel | dtd*ax, (2.21)

where Dyel = dyel + el Ae/ is the covariant derivative of the triad.
The canonical pairs of the spacetime decomposition are then formed by the com-

ponents of the connection Ay, E| and their momenta:

58
B o= = bael 2.22
3@ Ap) (2.22)

The the Poisson bracket between the pair is
{Al(2), B7} = 0,676*(z —y), (2.23)
the other Poisson brackets involving the canonical variables vanishes
{42, A7y =0, {E}, B3} =0.

The components e} and Az in (2.21)) appear without time derivatives and hence
effectively act as Lagrange multipliers. Varying (2.21)) with respect to these com-

ponents leads to the following associated equations of motion

Gl = Dyel = 0,E + €L ATEE =0
1 1
FIo= 5eabFafb = (9, AL + §e§KAjA§< ) = 0. (2.24)

Here, F is obtained from (2.13). Using the torsion (2.14)), then the first term in

3This is the spacial part of the spin connection
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(2.24]) is given by

gl = %eabTafb = e"Dyef. (2.25)
The associated equations of motions constitute constraints on phase space
points as they involve only the spin connection A; and the conjugate momenta E¢.
Hence only phase points in the constraint hypersurface described by can
lead to a solution of the equations of motion. The appearance of these constraints
define a constraint hypersurface in the phase space and they represent some subset
of the equations of motion. In addition, a general feature of gauge theories: is
the constraints generate gauge symmetries. The constraints G; (Gauss constraint)
generates infinitesimal SU(2) gauge transformations, and F; (flatness constraint),

constrains the connection to be flat and generates translation symmetries.

Smearing the constraints in (2.24]) with appropriate scalars, these constraints

which are first class form the algebra [3]:

{Glal, GlT} = Gl ]
{FINL,Gla]} = F[IN,a]]
{FIN],FIM]} = 0, (2.26)

where in this case Gla] = [ d*z o’G; and F[N] = [ d?z N'F; are the smeared
Gauss constraint and the smeared flatness constraint respectively. The algebra in
equation ([2.26)) is the semi direct product of rotation and translation i.e. ISU(2).

In a gauge theory, the momentum and connection variables of the action are
redundant: they describe both physical excitations and unobservable 'pure gauge’
degrees of freedom that merely represent coordinate changes [5]. Gauge equivalent
phase space points are defined by gauge equivalent solutions. Thus the set of
physically distinct solutions is given by the set of gauge orbitﬁ in the constraint
hypersurface. This reduced phase is then given by the constraint hypersurface

factored by the gauge transformation.

Alternatively, one can attempt to define this reduced phase space by finding a
gauge fixing conditions that would describe a hypersurface that intersect every
gauge orbit [10] in the constraint hypersurface in exactly one point. The reduced
phase space would then be given by the phase points satisfying the gauge condi-

tions and the set of constraint.

In the next section, we will apply a time gauge to the action (2.15)), this time

gauge only affects the internal indices. The time gauge breaks the three dimen-

4These are sets whose points can be related to each other by gauge transformation.
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sional internal rotation to a two dimensional internal rotation, hence our three
dimensional phase space E] will now be parametrized by a two dimensional spin
connection and a diad. In this circumstances, the gauge symmetries will be space-

time diffeomorphism and an SO(2) gauge transformation.

2.3 Canonical Formalism and Analysis in Time

Gauge

In general, canonical analysis in LQG leads to a Gauss, spatial diffeomorphism
and Hamiltonian constraints. In three dimensional LQG, the canonical analysis
yields the flatness and the Gauss constraints, the algebra between these constraints
is the semi-direct product of rotation and translation. An adhoc procedure is
introduced to get the spatial diffeomorphism and Hamiltonian constraints [4], [10]

in three dimensional LQG.

By time gauge fixing the Hilbert-Palatini action, one hope that the three con-
straints (Gauss, spatial diffeomorphism and Hamiltonian) of LQG emerge out of
the theory, without having to carry out an adhoc procedure to get the spatial

diffeomorphism and the Hamiltonian constraints.

In this section, we introduce a time gauge which we will use in the decomposition
of the triad into its various components. We will then use this decomposition
(components of the triad) to carry out a canonical analysis of the Hilbert-Palatini
action . It is necessary that we split both the spacetime and the internal
indices into their various components.

Let us choose a gauge (which we will refer to as the time gauge) such that
5" = (1,0,0) :=n'el, (2.27)

where n* is the unit normal to the hypersurface. It is convenient to parametrize

it as [18]:
1 N¢
[ 2.2
n (N, N), (2.25)

where N is the shift vector and N (normalization constant) is the lapse function.
The lapse function describes the proper distance (proper time) by which the hy-

persurface is deformed in the normal direction, the shift describes the amount of

5Two copies of three-dimensional Euclidean space as hyperplanes in four-dimensional Eu-
clidean space.
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the tangential deformation (in the coordinates of the hypersurface).

From ([2.27)), making use of the definition of n*, we have

§ o= n“ei
= n’e} +ne!
1
= ¥ (e — N“el)
1 . .
= W (eg — Ny, el — N%) . (2.29)

Comparing ([2.27) and (2.29) we have for the first entries

1
N(eg—Naeg) = 1
ey — N2 = N. (2.30)

a

For (2.30) to hold implies that €2 = 0 and €} = N.
Similarly for the second entries of (2.27) and (2.29)), we have e}, — N%! = 0 =

el = N’ . Hence the decomposition of the triad via the time gauge gives:

¢ = (N,0), ef=(N,N). (2.31)

The conditions in derived are just like those used in [14] for the (3 + 1)-
dimensional decomposition of Hilbert-Palatini action. With the choice of the gauge
(2.27) and , our ultimate interest is to describe the phase space of three
dimensional gravity, on which the gauge symmetries are spacetime diffeomorphism

and SO(2) gauge transformations.

We are now in a position to split the spacetime and internal indices of the three
dimensional Palatini action, after which we will apply the result in (2.31)) to per-
form the canonical analysis. Ignoring the integral in (2.15) and carry out the

summation with respect to the internal indices, we have
e'ANF = PANFy+e NF, (2.32)

From ([2.32)), we consider the first term on the right hand side and carrying out

the summation as follows:

S NEFy, = egdx“ A Foypdx” A dz”
= eﬂe“”pFol,p d>x

= [eObcegFObc + eaocegFooc] dtd*z
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We now substitute the decomposition of the triad (2.31)) into ([2.33)):
ONFy = €eSFy. dtd®*x = N Fy,. dtd*x. (2.33)

Carrying out the summation on the second term of (2.32)) (right hand side), we
have

e NF, = ezdas“ N Fypdx” A dx?
= eLFi,,pe‘“’p dx
) OupF % avp d3
€p€ ivp T €4€ ivp X
i _0b i a0 i _ab0 2
eoe " Fipe + €, Fioe + e, €” Fib(]] dtd“x
eBeOchibc — QGZE‘ICOFZ»OC} dtd*x

N € Fy. — Qeie“COFZ-OC} dtd’z. (2.34)

Considering the second term in ([2.34) and writing the curvature in component

form, we have

—e" el Foe = —e"Vel, [aOAci — 0. Agi + GI{]AOIACJ}
= —eacoefl [@OAci — (9CA0Z- + 6§0A0k1400 + E?jAooch}
= Ecaei [80Aci — GCAOi + EfoAOkACO + E?jAooch] . (235)

From ([2.33)), (2.34)) and (2.35)), the action in (2.13) becomes

S — % / [2660'628014@ —+ 260&62 (_acAOi + ek;LOAOkACO)} dtd2l’

1 s .
+3 / [2¢€l el App Ay + Ne™ Fogp + €N el Fyyo] dtd®z.  (2.36)

Carrying out an integration by part on the second term on the right hand side of
equation (2.36)), we finally get
1 , ‘ .
S = 5 / [260“62801461- + 2€“* Ay, (&zeg + elgeﬁAco) H dtd*z
1

+5 / [2A00e eler” Agj + Ne® Fog, + €° Nl Fy| dtd’x

1 ! ~ y . .
= 3 / [260“625()%1@ + 2" Ag;Dee,, + QAOOEC“e;e?JACj} dtd®x

1 .
+5 / [Ne® Foqy + €Nl Fy| dtd’z, (2.37)

where 25062 = 0.¢’ + eige’;Aco is the covariant derivative of the diad. Fj,, and Fj,.

are the curvatures of the spin connections Ay, and A;, respectively, and these are
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given by

Foap = 0,Aop — OpAg, + EOUAIaAJb
= OaAop — OpAga + EOij (AiaAjp — AjgAi)
= Fab

Ebc - abAAic - aCAib + EgKAJbAKc
= OpAic — OAp + Egk (AopAke — ArpAoe) -

By splitting both the spacetime and internal indices of the action , the new
canonical variables from are e (diad) and A.. The other variables which
do not appear with time derivatives act effectively as Lagrange multipliers i.e Agg
Agi, N and N¢, thereby making certain equations of motions act as constraints.
Thus we find the momenta (the densitized diad with vector densities of weight

one)

. 55 .
EC'L :: — ca 1 2‘
—5(3014@') el (2.38)

which is conjugate to A.. Just like in section [2.2] the Poisson brackets of the

canonically conjugated variables can be read off from equation (2.23)) as
{Al(2), B} (y)} = 6:670%(z,y), (2.39)
the other Poisson brackets vanish:

{4],Ai} =0 and {E! E}=0.

Varying the action in ([2.37]) with respect to the three Lagrange multipliers, we

obtain the following associated equations of motion:

0 A -
C' = €l A; =0, G =e*“Duel =0

V., = €% Fy. =0, H=e"F,=0. (2.40)

As equations of motion these do have an unusual feature, that is they do not
include any time derivatives. These equations constitute constraints on phase
space points as they involve only the canonical variables, that is only phase space
points in the constraint hypersurface describe by lead to a solution of all the
equations of motion. The multipliers Ay, Ag;, N and N enforce the constraints
C° G' (Gauss), V, (spatial diffeomorphism) and H# (Hamiltonian) respectively. In

subsequent discussions we will see that these constraints generate the symmetries
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of the theory.

Combining these four constraints in (2.40]), the total Hamiltonian is given as
Hipp = — /d2$ [AooC® + AnG’ + NV, + NH] . (2.41)

Hence the system is described by the canonical pair (the diad and the spin con-

nection) and the totally constrained Hamiltonian (2.41)).

2.4 Time Evolution of Constraints

How do the dynamical variables change (infinitesimal) under the influence of the
constraints ? This is our topic of discussion in this section. These infinites-
imal changes of the dynamical variables are describe by the time evolutions of
these constraints. In describing the time evolutions of constraints we follow the

literature in [10].

To compute the infinitesimal changes generated by these constraints in equation
(2.40)), it will be useful to smear them with appropriate scalars in order to deal

with the delta functions in the Poisson brackets between the canonical variables:

Clul = /de 1oC’, G\ = /de NG;
VIN] = / &z N°V,, H[N] = / &% NH. (2.42)
Computing these infinitesimal changes will help in understanding the physics and
in making physical predictions of the theory. These infinitesimal changes will show

the Gauss constraints are generators of internal transformations, while the spatial

diffeomorphism constraints are generators of diffeomorphism transformations.

Starting with the spatial diffeomorphism constraints, it’s infinitesimal changes (i.e
acting the spatial diffeomorphism constraints on the densitized diad and the spin

connection) are computed below:

S Al(z) = {ALVIN]}

I p—
:{gjfwww@x_mgﬁ%g@ﬂ

:{%wawgmx_@@ﬁ%mmpA%m}
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Applying the distributive property of Poisson bracket to get

dpAl(z) = {A{;, / d*y (N“Ef)aaAi}—{Az, / d*y (N“EE)GCAZ}
w{a, [y v [k - aat] .

Integrating the second term by part and using the product rule of Poisson bracket

on the third term to get
o Al(z) = / d’y N9, AL { A, B¢} + / d*y ALO.N“ { Al E¢}
+ [y (Vo) (4], B} [ASA2 - A041].

Using (12.39) to evaluate the Poisson bracket between the canonical variables above,

we have
o Al(z) = / d*y N(0,AL)65676%(x — y) + / d*y AL(0.N)65676%(x — y)
b [y (Vo) [ASAL — AL 50— ), (2.43)
Considering the third term in , we have

(N%€ho) [AEAL — AQAE] 6587 = (N"€'4) AEALSSS] — (N“€y) AD Aby67
= (Naeiko) [AI;AS - AS,A];} 5555
= 0. (2.44)

Integrating the dirac function in two dimensions in the first two terms in (2.43)),
we get

SyAlle) = [Py N@AY )+ [ @y AN - )
= N“9,A] + Al9,N*
= EﬁAZ. (2.45)

Where Ej—VzAi is the Lie derivative of Ag in the direction of the field N¢.

Similarly for the action of the spatial diffeomorphism constraints on the densitized

diad we have

oxEr = {ELVIN)
— {E“ / d*y NbE;Fg;}.

23



Expanding FbjC from the above equation, we have

o B {E / d®y N°ES (9,AL — 0.A] + €, AJ A )}
— { E?, / d*y N°ES [0,A] — 0. A] + €y (AFAD — AJAF)] } . (2.46)
By using the properties of Poisson brackets (2.46)) becomes

B = {E / d*y (NbE;)a,,Ag} — {E / d*y (NbE;)acAg}
w{er [ ey (Bl [aba2 - g

Integrating the first and second term by part and using the product rule of Poisson
bracket on the third term to get

B = - / &’y NO,ES {E}, Al} + / d’y ESO.N" {E¢, Al}
+ [y (V) ({2 A} 42 - Y {E2 L)),
By using equation to the above, we obtain
nEl = / d*y NY(0,E¢)62616%(x — y) — / A’y E5(0.N")63616%(x — y)
+ [y (VB ) (A28 — A3aet) 82w ). (247)
The third term in is computed as

(NPESe,,) (AL} — ALost) = (NVES,,) (A5 — AYee) o

= 0. (2.48)
Hence integrating the first two terms in (2.47), we obtain
xEf = / d*y N°(O,EM)6* (v — ) — / d*y Ef(0.N")6*(x — y)

= N'9,E* — Ef0.N“
= LB (2.49)

Where L5 Ef is the Lie derivative of Ef in the direction of the field N*.

The infinitesimal changes of the canonical variables under the influence of the

Gaussian constraints are computed as follows, beginning with the action of the
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Gauss constraints on the spin connection
{4, 6N} = {Ag,/aﬂy ND,E!}
= {as [ [paven - (0.0) 2]}

Applying Stokes theorem to [ d*y f?a()\j E%) at the boundary of ¥, the above

equation becomes
(45 GIA]} = —{A;;,/cﬂy (fmﬂ') EJ}
On applying the Poisson product rule to the above equation, we have
{Aj,G\N]} = —-DN {Ag,/cﬂy E;} — {A;’,,/Cﬁy ﬁaAj}E;
= —DN {Az,/d2y EJ“}, since {AZ,@CL}\j} =0
- _ / d*y DN (6300)6%(z — y)

= D\ = — (O + EpAFAy) . (2.50)

Carrying out similar procedure as in (2.50)), the action of the Gauss constraints

on the momenta is computed as follows
(ELONY = (B2 [y NDE)
_ {E / d2y [ﬁb()\jE;?) - (ﬁbAJ‘> Eg] } .

Applying Stokes theorem to [ d?y ﬁb()\j E;’) at the boundary of X, the above

equation becomes
{E.GN} = —{Ef, / ay (DoY) E}
- {E;,/d@ ﬁbAf}E;— /d2y DN {E! EY}.
But {E¢, E'} = 0. Expanding D\, we have
(B, 6N} = - {E / d*y (abAj+ej,SAkAbo)}E§

= — {E;,/d@ engkAbO} E}.
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Simplifying the above equation, we obtain

(ELGNY = = [y N (B ) )
= 0, since{E}, Ay} =0. (2.51)

The Hamiltonian constraint is a function of only the spin connection and as such

it commute with the spin connection:

{Al, #[N]} = o. (2.52)

Next we look at the action of the Hamiltonian constraint on the densitized diad:
ey = {er [ @y ven|
— { E°, / d’y N [0,AY — 0.A) + e, (A Al — AJAY)] } :
Using the distributive properties of Poisson bracket, we obtain
{Ef, HIN]} = {E / d*y NebcabAg} - {E / d*y NebcacAg}
+ {E / d’y Neep, (AF AT — A;’A’;)}.

Integrating the first two terms by part and applying the product properties of

Poisson bracket to the last term, to obtain
{EfLHINY = - / d*y *(O,N) { Ef, A} + / d*y *(0.N) {E¢, Ay}
+ / Py Neec) Ab (B AT} + / Py Newed B, AL} A7
- / Py Nevec, AL {2, AR) / Py Newed, (B2, A} AR.53)

{Ee, AV} = {E¢, A% = 0, since both A) and A? are not dynamical variables.
Hence equation (2.53)) becomes

{E7,HIN]} = 0. (2.54)
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The action of the last constraint on the connection is computed as follows

(o) = {4 [ o weimra
/ 2 OZA_] {Al’fv Ec}
= /d2x Lo GOZA£5£€6§52(x — )
= e AISFoy = poeF Al (2.55)
Similarly, the action of this constraint on the densitized diad is
showy - {a [ e
= /de ,uoeojiEf {E,’;,AZ}
= —/de uoeo?Eféﬁéi(SQ(a: —v)

= —po€” EFOYST = — e EY. (2.56)

In summary, the time evolution of the constraints (2.40)) are

[ALVIN]} = N9,A]+ AJON® = Ly A]

(B2 VIN]} = N°G,E® — E0,N® = L E

{ALGIN} = =D = — (0N + 9N Ay)

{E7,G[Al} = 0

{Ay.Clul} = /J“OeojkAZ

{Ep,Clul} = —poeiky

{ALHIN]} = 0

{Ef, H[N]} = 0. (2.57)

The first two result in shows the spatial diffeomorphism constraints gen-
erate diffeomorphisms tangential to the hypersurface with generating vector field
N®. The Gauss constraints generate internal rotations in the indices i (two dimen-
sions) as seen from the third and fourth equations in (2.57). The time evolution
themselves are gauge transformation as seen from the various evolution of the
constraints. All these transformations exhibited by the constraints comes as no
surprise as this was the case when they were no time gauge imposed on the action
(2.15). However, the Hamiltonian constraint generate no gauge transformation,

since it is expected to describe the dynamics of the new theory.

27



2.5 Algebra of Constraints

The appearance of constraints, which generate gauge symmetries, is, as one can
expert, a general feature of systems with gauge symmetries. The group structure
of gauge transformations is reflected in the algebra of constraints, in particular
by the fact that the Poisson brackets between constraints is again a combination
of constraints. If this is the case for a given set of constraints, it will be called
first class [I0]. However not all constraints are related by gauge symmetries, in
particular there are second class constraints, for which the Poisson brackets do
not vanish on the constraint hypersurface. In what follows, we try to examine if
the constraints are first class constraints, and of particular interest to us
of these Poisson bracket algebras, are whether if they completely determine the

theory.

We start with the spatial diffeomorphism constraints. A careful look at ([2.45) and
(2.46)), one can write down the action on the smeared spatial diffeomorphism con-
straints on any arbitrary phase space function. Hence, the action of the smeared

spatial diffeomorphism constraints on the spatial diffeomorphism constraints i.e.,

Vo VN = LyV
= 0y (N"V,) + V0. N". (2.58)

Hence we have
( / &z MV, V[N]} = / 2 MLV,
= / d*x M® [0, (N*V,) + VyduN']
- / &z [Me9,N® — N9, M|V,
— V£ N, (2.59)

where we use integration by parts on the first term of the second line to get
the result in the third line. The Poisson bracket of the spatial diffeomorphism

constraints is therefore given by
VIMLVING = ViegN] = VI, N, (260)

where []\_4> , ﬁ] = Eﬁﬁ is the commutator of two vector fields, defining the algebra

of infinitesimal diffeomorphisms.

The action of the spatial diffeomorphism constraints on the Hamiltonian constraint
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is computed as
{/d% NH,V[M]} = /de NL-H

= / Pz N (M9, H + HO, M)

= —/de (M“O,N)H. (2.61)
Hence this gives
(HIN|,VIM]} = —H[LoN] (2.62)

for the Poisson bracket between a pseudo-flatness constraint and the spatial dif-

feomorphism constraints. This gives a Hamiltonian constraint with its smearing

field.

Similarly the action of the spatial diffeomorphism constraints on the Gauss con-

straints is computed as follows
{/d% NG, VIN]} = /de N LG,
— /dQI’ )\j (N“@agj —+ gjabNb)

= - / d*z (NO,N* — N°9N) G;
= —G[Lz\. (2.63)

Hence this gives
(G VIN]} = —GlLA (2.64)

for the Poisson bracket between the Gauss constraints and the spatial diffeomor-

phism constraints. Hence this gives Gauss constraint with a shift in its test field

A

Using the results in (2.50) and ([2.51)), the Poisson bracket between one Gauss

constraints and another is computed as follows:
(Gl 60} = {glal, [ & w57}

_ —{g[a],/d2y (@ay) E;}

— [ @y DN {Gial. B} - [y {gla) DV} Ey.
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But {G[a], E{} = 0, hence the above equation becomes

(G]G0} = ~ [y {Gla). 0N + N A}

_ / 2y SN {Gla), A} B2
= 0, since{G[a], Aw} =0. (2.65)

The first term of the third line of (2.65)) vanish by applying (2.51). The result in

(2.65])) mirrors the so(2) algebra commutation relation as
[, ] = [(a)7;, (\)Fr] = 0. (2.66)

Hence the Poisson algebra of the Gauss constraints is a representation of the so(2)

Lie algebra and we write

{Glal, gAY = Glla, Al =0. (2.67)

The Hamiltonian constraints obviously commutes with each other since its only a

function of the spin connection

(H[M],H[N]} = o (2.68)

We now compute the Poisson algebra between the Gauss constraints and the

Hamiltonian constraint
{GI\,H[N]} = { &’z N (D,E?), ’H[N]}
_ { Dy(NE?) — <15a/\j> E;?] ,H[N]}
—- {/d% (Da)\j> E;,H[N]}
_ / &

z {ﬁQAj,%[N]}E;—/d% DN { B2, H[N]}
— 0, since {f)a)\j,’H[N]} — {E2 H[N]} = 0. (2.69)

We now compute the Poisson bracket between C[u] and the Gauss constraint

€. ony = { [ e weon}
— { / Pz (poe) Ef AL, g[A]}. (2.70)
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Using the properties of the Poisson brackets, equation (2.70)) becomes
{Clul, 6N} = / r (u0e}) B {AL GIN} + / d*x (poe”) {Ef, G} Al
= —/dzx (10€” EY) DN, since {Ef, G} =0
= - / Pz (o€l Ef) [0X + )\ Ay (2.71)

Now carrying out an integration by part on the first term of equation (2.71)), we

arrive at
{Clul, 9N} = - / @x (o) [~NOES + Efe) X A
— / P (o) [NOES + N EL0 A ]
_ / 2x (M pipe) [0.B5 + OB Ay (2.72)
From the above equation, we have
(€l 0W) = [ (Vo) D.E;
_ / &z BD.E = Glf], (2.73)

where 8% = M uoeoji.

Poisson bracket between C[u] and the diffeomorphism constraint is computed as

follows
€ vy = { [ (o) mra v}
= [ (uo) [Bo 1AL VINY + (B2 VIV A
_ / P (o) [ESLy Al + AILSEY). (2.74)

Expanding the Lie derivatives of the dynamical variables, we obtain from equation
(12.74])

€, VN = / P (o) [BS (N'OAT + AIONY) + AT (N'O,ES — E9,N°)]
- / P (o) [E2 (N°9,47) + AT (N'0,E2)]

_ / P (joc) [N'0, (ATE?)] . (2.75)
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Integrating by parts the last line of equation ([2.75)), we obtain

Cl VY = = [ (u) [(ALE) "]
= - / I’z (poe”) (ALES) 9,N® = — / d*x j1oC°0,N®

= —/d2x (,uoﬁbNb) c°
= C[Lxul, (2.76)

where L = — 1109 N” .
The Poisson bracket between C[f] and C[a] is computed as follows
(CluClal) = { [ o (uoe) B2l Clol)
- / P (uoc) [EF AL Clol} + {5, Clo} 4]

(10€5) [(oo€) Bf AL — (e ALES]

= /de [1,06 aOCO — aoco}
0.

(2.77)

Poisson bracket between C[u] and the Hamiltonian constraint is computed as fol-

lows

(Cl VY = { [ o (uoc) ELAL V)
= [ (a0 [EHAL IV + {ELHIN)) A]

= 0. (2.78)

In summary, the algebra of constraints associated with the Gauss constraints re-
sulting from the time gauge of the action (2.15)) are

b= —GlLgAL {9l G} =0
}

]
(G, H[N]} = o, {Clul, GIN} = GIA]

{cpl.claly = o, {Clul, VINT} = ClLsi]

{Clu], H[N]} = oO. (2.79)

As stated earlier, the group structure of gauge transformations is reflected in

the algebra of constraints. The second equation of (2.79)), shows the result of
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the Poisson bracket of a Gauss constraint with itself vanishes. This shows the
group structure of the theory is an SO(2) group structure. Physically, the time
gauge breaks the SU(2) symmetry of the initial theory to an SO(2) symmetry of
the new dynamical variables. This confirms our earlier assertion of SO(2) gauge

transformations as one of the gauge symmetries of the new theory.

The other algebra of constraints are

{(VIM,VIN]} = VIcgN) = VAL V]
{HINLVIM]} = ~H[LyN]
{H[M],H[N]} = 0. (2.80)

From and , one can see that the constraints are closed and consis-
tent, since the various Poisson bracket of the constraints computed vanish on the
constraint hypersurface. Acting any constraint on the spatial difffeomorphism con-
straint yields the other constraint with a shift in the smearing field. The reason
for this is that the smearing functions are not functions of the canonical variables
and so the spatial diffeomorphism does not generate diffeomorphisms on them.
They do however generate diffeomorphims on everything else. This is equivalent

to leaving everything else fixed while shifting the smearing field.
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Chapter 3

Classical Representation of Phase

Space Variables

The choice of a basic set of phase space function { f} is an integral part of canonical
quantization. This set is promoted into operators { f } on some kinematical Hilbert
space. By promoting the set into operators, they should map Poisson brackets into

commutators, i.e

If.4] = in{f.g}. (3.1)

However, this basic set should be sufficiently large, so as to distinguish between

phase space points.

The result of the Poisson bracket between the diad and the spin connection at
the classical level gives a dirac delta function. At the quantum level, this delta
function has no equivalent proper operators. Hence one must smear the canonical
variables with an appropriate smooth and fast decaying function, in order to select

a proper set of the basic variables at the quantum level.

In selecting a proper set of the basic variable, the Poisson bracket between them
should result in a simple expression forming an algebra. By forming an algebra,
quantization of this basic set become feasible. Furthermore, one would like that the
phase space functions transform in a simple way under gauge transformations, so
that these can be implemented as gauge transformations in a kinematical Hilbert

space.

Subsequent discussions in this chapter will focus on the descretized form of the
spin connection and the diad, these form a basic set of the phase space function
to be quantized. Computation of the Poisson bracket between these basic set will

be carried out. The result will show a much simpler expression compared to the
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non-descretized version of the canonical variables.

3.1 Holonomies

Any kind of spin connection on a manifold gives rise, through its parallel transport
maps, to some notion of holonomy. The holonomy of a connection on a smooth
manifold is a general geometrical consequence of the curvature of the connection
measuring the extent to which parallel transport around closed loops fails to pre-
serve the geometrical data being transported. The holonomy of a connection is
closely related to the curvature of the connection, and represent finite parallel

transporters. The materials discussed in this section can be viewed from [3] 10].

Let the curve v be a continuous, piecewise smooth map:

v:[0,1] — M

s +—> x(s)

a — dx®(s

such that ¥ n ) is the tangent vector to ~.
By parallel transporting an internal vector V' = VJ7; (7; is the generator of SO(2))
along 7, V transforms in the adjoint representation of the group SO(2) defined by

V(s) = h(s)V(0)h(s)™". (3.2)

D,V (s) = 0, V(0)=V, (3.3)

where D,V =0,V + [A,, V].

Computing for the holonomy, we have from (3.3)):

DV (s) = 0

= (%h(s)) Vh(s)™' + h(s)V (%h(s)_l)
+ ACAh(s)Vh(s) "t — h(s)Vh(s) T4 A. (3.4)

The above equation is satisfied if:

Ths) = =i Aa(r()h(s), h(0) =1 (3.5)
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Integrating along ~:
/ Mds = —/ A Au(v(s)h(s")ds + C
o ds 0
h(s) = —/ A A (v(s))h(s")ds + C. (3.6)
0

Applying the condition h(0) = 1 into (3.6]), we get C' = 1.

Hence the holonomy is given as

hs) = 1- /0 T49 A, () h(s') s (3.7)

Carrying out an iteration of (3.7)), the first two expressions are:

b = 1= [ Fs0 A6 (1— | e, (7(82))h(82)d82> s,

- 1_/%31)14( ))dsy — // X -

— / / Y(81)) -+ A (8ng1) Aa(V(Snr1)) 2 (Sns1)

nl

n=0

_ Pexp< (7(s ))) — Pexp <—/7A) | (3.8)

where X' = 4%(s1)Aa(7(51))7"(52) Aa(7(52)) h(s2)ds1ds2, A = 7%(5)Aa(y(s)) and
P is the path ordering, and it is from left to right i.e v(s1) < 7(s2) < .oevee.. <

7(3n+1)'

3.2 Fluxes

The holonomy constituent half of the basic set phase space function to be
quantized, thus we need the other half to have a complete basic set of phase space
function. Smearing the diad over a one-dimensional submanifold we obtain the
other half of the basic set of phase space function. Given a piecewise analytic
curve v*, intersecting another curve ~ transversely at one point, with the tangent
vectors of v, v* at this intersection point positively oriented, the geometric flux
variables is defined [10]:

By = [ o (90eal () (5) b (5)) ! s, (39)
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where h, .« is a parallel transport matrix from the point v*(s) on the curve v* to
the beginning point of ~. The holonomieﬂ are inserted in (3.9)) to ensure a local

transformation behaviour under internal rotations, i.e.

E, — g(4(0)E,g(v(0)) " = E. (3.10)

The starting point of v is used instead of v*, so that the transformation behaviour
of £, and h, are related. The parallel transport h. ,-(s) is defined by choosing a
parametrization of the curves «, v* such that the intersection point in both curves

corresponds to s = % Then we have

by = <hv (%))1 b (% s) | (3.11)

L s) is the parallel transport from the parameter s to the parameter %

29
on the curve v*.

where h (

Let us write the component form E; of the flux (3.9)). Define

E, = E'r
—2tI'<TZ‘Tj) = 52] (312)

Combing the two equations in (3.12]), the component form of the flux:

(51" = —2tr (TZ'T]‘)
51‘]‘Ej = —2tr (TiTjEj)

Using (13.13) the component form of the flux (3.9) along v is
. o
(), = / (=2) tr [rihy e ()€l (e ()) 1] 7*"dis
,Y*
B / (=2) tr [7ihy o (8)eba BT (1 (5)) 1] s
,Y*
— b~ aj (A%
_ / (=2) tr [ (5)75 (e (5)) 1] "G5 B (77 (5)) s

’Y*

= fii($)7* o B (" (s))ds, (3.14)

where fiy(s) = (=2) tr [rihy - ()7 (hs o (5)) 7).

!This differs from standard LQG flux variables which are defined without the parallel trans-
port with holonomies.
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3.3 Poisson Brackets

The basic set of phase space function are now formed by the matrix components
of the holonomies (3.8) and by the (vector) components of the fluxes (3.9). We

now find the Poisson brackets between these phase space functions.

Consider the holonomy h., we make a split, as we require only the part near the

intersection of v with +*. Hence we have

1 ¢ 1 1 =« 1 =«
h, = h,(l.=4+=)h, | =F+==—=|hy| = — = 1
7 W<’2+2) 7(Q—i_2’2 2> 7(2 2’O> (3.15)

for e small. Approximate the middle term in (3.15)) to get

1 e 1 9 %4_% N YAV / / 2
h, 5—1-5,5—— = 1= . V() Ay (y(s)75 ds" + O(e”). (3.16)

Substituting (3.16)) into (3.15)), we obtain

1 1 1 1
b= (g5 i (5 50) +1n (15 +5) o (3-50)
1 3+3 . 1
—h, (1, 3 + %) [ ,-'yb<3/)Ai(’y(5/))7‘j d3/] h (5 — g,o> . (3.17)

Using (3.14)) and (3.17) we compute the Poisson bracket between the flux and the

holonomy as follows

(gond = (L4 (3 50) [ @ A

X {BY(y(s)), AL (v(s)) Ydsds'. (3.18)
Making use of (2.39)), we have (3.18)) to be

1 ¢ 1 ¢
(k) = b (1 5) s (3-50)

b
X/ / fij(S)Egav*bﬁc(s]k(sg(;QD(s — §")dsds'
-

£
2

1 ¢ 1 ¢
= h’y (1,5—’—5) Tkhfy (5 — 570)

L+g .
x / / FE(s)ea7"" 3070 (s — §')dsds' (3.19)
v J3
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On the assumption that v, v* are positively oriented at the intersection, we have
ébn*bﬁ“ > 0 near the intersection point. Solving the integral of the delta function
in (3.19), and taking the limit e —» 0 then we have s — 1 and (3.19) becomes

{(Ey)ishy} = Dy (1%) Tl (%,0> fF G) : (3.20)

Now we solve for the last term on the right hand side of (3.20]) to get

i (%) = —(2)tr |7ihy e (%) Tk (hw (é))l
= (=2)tr |7"h, (%,0) Ti (h7 (%,0))1_ . (3.21)

To get the second line of (3.21)), we perform a cyclic permutation of the first line

of (3.21)). Applying (3.11)), the third line of (3.21]) then follows.

Performing a cyclic permutation on the last line of fF (%) in ((3.21)), equation (|3.20))

becomes

{(Ey)i by} = hy (L %) Ky (%70) (—=2)tr [Ti (hw (%’O))l 7h, (%
= h, (1, %) h., (%o) 7(—2) tr(77") (h,y (%,o))_l h, (%0) .
Making use of , the above becomes
{(E))i,h} = h, <1, 1) h., (1,()) 07 (hV (1,()))1 h., (Qo)
2 2 2 2
(0 (5o () )
= (1) (o)

= h. (3.22)

Finally, we obtain the Poisson brackets between a flux and a holonomy both
associated to the curve v. The last line of (3.22) can be read in terms of matrix

component wise as

{ES (h)mn} = (0T )mn- (3.23)
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The Poisson brackets between holonomies and holonomies will vanish since the

holonomies are functionals of the spin connection only:
{(h’Y)mna (h'y)m’n’} = 0. (324)

However the Poisson brackets between fluxes and fluxes initially appears not to
vanish due to the fact that the fluxes involve the diad variables and the holonomies,
but this is not the case. Here we demonstrate this, using the requirement that the

Jacobi identity has to hold for the following Poisson brackets:

(BB o)+ (B} )+ (b B} B} = o

From which we get:

(E By )y = (B} B - ({2} )
— () B - {{En) B )

Applying the result of (??) to (3.25) we have

(B B} b)) = {hyr' B} — {hyr B}

- _ J Lt iJ
= —hy7'7T" + hT'T

= h’Y[Tj7Ti]
= h,[0] =0. (3.26)
This can be satisfy if
{E},E]} = o (3.27)

The last line in (3.26) was possible because of the commutation relation of the
so(2) algebra.

In summary the Poisson brackets of the basic set of the phase space function are

{(E'y)i7h»y} = h7T¢
{(h)mn, (hy)mrr} =0
{E}, E]} =0 (3.28)

The first equation of (3.28)), we have the holonomy appearing, hence the Poisson
bracket leads to a phase space function in our basic set selected for quantization.

In addition it involves only objects associated to one and the same curve. The
results in (3.28]) form an algebra and this coincides with the Poisson algebra of
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functions on the co-tangent space T*SO(2) space of SO(2) which can be equipped

with a phase space structure.

41



Chapter 4
Kinematical Hilbert Space

The choice of the canonical variables have been found. We will now aim at a
canonical (Dirac) quantization of the system, this will also provide the tools to
derive a (covariant) path integral quantization. In defining a kinematical Hilbert
space of the system, we first find a representation of the phase space variables
as operators on some space of functions, introduce the notion of a cylindrical
functions (space of functions of operators), after which we equip this cylindrical
functions with an inner product. This allows us to find an orthonormal basis for

the cylindrical functions.

4.1 The quantization of edges(Quantum Opera-

tors)

In this section we will follow the excellent literature in [10]. Consider a fixed pair of
curves 7, 7v* and rename the label 7 to an edge label e. Thus we can quantize this
edge as a subsystem from which we generalize to the whole system. The holonomies
as stated already are SO(2) group elements. The phase space functions which are
to be quantized are functions of these holonomies, i.e., functions on the group
SO(2). This means to quantize the functions of the holonomies as multiplication

operators on some space of functions

Ve : ge — fe(ge)

on the group SO(2). Thus for a state | 1) > in the holonomy representation
< ge | ¥e >, we define the the action of a function of the holonomy f.(h.) as

f|¢e> = |fequ)e>- (41)
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By using (4.1), these multiplication operators obviously commute by using the

fact that the Poisson brackets should be mapped into commutators i.e.

i fo gt |0e > = [forde] | e >
Aege | % > _gefe ‘ %)

(
= (felgee > =g | S >)
(| fegetbe > = | gefetbe >)
= 0. (4.2)

This then satisfy the commutation relation as in the classical case, that is the

Poisson bracket between the holonomies in ((3.24)).

Next we compute the commutation relation between a flux and a holonomy, let
first consider the Poisson brackets between these two variables in terms of the

matrix elements of the holonomy i.e.,

{Eéa (he)mn} - (heTi)mn
d i
— Eh:o (he exp(tT ))mn

= L (he)mn, (4.3)

where LY is the left invariant derivative (this is a Lie derivative on the group
manifold). The matrix elements can be understood as functions of the group and

this generalizes to functions of the holonomy

{E felhe)} = (Lefe) (he)

= fe (heTi

)
= %h_o f (heexp(tr?)). (4.4)

Applying this result in (4.4) to the state | 1 > and mapping the Poisson brackets

into commutators, we arrive at

— —

if(Life) | 1> = ib{E", fe(he)} [ 1>
= [ f]|1>
= Eif.|1>—fF|1>. (4.5)

From the last line of (4.5]) we get:

WLif)|1> = E|f >, (4.6)
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the right handside of (4.6)) was possible of since we take E' to act as a derivative

operator.

Let us consider the state | 1, >= zﬂell >, then (4.6) becomes

in(Liv )l > = Eijg. >
iﬁ|Li¢e> = EAZ|¢6>- (47)

Hence the action of the fluxes E’ on a state |1, > is given by
Ele > = ih|Lig. > . (4.8)

Using (4.8)) we compute the the commutation relation between two fluxes on the
state |1, >:

BB > = (BB - EIEL) b, >
= (ih)*|(LLo L — L7 o L' )1, > . (4.9)

Evaluating the commutator of the left invariant derivative of the left handside of

(4.9) on a matrix element (h,),,, amounts to

. , . . d d i j j i
Lioli—LioLl)(h), = — 2 ((h (s79) (trﬂ)) _ (he (s79) (w)) )
( e © e e © e)( ) d5|8:0dt|t:0 © © mn ¢ N mn
d d i ; j i
= = = he< (s7) () _ gls7) (w)) )
dS|S:0 dt|t:0 ( © ¢ © © mn
- (he [Ti’ 7—j])mn

Hence this generalizes to functions of matrix elements and we have

.5 = in{ELE
= 0. (4.11)
Confirming our result from the classical point of view thus mapping the Poisson

brackets into commutators. In addition, we have managed to find a representation

for the fluxes and holonomies as operators on the space of functions of the group

SO(2).
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4.2 Cylindrical Functions

In (2 4 1)-dimensional LQG, one usually works on a two dimensional space-like
hypersurface X and build states of the spin connection, which gives the geometry
of ¥. These states of spin connection are the cylindrical functions and they depend
on the spin connection through the holonomies of the edges of a graph. Hence
when defining a kinematical Hilbert space of the theory, the spin connection is

considered as the configuration variable.

Let G be a space of the smooth 2d real spin connection defined everywhere on 33,
except, possibly, at isolated points. Fix the topology of 33, say to a disk. In section
3.1, we noted that an oriented curve in X and a spin connection determine a group
element h,[A], called the holonomy (fundamental variable) of the spin connection
along the path ~.

The holonomy transforms under gauge invariance of the gauge group G = SO(2):

h, —s gh,g~"', where g € G. (4.12)

For a given ~, the holonomy h.[A] is a functional on G.
Let us consider an ordered collection I' of smooth oriented paths 7, with e =
1,2,.....; N edges and a smooth function f(h,...... ,hy)

f:502)" — C

of N group elements.

The couple (T, f) defines a functional of the spin connection:

0 Al = (o [A] hop AL, oo ) - (4.13)

Defining a space of all functionals p[A], for all T and f, these functionals are called
”cylindrical functions”, and denote the space of these functionals as §. This is
the algebra of basic observables upon which the definition of Hj;, will be based
upon. Similarly, the gauge symmetry of the cylindrical functions ¢ can be read
off from (4.12)):

o (hi,hay .y hy) = gp(gs(l)hlgill), ..... ,gS(N)hNgi}V)), (4.14)

Vg; € G. Where s(i) and ¢(7) are the source vertex and target vertex respectively.

Throughout this work we will be dealing with SO(2) gauge invariant function of

the spin connection. The simplest of these gauge invariant function of the spin
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connection is the Wilson loop. It is a function of the form:
WolA] = tr(p(hy[A]) (4.15)

for some loop in ¥ and some representation p of the group SO(2). The invariance
of is possible due to the invariance of the trace and of the holonomy from
. This makes the Wilson loop an element of ¢ according to the definition in
. The graph of the Wilson loop consists just of a single close edge (e = 7).

4.3 Representation of Cylindrical Functions (In-

ner Product)

These cylindrical functions defined in section provide the possible states for
a Hilbert space structure and for quantization. In this section we will define a
kinematical Hilbert space Hy;, for the space of cylindrical functions and give a
representation of these cylindrical functions. To this effect we will introduce a
positive normalized state par- the Ashtekar-Lewandowski measure-on the cylin-
drical functions and thus we obtain a definition of a kinematical inner product.
This inner product must be invariant under left and right translations and this is

given by the Haar measure of SO(2).

Given a functional ¢[A] in the space S, piar(p,,f) is defined as:

pian(oyy) = / [ dhe f(hey hess oo hey) (4.16)

S0(2)

where h, € SO(2) and dh is the normalized Haar measure of SO(2).
Using the properties of u 47, we endow the space of cylindrical functions with an

inner product:

<§0%f|90v’,g> = par (Py50y.9)
= / [ dhe f(heysihey)g (heys oo hey) . (417)
50(2) ~,

Given the Haar measure of the group SO(2) to be dh = (2m)~*d# for 6 € [0, 27],

then g4y, is obviously normalized as puar(1) = 1, and positive i.e.,

tar (@ oy s) = /SO( )Hdhe f(Reys ooy hen ) f (Beys ooy By ) > 0. (4.18)
2 €
The state par is known as the Ashtekar-Lewandowski (AL) measure. Starting
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with the space of smooth functions on the group we can complete it to a Hilbert
space, thus Hy;, = L2(S1) (space of complex-valued square-integrable function on
the circle) is the Cauchy completion of the space of cylindrical functions on the

AL measure. Next, we define spin networks as basis for the resulting £2 space.

4.4 Orthonormal Basis of Hj.;,

Introducing an orthonormal basis for Hy;, requires that one uses the Peter-Weyl
decomposition theorem. The theorem states that given a compact Lie group, a
complete orthogonal basis is given by the set of all matrix elements of all the
unitary irreducible representation of the compact group. The Peter-Weyl decom-
position theorem can be viewed as a generalization of the Fourier theorem for

functions on the unit circle.

To introduce the orthonormal basis of Hy;,, we will like to first redefine the cylin-
drical functions in equation (4.13)). The holonomy h.,[A] been an element of SO(2),

can be written as

h., = exp(iny®), (4.19)

TN

where N is the total number of edges within a particular graph.
Hence from (4.13) the cylindrical function is rewritten as

oyl = f(hy,[0],....... oy 16]) - (4.20)

From the Peter-Weyl decomposition, it states that given a function f € L2 SO(2)],
the function can be expressed as a sum over unitary irreducible representation of

SO(2):

F0) = > fapa(h(9)), (4.21)
where p,(h(0)) = exp(ind) are the unitary one dimensional irreducible represen-
tation of SO(2) for n € Z and

1

D df pn(h(0))f(0) (4.22)
T Jso(2)

fn:

are the Fourier components.
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The orthogonality relation for unitary representation of SO(2) is

/ d0 oo (R(O)) pu(h(0)) = 276 (4.23)
5S0(2)

where p,(h(0)) = exp(inf) for n € Z. These are orthonormal and hence provide
a basis for the space £2[SO(2)], a basis that corresponds to the decomposition
into irreducible of £2[SO(2)] as a representation of SO(2). One then has from the
Peter-Weyl theorem

(b, L2[SO(2)])) = P (pn.C). (4.24)

nez

A consequence of the Peter-Weyl decomposition theorem to functions f : SO(2)N —
C, is it allows us to write any cylindrical function (4.20]) as

prrlf] = Z fns. an/Onl hoy [0]) ... Pnn, (han[0]) (4.25)

an

where f,,, . are the Fourier components.

M,

Gauge transformations in equation (4.12)) induces a gauge action on Fourier modes

which simply reads:

pu(h) — pu(gs)pn(h)palg; ). (4.26)

A basis of gauge invariant functions is then constructed by contracting the ten-
sor product of representation matrices in (4.25) with a so(2)-invariant tensors or
so(2)-intertwiners. By selecting an orthonormal basis of intertwiners ,, where v
labels the elements of the basis, one can write a basis of gauge invariant elements
of S called the spin network basis. Each spin network is labelled by a graph I" C 3,
set of irreducible representations n,. labelling links (edges) of the graph I' and a
set of intertwiners 4, labelling the vertices (nodes) of the graph T.

The intertwiner i, lives in the tensor product of the SO(2) irreducible representa-

tion coming in and going out of the vertex v, precisely:

® Ve — (X) Ve, (4.27)

|s(e)=v elt(e
where V" is the representation space of SO(2).

Hence the spin network function is defined as
Vnesin| ® i ® Pre (helf)])- (4.28)
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The inner product between any two of these SO(2) spin networks is computed as:

1 2

<¢Tle,iv Wﬁe,;) = 5= dao wne,iv wﬁe,fv

2m Jo

o 1 N | A (4.29)

v
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Chapter 5
Dynamics

The spinfoam approach of quantum gravity aims at constructing a rigorous well
defined mathematical notion of path integral for LQG as a tool for solving the
dynamics of the theory [19]. Characterization of the kernel of the quantum con-
straints of the theory given by quantization of the classical constraints of general
relativity defines the dynamics. The aim of these spinfoam models is to explicitly
construct a generalized projection operator from Hy;, into the kernel of quantum

scalar constraint.

In [19], the authors establish a clear cut link between the spin foam approach and
the canonical quantization of three dimensional gravity. This they achieved by
constructing a physical scalar product (matrix element) of a regularized projector

operator which can be represented in terms of sum of finite spin foam amplitudes.

In this present work, we make a link between these approaches (i.e. spin foam and
canonical quantization), and to understand how the time gauge procedure from
SU(2) to SO(2) works at the quantum level. Essentially, we want to solve the
dynamics of our theory, by first constructing the matrix element of the projector

P on the physical Hilbert space.

In chapter |4, a kinematical Hilbert space of the theory in terms of the holonomies
was defined. And this can be seen as a first step towards understanding the
quantum geometry [I7] of spin foams and its link to canonical formalism. In the
long run, the goal is to have a spin foam approach whose boundary states have an

SO(2) invariant spin networks.
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5.1 Canonical Quantization

Solving for the dynamics of the theory, we will provide a regularization of the
projector operator P-which is defined in terms of the Hamiltonian constraint.
This allows for the construction of a physical scalar operator (or matrix element)
of P. With the matrix element constructed, an illustration on how it admit a
spin foam state representation independent of the regularization [19, 20] is carried
out. The matrix elements of the projector P are called the transition amplitudes.
The projector constructed on the physical Hilbert space of the theory is formally
defined as

P = []éH)) :/D[N] exp <z’/ZNH(A)>. (5.1)

TEX

The expression can be seen as a starting point for a spacetime representation
of quantum gravity. We will introduce a regularization of which subsequently
will serve as a regularization of its matrix element < P, 1’ > for any pair of spin
network states 1,9’ € Hy;,. We will follow the excellent work of [19] in carrying
out this task.

Let us define I' and I" to be graphs on which ¢ and v’ are defined respectively.
An arbitrary cellular decomposition of ¥ denoted by XI'"", where ¢ € R, is defined
such that:

1. The graphs of I" and I'"" are both contained in the graph defined by the union
of O-cells and 1-cells in X"

2. For each two-cells (plaquette) p there exists a ball B, of radius € such that

p C B.. Hence a consequence of this is that all 2-cells shrink to zero when ¢ — 0.

Let us now consider a local patch U C ¥ where we choose the cellular decompo-
sition to be a square with cells of coordinate length e (regulator). The integral in

the exponential in ((5.1)) can be written as a Riemann sum in the patch U as

H[N] = /U tr[NH(A)]

~ 2
= eh_I}IlO ' € tI‘[sz'Hpi] (52)
pl
where p’ labels i plaquette in the path U, N, € so0(2), and H, € so(2) are
values at some interior point of the 2-cells.

Since the gauge group SO(2) is abelian, by using Stokes theorem the holonomy
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can be define as

h, = Pexp ( /S (A/)H), (5.3)

where S(7) is the surface bounded by 7. Expanding (5.3), the holonomy h,: €
SO(2) around the 2-cells p' can be written as

hyilA] = T+ Hyi(A)+ O(eh). (5.4)
Equation (5.2)) can now be written as

HIN] = lim > tr[Nyehy Al (5.5)

p

Here we notice that the explicit dependence of € on the right hand side of (5.5))
has dropped from the sum, a sign that we can remove it upon quantization. Hence
the projector (5.1)) takes the form

P = / [T dN, exp | lim >~ te[ Nk | - (5.6)
P i

e—0
pl

We now define the physical scalar product of ¢ and v’ as:
<¢7 ¢,>phy = <P77Z)7 ¢/>
= </ [[dN, exp ieh_%Ztr[Npihpi] ¥, )
Di P

= lim </Hdez exp iZtY[Npihpi] w’w’>_ (57)

e—0

Since the exponential function is a continuous function, the limit can come out of
the scalar product in second line of (5.7)).
Integrating (5.7)) with respect to N, we get

(P ) = T (] [athe,v), (5.8)

where §(h,:) is the delta function on the SO(2) irreducible representation. These
irreducible representation of SO(2) are one-dimensional, are labelled by an integer

n, and their character is x"(g) = ¢™?, where g € SO(2).
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Expanding the delta function, we have
S(hy) = SNy, (5.9

Hence (j5.7)) becomes

(P, )y = Eh_nQO(H 8 (hyi )b, ) (5.10)

We now illustrate using the result in equation , on how the spin foam rep-
resentation arises. The spin foam representation of the generalized projection
operator follows from inserting resolutions of the identity in Hg;, [19] be-
tween consecutive delta distribution in (5.10). The resolutions of the identity in

Hpin is given by

1 = ) D{n}><T,{n} (5.11)

FCE:{”}F

Inserting this resolution of identities between the delta distribution into the def-
inition of (P,4’), from the large set of graphs in ¥, only a finite number of

intermediate graphs survive in the computation of (P, ').

Considering the ordering of the plaquettes such that the first delta distribution in
the regularization of P is evaluated on the lower central plaquette with respect to

the loop . Then the first delta function acts on the initial state |n) as

S(hp)ln) = > X"(hp) | | (5.12)

)

where x™(h,) is the character or the trace of the one dimensional m-representation
matrix of U € SO(2). Equation (5.12)) becomes

Sl = S tr(on(hy)) 1w |

-3 b D :I (5.13)

where also tr(p,,(h,)) is known as the Wilson loop operator. The operator acts

on the initial state |n) in terms of spin network states as

k

Sy = 3 Nuspbpm L || (5.14)
p,m
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From , it implies that when inserting the resolution of the identity
between the first and the second delta distributions, the corresponding term in
(P, 1)) only the intermediate states on the right hand side of will survive.
The delta function ([5.14]) acts on the initial state by attaching new infinitesimal
loop. Subsequent delta function have the same effect by creating new infinitesimal
loop associated to each corresponding plaquettes. Hence in this way each term in
(P1,1') explores the set of intermediate spin network states based only on those
graphs that are contained in the regulating cellular decomposition. Finally, when
contracted with the final state ¢/ only the sequence which represent consistent

histories remain.
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Chapter 6
Conclusion and Outlook

In this thesis, we time gauge fix the three dimensional Hilbert-Palatini action and
got some new physics resulting from the canonical analysis.

The triad is decomposed into its various components via the time gauge . In
addition, we applied the triad decomposition to carry out a canonical analysis on
the Hilbert-Palatini action. The diad and the spin connection (two dimensions)

emerge as the new dynamical variables of the new theory.

By time gauge fixing the Hilbert-Palatini action, the usual constraints associated
to an action upon a canonical analysis is carried are obtain, thus the Gauss,
the spatial diffeomorphism and the Hamiltonian constraints. However, a new
constraint, 7.e., C also emerges. In computing the time evolution associated with
the Gauss constraint G, the new theory generates an internal rotation in two
dimensions. Additionally, diffeomorphism invariance is achieved from the time

evolution associated with the spatial diffeomorphism constraint V.

In computing the algebra of constraints for the constraints of the new theory,
we found out the new theory was consistent and closed, in the sense that all
the Poisson brackets between the different constraints vanish on the constraint
hypersurface. The gauge transformation of the new system is an SO(2) gauge

transformation.

In chapter [3], a descretized form of the new dynamical variables is defined. These
form a basic set of the phase space function to be quantized. The Poisson bracket
between these basic set result in a much simpler expression compared to the non-
descretized will be carried out. The result shows a much simpler expression com-

pared to the non-descretized version of the canonical variables.

A kinematical Hilbert space is constructed for the new theory with an SO(2) spin

network. In carry out quantization the new theory we follow a similar approach
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n [19]. We constructed a rigorous definition of a generalized projection operator
from the kinematical Hilbert space. In addition, we provided the definition of the
physical scalar product (matrix element) of the projection operator. This matrix
element represents a sum over finite spin-foam amplitudes. As a result a very
trivial spinfoam is obtained as compared to the Ponzano-Regge spinfoam model.
This trivial spinfoam model has SO(2) spin networks as it boundaries. However in
the Ponzano-Regge spinfoam model [27], there is a contraction of four 3j-symbols
(associated to a trivalent spin network) which results in a function of six spins
{J1, J2, J3, Ja, Js, Je } with the faces bounded by the vertex of a tetrahedron. This

new function is the Wigner 6j-symbol.
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Appendix A

ADM Decomposition of 2+ 1
Gravity

The unification of space and time play a crucial role in general relativity. Physi-
cally, general relativity is the discovery that spacetime and gravitational field are
the same entity. What we call “spacetime” is itself a physical object in many
respects similar to the electromagnetic field. This led to the discovery that there
is no spacetime at all, and so what Newton called “space” and Minkowski called

“spacetime” is nothing but a dynamical object called the gravitational field [27].

The Arnowitt-Deser-Misner (ADM) formalism however introduces an explicit- al-
though largely arbitrary division of spacetime into spatial and temporal divisions.
The decomposition of spacetime into space and time furnishes a natural setting
for the initial value problem, and it underlies Wheeler’s ’geometrodynamical’ pic-
ture of classical general relativity as the dynamics of evolving spatial geometries.
By providing a canonical description of the gravitational phase space, it leads
to a Hamiltonian version of classical gravity, and suggests a useful approach to

canonical quantization [5].

The ADM approach to 2 + 1-dimensional general relativity start with a slicing
of the spacetime manifold M into constant-time surfaces ¥;, each provided with
a coordinate system {z'} and an induced metric g;;(¢,2%). To obtain the full
three-geometry, we must describe the way nearby time slice 3; and >, 4 fit to-
gether. To do so, we start with a point on ¥, with coordinates x?, and displace it

infinitesimally in the direction normal to ¥; as illustrated in the diagram below.
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Figure A.1: The ADM decomposition of spactime

From figure define a time flow vector

™ = Nnt+ N*¥
Oxt

where n* is the unit normal to the hypersurface, N* is the unit tangential to the
hypersurface, and N is the lapse function serving as a normalization constant. It

is convenient to parametrize both n* and N* as
1 Nt
| — -
= (3%
N* = (0,N'). (A.2)

N is the shift vector and describes the amount of the tangential deformation (in
the coordinates of the hypersurface). The spacetime metric is g,,, which encodes
all the information of the geometry of the three dimensional manifold. It also

serves a lowering and raising tensor that is
gunt'n” = -1 = nfnl = -1,

where the negative one shows n* is timelike.

Now we compute the ADM form of the metric:

v 0,0
QW,THT = gGooT T

= YJoo- (A.3)

Here we apply Einstein’s summation convention in line one. Subsequently, we use
the second line of (A.1)), thus 7 = (1,0,0) to get the result in the second line of
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(A.3). Use the first line of (A.1)), we have

GuT'T" = g (Nn' 4+ N*)(Nn” + N")
= guwN°n"n’ + g, N*N" + g, Nn*N" + g, Nn” N*
= —N?+ g, ;N'N7. (A.4)

Here g,, Nn*N" = g,, Nn"N#* = 0, since n* and N" are perpendicular to each
other. For the second term in line two of (A.4) we made use of N* = (0, N*) to
get the result in the next line of (A.4]). From (A.3) and (A.4) we have

oo = —N2 + gUN’N] (A5)
Carrying out with the calculations we have:

GuwT™N" = gu (Nn* + N*)N”
GNP N” + g, NFNY

Repeating the same calculations as in (A.6) but using Einstein’s summation con-

vention to expand, and making use of 7# = (1,0,0) to get

g™ N = gooT'N° + gnnm"N' + goa7 N? + g1o7' N® + gy 7' N*
+g127' N? + gooT? N° + go1 7> N + gpom> N?
= gooT'N? + g ' N' 4 goo7'N?
= go; VY. (A.T)

From (A.6) and (A.7)) we have
g(]ij = ngNzNj (AS)
Expanding the terms in ({A.8)

g N' + goeN* = guN'N'+ g1aN'N? + goy N> N' + g N> N?
= (9uN"+ g2oN?) N' + (g1 N' 4+ g N?) N>, (A.9)

Equating corresponding terms we have: gy N' = (g1 N! + giaN?) N = go1 =

g1;N?. Similarly, go2 = g2, N7, hence we have

go1 + go2 = glej+92ij
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Since the spacetime metric is symmetric, from (A.10) we have g = g;;N’. The

line element for three-dimensional spacetime is given as

ds? = Guvdatdz”
= goodxodxo + gmdxoda:l + gogdxod:cQ + grodztdx® + glldxldazl
+grodatda® + gaodr?da® 4 gorda?da’ + gooda®da?
= (=N?+4 g N'N7) dt* + g;; N’ dtda’ + g;;N'dzdt + g;;da’dx?
= —NZdt* + gi; (da' + N'dt) (da’ 4+ Ndt) . (A11)

Here to get to line three, we applied the results in (A.5) and (A.10)) to the second
line. The result in (A.11]) is the ADM form of the the metric. Expressing the

metric in a matrix form we have

NN, — N? N,
I = ( ) (A.12)
N; Gij

The inverse of the matrix is

_1 N7
N2 N2
g = i .. iNd . (A.13)
( Nz (gm - X ))

The six components of the spacetime metric are now replaced by the three com-

ponents of the induced Riemannian metric g;; of ¥ plus the two components of

the shift vector N* and the lapse function.
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Appendix B

Representation Theory

B.1 Group Representation

Definition B.1.1. A finite dimensional representation of a Lie group G on a
vector space over a field K is a group homomorphism from G to GL(V), the

general linear group on V. That is, a representation is a map [I]
¢: G — GL(V) (B.1)

such that ¢(g192) = é(g1)P(g2), for all g1, g2 € G. The dimension of the represen-
tation is the dimension of the vector space V. Denote the representation of G in
V by (G,V).

Definition B.1.2. Let (G,V) be a representation. A subspace U of V' is called
invariant or G-invariant if g.U C U for g € G.

A representation (G, V') has always at least two invariant subspaces, namely {0}

and V.

Definition B.1.3. A representation is called irreducible if the only invariant sub-

spaces are {0} and V.

B.2 Peter-Weyl Decomposition Theorem

Definition B.2.1. A matrix coefficient of a group G is a complex-valued function

@ on G given as the composition

p=Lorm
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where 7 is a finite-dimensional group representation of G, and L is a linear func-
tional on the vector space of the endomorphisms of V' which contains GL(V') as

an open subset.

The Peter-Weyl decomposition theorem is a theory of harmonic analysis, applying
to topological groups that are compact but not necessarily abelian. The theorem
is a collection of results generalizing the significant facts about the decomposition
of the regular representation of any finite group.

The theorem has three parts: (i) The set of matrix coefficients of a group G is
dense in the space of continuous complex functions on G equipped with the uniform
norm. (ii) Let p be a unitary representation of a compact group G on a complex
Hilbert space H. Then H splits into an orthogonal direct sum of irreducible
finite dimensional unitary representation of G. (iii) The matrix coefficients for G,
suitably renormalized, are an orthonormal basis of the square integrable functions
of G (L*(@)). In particular, £?(G) decomposes into an orthogonal direct sum of

all the irreducible unitary representations.

B.3 SU(2) Representation

Commutation relation: The generators of the su(2) algebra are given as

T, = %, where i = {z,y, 2z} . (B.2)
Where ;s are the Pauli matrices:
O = (? ;) , Oy = (S _Ol>’ o, = ((1) _01> (B.3)
The generators satisfy the following commutation relations:
(T, T;] = vei Ty, (B.4)

Representation: Define the Casimir operator (commutes with all the T}, i.e, [T?, T;| =
0)

T =T:+T;+T:.

By convention choose T, to be the observable to be diagonalized simultaneously

with T2. Therefore we have

T?|jm) = 7(j + 1)|jm), and T.|jm) = m|jm) (B.5)
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Define the non-Hermitian operators (raising and lowering operators):
Ty =T, 1T, (B.6)

The following relations exist between the non-Hermitian and the diagonalized

operators:
(1%, T.) =0, [T.,Ty]==+Ty, [Ty,T]=2T, . (B.7)

The eigenvalues of the non-Hermitian operators are given as follows

Teljm) =/(j Fm) (j £m+ 1)[jm £ 1), (B.8)

where j ranges from —m to m.
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Appendix C

Lie Derivative

Functions, tensor fields and one-forms can be differentiated with respect to a
vector field. Lie derivative evaluates the change of a tensor field (including scalar
function, vector field and one-form), along the flow of another vector field. This
change is coordinate invariant and therefore the Lie derivative is defined on any
differentiable manifold. Considering vector fields as infinitesimal generators on
a manifold M, then the Lie derivatives are infinitesimal representation of the

diffeomorphism group on tensor fields.

C.1 Lie derivative of a function

Given a vector field V' defined on M, there exist a smooth map 0 : Rx M — M
called the flow of V', such that oo(p) = p, o(0s(p)) = ov1s(p) and

d

Lo = V(o) (€1

are satisfied. The follow of V' is denoted by o.(p), where t € R and p € M.
Writing the component of the flow of V' with respect to the local coordinates z*

we have
of(p) = a"(p)+tV"(p) + O (C.2)

Given a function f : M — R, the Lie derivative acting on this function with
respect to a vector field V' changes along the flow of V. Therefore defining it using
the difference f(oy(p)) — f(p), i.e. the difference between f in the point p and the
translated point oy(p). In that way we can get a measure of the change of f in the

direction of the flow of V. Hence, we define the Lie derivative Ly f of the function
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f along the vector field V' as

t—0 t

Using the expression in (C.2)), we have for small ¢

fo) = s+ o), ()

In local coordinate system z*, equation (C.3)) is given as

w I

orH

Lyf =V (C.5)

C.2 Lie derivative of a vector field

We now want to define the Lie derivative of a vector field W with respect to a
vector field V', however let us first define an induced map. Let ® : M — M be a
map. For a given point p € M we can define the induced map D,® : T,(M) —
To(p) (M) as follows. Writing

we define the induced map as

VI[F(@(p) = VIfe®lp). (C.7)

In terms of coordinates we have that

Maqw of .
ox* Oxv

V'[/] (C.8)

The Lie derivative acting on W quantifies how much W changes along the flow of
V. Taking the difference W (oy(p)) — W(p) i.e. the difference between W at p and
at o(p), and then look at the limit ¢ — 0. This however is not well defined since
W(ow(p)) € To,(»(M) and W (p) € T,(M) are vectors in two different tangent
spaces, hence one cannot subtract them from each other. Thus we need to find a
way to take W (oy(p)) and map it into a vector in the tangent space T,,(M). This
can be done with the induced map Do, )0t : T, (p) (M) — T(M).

We now define the Lie derivative £, W of the vector field W along the vector field
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V as

LyW = th—H>10 n ) (C.9)
for any point p € M. The induced map in coordinates is given as
, dot of
Dy (WS = W olp) 5t so (). (C0)
Using the expression in (C.2)), we have for small ¢
ow"
W¥(oup)) = W(p)+ V7 ——(p) + O()
dot, A )
o 0tP) = 0y —to 2 (p) + O(t). (C.11)
Computing from this the components of the Lie derivative LyyW we have
ow# ovH
(LyWHH = V¥ - WY (C.12)

oxVv oxV '

We can see that this is nothing but the components of the commutator [V, W] of
V and W, thus we have

Lyw = [V,W]. (C.13)
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Appendix D

SO(2) Haar Measure and Useful

Identities

A Haar measure is a way to assign an ”invariant volume” to subsets of locally
compact topological groups and subsequently define an integral functions on those

groups.

Definition D.0.1. A Haar on a group G is a measure p : % — [0, 00), with ¥ a

o-algebra containing all Borel subsets of GG, such that
e u(G)=1
o u(yS)=u(S) VyeG,S e .
Here 7S = {ya|a € S}
We may associate to any measure p on G a bounded linear functional

E: LG X u —C

E(f) = / F(V) (). (D.1)

Hence in this case for the group SO(2) we have

[ s = o [ senan (D2)

0

We now present here the various identities used in section [5.1 The identities are

for the gauge group SO(2), for SU(2) and general treatment of these identities
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see [19, 20]. We start by recalling the graphical notation that is commonly used
in dealing with group representation theory. An n unitary irreducible SO(2)
representation matrix p, is represented by an oriented line pointed downwards.
The group element g € SO(2) on which the representation matrix is evaluated is

depicted by a dark box in the middle. Namely,

pn(g) = i (D.3)

The tensor product of representation matrices is simply represented by a set of
parallel lines carrying the corresponding representation labels and orientation. An
important object is the integral of the tensor product of unitary irreducible rep-
resentations. We denote the Haar measure integration by a dark box overlapping

the different representation lines as follows:

I = [ (@)0(0)-cin ) = (D.4)

The invariance of the Haar measure implies I? = I and the invariance of I under
right and left action of the group; therefore, I defines the projection operator
[mr2=mN ng @ng @ ... @ny — Invng @ ny ® ... ® ny|. With this, it is easy
to write the basic identities that follow from the properties of the Haar measure,

namely
= Ono (D.5)

and

Onyms (D.6)

ni| no TL1| |TL2

71



	Declaration
	Acknowledgements
	Dedication
	Abstract
	Introduction and Motivation
	Quantum Gravity
	Loop Quantum Gravity
	Loops and Spin Networks
	Motivation and Goal of Thesis
	Organization of Work
	Conventions and Notations

	Canonical Formulation of 3d Gravity
	General Theory on Canonical Formalism
	Canonical Analysis of 3d Hilbert-Palatini Action
	Canonical Formalism and Analysis in Time Gauge
	Time Evolution of Constraints
	Algebra of Constraints

	Classical Representation of Phase Space Variables
	Holonomies
	Fluxes
	Poisson Brackets

	 Kinematical Hilbert Space
	The quantization of edges(Quantum Operators)
	Cylindrical Functions
	Representation of Cylindrical Functions (Inner Product)
	Orthonormal Basis of Hkin

	Dynamics
	Canonical Quantization

	Conclusion and Outlook
	Bibliography
	ADM Decomposition of 2+1 Gravity
	Representation Theory
	Group Representation
	Peter-Weyl Decomposition Theorem
	SU(2) Representation

	Lie Derivative
	Lie derivative of a function
	Lie derivative of a vector field

	SO(2) Haar Measure and Useful Identities



