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Abstract This paper presents three versions of maximum principle for a stochastic
optimal control problem of Markov regime-switching forward—backward stochastic
differential equations with jumps. First, a general sufficient maximum principle for
optimal control for a system, driven by a Markov regime-switching forward—backward
jump—diffusion model, is developed. In the regime-switching case, it might happen
that the associated Hamiltonian is not concave and hence the classical maximum prin-
ciple cannot be applied. Hence, an equivalent type maximum principle is introduced
and proved. In view of solving an optimal control problem when the Hamiltonian is
not concave, we use a third approach based on Malliavin calculus to derive a general
stochastic maximum principle. This approach also enables us to derive an explicit
solution of a control problem when the concavity assumption is not satisfied. In addi-
tion, the framework we propose allows us to apply our results to solve a recursive
utility maximization problem.
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1 Introduction

The optimal control problem for regime-switching models has received a lot of atten-
tion recently, see, for example, [1-5]. There are two existing approaches to solving
stochastic optimal control problem in the literature: the dynamic programming and
the stochastic maximum principle. We refer the reader to [6—8] and references therein
for more information on the dynamic programming approach. The stochastic max-
imum principle is a generalization of the Pontryagin maximum principle, in which
optimizing a value function corresponds to optimizing a functional called Hamilto-
nian. The stochastic maximum principle is presented in terms of an adjoint equation,
which is a solution to a backward stochastic differential equation (BSDE). There is a
vast literature on stochastic maximum principle, and the reader may consult [7,9-13]
for more information. Some applications of stochastic maximum principle in finance
include: the mean—variance portfolio selection (see, e.g. [7,12] and references therein)
and the utility maximization (classical and recursive) or risk minimization (see, e.g.
[12,14,15]);

The stochastic maximum principle for regime-switching models was introduced in
[1,2] for Markov regime-switching diffusion systems and extended in [5] for Markov
regime-switching jump—diffusion systems. In both cases, the authors developed a suf-
ficient stochastic maximum principle. However, when solving the sufficient maximum
principle, one of the main assumption is the concavity of the Hamiltonian which may
be violated in some applications. In [3], the authors prove a weak sufficient and nec-
essary maximum principle (that does not require concavity assumption) for Markov
regime-switching diffusion systems. Let us mention that [5, Theorem 3.1] does not
include the cases in which the profit Hamiltonian is not concave (see, e.g. Sect. 5.1).

This paper discusses a partial information stochastic maximum principle for opti-
mal control of forward—backward stochastic differential equation (FBSDE) driven by
Markov regime-switching jump—diffusion process. We first prove a general sufficient
maximum principle for optimal control with partial information (Theorem 3.1). This
can be seen as a generalization of [5, Theorem 3.1] to the FBSDE setting and [15, The-
orem 2.3] to the regime-switching setting. Second, we prove a stochastic maximum
principle that does not require a concavity condition (Theorem 3.2). In fact, we prove
the following: a critical point of the performance functional of a partial information
FBSDE problem is a conditional critical point for the associated Hamiltonian, and
vice versa. The proof of Theorem 3.2 requires the use of some variational equations
(compare with [16, Section 4]), and the maximum principle obtained is of a local form.
One of the drawbacks of the two preceding maximum principles is, the need of an
assumption on existence and uniqueness of the solution to the BSDE characterizing
the adjoint processes. These equations are usually hard to solve explicitly in the partial
information case and worse, may not have a solution. Therefore, a stochastic maxi-
mum principle via Malliavin calculus is proposed to overcome this problem. In this
approach, the adjoint processes are given in terms of the coefficients of the system and
their Malliavin derivatives and not by a BSDE. The Malliavin calculus approach was
introduced in [17] and further developed in [18, 19], where the authors study optimal
control in the presence of additional information. Let us mention that the latter works
do not consider systems of forward—backward stochastic differential equations nor
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the presence of an external Markov chain in the coefficients of the systems. Using the
aforementioned technique, the results obtained in [3, Example 4.7] can be extended
to the jump—diffusion case. Our results also generalize the ones derived in [4].

One of the motivations of this paper is the problem of stochastic differential util-
ity (SDU) maximization of terminal wealth under Markov switching. The notion of
recursive utility in discrete time was introduced in [20,21] in order to separate the risk
aversion and intertemporal substitution aversion of a decision maker. This concept was
generalized to that of stochastic differential utility (SDU) in [22]. The cost function in
the stochastic differential utility depends on an intermediate consumption rate and a
future utility and can be expressed as a BSDE. For more information on maximization
of SDU, the reader may consult [14,15,23,24] and references therein.

The paper is organized as follows: In Sect. 2, the framework for the partial informa-
tion control problem is introduced. Section 3 presents a partial information sufficient
maximum principle for a forward—backward stochastic differential equation (FBSDE)
driven by a Markov switching jump—diffusion process. An equivalent maximum princi-
ple is also given, and we end the section by presenting the Malliavin calculus approach.
In Sect. 4, we prove the main results. Section 5 uses the results obtained to solve a
problem of optimal control for Markov switching jump—diffusion model. A problem
of recursive utility maximization with Markov regime switching is also studied.

2 Framework

This section presents the model and formulates the stochastic control problem for a
Markov regime-switching forward—backward SDE with jumps. The model in [5] is
adopted for the forward Markov regime-switching jump diffusion.

Let (2, .7, P) be a complete probability space, where P is a reference probability
measure. On this probability space, we assume that we are given a one-dimensional
Brownian motion B = {B(#)}o</<r. an irreducible homogeneous continuous-time,
finite state space Markov chain « := {o(#) }o</<7 and an independent Poisson random
measure N (d¢, ds) on (R4 x Ry, Z(R1) ® %) under P. Here Rg = R\{0} and %,
is the Borel o-algebra generated by open subset O of Ry.

We suppose that the filtration F = {%; }o<,<7r is the P-augmented natural filtration
generated by B, N and « (see, e.g. [1, Section 2] or [25, Page 369]).

o = {a(t)}o</<7 is an irreducible homogeneous continuous-time Markov chain
with a finite state space S = {e,e2,...,ep} C RP, where D € N, and the jth
component of ¢; is the Kronecker delta §;; for each i, j = 1, ..., D. The Markov

chain is characterized by a rate (or intensity) matrix A := {A;; : 1 <i, j < D} under
P.Note that, foreach 1 < i, j < D, A;;is the constant transition intensity of the chain
from state e; to state e; at time ¢. In addition fori # j, A;; > 0 and Zle Aij =0,
therefore A;; < 0. It follows from [26] that the dynamics of the semi-martingale « is
given as follows

t
a(t) = a(0) + / AT a(s)ds + M(1), 1)
0
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where M := {M(t)}:ci0.771s @ RP-valued (F, P)-martingale and A7 is the transpose
of the matrix A. Let us now present the set of jump martingales associated with
the Markov chain «, see, for example, [5] or [26] for more information. For each
1 <i,j<D,withi # j,andt € [0, T], let Ji (t) be the number of jumps from
state e; to state e; up to time ¢. It follows from [26] that

t
J”@)=xﬁf<a@—LQMs+mua» 2)
0

with m;; 1= {m;;()}se[0,1), Where m;;(t) = fé(a(s—), e;)(dM(s), ej) is a (IF, P)-
martingale.

Fix j € {1,2,..., D} and let @;(¢) be the number of jumps into state e; up to time
t. Then
D D ‘
;1) = Z Jit) = Z Aij/ (a(s—), e;)ds + @ (1)
i=lisj i=li#j 0
= 1;(1) + @ (1), 3)

where (1) = 372, imij(t) and A;(6) = Y21 2 hij Jolee(s—), e;)ds. Tt is
worth mentioning that for each j € {1, 2, ..., D}, d~>j = {d~>j ()}ieo,ryis a (F, P)-
martingale.

Assume that the compensator of N(d¢, ds) is defined by

N (dg, ds) = v (dZ[s)n(ds) = (a(s—), v(dZ]s))n(ds), “)

where 1 (ds) is a o -finite measure on R and

v(des) = (Ve (dE1s), Ve, (dCIs), ..., vep (A1) € RP is a function of s. Let
us observe that for each j = 1,..., D, Ve; (d¢|s) = v;(d¢ls) is the conditional
Lévy density of jump sizes of N(d¢, ds) at time s when a(s™) = e; and satisfies
fRo min(1, {2)1)./ (d¢|s) < oo. In this work, we further suppose that n(ds) = ds and
v(d¢|s) is a function of ¢, that is,

v(dZls) = v(d?).

Let -
Ny (dg,ds) := N(d¢, ds) — v (dg)ds, ®)

be the compensated Markov regime-switching Poisson random measure.

Suppose that the state process X (1) = X(“)(t,a)); 0<t<T,we isa
controlled Markov regime-switching jump diffusion of the form
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dX (@) =b(t, X (), a(t),u(t), w)dt +o(t, X (), a(t), u(t), w)dB(t)
+f y(t, X (0), a(t), u(t), ¢, w) No(dg, dr)
Ro ~ (6)
+nt, X(@),a(t), u(t),w) -dd(), te][0,T]
X(©0) = xo,

where T > 0 is a given constant. u(-) is the control process.

The functions b : [0, TIXxRXSXZ x2 - R, o : [0, TIxRxSx% x 2 — R,
Yy [0, TIXRXSXZ xRyx 2 —>Randn:[0,T]XxRxSx% x 2 - R
are given such that for all ¢, b(t,x,e;,u,-), o(t,x,ej,u,-), y(,x,ei,u,z, ) and
n(t, x, e;, u, -) are F-progressively measurable forall x € R, ¢; € S, u € % and
z € Ry.

We suppose that we are given a subfiltration

representing the information available to the controller at time 7. A possible subfil-
tration &; in (7) is the §-delayed information given by & = .%#;_s+: t > 0, where
8 > 01is a known constant delay.

We consider the associated BSDE’s in the unknowns (Y(t), Z(t), K(t,¢), V(t))

of the form

dY(t) = —g(t, X (@), a(t), Y (1), Z(t), K(t,-), V(@),u())dt + Z(t)dB(t)
+/ K(t,0) No(g, di) + V() -dB); 1 € [0, T] ®)
R
Y(T) = h(X(T),a(T)).

where g : [0, TIXRXSXRXRXxZXxRx% x2 — Randh : RxS — Rare such
that the BSDE (8) has a unique solution. As for sufficient conditions for existence and
uniqueness of Markov regime-switching BSDEs, we refer the reader, for example, to
[27-29] and references therein.

Let f:[0,TIXRXSXRXRXZXRXxU x2 —R, 9 :RxS— Rand
¥ : R — R be given C! functions with respect to their arguments. Assume that the
performance functional is as follows

T
J(u) =E [fo Sfs, X(s), a(s), Y(s5), Z(s), K(s,-), V(s), u(s))ds + o(X(T), a(T)) + w(Y(O))].
9

Here, f, ¢ and v represent profit rates, bequest functions and “utility evaluations”,
respectively, of the controller.

Let <7 denote the family of admissible control u, such that they are contained in
the set of &;-predictable control, and systems (6)—(8) have a unique solution, and
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T
E [/0 {1f (2, X(@), a(r), Y (1), Z(1), K(1,-), V(1), u(?))]
af 2
L X0, a0, Y0, 200, K., V@0, 1) }dt

Q(X(T), a(T)) + ¢/ (X (T), a(TH* + [¥ (Y (0))] + IW(Y(O))IZ}
< ooforx; =x,y,z kandu.

The set %7 C R is a given convex set such that u(t) € % forallt € [0, T] a.s., for all
uec 427(,@.

Remark 2.1 Systems (6)—(8) are a semi-coupled forward—backward stochastic dif-
ferential equations (SDEs). Under globally Lipschitz continuity and linear growth
condition of the coefficients, there exists a unique strong solution to the SDE (6).
Therefore, existence and uniqueness of the solution to systems (6)—(8) will follow
from the existence and uniqueness of the BSDE (8).

The problem we consider is the following: find u* € 2Z¢ such that

JW*) = sup J(u). (10)
ue%g

3 Maximum Principle for a Markov Regime-Switching
Forward-Backward Stochastic Differential Equation with Jumps

In this section, we derive a general sufficient stochastic maximum principle for a
forward-backward Markov regime-switching jump—diffusion model. After, we derive
an equivalent type maximum principle.

For this purposes, define the Hamiltonian

H:[00LTIXRXxSXRXRXxZXxRXxZ xRxRxRxZ%ZxR— R,
by

H(t,x,e,y,z,k,v,u,a,p,q,r(-), w)
= f(t,x,e,y, 2, k,v,u) +agt,x, e, y, z,k,v,u) + pb(t, x, e;, u)

D

+qo(r,x,ei,u)+f P, Oy, x, e, u, OV + Y0/ (1, x, er, wyw! (D),
Ro P
j=1

(In

where & denotes the set of all functions & : [0, T] x Ry — R for which the integral
in (11) converges.

We suppose that H is Fréchet differentiable in the variables x, y, z, k, v, # and that
Vi H(t, ¢) is a random measure, which is absolutely continuous with respect to v .
This happens, for example, when f and g are “quasi-strong generator”, that is,
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ganhehy,Lk,uu)=gaﬁ&€hYJ,A%k@jwa,twﬂdo7wul
0

where ¥ is predictable and satisfies C1 min(1, |¢]) < ¥ (¢, ¢) < Comin(l, |¢]) P-a.e.
I~n addition, the constants C| and C» are such that: C; > 0 and C; €] — 1, 0]. Letting
k = fRo k(o)W (¢, ¢)v;(d¢) on the right-hand side, one can show that

0

x/h@wmomay
Ro

Next, define the adjoint processes A(¢), p(t), q(t),r(t,-) and w(t), t € [0, T]asso-
ciated with these Hamiltonians by the following system of Markov regime-switching
FBSDEIJs:

1. Forward SDE in A(¢):

dA(t)—a—H(t)dt+a—H(t)dB(t)+/ dv—kH(t ) Ne(dz, db)
T 9y 9z Ry dve () &) Vet

+V,H(t) -dP(1); t €0, T]
A0) = ¥/ (Y(0)). (12)

Here and in the sequel, we use the notation

H oH
W(I) = E(h X (), a(),u(), Y1), Z(1), K, ), V(1), A1), p(1),
q(t)’ r(tv ')1 w(t))s

. %(L ¢) is the Radon—Nikodym derivative of Vi H (¢, ¢) with respect to

Ve (¢) and V, H (1) - d® (1) = Y7 3 (1)dd (1), with VI = V(t, e;).
2. The Markov regime-switching BSDE in (p(¢), g(t), (¢, -), w(z)):

etc

H ~ ~
dp(t) = —%—x(t)dt +q(t)dB(t) +./R r(t,8) No(dg,dt) +w(t) -d@(t); t €[0,T]
0

0 oh
p(T) = 78(/1 (X(T), a(T)) + A(T)— (X(T), a(T)). (13)
X ax

Remark 3.1 Let V be an open subset of a Banach space 2" and let F : V — R.

— We say that F has a directional derivative (or Gateaux derivative) at x € V in the
direction y € 2, if

1
DyF(x) := gi_rg});(F(x + ey) — F(x)) exists.
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— We say that F is Fréchet differentiable at x € V, if there exists a linear map
L: 2 — R,

such that

m|F(x+h) F(x) — L(h)| =0.

In this case, we call L the Fréchet derivative of F at x, and we write
L =V,F.

— If F is Fréchet differentiable, then F has a directional derivative in all directions
y € Z and

D,F(x) = Vo F(y).

3.1 A Sufficient Maximum Principle

In what follows, we give the sufficient maximum principle.

Theorem 3.1 (Sufficient maximum principle) Let u € g with corresponding solu-
tions X (1), (Y(1), Z(1), K(1.£), V1)), A@®), (P(1). (1), 7(1, ), B(1)) of (6). (8),
(12) and (13), respectively. Suppose that the following are true:

1. For each e; € S, the functions

x> hx,e), x = @x,e), yr> ¥(y) (14)

are concave.
2. The function
H(x,y. 2.k v)
= ess sup,cy E[H(z, X, ey, 2, k,v,u,a, p(t),qt), 7, ), @(t))léi]
(15)
is concave for all (t,e;) € [0, T] x S a.s.

ess sup{E[H(t, R0), a(t), u, Y1), Z(t), K2, ), Vo), A), B0), G(1), 7z, -), B(1))
ue

4}

< E[H0. X(), 0.7, 7). (), R, ), V0, A0, 50, 30,70, ), B(0) |61
(16)

forallt € [0, T], a.s.
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4. Assume that %V,ﬁ(t, ) > —1.
5. In addition, assume the following integrability condition:

T
E [ /0 {ﬁzm ((a(r) —5(1))* + / ) Y, 8) = Pt 0))? v (d?)
0

D
+) 0 0 =7 )10 | + (X (1) — X(1))? (az(m + / . 72t $)ve(dD)
0

j=1

AU - 9H
+ H2On@) | + ¥ (@) =Y (1) (50

j=1

/R ” dViH(t, ?) H a(d§)+Z(—) 0

dve (8)

D
A'0) | (Z@) - Zw)* + / (ka0 - R, 0) va(d0) + (Vi)
0

j=1

Vi (t))z)\j(r)) } dr | < 0. (17)

Then, u is an optimal control process and X is the corresponding controlled state
process.

Remark 3.2 In Theorem 3.1A and in the following, we shall use the notations
X (r) = X"%(¢) and Y () = Y"(¢) are the processes associated with the control (7).

Furthermore, put 8H(t) = %(r,f((r) ot(t) i, Y0), Z@), 1?(; ) V), Z(t) (1),
q(),7(t, ), w(t)) and similarly for (t) (t) VkH(t o), 2 o7 OH (1) and (t)

Remark 3.3 Let us mention that the above maximum principle requires some con-
cavity assumptions. However, this concavity assumption may not be satisfied in some
applications, see, for example, Sect. 5. Therefore, we need a maximum principle which
does not require the above assumption. The maximum principle derived in the next
section gives a first-order necessary and sufficient condition but not the optimality of
the control. In fact, it says that, if it exists, then the equivalent maximum principle
enables us to derive the expression for the optimal control.

3.2 An Equivalent Maximum Principle
In this section, we prove a version of the maximum principle that does not require

a concavity condition. We call it an equivalent maximum principle. Let us make the
following additional assumptions:
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Assumption A1 For all #p € [0, T'] and all bounded &;-measurable random variable
0 (w), the control process B(¢) defined by

B(@) == X1, 710 (@); t € [0, T], belongs to . (18)

Assumption A2 For all u € /¢ and all bounded B8 € g, there exists § > 0 such
that

u(t) = u(t) +€8(t) € dg; t € [0, T], belongs to g forall £ €] — §,8[. (19)
Assumption A3 For all bounded 8 € /¢, the derivatives processes
_ 9yt : _ 9w .
X0 = XG0 = Sy o)
G0 = SZUO| k@ = SKPE|
vl (1) = %Vj’(mm(”’@:o’ ji=1,....D

exist and belong to L2([0, T] x £2).

In the following, we write %(t) for %(t, X (), a(t), u(t)), etc. It follows from (6)
and (8) that

ab b 9% Go
dxi (1) = {a(t))ﬂ(l) + E(t)ﬂ(t)} dr + {XI(t)a(t) + E(t)ﬂ(t)} dB(1)
d 5 B
+/ {8—y(t, Ox1 (D) + 221, ;)ﬁ(;)} No(dr, d¢)
Ro L OX du

+ {a—n(t)m(t) + a—n(l),B(t)} -d®(1); t €[0,T]
0x du
x1(t) =0 (20)

and

0 a 0
dy (1) =— a—i(tm(m£(r>y1(t)+a—§(r)a(t)+ f Veg(t. ki (t. )va(de)

Ro
= , 3
+2; ﬁgj(r)v{ (A1) + ﬁ(t)ﬁ(t) dr +21(1) dB(1)
J=

+ / ki (t, ©)No(dg, di) + o1 (1) - dB(1): 1 € [0, T]
Ro

oh
yiT) = 2= (X(T), a(T)x1(T). 2y
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Remark 3.4 For sufficient conditions for the existence and uniqueness of solutions to
(20) and (21), we refer the reader to [16, (4.1)]. A set of sufficient conditions under
which systems (20)—(21) admits a unique solution is as follows:

1. Assume that the coefficients b,o,y,n,g, f,¥ and ¢ are continuous
with respect to their arguments and are continuously differentiable
with respect to (x, y, z, k, v, u). (Here, the dependence of g and f on k is trough
fRo k() p(t, ¢)v(de), where p is a measurable function satisfying 0 < p(z, ¢) <
c(1 AJ¢)), Y¢ € Rg. Hence the differentiability in this argument is in the Fréchet
sense.)

2. The derivatives of b, o, ¥, n and g are bounded.

3. The derivatives of f are bounded by C(1 + |x| + || + (f, Ik(., OPvdon™\? +
[v] + ul).

4. The derivatives of ¥ and ¢ with respect to x are bounded by C(1 + |x|).

Remark 3.5 Assumption A1 (which includes linear model) is common in the literature
and allows to build the control step by step, see, for example, [15,18,30]. However, a
drawback of this method is that it does not work when the set of controls is not convex.

Theorem 3.2 (Equivalent Maximum Principle) Let u € /g with corresponding solu-
tions X (t) of (6), (Y (1), Z(1), K(¢,¢), V(1)) of 8), A(t) of (12), (p(2),q (1), r(t,§),
w(t)) of (13) and corresponding derivative processes x1(t) and (y1(t), z1(t), ki (¢, ),
v1(2)) given by (20) and (21), respectively. Suppose that Assumptions Al, A2 and A3
hold. Moreover, assume the following growth conditions

r do do ay\?
EU p%){( > (nx 1(t)+< ) (B (t)+/ ((8_3/) (t, O)x} (1)
0 Ro X
ay
( ) (1, )B (t)) va<d¢)+2<< x) (1)x 1(r>+< ) Q) (r)) 2j(@0) ¢ di

T
+ f HOREOR: f 2@, ¢>va<d;>+Z(nf) (2@ pdi | <00 (22)
0

j=1

and

T 9H D oH
E /0 0) (E)z(”+/Ro”V"H“’“”2”‘*(“)+§(m)2“”i(” dr

T
+f A1) z%(r)+/ ki, C)va(dg“)—l—Z(v{)z(t)k )V dr | < oo.
0 ia
(23)

Then the following are equivalent:
(A) %NW)(;))( | = 0for all bounded B € /.
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(B) E[%—ZI(L X@),a), Y (@), Z(1), K(t,-), V1), u, A(t), p(2), q (), r(t,-),
é‘}] = 0 for almost all (a.a.)t € [0, T].

w(t))uzu(t)

Remark 3.6 Let us observe that the two previous maximum principles require the
existence and uniqueness of the solution to the BSDE satisfied by the adjoint processes.
In the partial information case, the above result is not always true. Hence, in the
next section, we propose a stochastic maximum principle via Malliavin calculus. In
this approach, the adjoint processes depend on the coefficients of the system, their
Malliavin derivatives and a modified Hamiltonian.

3.3 A Malliavin Calculus Approach

In this section, we present a method based on Malliavin calculus. The set up we adopt
here is that of a Markov regime-switching forward—backward stochastic differential
equations with jumps, as in the previous sections and the notation are the same. For
basic concepts of Malliavin calculus, we refer the reader to [31,32].

In the sequel, let us denote by DB F (respectively D F and Dd’ F) the Malliavin
derivative in the direction of the Browman motion B (respectlvely pure jump Lévy
process Ng and the pure jump process @)ofa given (Malliavin differentiable) random
variable F' = F(w); @ € $2. We denote by D > the set of all random variables
which are Malliavin differentiable with respect to B(-), N (-, -) and dﬁ( ). A crucial
argument in the proof of our general maximum principle rests on duality formulas for
the Malliavin derivatives D; and D; ; (see, e.g. [31,32]):

T T T
E|:F / o)dB() | = E / gp(;)D,Bth}, 24)
0 _ 0

T . r T
E|:F/ Y(t, O)Na(dr,dg) | = E / v, E)D Fva(df)dfi| (25)
0 Ro _ LJO Ro

T ] T ~
E [F / e(t)d®(t) | = E f ¢(t)D;pFAdt]. (26)
0 0

These formulae hold true for all Malliavin differentiable, random variable F and .%, -
predictable processes ¢ and ¥ such that the integrals on the right-hand side converge
absolutely.

We also need some basic properties of the Malliavin derivatives. Let F € D » be

a .%;-measurable random variable, then DB F = DN“ F = D‘p F =O0forallt > s.
We have the following results known as the fundamental theorems of calculus

t t
D} (/ w(S)dB(S)> =¢(S)1[o,t](S)+/ Dso(r)dB(r), 27)

(/ / ¥ (s, ON(ds, dg)) v (s, g)lo,](s)+/ / D V(. ©)Na(dr, dO),
(28)
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~ t - t ~ ~
Dy (/(; <P(S)df1>(5)> =¢(S)1[o,z](8)+/ DY p(r)dd(r), (29)

under the assumption that all the terms involved are well defined and belong to D1 5.
In view of the optimization problem (10), we define the following processes: sup-
pose that for all u € 27 the processes

K(t) == Veh(X(T), «(T)A(T) 4 V(X (T), a(T))
/ —(s X(s),a(s), Y(s), Z(s), K(s,-), V(s), u(s))ds, (30)
Hy(t,x,e;,v,z, k,v,u,d, k) :=ag(t, x,e;,y, z,k,v,u) + )bt x, e, u)
+ DlBlc(t)a(t, X,ei,u),

+f DNty (t.x. i, 1, £)vi(dg)
Ro

D
"‘ZD?'/K(I)nj(t,x,ei,M))»ij, (31)
j=1
ah ~ g
F(T) = a(X(T),Oé(T))A(T) + a(X(T), a(T)), (32)
dHy
Ot,s) = —()G(t,s), 33)
ox

ab 2

G(t,5) :=exp (f {5 =5 —(r)>
+f <1n (1 + o z)) ’e ;)) ve(d2)

Ro ox

D anj S 9o
+3 (i (1+—( )= Grm) st [13 00

+/ / <1+8—V<r,;>) N, (dz. dr)
Ro ax

+2Dj o (142 0)) 4850 (34)
z ox r HOA D

j=1

~.

~

are all well defined. In (35) and in the sequel, we use the shorthand notation
Ho(r) = Ho(t, X (1), a(t), Y1), Z(t), K (2, ), V(t), u, A1), K(l‘)). We also assume

that the following modified adjoint processes (p(t), g (t), 7 (¢, ¢), w(t)) and A1) given
by
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. T 9Hy
5(1) = k(1) + / O (6, 5)ds. 35)

; ox
§(t):=DEp), (36)
F(t,¢) = D p(), (37)
W) =D pt), j=1,....D (38)

and
dA(t) Snydr + 5L(dB@) + / @) (r ) Ne(dz, dr)

+VUH(t) : dCD(t); tel0,T] (39)

A(0) = ¢/ (Y (0)).

are well defined. Here, the general Hamiltonian H is given by (11), with p, g, r, w
replaced by p, g, 7, w.

Remark 3.7 Assume that the coefficients of the control problem satisfy the conditions
for existence and uniqueness of solution to systems (6)—(8). Assume moreover that
conditions in Remark 3.4 hold. Then, the processes given by (30)—(39) are well defined.
The conditions on existence of processes defined in (30)—(39) play an important role
in the proof of Theorem 3.3. For example, if the Malliavin differentiability of the
process p with respect to B, 1\~/a, & is not guaranteed, then the theorem cannot be
proved. We can now state a general stochastic maximum principle for our control
problem (10):

Theorem 3.3 Let u € Nﬂg with corresponding solutions_X () of (6), (Y (1), Z(1),
K(t,8), V() of (8), A(t) of 39), p(1),q (1), 7(t,¢), w’ (t) of (35)—(38) and cor-
responding derivative processes x1(t) and (y1(t), z1(t), k1(t, ¢), v1(t)) given by (20)

and (21), respectively. Suppose that Assumptions Al, A2 and A3 hold. Moreover
suppose that the random variables F (T), O (t, s) gtven by (32) and (33), and (t)

are Malliavin differentiable with respect to B, N and &. Furthermore, suppose the
following integrability conditions:

[EY oo+ () 08 o+ [ ((5) oo
+(EY w08 (t))va<d;>+z(( Yoo
+ (%) (t)ﬂ2(t)>kj(t)}dt] < o0
E UOT /OT {(DfF(T))2 + /RO (D F1)) vatat)
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+i(ijF(T)>2,\j(z) dsdr | < oo,

j=1
E|:/(;T/T{( PGeo) + [ (o () e
(;5 —(t) >2kj(t) dsdr | < oo,

E[/()T/OT{(D 06.9) + [ (pown) i)

D ~
+Z(fo@(t,s))2,\,(z) dsdr | < oo (40)

=1

||Mc

Then, the following are equivalent:
(A) iﬂ”“ﬂ)(t)) = 0 for all bounded B € <.

(B)E[ (t, X (1), a(t), Y (1), Z(t), K(t, ), V), u, A@t), p(1), G(t), F(t,-),
éi] — 0 foraa. (t,w) € [0,T] x 2.

W) u=u(r)
Remark 3.8 Assume that conditions in Remark 3.7 hold. Assume moreover that the
coefficients are twice continuously differentiable with the second-order derivatives

satisfying the conditions in Remark 3.7. Then, F(T'), © (¢, s) and f ' (7) are Malliavin
differentiable with respect to B, Ny and @.

4 Proof of the Results

In this section, we prove the main results.

Proof (Proof of Theorem 3.1) We prove that J (x, u, ¢;) > J(x,u, ¢;) forall u € @g.
Choose u € 7 and consider

J(x,u,ep)) —J(x,u,e;) =11 + L+ I3, (41)

where

T
=E |:/0 (@, X (), a@t), Y (1), Z(t), K(t, "), V(1), u(t))

— [, X0, (). Y (1), Z(1), K(1,), V(). @)} dr], 42)
I = E[o(X(T), a(T)) = p(X(T), (7)), 43)
= E[y(r ) - v(FO)]. (44)
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By the definition of H, we get
T o~ o~ -~
LI =E [/0 {H(t) —H(t) — A0 (g(t) — g(1) — p()(b(@) —b(1)) —q1) (o (1) — (1))

D
- /R R, Oy (8, 0) = Pt O)Wwa(dD) = Y/ ()0 (1) —ﬁf'(r))xj(r)] dt} :
0 Jj=1
(45)

By the concavity of ¢ in x, the Itd’s formula (see, e.g. [5, Theorem 4.1]), (6), (13) and
(17), we get

8 —~ o~
L<E [%(X(T), a(T)(X(T) — X(T))]

_ - o o -
= E[p(T)(X(T) - X(T)] - E [A(T)Q(X(T), a(T)(X(T) — X(T))}

' b = 9H
) {/o [ﬁ(t)(b(t)_b(”)d’*(“’>—X(r)> (‘ e (z>)+(a<z>—a(r)ﬁ(r>

D
+ /R (r(t,0) = P, O, e () + Y B () () —ﬁfa))x,»(r)' dr}
0 j=1

—~ oh ~ ~
- E[A(T)WX(T), TN (M) = R . (46)

By the concavity of ¥, &, the [t6’s formula, (8) and (12), we get
I3 < E[y/ T O)(¥(©0) — 7(0) |
= E[A0) (¥ ©0) - 7(0) |

- - T (9H -
= E[A(T){h(X(T), a(T)) — h(X(T), Oé(T))}] —E [/0 {g(t)(Y(t) —-Y(@®)
- R ~ 0H
+ A (=g @) +g(1) + (Z(1) — Z(t))afz(t)

. . D oofg . .
+A§(K(hé“)—K(I,C))VkH(t,é“)Va(d{)+Zw(t)(vj(f)—Vj(l)))»j(f) dr
0 =1

-~ oh ~ ~ T (9H -
<E [A(T)af(X(T), a(TH(X(T) — X(T))] —E [/ [7(,)(1/(,) -Y@®)
X 0 dy

- R ~ 9H
+ A (=g @) +g(0) + (Z(1) — Z(I))Tz(t)

_ . D ool . .
+ /. (K(lsf)_K(lvf))ka(tvf)Va(df)+Zﬁ(l)(vj(t)_Vj(l)))\j(t) dr | .
o j=1

(47)
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Summing (45)—(47) up, we have
r ~ OH -
nentn=e| [ {Ho-Fo- o0 - X
0 ax
OH - - Iy
- B—(I)(Y(f) —-Y@) +/R (K(t,8) — K(t,8))ViH(t, §)ve(dE)
0
+ Z —(t)(Vf(t) = Va0 far | (48)

One can show, using similar arguments as in [33] (see also [5]), that the right-hand
side of (48) is non-positive. For sake of completeness, we give the details here.
Fix ¢t € [0, T]. Since H (x, ¥, 2, k, v) is concave, it follows by the standard hyper-
plane argument (see, e.g. [34, Chapter 5, Section 23]) that there exists a subgradient

- (di,da, d3,ds(), ds) € R? x Z# x R for H (x, v, 2z, k,v) at x = X@),
y = Y(t) 7= Z(t) k= K(t D, v= V(t) such that, if we define

i(x7 }’»Zak» U) = H(-xs yvzvk’ v) - H(t) _dl(x _X(t)) _dz(y _?(Z))

—d3(z = Z(1)) — /R da(0)(k(Z) — K (1, £)ve (dE)
0

D
=Yl (Vi) = Vi), (49)

j=1
Theni(x,y,z,k,v) <Oforallx, y,z,k,v. _ _
Furthermore, we have i (X (¢), Y (¢), Z(t), K (¢, -), V()). It follows that,
OH ~ o~ A -

OH o o o

8H _~ — _~ —_~ -~
dy = —— (X0, Y1), 20, K(t,), Vo),
dy = Vi HX (1), Y (1), Z(t), K (1, ), V1)),

dl = H 2. 7@). 2y, R(t. ). V(1)
av/

Substituting this into (48), using conditions 2. and 3. in Theorem 3.1, and the concavity
of H, we conclude that J (x,u, ¢;) > J(x,u, ¢;) for all u € . This completes the
proof. O

Proof (Proof of Theorem 3.2) We have that

4 jwres)

de
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T[af af af
= [/ {af(t)X1(l)+*(l)yl(t)+*(t)21(l)+/ Vief (1, Ok (1, §)ve (dE)
0 X ay 0z Ro

= af ; af Rl
J . /
+]§=1 307 (HOvy A () + o (H)B(1) ¢ dt+ o (X(T), (T)x1(T) + ¥ (Y (0)y1(0) | .

(50)
By (13), the Itd’s formula, (20) and (22), we have

ol
E [a—")<X<T), a(T))Jq(T)]
X
oh
= E[p(DX(D)| - E [a_x(X(T)’ a(T))A(Tm(T)]
T ob db OH
=E [ | {p(t) (a—mxl(r) + —(t)ﬂ(t)) 00
0 X ou dx
do do
+q( (8—<z)x1 1)+ —(t)ﬂ(t)>
X du
el il
+ [ rao (810, O + S, Oﬁ(t)) va(d?)
Ro X au
D . .
. an’ an’
+j; w0000 + T80 <t>] dt}

oh
— E[ (XD, a(M)ADx((D)] (5
X

By (12), the It6’s formula, (21) and (23), we get

E[¢' 00 0]
= E[40)310)]

r _ _ aH
= E[A(T)yl(T)] - E /0 {A(t )dy1 () + y1(t7)dA() + 8—z(t)m(t) dt
D oonm .
+fRO ViH (1, k1 (1, $)va (dg) dr +J§ o7 DU (0 di
dh r ag g g
=E af(X(T), a(THAM)x(T) +/ {A(t) (*(t)m(t) + —Oy1()+ —®)z1()
X 0 0x ay 9z

D
g Jong dg _0H
+ /}RO Vig(t, Oki(t, $ve(de) + 12:; W(’)vl (O (1) + aM(t)ﬁ(t)) g(l)yl(l)

0

OH Doowm .
_E(Z)Zl(l)—/ﬂ{ ViH (L k10 @) = 37 S20v] aj0)dr | (52)
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Substituting (51) and (52) into (50), we get

d
@J(u+€ﬁ)(t)’

' of g ab 9o
=k [/O <x1(f) {(t) +AOSEO + PO + 95O

/ r(t, C) (t C)va(d§)+zw’(t)f(t)?» (t)—(t)}

taft A(t t 1) t ft At t aHt
+y1(){8y()+ ()@()_E( }+Z1(){8z()+ ()Bz()_az()}
+ [k 00,0+ A0 Vist, 0 = Vit 6,0 o)

0

Zv1<r>{(z)+A<r>(t>—(r)}

f og ab do
+ B() {8(0 + AW —@) + pt)—@) +q@)— ()
u ou ou ou

Wy NN L
+/Ror(” 0L vatao) +;w oL (r)x,m]) dr} . (53)

By the definition of H, the coefficients of x1(¢), y1(¢), z1(¢), k1 (¢, ¢) and vy (¢) are all
equal to zero in (53). Hence, if

d
aJ<“+‘5/3>(t) = 0 for all bounded 8 € <7,

it follows that
T 9H
E[ S-0B®) dt] — 0 for all bounded 8 € 7.
0 u

This holds in particular for 8 € 27¢ of the form B(t) = B, (¢, w) = 0(w)&[z,,11(¢) for
afix fo € [0, T[, where 6(w) is a bounded &;,-measurable random variable. Hence

E[/toT %—Z(r)dr@] —0.

Differentiating with respect to ¢y, we have
oH
E[—(s) 0] = 0 for a.a., 19.
ou
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Since the equality is true for all bounded &;,-measurable random variable, we conclude
that

OH
E[a—u(t0)|é“}0] — 0 foraa., 1o € [0, T].

This shows that (A) = (B).

Conversely, using the fact that every bounded B € 27¢ can be approximated by
a linear combinations of controls S(¢) of the form (18), the above argument can be
reversed to show that (B) = (A). O

Proof (Proof of Theorem 3.3) (A) = (B). We split this proof into two steps: in the
first step, we show that the directional derivative of the value function can be written
as a sum of the two terms J; and J>, given by (55) and (56). In the second step, we
show that the condition (A) implies the condition (B).

Lemma 4.1 Assume that the conditions of Theorem 3.3 hold. Then

%J(”Hﬁ)(z‘) = Ji(h) + Jr(h), (54)

where

T -
Ji(h) =E[/ {K(S)%(S)'FDEK(S)S—G(S)*‘/ D;V‘Z-K(S)a—y(& $Ive(dE)
! dx ox Ry ox
5 072 5+ 46 %) | xa (o2 (55)
+ Tk ($)—(s) + A(s)=—=(s) } x1(s)ds |,
o ! ax ax

t+h ~
h(h) = E [9/ {x(s)%s) + P2 (s) +/ DReic()22. (5, €0 (d0)
' ou ou Ry ou

D ~ .
+3 Df-’x(s)aai;(s) + g—];(s) + A(s)g—i(s) ds | . (56)

Jj=1

Proof

d T (af af af
(u+p) _
dEJ (t)‘l=0 =L UO {ax ®Ox1() + 3y Oy + 52 ®)z1(1)

D
9 ,
+/R ka(t,é“)kl(t,g“)va(dé)+§ ﬁfj(t)v{(t)/\j(t)
0 i

0 el
+£(t)ﬂ(t)} df + ZEQXT), (D)1 (T) + /(Y (0)31(0)
oh ~ -
o (XD, (1) (AT) - A(T))xlm] : (57)
X
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It follows from (20) and duality formula that for ' (7') defined by (32) we get

T (ob ob
E[F(Tx)] = E [F(T) { / (a(rm(r) + amﬁm) dr

T (o do
+ / (B—(I)xl(l) + —(t)ﬂ(t)) dB(1)
0 X ou
’ dy Ay -
+/ / (a—(t,i)xl(t)-l-—(t,g“)ﬂ(t)) Ny (de, de)
0 Ro X du
D .r 3,7j 377j N
+; / (a(rm(r) - E(t)ﬂ(t)) dd; (0 ¢ |-
T ab ab
=F |:/ {F(T) (8—(t)x1(t) + —(t)ﬂ(t))
0 X u

B do do
+ D/ F(T) <_8 (O)x1 (1) + —()B(1)
X du

N 0 0
+ / D¢ F(T) (—V (r,c>x1<t>+—ay (t, E)ﬁ(t)> Ve (dZ)
Ro u

+ZD F(T) (—(t) 1) — —(t)ﬂ(t)) x,-(r)} dr} :

j=1
(58)

Similarly, we have

Tar Ta
EUO —(t)m(t)dt} E[ —f<>{ (—(s)x1(s)+—(s)ﬁ(s)>

+/0 <—(S)X1(s) + —(s),B(s)) dB(s)

d
~|—/ / (3—y(s C)xl(s)~|-—(s é“)ﬂ(S)>Na(d§ ds)
0 Jry \OX

o [ (2 a®;(s) b d
+]Z; /0 <§<s)x1(s)——(s)ﬂ(s)> ) b
r/o ety ab ab
/ (/ : (r)dr) (—(s)x1<r>+—(s>ﬁ(s>)
0 X ax ou

[
+(f ' Y(-@)) ><8—U(s)x1(s)+g—Z(S)ﬂ(S)>
«f, ([ 2 (50 o)

=F

@ Springer



394 J Optim Theory Appl (2017) 175:373-410

oy dy
X (—(s, Oxi(s) + E(s’ C)ﬂ(s)) Ve (dg)
([ 0F (Fo)e)

x(g(sm(s) - %(s)ﬁ(s))kj(s)} ds} :

Changing the notation s <> ¢, this becomes

T af ab ab
_E U ( L syas ) (a— Ox1 () + B—(t)ﬂ(t)>
0 u
/ f( —(s) ds)( r)xl(t)+a—"(t)ﬁ<r>)
t u
Ro

d
[ ( / (2 5)a ) <_<¢, o+ L, C)ﬁ(t)) Ve (d)
u
. | |
> ( | » (% )) ) (%mxl(r) - %(t)ﬂ(t)> ¥ (t)} dt} .
“\Ji 0x au

(59)

_l’_
+

+
j=

Combining (30), (32), (58) and (59), we have
r 9
E [/ (f(t)X1(t) + f(t)ﬁ(t)) dr + %(X(T), a(T))m(T)}
T af
=E [/ —(t)xl(t)dt + F(T)x((T) +f E(t)ﬂ(t)dt
_?(X(T)’ Ot(T))A(T)n(T)]
X

' 0b 8b B do do
=F |:/0 {K(f) (([)Xl(t) + (l)ﬁ(l)) + D/ k() ((T))C](l) + W(t)ﬁ(t))

+ [ ol (e omo + 5L 00
Ro
+ ZD T (1) ((rm(r) - (t)ﬁ(t)) y (z)} de

/ f(t)ﬂ(t)dt - f(X(T) a(T)A(T)x (T)} (60)
By the It6’s formula and (39), it follows as in (52) that
E[/' (v ) 0)]
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= £[A0)y10)]

oh - (. dg dg
=E [a—(xm, a(T))A(Tm(T)} +E [ f {A(r) <—<r)x1<t> + SOy (1)
X 0 dy
d
+ 5(%0) + /R Vig(t, Oki(t, £)ve (A7) + Z—(r)v ()2 (1)

a
+—g(t)ﬂ(t)> - E(I)yl(t) - E(t)m(l) —/ ViH (t, Ok (2, $)ve(dE)

Ro
—Z (r)vl(r)x (r)] }

But
oH o) ~ 0 oH 0 ~ 0
S0 = ¥y + A28 S0 = —fa) + A(z)—gm
y dy dy
~ 8
VRH(0) = Vif (0 + A Vig(0): 50 = —f(r) + A(r)—(r) j=1.....D.

Hence we have

E[v' 00 0]
oh - T(. 9 9
—E [8<X<T>, Ot(T))A(T)m(T)} +E [ f { A(t) <g<r>x1(r) + g(f)ﬂ(f)) dt
X 0 ox ou

T (af af
—/ {(t)yl(f)-i-(f)Zl(f)-i—/ Vi f(t, Ok (t, $)ve(dE)
0 0z R

+ Z 5 (0v] (03 <z>} } 61)

Substituting (58)—(61) into (57), we get

d
= J(u+eﬂ)(t)’

T ob do
:E[/O {K(l)a(f)‘l‘DtBK(T)a(f)-i-/ Dt{/c(z) (; ) (de)
DD(;’ tanjt Atag; Ndt
+]§ RO F=0 + A0 550 Ja )

T ab B do 7. dy
+E |:/0 HK(Z)E(I) + Dy K(t)g(l) +A~QO Dt,;"(t)a(’»f)va(di)
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+ZD K(t) (t)+—f(t)+A(t)—(t)}ﬂ(t)dt : (62)

Equation (62) holds for all B € og. In particular, choose
Bo = Bo(s) = (@) x(.1+r1(s), Where 8(w) is &-measure and 0 <t <t +h < T.

Then, (20) yields x; = xlﬁ é’)(s) =0 for 0 <s < t. Hence (62) can be rewritten as
Ji(h) + J2(h) =0, (63)

where
T b 5 o
Iy = EU {x(s)a—(s)+DsK<s>—(s)+/ Yek(9)50 5, Ovad)
t X 0x
20 & onl _ 0g
+;D, ’K(S)a—x(S)JrA(S)a—x(S) x1(s)ds |, (64)
i+h b 5 00
Joth) =E [9/ {K(S)B—(S) + Dk (s)—(s) +/ K(S) (s e (dg)
¢ u ou

+ZD K(S) (s)+—f(s)+A(s)—(s) ds | . (65)

This completes the first step. O

Next, we conclude the proof of (A) = (B).

Lemma 4.2 Assume that the conditions of Theorem 3.3 are satisfied. Assume that (A)
in Theorem 3.3 holds. Then, (B) in Theorem 3.3 also holds.

Proof Assume that (A) holds, that is, %J @+8) (1) = (. Then, from Lemma 4.1, we
have Ji(h) + Jo(h) = 0.

Let x1(s) = xfﬂ 9)(s). Assume that s > ¢ + h. Then, it follows from the choice of
Bp and (20) that

b 9 9 ~
dx1(s) = x1(s—) {a(S)ds + %(S)dB(S) +/ %(s, {)Ng(ds, d¢)

Ro

+ 9% ) -d&s)} . selt+h, Tl
0x

By the 1t6’s formula, it is easy to show that x1(s) = x1 (¢t +h)G({ +h,s); s >t+h,
where G is defined by (34). Let us observe that G (¢, s) does not depend on 4. It follows
from the definition of Hy [see (31)] that
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T t+h
Jith)y=E |:/ %(s)m (s)ds:| =FE |:/ %(s))q (s)ds:|
t X t ax
T
+ E |:/ @(s)xl(s)ds} .
t+h 0X

Differentiating with respect to i at h = 0 gives

d d +h 5 H,
el (h)‘ -k f 20 (5)x1 (5)ds

d T 9H, q 66
+oE [/ 970 ()x1(s) sLZO. (66)

+h 0X
t+h
Since x1(t) = 0, we get %E |:/ 8—O(s)x1(s)ds:| = 0. Using the definition
t x h=0

of x1(s), we have

dE[/T 8H() ()di| d |: () (t+h)G(t + h, )d]
- — )X §5)das = — — )X s)as
dh x0T po dh Ll a0 h=0
d
/ T |:a—(s)x1(t +h)G(t + h, S)]h_o ds
/ i |:a—(s)x1(t+h)G(t s):| ds,
dh h=0
(67)
where x1(t 4 h) is given by
t+h
x1(t+h)= / (xl(r—) {g—b(r)dr + 8—a(r)dB(r)
t X ox
ay ~ on ~
+/ —(r, L)Ny(dt, dg) + —(r) -dcp(r)}
Ry 0X ax
ob oo oy ~
+ 6 {—(r)dr + —(r)dB(r) +/ —(r, {) Ny (dz, d2)
au ou Ry Ou
+ 20 ~d5(r)}) . (68)
ou
Therefore, by (67) and (68) %Jl (h))h_0 = J1.1(0) + J1.2(0), with
= [ L[ eego [T 0+ 2 ham
w0 =[5 [Wm a0 [ {£<r> F S ()ABO)
+/ a—y(r,g)ﬁa(dt,dg) + 8—n(r)«dd~>(r)” ds (69)
R, OU ou h=0
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L 9 Hy
11,2(0>=/ » [8 )G, s)/ (= ){—(r)dr+—(r>dB(r)
t

+/ —(r,g)ﬁa(dr,d;)Jr—(r)-dq'E(r)” ds. (70)
Ry 0X ox

h=0

Since x1(t) = 0, we have J; 2(0) = 0, from which we get (fihjl (h)‘hi0 = J1.1(0).
Using once more the duality formula, we get from (33) that -

o= Lefo [P 0e % DFE
“()‘/, - [f {50) (t.5)+ 5 ()DF O, 5)

h=0

+f 2 eypMee, s)va(d§)+z—(r)D o, s)]dr] ds
Ro

T
=/ EH%(t)@(t,s)—i——G(t)DtB(H)(t,s)

¢ du au

+/ . opMoq, s)va(dc)+2—<r>D O 1, 5)1(1)
Ro
(71)

On the other hand, differentiating (65) with respect to & at & = 0, we have

—h| =E|0 K(r)%awDBK(r)a—“(rH/ D5 1, 6w 00)
B o ou ! ou Ro *

J=1

D .
%y s+ I8
+2_ D K5 03 (0) + (0 + A) au(’)”' (72)

Summing (71) and (72) yields

T b B T do
E |03k + O,s)ds | — @)+ D/ | k(@) + O, s)ds | — (1)
¢ ou ¢ au
dy
+ ,? K(t)-l— @(t,S)dS a—(l,C)Va(d{)
Ro u

D
o ~ 0
+> D </c(t)+/ o, s)ds) —(z)x (t) + f(t)+A(z)—g(t)H —0.
= ou ou

(73)
Using (36)—(38) and (11) with A, p, g, r, w replaced by A, p,q,7, w, we get

oH -
E [9—3 (t, X (@), a(t),Y(), Z(t), K(t, ), V(t),u, At), p(t), (1), 7(t, ), u7(t)> ] =0.
u u=u(r)

@ Springer



J Optim Theory Appl (2017) 175:373-410 399

Since this holds for all &;-measurable random variables 6, we conclude that

oH - - - -
E[aT(l’ X(@), o), Y (@), Z(t), K, ), V), u, A1), p(), q(t), 7 (t, ), W(1))u=u(r) é?] =0.
(74)
The proof of (A) = (B) is completed. m]

Finally, we prove that (B) = (A). Conversely, assume that there exists u € g
such that (74) holds. Then by reversing the previous argument, we obtain that (A)
holds for By(s) = 0(w)x«.,1+n(s) € g, where 0 is bounded and &;-measurable.
Then (63) holds for all linear combinations of Sy. Since all bounded 8 € 7z can be
approximated pointwise boundedly in (¢, w) by such linear combination, it follows
that (63) is satisfied for all bounded 8 € 7. Thus, reversing the remaining part of

the previous proof, we get %J W+8) (1) — = 0 for all bounded 8 € . O

5 Applications

5.1 Application to Optimal Control Problem for Markov Regime Switching
with No Concave Value Function

In this section, we apply the results obtained to study an optimal control problem for
a Markov regime-switching system, assuming that the value function is not concave.
Suppose that the state process X () = X(“)(t, w); 0<t<T, we £2 is acontrolled
Markov regime-switching jump diffusion of the form

dX (1) = u(t) {a(t)dB(t) +/

Ro

V(I,C)ﬁa(dé“,dt)}, 1€[0,T], X(0) =0,

(75)
where 7 > 0 is a given constant. u(-) is the control process. We assume here that
Ny = N for any state of the Markov chain. Let us introduce the performance functional

Jw)=E [ fo ' {Cra®)u(®) + Caa®)u? () + C3(a(t) X (1)} dr + c4(a<T))X2(T>} :
(76)
In this case, we have that
f, x,a,y, 2.k, v,u) = C(@)u + Ca(@)u® + C3()x?, o(x,a) = C4(a)x>, g=1¢ =0,
k(1) =2C4(x(T)X(T) + 2/tT Ci(x(s))X(s)ds, A(t) =G(t,s) =0,

Ho (1, %, ei, v, 2.k, v, 1, @, i) =D,Bx(r)ua(r)+/ DYty (b uvi(dg)
Ro

H(t,x,ei, 9,2,k v,u,a, p,q,r,w) = Ci(e))u + Ca(e)u + C3(e))x* + G(1)o (t)u
+/ Rt Oy (1. Ouvi(dD),
Ro
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with the modified adjoint processes are reduced to

~ T 9 Hy ~ B
p(t) = k(1) +/ W(S)G(t, s)ds =«(t), q(t) =D;«k(t),
t
Ft.0) = DNeet), /() = DY), j=1,....D.

Remark 5.1 The Hamiltonian in this case is not concave and therefore Theorem 3.1
cannot be applied. Using the Malliavin calculus approach (Theorem 3.3), we derive the
expression of the optimal control if it exists. Note that, when &; = %, for all ¢ € [0, T],
one can also use Theorem 3.2 to derive the optimal control. In fact, in this case, it
is possible to guess the form of the adjoint processes and employ techniques from
ordinary differential equations to get the solution and hence the optimal control.

Theorem 5.1 Assume that the state process is given by (75) and let the performance
functional be given by (76). Moreover, assume that a(t) is a two-state Markov chain
and & = F, forallt € [0, T]. Assume in addition that an optimal control exists.
Then, u* is an optimal control for (10) iff

—Ci(1
W) = 1 Xie-)=1)
202() + 20, T, D (020 + fi, 721, V(D)
—-Ci1(2
+ 12) Xa—)=2),  (T7)
202(2) + 211, T, 2) (02(0) + fi, 20, ©v(d0) )
where

P T.1) = Cao(1) + G ()T —1) +C3(2, D~ M2 g

1.2+ 22,1
112G D2+ - G D)

_l’_
M2+ A21)?

{1 _ e()\],2+)»2.1)(T*T)}
(78)
and I'(t, T, 2) is obtained in a similar way.

Proof The condition (2) in Theorem 3.3 for an optimal control ii(z) is one of the two

E[Cl(a(t))+2C2(Ot(t))u(t)+6(t)é(t)+/ r(t, 8y, ¢Hva(dE)

o

Ro
(79)
E [Cl(d(f)) +2C (a()ult) + o ()DF p(t) +/]R Di?ﬁ(l))/(t, $ve(dg) 5}] =0.
0 (80)

Equation (80) can be seen as a partial information, Markov switching Malliavin-
differential type equation in the unknown random variable p(¢). A similar equation
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was solved in [15] without regime switching, when & = .%;. For simplicity, we
assume from now on that & = .%; for all t € [0, T'] and that « is a two-state Markov
chain. Using the fundamental theorem of calculus (see, e.g. [31, Theorem 3.1]), we
have

T
G(t) = D} p(t) = 2C4(a(T) DX (T) +2 / C3(a(s)) D X (s)ds
13

T
— 2C4(a(T)) {/ DB (u(r)o(r))dB(r) +u)o ()
t

T ~
+/ / Dp (u(r)y(r, ;“))Na(dc, dr)}
t Ro

T s
2 [ caon| [0 (1o )aso) + o
t t

+// ng(u(r)y(r, ;))ﬁa(dg‘,dr)}ds.
t Ro

Using integration by parts formula (or product rule), we get

T
() = DEj(n) =2 {c4<a(t))u<r)o<t) + / Ca(@(r) Df (u(r)o (1) dB ()
t
T ~
[ [ csanpp (s o) Ruc.an
t JRy

T D
+ / DEX(r) Y ki j(Ca(j) = Cali)Xia(r=irdr
t . . .
J=Li#]

T D
+/ D,BX(V) Z Ai, i (Ca(j) — C4(i))X(a(r)—i)dmij(t)]
t

J=Li#j
T s
+2{ / (Ca(a(t))u(t)d(t)—F | exenpp (uro)ase)
t t

+ [ [ ese@onpf (s o) R, an
Ry Jt

D
N
+/ DEX (r) Z Ai, j (C3(j) — C3(D) X(ar)=idr
t . L.
J=Li#j

N D
[ DEX@) Y (€30 = Caitiarmidis 1) | ds
! J=Li#]

81)

Taking conditional expectation with respect to .#;, we have
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T D
E[30| 7] = 2cs@nuion +2 [ unow Y il - Ca)
t

J=Li#j

T K
7, ]dr + 23 )ut)o ()T —1) +2 / / u () (1)
t t

E[X(a(r):i)

D
X D kg (C0) = COE] = | Fi |dr ds. (82)
j=Li#j

Let ¢(t) = ej and forn = 1, 2, 3, 4, let C,,(i) be the value of the function C,, at 1.
Define C,,(2, 1) forn =1,2,3,4by C, (2, 1) := C,,(2) — C,,(1). Then, we have

E[a0] 7] = 2¢sDumo ) +2 [T w00 (1) (12(C2) = o) E[ Xiatrr=n |a0) = 1]
+22,1(Ca1) = CoQVE Ko o) = 1])dr +2C3utro ()T — 1)
+2/tT /t w00 (1) (31.2(C32) = CONE [ tair= o) = 1]
+32,1(C3() = CDE [ xain=n |«(®) = 1])dr ds

= 2C,(Du()o () + 2/,T w0 (1) (112(C2) — ) Palr) = lat) = 1)
+22.1(Cal) = C4() P(a(r) = 2la(0) = D)dr +2C3(Du(o () (T — 1)
+2/tT /tsu(t)(r(t)<k1.2(C3(2) Gy () P@(r) = 1) = 1)
+22.1(C3(1) = C3(2) P(a(r) = 2|a(t) = 1))dr ds.
It follows from the transition probability of a two-state Markov chain that

ApgePr2tra=r) 4 5,

T
E[40| 7] = 2c4uo ) + 2ue ()Cs2, 1)/, (M,z P

A2 — ApgeM2ti2n—r)

—A1 dr +2C3(Dut)o (t)(T —1)
’ A12 + A0 )
T ps a et D=r) oy
12052, 1)u(t)a(t)/ / Py 21
t Ji A2+ 221
A1y — A1 neP2tA2)E—T)
—A2.1 1.2 1,2 drds
A2+ 222

A2 (124021 ((=T)
=2C4(Du)o(t) +2u(t)o (t)Cs(2, 1) ———— (1 — e\*1.27T421
4 (D)o (1) + 2u(t)o (1) Ca( )MHM( e )

+2C3(DHu)o (t)(T — 1) +2C3(2, Du(t)o () A.2

—— T -1
A2+ 221

M2 (M124221)(t=T)
—2C32, Du(t)o (t) ——————= (1 — 127721
(A1,2+A2,1)2( )

@ Springer



J Optim Theory Appl (2017) 175:373-410 403

A
= 20 ()(Ca() + C3(D(T = 1) + €32 h——2—(T 1)

1,2+ 42,1
ra|Ca@ D02+ 200 - G2 1)

+
(M2 +42,1)?

{1 _ e(MzH»z.l)(I*T)}). (83)

On the other hand, set «(#) = ej. Using the integration by parts formula and the
fundamental theorem of calculus, we have

E[F@ 0| 7]

=2C(Mu@)y (1, ¢) + 2/IT u(®)y(t, C)(kl,z(c4(2) - C4(1>)E[x<a<r>=1>’a(z) _ 1]
+32.1(Ca(1) = C4@DE | twin=n |a(t) = 1])dr + 263Dy ¢, (T = 1)
+2/1T /, w @y (1, 0) (11.2(C3(2) = CxNE [ x(air=n |e0) = 1]

+32.1(C3() = CVE | xatr=n |« (®) = 1])dr ds

=2C4s(Mu()y(t,¢) + 2/1T u(@)y(t, {)(ALZ(C4(2) )Pl = L) = 1)
+ 22,1 (Ca(1) = Ca@) P(@(r) = 2Jar(t) = D)dr +2C3(Du()y (1, (T =)
+2/,T /tsu(r)y(t, C)(M,z(C3(2) — () P(alr) = l|a(t) = 1)

4+ 22,1(C3(1) = C3(2) P(a(r) =2|a(t) = 1))dr ds.

Similarly, we get

+ A
L #12{Ca2 D12 +A21) — G D) [1 ~ e@lwll)(,m])

A
E[fe 0| 7] = 2mv i 0 (c4<1) F O =0+ G D2 (T =)

(A2 +A2.1)?
(84)

Then, the result follows for «(f) = e;. Performing the same computations, one get an
expression for I"(¢, T, 2). This completes the proof. O

The following corollary is a generalization of [3, Example 4.7].

Corollary 5.1 Assume that conditions of Theorem 5.1 are satisfied. Moreover, assume
that C1, Cy, C3,Cq 1 I — Rosatisfy C1(1) = —1,C1(2) = 0,C2(1) =0, C2(2) =
5. C(1)=0,C3) =1, C4(1) = 5, C4(2) = 1.
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Then, the optimal control u™* for (10) satisfies:

1
u(t) = X{a—)=1} + 0 X Xfa(t—)=2},
2 T 1) (02(0) + fi, (5. £)v(d0) )
(85)
Al.z{l()hl,Z‘HLZ,l)—l}
Where F(t’ T’ 1) = %+ )Ll j‘l‘:izl (T_t)+ (inl2+)»21)2 {1_6()\1’24_)\211)0_7‘)}.

5.2 Application to Recursive Utility Maximization

In this section, we use the results from Sect. 3.3 to study a problem of recursive utility
maximization. Consider a financial market with two investments possibilities: a risk-
free asset (bond) with the unit price So(#) at time 7 and a risky asset (stock) with unit
price S(¢) at time ¢. Let r(7) be the instantaneous interest rate of the risk-free asset at
time ¢. If r; := r(t, a(t)) = (r|a(t)), where (-|-) is the usual scalar product in R” and
r=(1,r,...,rp) € R+D, then the price dynamic of Sy is given by:

dSo(t) = r(t)So(r)dr, Sp(0) =1. (86)
The appreciation rate w(¢) and the volatility o (¢) of the stock at time ¢ are defined by
() = p(t, () = (pla@)), o@):=o(t, a@) = (ala)) t€I[0,T], (87)

where u = (1, 2. ..., up) € RP and o = (01,02,...,0p) € R, P. The stock
price process S is described by the following Markov modulated Lévy process:

dS() = S(t7) (/j,(t)dt +o()dB() +/ y(t, ()]Va(dt,dg)), S(0) > 0.
R\{0)
(83)

The general setting considered here can be seen as an extension of the exponential-
Lévy model described in [35], where a factor of modulation is introduced. Hence, we
can retrieve in a simple way some of the existing models in the literature (e.g. the
classical Black—Scholes model and the family of exponential-Lévy models.)

Here r(t) > 0, wu(t), o(t) and y(¢,¢) > —1 + & (for some constant ¢ > 0) are
given &;-predictable, integrable processes, with {&;},¢j0 71 being a given filtration,
such that

& C Fiforallt € [0, T).
Suppose that a trader in this market chooses a portfolio u (), representing the amount

she invests in the risky asset at time ¢. In the partial information case, this portfolio is a
&;-predictable stochastic process. Choosing So(f) as a numeraire, and setting without
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loss of generality r(¢) = 0, one can show (see [18] for such a derivation) that the
corresponding wealth process X (1) = X ) (1) satisfies

dX (@) = u(t) |:;L(t)dt + o (t)dB(t) +/

Ro

v, c)ﬁamt,dc)} X)) =x >0,

(89)
The above process is a controlled 1t6-Lévy process.

We consider a small agent endowed with an initial wealth x, who can choose her
portfolio between time 0 and time 7. We suppose that there exists a terminal reward
X(T) at time T. In this setting, the utility at time ¢ depends on the utility up to time ¢
and on the future utility. More precisely, the recursive utility at time ¢ is defined by

T
Yt)=E |:X(T) +/ g(s, Y(s), a(s), a))dsi| , 90)
t

where g is called the driver. One can show as in [14] (see also [29,36]) that the
above process can be regarded as a solution to the following Markov regime-switching
BSDE.

dY(t) = —g(t, Y (@), a(t), w)dt + Z(t)dB(t)
+/ K(t,0) Ny(dg,dt) + V(&) -d®(1); t [0, T] 1)

Ro

Y(T) =X(T),

where g : [0, T] x R x S x % x £2 — R is such that the BSDE (91) has a unique
solution and (¢, w) — g(¢, x, ¢;, ®) is %;-predictable for each given x and e;. For
more information about recursive utility, the reader may consult [14,20,22]. Such
unique solution exists if one assumes that g(-, v, ¢;) is uniformly Lipschitz continuous
with respect to y, the random variable X (T') is squared integrable and g(z, 0, ¢;) is
uniformly bounded.”

We want to apply Theorem 3.3 to find the control u (if it exists) that maximizes the
recursive utility ¥ (0) defined by (91). This means that we aim at finding «* and Y*
such that

Y 0) = sup YW (0) =r*.
ueﬂg

Note that the performance functional J («) given by (9) is reduced to:
J(u) = Y@ (0).
This means that
f=0, ¢ =0, and ¥y (x) = x.
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We also have

hx,a) =x,
b(t,x,a,u,w) =uu(t,a, w),
o(t,x,o,u,w) =uo(t,a,w),
vy, x,a,u,w) =uy(t, o, w),

ni(t,x,o,u,w)=0.
The Hamiltonian is therefore reduced to:

H(t,x, e,y z,k,v,u,a, p,q,r,w, o)
=ag(t, x, ej, w) + pup(t, e;, w) + quo (t, e;, ®)

+/R rt, Quy(t, e, &, @)vi(d7), 92)
0

with the modified adjoint processes A and (p(),q(), 7, ¢), w(t)) given, respec-
tively by:

dA(1) = A(0)Vyg(t, Y (1), a(t), w) dt

A0) =1, ©3)
and
- T 9H, -

pt) = k(1) +/ a—x(s)G(t, s)ds = A(T), (94)

t
G(t) == DPA(T), (95)
F(t,¢) = DN AT), (96)
@i (t) = DYAT), j=1,....D. 97)

Equation (93) can be solved explicitly and the solution is given by:

t

A(r) = exp (/ Veg(t, Y (1), a(t), w) ds) ) (98)
0

Condition (B) in Theorem 3.3 for an optimal control u™ becomes

y(t, e, ;)Dﬁfi(nw(d;ﬂéi] =0
(99)

E [M(t, e)A(T) + o (1, e))DEA(T) +/

Ro

fori =1,..., D.Foreachi =1, ..., D,Eq.(99)iscalled apa{tial information, Malli-
avin differentiable type of equation in the unknown variable A(T), see, for example,
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[15,17]. For & = %, one can solve this equation explicitly (see [15]) and get

T T
A(T) = E[A(T)] exp (/ B(t,a)dB(1) — %/ B2 (1, a)dr
0 0
T
+ / / In(1 4 6(z, &, £)) Ny (dt, d¢)
0 Ro
T
+f {In(1 +0(t, «, ;))—Q(t,oc,;“)}va(dg“)dt) (100)
0 Ro
for some .%;-predictable processes (¢, @) and 6(¢, «, ¢) such that

u(t,a)+o(t,)pt, o) + / y(t, o, )0, o, f)vi(de) =0 for a.a. (7, w).
Ry
(101)

The processes 8 and 6 are completely determined by the vector (8i, ..., Bp) and
(61, ..., 0p), solutions to the system of equations

u(t, e)) +o(t, e)B(t, e) +/ y(t, i, 0)0(t, e, $)vi(dg) = 0 fora.a. (7, w)

Ro
(102)
foralli =1,..., D. Under condition (101), the measure Q defined by
A(T)
dQ(w) = ———dP(w) on 1 (103)
E[A(T)]

is an equivalent local martingale measure (ELMM) for the process X (¢). For more
discussion on this, we refer the reader to [15, Section 5].

Assume that a(¢) is a two-state Markov process and that g (¢, Y (¢), a (), ») is given
by:

g, Y (1), 1, w) = —ci@Y (O InY (@) + c2(0)Y (1), g1, Y1), 2, w)
=c@)Y () +co(t). (104)
Using Theorem 3.3, similar arguments as in [15, Section 5] yield the following:

Theorem 5.2 Suppose that g(t, y, @) is as in (104) and c is deterministic. Let A(T)
be the solution of the modified forward adjoint equation and suppose that B and 0
satisfy

ut,a) +o(t, ), a) + / y(t, o, )0t o, )ve(ds) =0 fora.a. (¢, w).

Ro
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Moreover, assume that E[exp (fOT c(t)dt) (1 + fOT |c0(t)|dt)] < 00. In addition,

suppose that an optimal control u* exists . Then, the maximal differential utility is
given by:

T
Y*(0, 1) = x (exp/ cl(t)dt> E[A(T)], (105)
0
T T T
Y*(0,2) = xE [exp / c(t)dt] n f E[co(t)exp / c(t)dt]dt. (106)
0 0 0

Proof 1t follows from Theorem 3.3 and the arguments in [15, Section 5]. O

6 Conclusions

In this paper, we presented three versions of the stochastic maximum principle for
Markov regime-switching forward-backward stochastic differential equation with
jumps. We then applied the results to study both the problem of optimal control when
the Hamiltonian is not concave and the problem of recursive utility maximization. In
the former case, the Malliavin calculus approach was used. There are many advantages
of using Malliavin calculus approach. First, it does not require the study of the existence
and uniqueness of the solution of a BSDE usually satisfied by the adjoint equation.
Second, it does not assume concavity of the Hamiltonian. Third, it enables us to get
an “explicit” solution for the optimal control problem for non-concave Hamiltonian
in some cases.

In this work, it is assumed that the sensitivity towards risk of the controller when
making decisions is implicitly given in the utility function. It is often the case that the
risk-sensitive parameter is explicitly taken into consideration when dealing with the
controller preference. Such control problem is known as risk-sensitive control and has
been studied in the past years by several authors, see, for example, [37—40]. It would
therefore be interesting to extend the current Malliavin calculus approach to the risk-
sensitive case. A risk-sensitive maximum principle for a Markov regime-switching
jump—diffusion system is derived in [41] using the classical approach.

Another interesting study would be to address the problem of partial observation
maximum principle for Markov regime-switching systems. In fact, in many economic
applications the target variables are not always observed and a specific observation
process is given (see, e.g. [37]). A way of solving the control problem in this case
is to derive the stochastic partial differential equation of the associated filtering and
consider an optimal control problem for stochastic partial differential equations.

In this paper, we do not analyse the effect of a change in a parameter (e.g. volatility,
initial value) of the state process could have in the obtained optimal control. Such
study could also be of interest.
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