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ABSTRACT

We obtain a Large Deviation Principle (LDP) and Asymptotic Equipartition
Property (AEP) for Critical, Super-critical and Sub-critical telecommunication
network modelled as SINR random network. Given devices space D, an intensity
measure Am € R, is a transitional kernel Q from the space D to positive real
numbers R and a path loss function. The study defines a Marked Poisson Point
Process (MPPP). For a given MPPP and technical constant 7,7, : (0,00) —
(0,00); the study defines a Marked SINR Network as a Telecommunication
Network and associate it with two empirical measures; the empirical marked
measure and the empirical connectivity measure on two different scales as \?ay
and A, on a topological space, where X is the intensity measure of the PPP which
defines a SINR random network. For the class of telecommunication networks,
the study proves a joint LDP for the empirical measures of the telecommunication
network. Using this joint LDP, the study proves Asymptotic Equipartition
Property (AEP) for the stochastic telecommunication network modelled as the
marked SINR network. In addition, the study proves a Local Large Deviation
Principle (LLDP) and a classical McMillian Theorem for the stochastic SINR
network process. Further, for a typical empirical paired measure, we deduce from
local large deviation principle a bound on the cardinality of the space of marked
SINR network. Note that, the LDP for the empirical measures of this stochastic
SINR network modelled as Telecommunication network was derived on space of
measures equipped with the 7— topology, and the LLDP were deduced in the
space of the SINR model process without any topological restriction. All our rate
function are expressed as relative entropies of the marked SINR on the device

space D.
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Chapter 1

INTRODUCTION

This chapter consists of an introduction and mathematical preliminary of the
large deviation for empirical measures of signal-to-interference noise ratio (SINR)
graph model. We first recall in Section (1.1), which provides the background of
the study, whilst Section (1.2) contains literature review (development through
history). Section 1.3 presents the mathematical preliminaries on the network
model, and in the next Section (Section 1.4), we introduce large deviations.
Further, Section (1.5) focused on the other tools for the study, Section (1.6) deal
with an overview and last Section presents the contribution of large deviation
principles (LDP) to the study of the empirical measure of signal-to-interference

noise ratio (SINR) graph model.

1.1 Background of the study

Over a billion smartphones are believed to be linked to the complex mobile
communication network worldwide. A cellular network, also known as a mobile
network, is a communication system in which the connectivity between end nodes
is wireless. Wireless communication utilises electromagnetic waves to convey
messages across distances, which has become the latest standard in our daily lives
(Avin et al., 2012). Wireless communication makes use of electromagnetic waves
to send a signal across long distances. As a result, it is a prerequisite for routing
across any telecommunication network. A wireless network in telecommunication
consists of numerous nodes connected by a wireless channel, which acts as an
electrical wave for connecting over long distances and can travel at speeds close to

the speed of light. Van-Bosse and Devetak (2006) stated that telecommunication



network permits us to talk, send faxes and other information to pretty much
anyone on the planet. For instance, mobile networks have changed the way people
communicate, and mobile phones have gone from being a luxury commodity
to being an indispensable part of daily life. Rather than being hampered by
location or technological enhancement, today’s cell phone use is determined
by social circumstances. Therefore, mobile internet is the next step in the
mobile networking revolution, while voice connections fulfil the essential need
to communicate, and mobile voice connections begin to filter even deeper into
the fabric of everyday life. The mobile internet is on its way to being a popular
source of daily information, and simple, flexible mobile access to this data would
be expected.

The historical accomplishments of 2G and 3G, as well as the promise of 4G in
this decade, have led to agreement on the new fifth generation (5G) of mobile
technologies. The fifth-generation (5G) mobile network enables the creation of
a new network capable of connecting almost anybody and everything, including
computers, objects, and gadgets (Zhang et al., 2015). Thus, wireless connectivity
transition from a desirable feature is needed for a large number of items in various
industries as a result of fifth-generation. Furthermore, fifth-generation wireless
technology intends to give users with peak data rates of tens of gigabits per second
(Gbps), ultra-low latency (millisecond level), improved reliability, huge network
bandwidth, enhanced availability (one million connects per square kilometer),
and a more reliable user experience. New user experiences and industry linkages
are enabled by increased performance and productivity. According to Zhang
et al. (2015), new applications and use cases implemented in the fifth generation
(5G) mobile networks bring unparalleled and complex specifications, one of which
is exceptionally high availability. The fifth generation mobile communication
technologies are emerging into research fields (Liu, 2016).

In wireless communication system, a wired path between the sender or transmitter

and the receiver determines the correct data reception. SINR is used in wireless



communication as a way to measure the quality of wireless connection. It serve
as a fundamental performance metric for design and analysis. Specifically, SINR
denotes metric measurement in the wireless channel status, which affects the bit
error rates of the packet (Zhang et al., 2008). The usage of SINR in an integrated
wireless network provides a solution in handover optimisation.

Moreover, the SINR is also a quantity that indicates if a given frequency resource
is suitable to maintain a communication link properly (Bastidas-Puga et al.,
2018). Besides, the SINR is a critical performance measure that influences other
metrics related to different layers, modules, and wireless communication systems
(for example, spectral efficiency or energy efficiency). More so, SINR serves as an
indicator that measures downlink coverage for network planning and optimisation
purpose (Hadj-Kacem et al., 2020). Generally, the SINR model is widely accepted
ahead of the protocol model due to its accuracy and precision of the network
connectivity. In the SINR model, concurrent transmission from the sender and
interference is treated as an additive Gaussian white noise. A transmission is
deemed successful if and only if the SINR at the receiver end from the nearest
base station exceeds a certain threshold. However, the SINR model is dependent
on the random nature of the propagation environment, and the power received.
The Signal-to-Interference-plus-Noise Ratio (SINR) relevance stems from the
Shannon law in information theory, which provides an explicit formula expressing
the maximum possible data throughput. Information theory is a mathematical
theory of communication that quantifies information and uses these quantities
to model situations and solves communication and data storage optimality
problems (Shannon, 1948). It covers the theoretical and practical aspects of data
compression and efficient information transmission over noisy networks. The data
source entropy provides a lower bound on the compression rate. The ability of the
given channel limits rates for accurate information transmission (Nemetz, 2009).
The information theory is primarily characterised by a stationary stochastic

process and thereby seen as a branch of probability theory because it is dependent



on the ergodic theorem. The ergodic theorem states that the empirical mean of
function converges in probability to the theoretical or sample mean of function.
The ergodic theorem is a very general form of the law of large numbers (LLN),
which is vital in probability theory. For instance, the strong law of large number
is regarded as Shannon-McMillian-Breiman (SMB) theorem or the Asymptotic
Equipartition Property in information theory (AEP).

Large Deviation Theory (LDT) involves the asymptotical computation of
probability on an exponential scale. Nemetz (2009) describes the behaviour of a
stochastic system when it deviates from its expected behaviour with the theory
of Large Deviation.

Further, Jahnel and Koénig (2020) posited that, the LDT is designed to analyse an
asymptotic random situation in which a parameter diverges the unlikeliness of the
event. Their studies argued that applying the LDT implies that the probability
under consideration decays exponentially very fast in this parameter, and the
exponential rate (rate function) is derived using the variational optimisation
approach.

The Large Deviation Principle (LDP) is the foundation of the LDT, thus a
sequence of random variable satisfies the LDP if a rate function determines the
exponential decay of the probability of the rare event and can be captured using
the variational principle (Touchette, 2018). The LDP allows us to quantify the
decay of probability for events always from their ergodic limit on an exponential
scale.

According to Borbash and Ephremides (2006), the challenge in computing time
routine to meet such connectivity criteria within a wireless network is taken into
account. Unless node transmissions and receives are simultaneous, connectivity
can be active at the same time. Node transmissions or receipts from more than
one node can occur at the same time. A given SINR is exceeded at each receiver
when transmitters use optimal transmitter power.

In this study, we will introduce a set of transmitter-receiver pairs in the SINR



model located in the plane with an associated SINR requirement. The aim is
to satisfy as many of the requirements as possible. The study provides LDP
for a wireless network model consisting of Poisson Point Processes (PPP) of
transmitters and receivers. The study will associate a family of connectable
receivers whose SINR is larger than a certain connectivity threshold to each
transmitter.

This study seeks to obtain the LDP for empirical measures of the SINR
graph. Specifically; the Local Large Deviation Principle (LLDP), the
Large Deviation Principle and information theory for the SINR graph
model, Large deviation principle for empirical SINR measure of critical
telecommunication. Large deviations, Sharron-McMillian-Breiman(SMB) for
super-critical telecommunication network, and Large deviations,and Information

theory for sub-critical SINR network model.

1.2 Literature Review

This section presents a review of related literature on the topic forming the basis

of this study.

1.2.1 Development through History

In probability theory, the large deviation theory deals with the asymptotic
behaviour of tail distribution. Studies from Ikeda (1959) and Jamison et al.
(1965) revealed that in 1929, Khintchine worked on the first local limit theorem
for large deviation probabilities. The study provided the framework for the
fundamental concept of classical statistical mechanics and quantum statistics.
The works focused on the sum of independent and identically distributed (iid)
random variables but failed to address the probabilities of non -iid random
variables. Khinchine theorem is termed as the law of iterated logarithm. Also,

some theorem of large deviation probabilities can be attributed to Bernoulli trials,



Smirnov, Levy, and Frenchet identities. At a conference in Geneva, Cramér (1944)
presented his work on probability theory that deals with the new limit theory, but
the theorem can not be generalised. Chernoff et al. (1952) introduced hypothesis
testing as measures of information and divergence using the sum of independent
observation. Petrov (1954) provided the generalisation and fundamental result
of the Cramer limit theorem. However, Petrov generalisation fell short of the
sum of independent non-identical random variables. Richter (1957) provided
an extended proof for Petrov’s generalisation of the Cramer theorem from
identical random variables and simultaneously improves to remainder term and
growth of the random variable. In 1958, Sanov presented large deviation
probabilities on random variables using empirical distribution. Thus, the studies
proved the first-order asymptotic behaviour of large deviation probabilities on
an empirical distribution (Sanov, 1958). The Sanov theorem served as proof
for source coding theorem and pioneered the application of LDT into diverse
fields, but generalisation and further extensions weakened the theorem. Blackwell
et al. (1959) relied on the argument of the Cramer theorem for large deviation
probabilities in the extreme tail of convolution, but the work was limited to iid
random variables.

Bahadur and Rao (1960) presented the theoretical framework on the mean
deviation, which satisfies Cramer conditions. Linnik (1961) introduces a new
technique that yields results whenever the Cramer condition was violated, but
the new concept was limited to independent random variables. Rényi et al.
(1961) proved the limiting theorem of probability theory focusing on entropy
and information measures. The studies presented a simplified version of Linnik
information-theoretical proof of Central Limit Theorem (CLT). Nagaev (1965)
proved the asymptotic expression that improves Linnik-Petrov outcome relating
to large deviation probabilities without the specification of rate function. Besides,
Rubin and Sethuraman (1965) sought to improve Linnik’s work by estimating the

probabilities of moderate deviation. However, moderate deviation turned out to



be less than the least deviation in the spectrum and hence, there was no overlap.
In 1966, the novel large deviation outcome for the Wiener measure as a function
space was developed. This led to the Schilder theorem, which dealt with some
asymptotic approach for wiener integral (Schilder, 1966) . Hoadley et al. (1967)
developed a theorem based on an extension of the Sanov theorem, which estimates
the large deviation probabilities that statistic can be approximated by empirical
CDF. However, the theorem can be weakened to continuity. Also, Varadhan
(1966) developed asymptotic probabilities and differential equations in the large
deviation theory. Nagaev (1969) introduced the integral local limit theorem
involving asymptotics behaviour in large deviation probabilities where there is
a violation of Cramer conditions. More so, Saulis focused on the asymptotic
expansion for the large deviation probabilities (Saulis and Statulevicius, 1976).
Stone et al. (1974) studies gave a straightforward technique to the Hoadley
theorem but under strong conditions. The study proof adapted covers the
case of a d-dimensional random variable, but other generalisations are less
noticeable. Donsker and Varadhan (1975) adopted the concept of large deviation
for occupation time for Markov chains and process. Their studies laid the
general foundation that leads to large deviation application in diverse areas.
Saulis and Statulevicius (1976) proved the weighted sum of a random variable
in large deviation. Groeneboom et al. (1979) extended the Chernoff theorem
and proved the large deviation outcome for linear combination function of
empirical probability measure. The study technique to large deviations based
on multinomial approximations was systematically developed.

In 1984, Varadhan made a fundamental contribution to probability theory and
created a unified theory of large deviation (Varadhan, 1984). A year after
Varadhan presented his work, Orey developed a relation between Sanov theorem
and Shannon-Mcmillian Breiman (SMB) theorem (Bucklew, 1987). Lynch and
Sethuraman (1987) evaluated the LDP works, which focused on an induced

probability measure by a stochastic process with stationary and independent



increments with no Gaussian component. Petz et al. (1988) studies derived a
relative entropy using a variational technique. The proof was limited to Newmann
algebra.

In 1995, Ellis gave a general framework for the analysis of large deviation in
statistical mechanics. The studies emboldened the Cramer theorem, Donsker-
Varadhan theorem and others; and provided the proof for large deviation
application in Curie-Weiss, Curie-Weiss Pott and Ising model using the sample
mean, empirical measures and empirical process (Ellis, 1995). Bryc and Dembo
(1996) proved the LDP concerning 7 topology holds for the empirical measure of
any stationary mixing process with a hyper-exponential mixing rate. O’Connell
(1998) deduced LDP for the relative size of the largest connected component in
a random graph with edge probability. Even though the rate is not convex, the
proof yields an asymptotic process for the probability that the random graph is
connected.

Biggins et al. (2004) studies provided a theoretical framework for large deviation
for mixtures whereby the study assumed that if a probability measure on a
particular space (6) satisfies the LDP, then the probability measure on 6,, implies
that the probability measure also satisfies the LDP. Dembo et al. (2005) proved
a large deviation principle in n, with explicit rate function, for the empirical
subtree measures of multitype Galton—-Watson trees conditioned to have precisely
n vertices. Also, they developed single-generation empirical measure LDP for a
more general class of random trees, including trees sampled uniformly from the
set of all trees with n vertices. Nyrhinen (2005) deduced the proof for necessary
and sufficient conditions for the exponential upper bound of the Gartner-Ellis
theorem. The proof was limited to the upper bound. In 2007, Vardhan received
the Nobel Abel Prize for his contribution in large deviation. His works focused
on developing a unified large deviation theory. He posited that large deviation is
an integral aspect of probability theory; provides an asymptotic estimate of rare

events and the technique is subtle (Ramasubramanian, 2008).



Okamura (2013) was concerned with the asymptotic behaviour of LDP. The study
adopted the Hiai-Ohya-Tsukada theorem as a relative entropy and it played
the same role as the rate function in LDP using the variation optimisation
approach.  Doku-Amponsah (2015) provided the theoretical framework for
Shannon-MacMillian Breiman (SMB) or Asymptotic Equipartition Property
(AEP) for a wireless sensor network. The studies argue that strong law of large
number is termed as SMB or AEP in information theory. Also, the studies
deduce the joint LDP for the empirical sensor measure and the empirical pair
measure of the coloured random geometric graph model. Doku-Amponsah (2018)
used a large deviation approach to obtain the asymptotic outcome for multi-type
random networks. The study provided an extensive framework on the asymptotic
process of evolution and co-evolution and deduced an empirical measure for a
multitype random network. Doku-Amponsah (2019) worked on extending the
lossy asymptotic property for geometric network structure modelled as Coloured
Random Graph (CRG). The study used the large deviation approach to prove
the asymptotic equipartition property for network structure. Garcia-Zelada et al.
(2019) used the Laplace principle to prove the large deviation lower bound and
then applied the technique in singular Gibbs measure on a Polish space. Liu
and Dong (2020) gave an insight of large deviation for empirical measures of
generalised random graph using asymptotic behaviour. Their study evaluates
LDP for empirical pair measure and the empirical neighbourhood measure on
a generalised random graph. Chaari (2021) extended the Schilder theorem
in large deviation and evaluated the probability measure link on an infinite
dimension space. Further, the study determine the family of white noise (positive)
distribution using the rate function in LDP.

Presently, large deviation as a branch of probability theory is an attraction for to
many researchers based on its numerous applications: finance, communication,
insurance, mechanics, engineering, and others. Many works are using the concept

of the large deviation techniques but limited in the aspect of the SINR graph



model. The study seeks to bridge the gap by providing the theoretical framework
for the large deviation for empirical measures of the SINR graph model.

The following section presents the network model (the SINR graph model).

1.3 Mathematical Preliminaries on Network

Model

1.3.1 Model Framework

This section is focused on the definitions, theorem, properties and outlined proved

for large deviation for empirical measures of the SINR graph model.

1.3.1.1 Point Process

In wireless network, the geographical location of the edge (node) is generally
modelled as a Point Process on a plane. Point process is termed as random
counting measure. In this study, we fix a dimension d € N and a measurable set
D is subset of R? with respect to the Borel-sigma algebra B(R?).

In D, we assume that the X = (X;);e;, with an index set, I is given. We also

assume that the point clouds in the set given by
S(D) = chp{x : [xN Al < oo ,for any bounded A C D }, (1.1)

where |A| denotes the cardinality of the set A and the element of S(D) are termed

as locally finite set.

1.3.1.2 Poisson Point Process

According to Jahnel and Koénig (2020) stated that the Poisson Point Process
(PPP) exists in a finite measurable space and its distribution is characterised
by exponential form; a specifically an exponential of the Laplace function form.

Note that for PPP, the number of point in a disjoint set are stochastically
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independent and follows a Poisson distribution.
In this study, we adopted the PPP and used it to model locations’ places (that
is, their devices), additional boxes (supporting devices) and base station spaces.

The study defines PPP as follows:

Definition 1 Poison Point Process

Let Am be a measure in D that gives finite value for any Radon measure. The
random point process X is termed PPP with intensity measure Mm if for allk € N
and any pairwise disjoint bounded measureable set Ay, As, ..., Ay are subset of
D., the counting variables Ny (A1), Nx(Az)..., Nx(Ax) are independent Poisson

distributed random variables with parameter Am ®@ Q(A1), Am & Q(Az), ..., A\m ®
Q(Ax)

e m Q(A:) m 7
P((NX(A1>,NX(A2),"' 7NX<Ak)) =MN1,MNo, """ 7nk) = ? [/\ ®Q(Az)]

]!
(1.2)

(Jahnel and Konig, 2003).

Definition 2 Marked Poisson Point Process

Suppose X = (X;)iez is PPP in D with intensity measure Am and suppose
(M, B(X)) is the measurable space, the mark space. Let k be a transition
probability from D to M. Given L, suppose (0;)iz be an independent collection of
M-valued random variable with distribution ®;zQ(X5, ) then the point process
Xi = (%,00)iex in D x M respectively is termed as k-Marked Poisson Point
Process (MPPP). The MPPP is a PPP defined on a Euclidean or topological
space (Jahnel and Konig, 2003).

1.3.2 Signal to Interference Noise Ratio Graph Model

The study refers to Signal to Interference Noise Ratio (SINR) graph is defined as

follows:

11



(i) Suppose X = (X;);z is a PPP with intensity measure Am .

(ii) X; has a mark o(X;) = o; and this is also known as the battery power
or the life span of the power, and this follows an independent exponential

distribution with parameter c.
(iii) For any given X, we assigns a mark o(X;) according to the kernel Q(o;, ;).

(iv) For any pair of marked points (X;, 0;) and (X}, 0;) connection is deemed
successful ((z;,0;) — (x;,0;)) or vice vice versa, if SINR(X;, X;, X) >

T\(0j,0;) or SINR(X;, X;, X) > 1\(04,05).

Let us introduce an additional parameter v, > 0, which allows us to tune the

interference and write

oil(1%: — X,1)
SINR(X;, X;,X) := 1.3
X X ) = e o S el =X,y

where N, is a constant that denotes the variance of the addictive white noise
(ambient Gaussian noise density), ¢(||X; — Xj||) is the path loss function,
>ien\ iy Oil(||Xi — X;||) is the interference and 7 and 7 are technical constant.

The signal attenuation between the transmitter and reception antenna as a
function of propagation distance and other factors is referred to as the path loss
function. For the path loss function, the large distance implies a low connection

and vice-versa. Mathematically, the path loss function is given as;
£(]|1 X — X5[1) = £(r) =2 (1.4)

where a € (0, 00).

We consider X* 1= X*(p, Q, () = {[(Xi,oi),j e I, E} under the joint law of
the MPPP and the SINR graph model. We let F represent the set of edges in
the SINR random network. In this thesis, we defines X* as an SINR model and

(X;,0;) == X} as marked site type of i.
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1.3.2.1 Type of SINR Graph Model
The study considered three types of SINR graph models: Critical, Super-critical,

and Sub-critical SINR network models, defined as follows:

Definition 3 SINR Network Model

Consider an SINR graph model X*, if the link probability satisfy

P)\K«T, UI)? (y, Uy)]

= gl(x,0), (y, 0] (1.5)

where for all (z,0,), (y,0,) € X* and g : X*x X* — [0, 00) is a nonzero function.

The SINR model is said to be

(i) Critical Aay — 1.
(11) Super-critical Aay — 00.

(111) Sub-critical Aay — 0.

1.4 Large Deviation

In this study, we rely on the theory of large deviation to achieve the study
objectives. The rationale of the LDT is to shows the decay rate in an exponential

form.

Definition 4 (Large Deviation Principle)

Let X be a topological space and (X, )nen be a sequence of X—value random
variables.  Furthermore, let I : X — [0,00) be a function. We say that the
family (X,)nen satisfies LDP with rate function I, if the following conditions are

satisfied;

(1) For every a > 0, the set {x : I(z) > a} is compact.

(11) For any open set G C X.

lim inf 1 logP(X,, € G) > — inf I(x)
n

n—00 zelG
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(11i) For a closed set F C X.

1
: 1 < _ i
nll_}I{.IO sup logP(X,, € F) < 3131612[(33)
Definition 5 (Rate function)
The rate function I is a lower semi-continuous mapping I : X — [0, 00| such that
for all a € [0,00], the level set V(o) = {z: I(z) < a} is closed. A good rate

function is a rate function for which all the level sets Ui(«) are compact subset

of X.

Note that if X is a metric space, then I is semi-continuous if and only if

lim inf I(z,) > I(z) VreX (1.6)

Tp—T

A consequence of a rate function being good is that its infimum is achieved over

closed sets.

Definition 6 Legendre Transform
The rate of convergence is characterized by the Fenchel-Legendre transform as

stated as:

I(a) £ sup[fa — A(9) (1.7)

where A(6) = log M,(9).

1.4.1 Cramer Theorem

The Cramer theorem deals with large deviation associated with the empirical
mean with independent and identical distributed random variables taking values

in a finite dimensional space.

Theorem 1.4.1 Cramer Theorem [Jahnel and Konig (2020)]
The Legendre transform is the rate function for LDP of the empirical mean. Thus,

we have that

1
lim sup —logP (S, > a) < —I(a) (1.8)
n

n—oo
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This indicate that the bound is tight. Further, we might be interested in more
complicated rare events, beyond the interval [a, o0].

In the Cramer theorem, we controlled the averages of the X; by changing the
measure and then invoked the weak law of large numbers (WLLN).

The Sanov theorem is a useful extension of the Cramer theorem. It provides an
LDP for the empirical measure family of an independent and identical distributed

random variables.

1.4.2 Sanov Theorem

The Sanov theorem is an extension of the Cramer theorem empirical measure
from a class of independent and identical distributed variables that lives on the

space of probability measure on X'.

Theorem 1.4.2 Sanov Theorem [Jahnel and Kénig (2020)]

Let X be a polish space and {X,},>1 an iid sequence of X—valued random
variables with marginal distribution w. Then their normalized empirical measure
Ly, = %Z?:l d(x,) satisfies an LDP in the set of probability measure on X with

rate function;

I(n) = H(nllw) = ¥ n(a) log (@) (1.9)

acX CU((I)

We denotes H(w||w) as the Kullback-Leibler divergence or relative entropy of =

with respect to the measure w.

Lemma 1.4.3 Relative entropy as Legendre Transform

For any two probability measure w and w on a topological space X

H(m|lw) = sup[(g, m) — log(exp(g) , w)] (1.10)

geEB,

where B, represent the sets of bounded and measurable function on X.

Lemma 1.4.4 Varadhan Lemma
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Suppose that a sequence of random variable (Sy,)n>1 satifies an LDP with a rate

function I, and for every 6 € R

1
A(6) = lim sup—In E(e") (1.11)
n

n—oo

then
(1) The limit above ezists and is Fenchel-Legendre Transform of I(x), i.e.

A(6) = sup[fa — I(a)] (1.12)

TER

(11) If the rate function I is convex, then it is the Fenchel-Legendre transform

A de
I(a) = sup[fa — A(0)] (1.13)

PER

Remark 1 Varadhan lemma makes precise statement about the exponential decay

of the integral of exponential functions of the random wvariable S,,.

Note that, neither the central limit theorem (CLT) nor Cramer theorem tell us
how fast this convergence is and an analogue for the opposite event. For the
purpose of this study, we considered the Gartner-Ellis Theorem (GET) (Zeitouni
and Dembo, 1998).

1.4.3 Gartner-Ellis Theorem

Gartner-Ellis Theorem is a powerful result which establishes the existence of LDP
for processes. The theorem follows from the existence of a well-behaved limiting
cummulant function,which implies not-too-strong dependence between successive

value in the sequence.

Theorem 1.4.5 Gartner-Ellis Theorem[Jahnel and Kénig (2020)]

Let {Xp}n>1 be strictly stationary sequence of real-valued random variables

satisfying the an LDP. The sequence of probability measures {P,(-) = P (%) €
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In>1 satisfies the LDP with rate n and rate function A*(x) being Fenchel-Legendre

transform of the function

1
A(6) = lim —In E(e’m) (1.14)
n—oo M,
which implies that
A*(z) = sup{zf — A(9)} (1.15)
0eR

The Gartner-Ellis Theorem (GET) is the generalization of the Cramer theorem,
and also the assumptions for normality can be relaxed. The GET theorem deals
with large deviation when the sequence X, is not necessarily independent. GET
defines under which hypothesis sequence % satisfies an LDP and shows how to
calculate the corresponding rate function. This theorem proves large deviation
bounds in R? by using properties of MGF. This turns out to be quite useful when
the random variables of interest are not independent and identically distributed

but close to it in some source (Zeitouni and Dembo, 1998).

Remark 2 The Gartner-Ellis Theorem gives conditions for the existence of a

suitable lower bound and, in particular when this is same as the upper bound.

The GET theorem will be employed in Section(2.4)[i], Section (3.3), Section

(4.3)[i] and Section(5.3)[i].

Lemma 1.4.6 (Jahnel and Ko6nig (2020)) Let (X;)ie; be a PPP in a
compact set D € R* with intensity measure AMm, where X € R, and m is
a Lebesque measure on D. Then the normalized empirical measure Ly =
%Zie[ O(x»y satisfies an LDP as A — oo the LDP on the set measures on D

with rate function given by
P(L; = w) = exp(—AH(w"|m")) (1.16)

where w™ and m™ are the coarsening projection of w and m in the decomposition

of D.
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1.5 Preparation

We consider X*(m,Q, () = {[(Xi,ai),z' e I, E} under the joint law of the
Marked PPP and the graph. We shall interpret X* as a marked SINR graph and

(X;,0:) := X the mark of site i. We write

S(D) = Umcp{x . [eNA|l < oo, for any bounded A C D }, (1.17)

where |A| denotes the cardinality of the set A. We write X = S(D x R,) and by
M(X) we denote the space of positive measures on the space X equipped with

7— topology. Henceforth, we shall refer to X' as locally finite subset of the set
D xR,.

1.5.1 Empirical Measures

In information theory, empirical measures provide a vivid description of a
more general event, such as the expected number of connectable receivers per
transmitter. Thus, the empirical measure is a random variable with values in a
measurable space. The study defines the empirical measure and empirical pair

measures as follows:

Definition 7 Empirical Mark Measure
For any SINR graph X*, we define a probability measure, the empirical measure,

LYeM(X) is given as

1
L[, 0a]) 1= 5 D 0y ([ o)) (1.18)
i€l
where L([x,0,]) is the proportion of all devices with location and power [x,0,],
d(x»y denote the random measure concentrated at X to the distribution of X;, X
15 the location of the device i with the expected number A\, X; is the point cloud,and

oy 1s the battery power depending of the size of the location (battery power).
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Definition 8 Empirical Pair Measure
For any SINR graph X* , we define a symmetric finite probability measure, the

empirical pair measure Lye M (X x X) is given by

1
([ 02 9.0,)) = =55 Dy + ool (.0l o)) (119)
ijeE

The empirical pair measure counts the number of node connecting any given pair

of transmatter.

Note that A\?a, is the maximum possible number of nodes in the SINR graph. The

total mass for the empirical mark ||L}|| is 1 and the total mass for the empirical

2|E|

pair measure ||L3| = =5

Observe that, M(X)x M(X x X) is closed subset of M(X)xM(DxR"xDxR™)
and

P((L}, L) € M(X) x M(X x X)) =1

The study focused on the LDP for (L3, L) on the scale A for the SINR graph
with i = )\ in the subsequent chapters. By exponential equivalence, see (Dembo,

1998), one can deduce the same LDP for any SINR graph model.

1.5.2 The Shannon-McMillian-Breiman Theorem or
Asymptotic Equipartition Property

In information theory, the analog of the law of large numbers is the Asymptotic
Equipartition property and it is the a direct consequence of the weak law of large

numbers.

Remark 3 The Asymptotic Equipartition Property is the heart of information

theory.

Theorem 1.5.1 Asymptotic Equipartition Property
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Suppose X = (X,)n>1 are a sequence of independent and identical distributed

random variables and satisfy the consequence of weak law of large numbers given

by:
—% logP(X =z) — H(x) (1.20)

where H(x) is the entropy of z and P(X = z) is the probability of observing
the sequence z, then the probability assigned to an observed sequence is 2~"#(®)

Zeitouni and Dembo (1998).

Remark 4 The number of bits used to describe sequences in the typical set is

approzimately nH(x).
The AEP or SMB will be employed in Section(2.5), Section (4.4) and Section

(5.4).

1.5.3 Method of Mixture

The study relies on the method of mixture proposed by Biggins et al. (2004) in
large deviations.

For any A € R, we define

M(X) == {w e M(X) : Mw(a) e Nforallae X},

M (X X X) = {WE/\;l(XXX) : Am(a,b) €N, forall a,be X x X},

We denote by O, := M, (X) and © := M(X). With

B () =P{L3 = | L3 =w},

PO (w,) =P{L} = w}

the joint distribution of L} and L3 is the mixture of PYY with p® (wy) defined
as

dPwy, my) = dPuS;\)(TL\) dP™ (wy). (1.21)
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The following lemmas ensure the validity of large deviation principles for the
mixtures and for the goodness of the rate function if individual large deviation
principles are known. See for example, (Doku-Amponsah et al., 2010, Page 30)
and the references therein. We observe that the family of measures (P*: \ €
(0,00)) is exponentially tight on ©. Note that, the method of mixture will be

applied in Section(2.4 [ii]),Section(3.4), Section(4.5 [ii]) and Section (5.3[ii]).

1.5.4 Useful Lemma and Corollary

Lemma 1.5.2 FEuler’s Lemma

If 2= Pal(wi, 03), (95, 05)] = Bl(wi, 00), (yj, 05)] for all (s, 04), (y;,05) and ay — 0

lim [1 + aPy([zi, 0;), [y;, 0]) 5 = eoBlznoidlvs.o) (1.22)

A—00

for all ([z;, 01, [y;,04]),€ X x X and « € R

Proof: Note that, for any € > 0 and for large enough \, we have

1 1
a

1+ ax(aB(x, 00)(x, 0y)) — €] < [L+ aPy(2,0.)(y, 03)] > <

[+ ax(@B(@, 02) (v, 0,)) + €] (1.23)

by the point wise convergence. Hence by the squeeze theorem, we deduce equation

1.22. U

Lemma 1.5.3 Ezponential Tightness
Suppose the family of measures P* : \ € R, is exponentially tight on © x M(X X
X) For every o > 0, 3 € N such that

1
A2GA

log P(|E| > Ma\N) < —a (1.24)

lim sup
A—00

Proof: Suppose n > minjqpex RY(a,b)] > 0 and t = A\[1 — (1 —e)e™"]|. Let

|E| be the number of nodes and using the chebycheff inequality and Euler lemma
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(1.5.1), we deduce for sufficient large \.

P(|E| > Nayl) < e MV E{elPl)

o0 7 . _)\ i

)24 v\, _ ik € A

< e Az}:}:&(}{)@ Mk — e M)k -
i=0 k=0

e €N 1 — o 4 oMl
=e Z —[l—e "4 e e

- 2!
=0

_ —A2ayl ) o~ (A[L — e+ e 7))
© e z_; il

—)\2 — —e N4e "
—e )\a/\ﬁe /\6>\[1 e M+e el

—)\2 — —(1—e)e "
—e )\a,\ﬁe >\e>\[1 (1—e)e™ ]

< e Male el 4 (1)) (1.25)

observe that, for any o choose { € N such that £ > q and note that, for sufficiently

large such that A
P{|E| > Xa\N} < e V0@ (1.26)

which complete with the proof. [l

Corollary 1.5.4 Spectral Potential Point
For w € P(X) we define the spectral potential of the marked SINR graph (X*)

conditional on the event {L} = w}, Ug(g,w) as

Ug(g,w) = <g, £ ) ®w>. (1.27)
The following remarkable properties holds for Ug:
(1) It is finite on the space M(X x X).
(11) It is monotone.
(111) It is additively homogeneous.

(iv) It is convez .

22



Lemma 1.5.5 Form € M(XxX), let I,(m) be the Kullback action of the marked
SINR graph X*. Thus, the following hold for the Kullback action or divergence

function 1,(r):

(i)

Lim) = sup {{g, %) — (5. w9 )}

(ii) The function 1,(m) is convexr and lower semi-continuous on the space

M(X x X).
(i1i) For any real o, the set {7? EMAX xX): I,(m) < a} is weakly compact.

Note that, the spectral potential point will be applied in Section(2.6),Section(4.5)
and Section(5.5).

1.6 Overview of the Chapters

The thesis comprises five chapters; the first chapter consists of the introduction,
background, literature review, and overview. The second chapter focuses
on LLDP, the LDP and information theory for the SINR graph model.
The third chapter deals with LPD for empirical SINR measures of critical
telecommunication. The fourth chapter examines Large deviations, Asymptotic
equipartition property Theorem (AEP) for super-critical SINR networks. The
fifth chapter explores Large deviations and Information theory for sub-critical
for the SINR Radon Network Models. The sixth chapter presents the conclusion

and recommendation of the study.

1.6.1 Chapter One

Chapter one presents a background of the study, development through history,
network model, large deviation, preparation, overview and contribution of large

deviation principles (LDP) for the empirical measure of signal to interference
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noise ratio (SINR) graph model.

1.6.2 Chapter Two

Chapter two focus on LLDP, the LDP and information theory for the SINR graph
model. The study will claim that for a class of marked SINR graphs and prove a
joint LDP for empirical measures, with speed A in the 7- topology.

Also, from the joint large deviation principle for the marked empirical measures
and empirical connectivity measure, we will obtain the Asymptotic Equipartition
Property (AEP) for a networked structured data modelled as marked SINR graph.
Specifically, the study will prove that for a large dense marked SINR graph, one

’\2%?;@ bits to transmit the information contained

requires approximately about
in the network with high probability, where H (@) x @) is properly defined entropy
for the exponential transition kernel with parameter c.

In addition, the study will prove the LLDP for the class of marked SINR graphs
with a speed A from a potential spectral point of view.

From the LLDP, we will derive a conditional LPD for a marked SINR graph. We
will note that, while the joint LDP is established in the 7— topology, the LLPD
assume no topological restriction on the space of the marked SINR graphs.

All rate functions will be expressed in terms of the relative entropy or the kullback

action or divergence function of the marked SINR on the devices space D.

1.6.3 Chapter Three

Chapter three deals with LPD for empirical SINR measure of critical
telecommunication. For a given Marked Poisson Point Process (MPPP), the
study will define SINR and SINR network as a Telecommunication network.

In addition, the study defines the Empirical Measures (marked empirical
measures, empirical connectivity measure and empirical SINR measure) of a class

of Telecommunication network. For this class of Telecommunication network,
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the study will prove a joint large deviation for the empirical measure of the
Telecommunication Network.

All the rate function will be expressed in terms of relative entropies.

1.6.4 Chapter Four

Chapter four examines Large deviations, asymptotic equipartition property
(AEP) for super-critical SINR random network. The study will obtain Large
Deviation asymptotics for a super-critical communication network modelled as a
SINR network.

To do this, the study will define the empirical power measure and empirical
connectivity measure and prove joint LDP for the two empirical measures on two
different scales, i.e. A and A\2a, where X is the intensity measure of the Poisson
Point Process (PPP) which defines the SINR random network. Using this joint
LDP, the study will prove an AEP for a stochastic telecommunication network
modelled as the SINR network.

Further, we will prove the LLDP for the SINR network and from the LLDP,
we will prove LDP and a classical McMillian Theorem for the stochastic SINR
network processes.

Note, for typical empirical connectivity measure, hw Q) w , we will deduce from
the bound on the cardinality of the space of SINR networks to be approximately
equal N arhe @wlH(F58E) , where the connectivity probability of the network,
pz , satisfies a;lP””A — h.

The LDP for empirical measures of the stochastic SINR network will be observed
on spaces of measure equipped with the 7- topology, and the LLDP will obtain

in the space of the SINR network process without any topological restrictions.

1.6.5 Chapter Five

The chapter obtains large deviation asymptotic for sub-critical communication

networks modelled as signal-interference-noise-ratio (SINR) random networks.
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To achieve this, we define the empirical power measure and the empirical
connectivity measure, as well as prove joint large deviation principles(LDPs) for
the two empirical measures on two different scales. Using the joint LDPs, we
prove an Asymptotic equipartition property(AEP) for wireless telecommunication
Networks modelled as the subcritical SINR random networks. Further, we prove a
Local Large deviation principle(LLDP) for the sub-critical SINR random network.
From the LLDPs, we prove the large deviation principle, and a classical McMillan
Theorem for the stochastic SINR model processes. Note that, the LDPs for the
empirical measures of this stochastic SINR random network model were derived
on spaces of measures equipped with the 7— topology, and the LLDPs were
deduced in the space of SINR model process without any topological limitations.
We motivate the study by describing a possible anomaly detection test for SINR

random networks.

1.6.6 Chapter six

The chapter presents the conclusion and recommendation of the study.

1.7 Contribution

In this study, we defined empirical measures on the SINR network and
proved the joint large deviation principle result, including the AEP and the
classical McMillian theorem for the critical, super-critical and sub-critical

telecommunication networks modelled as the SINR network.
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Chapter 2

Local Large Deviation Principle, Large Deviation
Principle and Information theory for the SINR
graph model

This chapter has already appeared in co-authored paper Sakyi-Yeboah et al.
(2020)

2.1 Introduction and Background

2.1.1 Introduction

Wireless ad-hoc and sensor networks have been the topic of much recent research.
Now, with the introduction of 5th generation (5G) cellular systems, several
techniques including advanced multiple access technology, massive-MIMO, full-
duplex, advanced modulation and coding schemes (MCSs), and simultaneous
wireless information and power transfer (SWIPT) will constitute the next phase
in global telecommunication standard, see (Luo et al., 2019). 5G, a type of
communication which is based on parallel processing hardware and artificial
intelligence, will play a key role in wireless networks of the next generation,
see (Bangerter et al., 2014) . Furthermore, the process of 5G usages will come
along with unprecedented and exigent requirement of which connectivity is a vital
cornerstone.

In telecommunication, wireless network comprises of a number of nodes which
connect over a wireless channel. See (Gupta and Kumar, 2000). The Signal -to

-Inference-Plus- Noise Ratio (SINR) determines whether a given pair of nodes can
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communicate with each other at a given time. Connectivity occurs in wireless
network, if two nodes communicate, possibly via intermediate nodes and also,
the information transport capacity of the network, See (Ganesh and Torrisi,
2008). In addition, network connectivity is related to various layers, components,
and metrics of wireless communication systems; however, one vital performance
indicator that strongly affects other metrics as well is the signal-to-interference-
plus-noise-ratio (SINR) (Oehmann et al., 2015).

The SINR is of key significance to the analysis and design of wireless networks.
In the process of addressing the additional requirement imposed on wireless
communication, in particular, a higher availability of a highly accurate modeling
of the SINR is required. Gronkvist and Hansson (2001) works on SINR model
rely on the assumption that nodes are uniformly distributed in the plane. In
contrast, the complexity of solution paves way for computational efficiency. See,
(Behzad and Rubin, 2003).

More so, the SINR model can be made a complex model such that each
transmission is given a power and then assumes a distance-dependent path loss.
A transmission is deemed to be successful if the SINR is more than some specified
threshold. See, (Andrews and Dinitz, 2009). In contrast, a lot of recent work has
shown that packets are successfully received only when SINR exceeds a given
threshold, and assumes that packet reception rate (PRR) is zero below this
threshold. See example, (Santi et al., 2009). Further study of the SINR graph
model has shown that an SINR model of interference is a more realistic model
of interference than the protocol model of interference: a receiver node receives
a packet so long as the signal to interference plus noise ratio is above a certain
threshold. See, (Bakshi et al., 2017). Furthermore, Manesh and Kaabouch (2017)
stated that SINR is successful if the desired receiver surpasses the threshold.
This enables the transmitted signal to be decoded with satisfactory root error
probability.

The fundamental concept of SINR model determines as transceiver design on
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communication system that considers interference as noise. Andrews and Dinitz
(2009) examine a set of transmitter receiver pairs located in the plane with
each having an associated SINR requirement; and satisfies as many of the
requirements as possible. In all communication systems, noise generated by
circuit component in the receiver is a source of signal interruption. The ratio of
the signal power to noise power is termed as SINR. The SINR is a vital indicator
of communication link quality. See (Jeske and Sampath, 2004). In the article by
Santi et al. (2009) , the wireless link scheduling problem under a graded version
of the SINR interference model is revisited. Indeed, the article defines wireless
link scheduling problem under the graded SINR model, where they impose an
additional constraint on the minimum quality of the usable links.

Li et al. (2005) examined the statistical distribution of the SINR for the
Minimum Mean Square Error (MMSE) receiver in multiple-input multiple output
(MIMO) wireless communication. Their study decomposed SINR model into two
independent random variables; the first part has an exact gamma distribution and
the second part was shown to converge in distribution to a Normal distribution
and approximate by Generalized Gamma. Also, AlAmmouri et al. (2017)
examined the SINR and throughput of dense cellular network with stretched
exponential path loss. It was established (in the article) that the area spectral
efficiency, which assumes an adaptive SINR threshold, is non-decreasing with the
base station density and converges to a constant for high densities.

An accurate SINR estimation provides for both a more efficient system and a
higher user—perceived quality of service.

In this chapter, we prove the local large deviation and large deviation principles of
the Signal-To-Noise and Interference Ratio graph model (SINR). In the sequel we
introduce a Marked Poisson Point Process (MPPP) and the marked SINR graph
model. For a class of the marked SINR graph, we define the empirical marked
measure and the empirical connectivity measure. Then, we prove a joint Large

Deviation Principle (LDP) for the empirical marked measure and the empirical
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connectivity measure of the marked SINR graph model, with speed A\ in the
T—topology. From the joint large deviation principle, we obtain an Asymptotic
Equipartition Property (AEP) for network structured data modelled as an SINR
graph. See, example, (Doku-Amponsah, 2019) for a generalized version of the
AEP for wireless sensor networks.

Further, we prove an LLDP for the SINR graph and deduce weak variant of LDP
for the SINR graph models from a spectral potential point. To be specific about
this approach, given an empirical marked measure w, we define the so-called
spectral potential Ugp(w, -) for the marked SINR graph process, where R is a
properly defined constant function which depends on the device locations and the
marks. And we show that the Kullback action or the divergence function I, (),
with respect to the empirical connectivity measure 7, is the legendre dual of the
spectral potential. See, example (Doku-Amponsah, 2017) for similar results for

the critical multitype Galton-Watson process.

2.2 Statement of Results

2.2.1 The Marked SINR Model for Telecommunication

Networks.

Fix a dimension d € N and a measureable set D C R? with respect to the Borel-
Sigma algebra B(R?). Denote by m the Lebesgues measure on RY. Given an
intensity measure, Am : D — [0, 1], a probability kernel @ from D to R, , path
loss function £(r) = r=, (where a € (0,00)), and technical constants 7,7, :

(0, c0) = (0, co) we define the marked SINR Graph as follows:

(i) We pick X = (X;)ie; as a Poisson Point Process (PPP) with intensity

measure Am : D — [0, 1].

(ii) Given X, we assign each X; a mark o(X;) = o; independently according to

the transition kernel Q(-, X;).
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(iii) For any two marked points ((X;, 0;), (X, 0;)) we connect an edge iff

S[NR(X“X],X) Z T)\(O'j) and SINR(X],XZ,X) 2 TA<0i)>

where

ol (| X = X;)
No +(05) Lien gy o (1K = X))

SINR(X;, X;, X) =

We consider X*(m,Q, () = {[(Xi,az-),i e I, E} under the joint law of the
Marked PPP and the graph. We shall interpret X* as a marked SINR graph and

(X;,0;) == X the mark site of type i. We write

S(D) = chD{az : JxNA| < oo, for any bounded A C D }, (2.1)

where |A| denotes the cardinality of the set A. We write X = S(D x R;) and by
M(X) we denote the space of positive measures on the space X equipped with
7— topology. Henceforth, we shall refer to X as locally finite subset of the set
D x R,. For any SINR graph X* we define a probability measure, the empirical

mark measure, L} € M(X), by

L’\xox. ECSXASU%

i€l

and a symmetric finite measure, the empirical pair measure Ly € M(X x X), by

1

Li([wsoal 1, 0) = 5 3 ooy + o]z, ol Iy, o).

(i,J)€EE
Note that the total mass ||L}| of the empirical marked measure is 1 and total
mass of the empirical pair measure is 2| E|/\2. Observe that, M(X) x M(X x X)
is a closed subset of M(X) x M(D xR, x D x Ry) and
]P’{(L?,Lg) € M(X) x M(X x X)} ~1.
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Hence, in view of (Zeitouni and Dembo, 1998, Lemma 4.1.5) it is sufficient to
establish Joint LDP for (L7, L3) in the space M(X) x M(X x X). The first
theorem in this section, Theorem 2.2.1, is the LDP for the empirical marked

measure of the SINR graph models in the space M(X).

Theorem 2.2.1 Suppose X* is an SINR graph with intensity measure Am : D —
[0,1] and a marked probability kernel Q from D to R, and path loss function
{(r) =r=2 fora > 0. Then, as X — oo, L} satisfies an LDP in the space M(X)

with good rate function

Hwlm®Q), if |wll =1

Li(w) =
00 otherwise.
We write R”([z,0.], [y, 0,]) = Alim ARY ([x,04], [y, 0,]), where
—00
D A T (02) 1 (o) A (0y) 1 (o)
Byllw o).y o)) = /D [n(crmm(ax>+<||zua/||:c—yua> t S et o= | 4

The next theorem, Theorem 2.2.2, is a conditional LDP for the empirical
connectivity measure given the empirical marked measure, and joint LDP for
the empirical marked measure and empirical connectivity measure of the SINR

graph model.

Theorem 2.2.2 Suppose X* is an SINR graph with intensity measure Am : D —
[0,1] and a marked probability kernel QQ from D to Ry and path loss function

r)=r=2 fora>0. Let Q) be the exponential distribution with parameter c.

(i) Then, as A — oo, conditional on the event L} = w, Ly satisfies an LDP in

the space M(X x X) with speed X and good rate function

0, ifr=e®wew
I,(m) = (2.2)

oo otherwise.
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(ii) Then as A — oo, the pair (L}, Ly) satisfies an LDP in the space M(X) x

M(X x X) with speed X, and good rate function

H(w‘m@@), ifﬁze*RDwQ@w,
I(w, m) = (2.3)
00 otherwise.

where
e wew(r, 0, ly, 0,]) = e B E@elbady (2, 0,))w(ly, 0,)).

In particular, if we assume A[7\ (05 )7(0%) +Ta(oy) 1 (0y)] = B(os, 0y), for a,y €

D and o0,,0, € R, then we have

RD([l} Ux]7 [y> Uy]) = qaB(0y, Uy)”y —z||%,

where ¢, := [}, ||2]| 7*dz < oo. Note, o, and o, are iid with common exponential
distribution @), with parameter ¢ and define the so- called Shannon Entropy H
by

H(QxQ) = = [ [ [ermatommilval® log tiaiont og 1 onealv-s1")

Q(do,)dx x Q(doy)dy

The next theorem, Theorem 2.2.3, is the Asymptotic Equipartition Theorem or

the Shannon-McMillian-Breiman Theorem for the class of SINR graphs

Theorem 2.2.3 Suppose X* is an SINR graph with intensity measure Am : D —
R, and a marked probability kernel QQ from D to Ry and path loss function
U(r) = r=, for a > 0. Assume A[Ta(a)ya(a) + Ta(b)7A(b)] — B(a,b) € (0, o),
for all a,b € Ry. Let Q) be the exponential distribution with parameter c. Then,

lim —)\— log P(XY) = H(Q x Q), with high probability.

A—00
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Remark 5 Theorem 2.2.3 can be interpreted as follows: In order to code or
transmat the information contained in a large telecommunication network modelled

as SINR graph model, one requires with high probability, approzimately N> H (Q x

Q)/log?2 bits.

Let Gp be the set of all marked SINR graphs with intensity measure Am, where
A > 0. For w € M(X) we denote by P, = ]P’{ : ‘L{‘ = w} and write

M, = {1/ EMAX X X): ||v|| = / e_qaﬁ(”’”"’y”y”””aw(dm,dax)w(dy,day)}.
x

Observe that, in this case the rate function I, (7) is given by

0, ifr= e RPuew

oo otherwise,
where

RP([#,0a], [y, 0,]) = qaB(0s, o) lly — =]

Next, we state the Local large Deviation Principle for SINR graph model without

any topological restriction on the space Gp.

Theorem 2.2.4 Suppose X* is an SINR graph with intensity measure Am : D —
[0,1] and a marked probability kernel Q from D to Ry and path loss function
U(r) = r=, for a > 0. Assume A[ma(0,) 7 (0y) + Ta(oy) 1 (02)] — Blos,0y) €
(0, 00), for all o,,0, € Ry. Let Q) be the exponential distribution with parameter

c. Then,

(i) for any functional v € M, and a number ¢ > 0, there erists a weak

neighbourhood B, such that

IPW{XA €Gp ‘ Ly € B,,} < e Me(m)=Ae,

(i1) for any v € M, a number € > o and a fine neighbourhood B,, we have the
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estimate:

P{X"€gp ‘ L3 € B} > M

The last result, Corollary 2.2.5, is the LDP for the SINR graph model without

any topological restriction on the space Gp.

Corollary 2.2.5 Suppose X* is an SINR graph with intensity measure dm :
D — [0, 1] and a marked probability kernel Q from D to R, and path loss function
U(r) = 1=, for a > 0. Assume X[7x(0.)7(0y) + Taloy)1a(02)] = B(ow, 0y), for

all 05,0, € Ry, Let Q be the exponential distribution with parameter c.

(i) Let F be closed subset M,,. Then we have

1
limsupxlog]P’w{X)‘ € Gp ‘ Ly € F} < —inf I,(m).

A—00 TeF

(ii) Let O be open subset M,,. Then we have

1
liminfxlog]P’w{XA = ‘ L) e o} > —inf I,(n).

A—00 meO

Remark 6 We observe from Corollary 2.2.5 that

lim PW{X’\ € Gp ) LS — e’y ®w} e 1.

A—00

2.3 Proof of Theorem 2.2.1 by Method of Types

Let Ay, ..., A, be decomposition of D xR, C R?xR,. We shall assume henceforth

that n < A and note by the locally finite property of the MPPP that we have

| < 1og P(£2 = w)

n e AR Am ® Q(A;)] A9
> log | (A

n e~ AM®Q(A;) [)\m X Q(Ai>])\w(Ai)
<3t (A

+ M
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where lim lim %nn()\, Ay, ..., A,) = 0. The proof of Lemma below will use the

n—00 A—00

refined Stirling’s formula
1 1 1 1
(27r)§/\’\+56_’\+1/(12’\+1) <A< (27?)5)\’\+56_”\+1/(12’\).

Lemma 2.3.1 Suppose X* is a marked PPP in a compact set D x R, with

intensity measure Am ® ) such that m is absolutely continuous measure on D.

Then,

e—)\H (w("> ‘m(">®Q(n))+91 N) < P{Li\ _ w} < 6—)\H (w<") ’m<")®Q("))+92(A)

lim 0;(A) =0, lim O5(\) = )\lim %nn()\,Al, o An),
—00

A—00 A—00

where w™ and m™ @ QM are the coarsening projections of w and m ® Q) on the

decomposition (A, ..., A,).
Proof: For large A\, note that

log P(L = ) € > {~m © Q(4,)} ~ logl(2r) 5 (\m(4,) 4+ exp 04
1
T 0wAy) + 1

+ Aw(A4;) log[Am @ Q(A;)]

—+ nn()\, Al, co0 An)

log P(L} = w) € 3{ ~ m @ Q(A4;)} — 5 lor(2m)  [(Aw(4,) + 5] log[(Aw(4,)]
1

+ (Aw(A4;)) + + Aw(A4;) log{Am ® Q(A4,)}

+ T]n(/\,Ah 7An)
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w(A;)
log (I3 =) < 37 { = Am ® Q(4;) — w(4))] — dw(4;) log m® Q(A;)
_ %log[)\m(Aj)] + 12[}\00(11%) sy %log(QW)}

+ (N, Ar, ., Ap)

log P(L} = w) < Z { — Am @ Q(A;) — w(4;)] — Aw(4;) 10g$§&m
el 1 BT
2\ L2XAw(A;) + 42X

+ ’f]n(>\, Al, ceey An)
We choose 05()) as

_ log(Aw(4;)) 1 " log(27)
| 2\ 1202w (A;) + A 2\

92()\) +77n()\7A17aAn)

and observe that

lim 6(\) = lim

A—00 A—00

log A(4;) ! log(2r)
[ 27 X&) £ 22 +,\7ln()\,A1,...,An)]

= /\11_}1({)10 %nn(A,Al,...,An)

which proves the upper bound in the Lemma 2.3. For large A, we have the lower

bound

log P(L} = w) > Zn:{—xm ® Q(A;)} — log[(2m) 2 (Mw(A;)) 49+ 3 exp= O]

j=1

T 0w(A) 11 | ) leslm ® Q(4,))
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log P(L} = w) > Z{ — Alm @ Q(4;) — w(A;] = dw(4;) log[Aw(A;)]

+ Aw(A;) log[hm ® Q(A;)] — %bg[m(f‘j)] + m
—%log(%)}
sy (A — (A o )
o8 P(LY =) 2 3 { = Am ® QUAy) — wl(A)] = ) log ot
log[Aw(A;)] 1 log(27)
— Al I\ _12A2Aw(Aj)+ 2\ ]}
We choose 6;()) as
_ log(hw(4,)) ! log(2m)
01(A) = 2\ _12A2w(Aj)Jr 2\
and observe that
| o log(dw(4y)) ! log(2m)] _
Jim 0, = Jim [SEC oyt | O

This proves the lower bound of Lemma 2.3.1

O

Lemma 2.3.2 Suppose X* is an SINR graph with intensity measure Am : D —
[0,1] and a marked probability kernel @ from D to Ry and path loss function

r)=r—2 fora > 0. Then, for large \ we have

[I| <2X\ almost surely.

Proof: Note that X = (Xj)ies is a PPP and let |[I| = > "  I;, where
I; = |X N A;] and D is independently decomposed into Aj, As,--- , A, and Als

are disjoint set. We observed that I, I5, I3, ..., I,, are independent Poisson random
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variables with parameter A(4;), where A(4;) < A+o(n) for alli = 1,2, ...n. Note
that, there is a real number a;, such that | X N A4;| < a; < c0.

Define a = max(ay,as, - - ,a,) and observe that I; < a, for alli =1,2,3,...,n
Write

Xi=[I; = E(L;)]

Observe the computations of mean and variance are given as:

S

Note that, the sum of X; are also independent and the Y7  E(X;) = 0 implies

that
Z Var(X Z E(X
. Therefore,
Z Var(X Z E[L; —
Hence,

ZV(LT Z)\ ) < A+o(n) < oo

Hence, by applying the Bennett’s inequality to the sequence X7, Xs, X3, ..., X;;;
we have that

IP{I ~E(I) > )\} < exp{—2h(a)}, (2.5)

where h(a) = (1 + a)log(1l 4 a) — a. Now, we use equation 2.5 to obtain

P{I <E(I)+ A} > 1 - exp{-2h(a)}

which gives

6 IP{[ < 2)\} >-1

A—00

This ends the proof of the Lemma.
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0
Let M, (X) := {w € M(X) : Mw(z) € Nfor all z € X} and let F be a subset
of M(X). We write £, := max(|X N A|,|X N Ay, ...,|X N A,|) and note that
|X N A;| < oo, foralli=1,23,...,n by construction. We use Lemma 2.3.1 and

Lemma 2.3.2 to obtain

(1 + 2/\)—715716*)\inf{weFonMA(x)} H(w(”) } m(n)®Q(n))+91 )

< Z oM (w(”) |m(">®Q<"))+92(,\)

UJEFOQMA(X)
< P{Lﬁ € F}
< Z oM (M") |m<">®Q(”>)+92(>\)
wecl(F)NM(X)

< (1 + 2/\)nﬁne_>‘inf{wed(F)ﬂM)\(X)} H(w(") | m(7l)®Q(”))+92(>\)’ (26)

where w™ and m™ @ Q™ are the coarsening projections of w and m ® Q on the
decomposition (A, ..., 4,).

Taking limit as A — oo we have that

lim inf{ —  inf H™|m® e Q(n))}

A—00 {weF°NM (X))}

1
< lim —1ogIP>{L§ c F}

—00 \
< limsu { — inf H(w™ | m g Q(n) } 97
)\—>oop {wec(F)NMx(X)} ( ‘ ) ( )

Now we observe that cl(F) N M, (X) C cl(F) for all A € R, and hence we have
lim sup {—{ ” inf H(w(”) |m(”)®Q(”))} L H(w(n) }m(”)@)Q(”)),
wEeEC

A—00 E)NM(X)} {wed ()}

Using similar arguments as (Zeitouni and Dembo, 1998, Page 17) we obtain
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minf — O | ™ & 0™\ > _ ™) | ™ g Q)
imint { weril, gy 17 M7 ©Q )} = (2, 7m0 Q)

Therefore, we have

: n n n : 1 A
—{:EHPfO}H(w( )|m( )@ Q! )) < /\h_}rroloxlog]P’{Ll € F}

_ (1) | 4y (1) (n)
< {welg(fF)}H(w |m™ @ Q™), (2.8)

where w™ and m™ ® Q™ are the coarsening projections of w and m ® Q on the

decomposition (A, ..., A,). Now taking limit as n — oo we have
1
— ] < 1 - A } < _ .
{J&go}H(w |m®Q) < lim X log]P’{Ll €eF; < {welng)}H(w |m®Q),

which proves the Theorem 2.2.1.

2.4 Proof of Theorem 2.2.2 by Gartner-Ellis

Theorem and the Method of Mixing

Let Ay, ..., A, be the decomposition of the space D x R,. Note that, for every
(r,y) € Ay i = 1,2,3,....n, ALy(z,y) given AL} (z) = Aw(x) is binomial with
parameters Aw(z)w(y)/2 and py(z,y). Let Q be the exponential distribution

with parameter c.

2.4.1 Proof of Theorem 2.2.2(i) by Gartner-Ellis Theorem

D _ Tx(o2)7A(02) Ta(oy)a(oy)
= ([l’, Jw]’ [y, Jy]) B /D [TA(GZ)“/A(Uz)+(||ZH”‘/||$*yH“) + TA(Uy)%\(Uy)i(HZH‘f/Hy*fEH“) dz.
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Lemma 2.4.1 Suppose X* is an SINR graph with intensity measure Am : D —
[0,1] and a marked probability kernel @ from D to Ry and path loss function
r)=r=2 for a > 0; then,

p)\([l’, O-!D]v [yv Uy]) - Q—ARE([Z’UIH%‘W])

and

lim ARY([z, 0], [v,,))) = R([2,0.). [y 9,).

A—00

Proof: Calculation of Connectivity Probability by the Laplace
Transform: The study observes that the Signal-Interference and Noise Ratio

(SINR) is given as

- ol (|| X: — X;||)
SINR(X;, X;, X) = d
W s v S

and the total interference is defined as
IX,O‘(Y) = ZUZ'L',
iel

The probability that X; = (z,0,) and X; = (y,0,) are connected.

oil(1X:i=X;1) ‘
[Nom(oj)zig\{j}anxi—xju) > TA(‘W} X

P(XJ,XZ) e

o (11X =X ) ,
[Nom(ai)zjg\{i} a5—xn = “("@)}

Now, the study deduces that X; and X, are independent to enable calculate the
converging probabilities. Note that, this converging probabilities can be estimated

using:
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Plogt(1X; = Xil) = [(No+ (o) Y aitlllX; = Xil)ma(er)|
iel\{j}

P(X;, X;) =

P[O'i > (NO+'7>\(0'j)ZiEI\{j}Oig(HXifXj”))T/\(aj)} y

(|1 X =X510)

P |:O-j 2 (N0+’YA(O'~L) ng]\{i} O'jf(“Xj—X,L-||))TA(O-i)i|

(X=Xl

Let Xy =y, Xj =z and L, (y) = 22 e, ((1X5 = yl))

ol o) = [ [ P(o 2 g™ ) P (Nt o) Lo Y) € ds)]

(ly — |l
[/OOOP<U > ﬁ)P(M +n(a) o (X) € dsﬂ

Assuming that o follows exponential distribution with parameter (c) , we have

cTy (O'y)S

m(ooud ral) = [ [T PN+ (o) L) € )|

09 _cry(oa)s
[/ e 4¢(|\z—yn>P<N0 + Y (0,) 10 (X) € ds)]
0

Using Laplace Transform gives

pa([z, ou), [3/7‘71/]) = [ENO - %‘(Ul’ﬂy’“ (ﬁﬂ %

[ENO + A(02)x (ﬁ)]

Since the exterior noise and interference are independent

o = e g 2 o (=5 )

[ENO (ﬁ)cl()ﬂo) (%ﬂ
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Assuming there is no external noise (N = 0), the study deduces

o = o (5] e (255

Hence, by symmetry, the study deduces that

pk([‘%? az]a [yu Uy]) = p([l‘, Um]? [ya Uy]) =

eren (TR < Lot (257

Note that

—sl . __ CTX\0Ox Ox
Ly, (s) =E(e ) for s = w

L, (s) :exp{ /D /0 N [e==7 =) — 1] Q(do, x),u(dz)}

Suppose u(dz) = Adz and recall that the battery is assumed to be Q(do,z) =

EI(X) = exp // P Ul ]ce_c"da)\dz}
Lix.,(8) = exp // —sotll=l)— —ce_wda]dz}

Li,, = exp /[c/ alsé(ll=l)+<] —/0 ce_c"da]dz}

Lr.,,(8) = exp {)\/D[cm - 1]dz}

F st(l=l)
Lo @ = e {1 || e

Ce—CO’

o[z, o4, [y, 0y]) = eXp{ L )\/OOO fﬂdz = A/OOO fﬂdz}

(1)) + ¢ (I[=1)) + ¢
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e (02)Yr (o) and t = et (ay)1a(oy)

By substitution, s = =) i)

ety (oz) vy (o)l =]) ety (oy)va(oy)edlzl)
— L(lz—ylD Lly—=1D
p(e.od b)) =exp { <A [ ool de o [ s}
e b T () +e D AP 2+

Using ¢(r) = r=?, the study derives the expression

PA([% O'x], [y> Uy]) =

B T (oz) VA (0x) _ T (oy)yaloy)
eXp{ )\/D T)\(UZ)’Y/\(Uz)"‘(”ZHa/”x_yHa)dz A/D TA(Uy)w(Uy)i(HZHj/Hy—IHQ)dz}

The study expresses

D _ Ta(oz)Va(0x) Ta(oy)va(oy)
By ([z,0u), [y, o)) = /D [mazm(oz>+<||z||a/uzfy||a> + n(aym(ay)i(nzu(f/nyfxua)}dZ
and observe that we have
—ARP([z,04 o
oz, 0a], [y, 0, ]) = e AEx (=oablval)
We therefore deduce that

lim ARY ([z,0.], [y, 0,]) = R”([x, 0], [y, 0,)])

A—00

which completes the proof of Lemma 2.4.1. O

Computation of the log moment generation function

Lemma 2.4.2 Suppose X* is an SINR graph with intensity measure \Leb(z) :
D — [0,1] and a marked probability kernel @ from D to R, and path loss function

U(r) =r=®, for a > 0, conditional on the event L} = w. Let g: X x X — R be
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bounded function. Then,

-2}
-2l // 9(z, e~ N eo(da)eo(dy)

=3 /X /X gla,y)e " EVu(dr)w(dy). (2.9)

Proof: Now we observe that for any measurable partition (A, As, -+ A,) of D

Avoo A

lim ~ 1ogE{ (9,13)/2
1

that

E{effkg(x,y)Lﬁ‘(da:,dy)/? ‘ Li\ — w} _ E{ H H eg(m,y)AL%(dm,dy)ﬂ}

zeD yeD

E{ H H eg(x,y)/\Lé(dx,dy/Q) _ H H H H E{G&ﬂAQI’%(d@dy)/z}

xeD yeD i=1 j=1 zeA; yeA;

Hence from Lemma 2.4.1 we have

logE{e)‘<g’L§>/2

L?:w}:

n

ZZ//lOg (1 = pa(z,y)) + palz, y)e 52

7j=1 =1

:| NwRw(dz,dy)/2

By Euler’s Formula, see example (Doku-Amponsah et al., 2010, pp. 1998), the

study result shows

1 log E{eM0I2)/2 | [A = )} =

A
/\ZZ/ / 1g )p (z,y) + o(N?)

F=1"7=

NwRw(dz,dy)/2

1
= log E{MoI2)/2 | [ =} =

)}LI{EOZZ//IO 1+

7=1 =1

Aw@uw(dx,dy)/2
@) ) + o)
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lim XlogE{ Mg.L2)/2 | L} :w} -

A—00

—ZZ/ / log [e2t0 ™ ] @ w(d, dy)

7j=1 =1

hm—logE{e @I/ | [ =w) == ZZ// g(x,y)e NG @ w(dz, dy)

=1 =1

1
lim lim )\logE{e (9:12)/2 | L’\—w}_— lim ZZ/ / (z,y)e ™"V w @ w(de, dy)]

n—>00 A\—00 2 n—oo -
=1 =1

1
= —/ / g(z,y)e VY @ w(dz, dy)
2 X JX

O

Hence, by Lemma 2.4.2 and the Gartner-Ellis theorem, Ly conditional on L} = w

obey a large deviation principle with speed A and a good rate function

L,( :—sup // g(z,y)m(dx, dy) — // g(z,y)e zyu@w(dmdy}}

which clearly reduces to the rate function given by

0 ifﬁze‘RDw@)w

L(m) = (2.10)

oo otherwise.

2.4.2  Proof of Theorem 2.2.1(ii) by Method of Mixtures.

For any A € R, we define

M(X) == {w e M(X) : lw(a) € Nforalla € X},

MH(X x X) = {WEM(XXX) : Am(a,b) €N, forall a,be X x X},
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We denote by O, := M, (X) and © := M(X). With

P5 () ==P{Ly = m | L} =w:},

PP (wy) := P{L} = wy\}

the joint distribution of L} and Lj is the mixture of P with P™ (wy) defined
as

dP(wy, 1) = dPY (1)) dP™ (wy). (2.11)

The following lemmas ensure the validity of large deviation principles for the
mixtures and for the goodness of the rate function if individual large deviation
principles are known. See for example, (Doku-Amponsah et al., 2010, Page 30)
and the references therein. We observe that the family of measures (P*: \ €

(0,00)) is exponentially tight on ©.

Lemma 2.4.3 The family of measures (]-:”: A € R,) is exponentially tight on
O X M(X x X).

Proof: Let n > mibnRD(a,b) >0and t = 1 — (1 — e ')e. Then, we use

Chebysheft’s inequality and Lemma 2.4.2, to obtain (for sufficiently large \),

%

IP’{|E| > AQZ} < e ME(Pl} < S
=0 k=0

) -y

el s
<e )‘le )‘et)‘.

Given N € N we choose N > ¢ and observe that for sufficiently large A\ we have

IP{|E| > /\QN} < e

Therefore, we have

P{HL;H > )\2]\7/2} < e N2,
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which establishes Lemma 2.4.3.
Define the function /: © x M(X x X) — [0, 00|, by

H(w|m®@), fr=e R wew

I(w, ) = (2.12)

00 otherwise.

Lemma 2.4.4 I is lower semi-continuous.

Proof: Let (w,m) € © x M(X x X) and observe that 7 = e % w @ w is closed
condition. Further, we note that the relative entropy, H <w ’m ® Q), is a lower
semi-continuous function on the space © x M(X x X'). As [ is a function of a
relative entropy, we conclude that [ is lower semi-continuous.

O
Using (Biggins et al., 2004, Theorem 5(b)) together with the two previous
lemmas and the large deviation principles we have established Theorem 2.2.1 and
Theorem 2.2.2(i) ensure that under (P*) the random variables (L}, L}) satisfy a
large deviation principle on M(X) x M(X x &X') with good rate function I which

ends the proof of Theorem 2.2.2(ii).

2.5 Proof of Theorem 2.2.3 by Large deviation

Technique

2.5.1 Proof of Theorem 2.2.3

We begin the proof of the asymptotic equipartition property, by first establishing
a weak law of large numbers for the empirical mark measure and the empirical

pair measure of the SINR graph.

Lemma 2.5.1 Suppose X* is an SINR graph with intensity measure Am : D —

[0,1] and a marked probability kernel @ from D to Ry and path loss function
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Ur) =r=2, for a > 0. Assume )\[TA(%)%(%) + T,\(ay)w(ax)] — B(og,04) €
(0,00), for all o,,0, € R,.

Let Q) be the exponential distribution with parameter c. Then, for e > 0 we have

lim IP’{ sup ‘L?(m, 0z) —m® Q(z,0,)] > 5} =0

A—00 (z,00)EX
and
im P{  sup LYoy o))~ meQxmeQ((r, o, [y o)) | > ¢} =0
A700 L ([wou] lyoy)) €X XX

Proof: For any € > 0, let

Fi={w: sup |w(@,0,)~meQz,0,)| > =},
(z,02)EX

_pD
B=fr: e (e o) -e meQmsQ(r. o o) > <]
([z,02],[y,04]) EX XX

and F3 = F; U Fy. Now, observe from Theorem 2.2.1(ii) that

1
limsupxlog]P’{(L?,Lé\) € F;} < — inf I(w,m).

A—00 (wm)eFy
It suffices for us to show that I is strictly positive on Fy. Suppose there is
a sequence that converge to any point (wy,m\) — (w,7) such that I(wy,my)
I(w,n) = 0. This implies w = m® Q and 7 = e F'm ® Q x m ® Q which
contradicts (w, ) € F5. This ends the proof of the Lemma. U

Now, the distribution of the marked PPP Py(z) = ]P’{XA = :L‘} is given by

P)\(IL') =

= AR ([z1,0:],[y5,05])

I
Em & Q(x'm Ui) H e e_AR?([wian],[yj,O'j]) X

(i,9)EFR

I
H (]__ _)‘R ([xis0i]ly5.05]) H )\R ([zi,04),[ys, Uz})
=1

(4,9)€€
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—5 log PA(z) =

e~ ARY

§<—logm®Q,L?>+<—log<1_e—/\R?>,L§>

+{ —log(1 - ), 12 @ L}) + ( —log(1 — %), [} )

Notice, limy_,o )\R/\D — RP,

1 AN o L “ARPY 7\
Jim 5 ~logm @@ 1) = Jim 3 ~log(1 — ), 13) =0
Using, Lemma 2.5.1 we have

—ARP —RP

. (& A o e 7RD
hm<_log<1_6——)\3?)7L2>_<_10g<—1—6_RD>76 m®me®Q>

A—00

lim < —log(l — e ™M) L) Lf> = < —log(l—e Y me@Q xm® Q>,

A—00

which concludes the proof of Theorem 2.2.3.

2.6 Proof of Theorem 2.2.4 and Corollary 2.2.5
For w € P(X) we define the spectral potential Ug(g,w) of the marked SINR

graph (X*) conditional on the event {L} = w}, as

Ug(g,w) = <g, & 4 ®w>. (2.13)
The following remarkable properties holds for Ug:

() It is finite on C(w) := {g X - R

eUalow) < oo}
(ii) It is monotone.

(iii) Tt is additively homogeneous.

(iv) It is convex in g.

For m € M(X x X'), we observe that I,(m) is the Kullback action of the marked

SINR graph X*.
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Lemma 2.6.1 The following hold for the Kullback action or divergence function
I,(m):
()
L(m) = sup {(g. ) — (g, ¢ P w D))
geC
(i1) The function 1,(m) is convexr and lower semi-continuous on the space
M(X x X).

(111) For any real o, the set {7T EMAX x X): I,(m) < a} is weakly compact.

Interested readers may refer to Doku-Amponsah (2017) for similar proof for
empirical measures of the Typed Random Graph Processes, and/or the references

therein for proof of the lemma for empirical measures on measurable spaces.

Now note from Lemma 2.6.1, for any 7 € M(X x X) and € > 0, there exists a

function g € C(w) such that

]w(ﬂ-) B % < <ga 7T> I, UQ(va)'

Define the probability distribution P, by

H eg(xl i) H 6h)\(x1 i)

(i,J)eE (4,9)€E
where

ha(z,y) = Alog [(1 — e MR @) 4 T ARR @)+ (e.y)/2)

Then, observe that

de xm — xlxj
E(g;): H 02%5) /A H ha(

(i,J)eE (1,5)e€

— 6—/\(<59,L§)—/\(§hA,L%®Lf>)+(§hA,L3>
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Now, we define the neighbourhood of v, B, by
B, = {7r e M(X X X): (g,7) > (g, 1) — 5/2}

Under the condition L € B, we have

dP,

dP,

1
< e_<§97V>+UQ(97W)+)\% < e Mu(W)+2e

hence,

Pw{xA c gP‘L;‘ € BV} < /]I{LgeBu}df’w(xA) < /e_Mww)—)\adpw(I)\)

< ef)\lw (1/)7/\5.

Observe that 1,(r) = oo satisfies the Theorem 2.2.4 (ii). Hence it is sufficient
for us to establish it for a probability measure of the form v = ge*RDw R w,
where ¢ = 1 and for /,(v) = 0. Fix any number ¢ > 0 and any neigbourhood

B, C M(X x X). Now define the sequence of sets

Gp ={yegr: L3) € B, |(9.12) — (9.0)] < 5}
Note that for all y € Gp we have

1
ﬂ = e—<§97V>+UQ(97W)+>\% > e

dP,

This yields

R (I /g

Using the law of large numbers, we have that lim_, ﬁw(gg) = 1. This completes

1 o ~
dP.(y) > / e~ 20U IRRAR, (y) > € P(Gp).

A
P
of the Theorem.
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Proof of Corollary 2.2.5

We observe that, by Lemma 2.4.3 the law of empirical connectivity measure is
exponentially tight. Henceforth, without loss of generality we can assume that the
set F' in Theorem 2.2(ii) above is relatively compact. If we choose any € > 0; then
for each functional v € F’ we can find a weak neigbourhood such that the estimate
of Theorem 2.2(i) above holds. From all these neighhourhood, we choose a finite

cover of Gp and sum up over the estimate in Theorem 2.2(i) above to obtain

1
limsupxlong{X’\ cGp ‘ Ly € F} < —inf I,(7) +e.

A—00 TeF

Since € was arbitrarily chosen and the lower bound in Theorem 2.2(ii) implies the
lower bound in Theorem 2.2(i) we have the required results which completes the

proof.

2.7 Summary

Given devices space D, an intensity measure \m € (0,00), a transition kernel
() from the space D to positive real numbers Ry, a path-loss function (which
depends on the Euclidean distance between the devices and a positive constant
a), we define a Marked Poisson Point Process (MPPP). For a given MPPP
and technical constants 7,7 : (0, co) — (0,00), we define a Marked Signal-to-
Interference and Noise Ratio (SINR) graph, and associate with it two empirical

measures; the empirical marked measure and the empirical connectivity measure.

For a class of marked SINR graphs, we prove a joint large deviation
principle(LDP) for these empirical measures, with speed A in the 7-topology.
From the joint large deviation principle for the empirical marked measure and
the empirical connectivity measure, we obtain an Asymptotic Equipartition

Property(AEP) for network structured data modelled as a marked SINR graph.
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Specifically, we show that for large dense marked SINR graph one require
approximately about AH(Q x Q)/log2 bits to transmit the information
contained in the network with high probability, where H(Q x Q) is a properly

defined entropy for the exponential transition kernel with parameter c.

Further, we prove a local large deviation principle (LLDP) for the class of
marked SINR graphs on D, where A[7y(0.)7a(0y) + ATa(0y) 1 (02)] = B(os, 0y),
0,0y € (0,00), with speed A from a spectral potential point of view. From the

LLDP we derive a conditional LDP for the marked SINR graphs.

Note that, while the joint LDP is established in the 7-topology, the LLDP assume
no topological restriction on the space of marked SINR graphs. Observe also that
all our rate functions are expressed in terms of the relative entropy or the kullback

action or divergence function of the marked SINR on the devices space D
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Chapter 3

Large Deviation Principle for empirical SINR
measure for Critical Telecommunication Network

This chapter has already appeared in co-authored paper Sakyi-Yeboah et al.
(2021b)

3.1 Introduction and Background

3.1.1 Introduction

Since the inception of the 19th century, the world has experienced renaissance in
the information theory of wireless communication channel and wireless networks.
Further, multimedia technologies have seen significant growth in the last two
decades. The use of handheld devices and obtaining services offered by the
Internet has now become essential in our daily lives. Therefore, the availability
of wireless networks and network quality of service (QoS) offer have become vital

for mobile users. See, (Hassan et al., 2019) .

Currently, telecommunication is simply an electrical medium of connecting over a
distance (location and battery power). Telecommunication was discovered as an
electrical waves and it is suggested that they could travel at a speed close to the
speed of light. See,Paudel and Bhattarai (2018). The fundamental requirement
of routing through any telecommunication network whether it is via voice call or
data package; is that each end point on the network has a unique address which
enables wireless communication. Cellular systems are now nearly universally

deployed and are under ever-increasing pressure to increase the volume of data
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they can deliver to consumers. Refer to (Andrews et al., 2011) or the references

therein.

Now, the advent of multimedia interactive services and the surge in the number
of interconnected devices have led to investigation of new approaches that can
enhance wireless capacity in 5G networks. See, example (Aravanis et al., 2019).
Marvi et al. (2019) posited that, 8.3 billion hand-held devices and 3.3 billion
Machine-to-Machine (M2M) devices will be connected by 2021. The number of
connected devices would clearly exceed the expected global population of 7.8
billion by that time. The monthly global mobile data traffic is expected to reach

49 exabytes and the annual traffic will exceed half a zettabyte by 2021.

In information theory and telecommunication engineering, wireless consist of
nodes which connect over a wireless channel (Gupta and Kumar, 2000). Signal
-to- Interference-Plus- Noise Ratio (SINR) is a tool used as rate of information
transfer in wireless communication system such as networks. According to Jeske
and Sampath (2004), the SINR is an important metric of wireless communication
link quality. SINR estimates have several important applications. These include
optimizing the transmission power level for a target quality of service, assisting
with handoff decisions and dynamically adapting the data rate for wireless
internet applications. Communication performance can be improved significantly
by adaptive transmissions based on the quality of received signals, i.e., the

Signal-to-Interference-plus-Noise Ratio (SINR) (Choi et al., 2013) .

In cellular networks, SINR is a quantity that indicates if a given frequency
resource is suitable to properly maintain a communication link. This is the
rationale behind the usage in SINR in network to monitor the occurrence of
radio link and handover failures, see (Bastidas-Puga et al., 2018) . An accurate

SINR estimation provides for both a more efficient system and a higher user
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— perceived quality of service. Thus, the SINR is popularly used in wireless
connection as a way to measure the quality of wireless connection within the

space.

Analogous to the SNR used often in wired communications systems, the SINR
is defined as the power of a certain signal of interest divided by the sum of the
interference power (from all the other interfering signals) and the power of some
background noise. If the power of noise term is zero, then the SINR reduces
to the Signal-to-Interference Ratio (SIR). Conversely, zero interference reduces
the SINR to the Signal-to-Noise Ratio (SNR), which is used less often when

developing mathematical models of wireless networks such as cellular networks.

Agrawal and Kshetrimayum (2017) derived the IPI, IST and average output SINR
expressions for the Binary Phase Shift Keying (BSPK) modulated raised-cosine
pulse in the beam forming-based mm-Wave MIMO system. At each receiving
antenna, they use the coherent Rake receiver to capture the signal energy,
carried by multipath components in the complete IEEE 802.15.3¢ channel model.
Additionally, their paper presents the impacts of pulse duration and Half Power

Beam Width (HPBWs) of the transmitting antennas on the average output SINR.

Choi et al. (2013) focused on developing link scheduling schemes that can achieve
optimal performance under the SINR model. The underlying argument was to
treat an adaptive wireless link as multiple parallel virtual links with different
signal quality, building on which they develop throughput-optimal scheduling
schemes using a two-stage queuing structure in conjunction with recently
developed carrier-sensing techniques. Furthermore, they introduced a novel
three-way handshake to ensure, in a distributed manner, that all transmitting

links satisfy their SINR requirements.
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Keeler et al. (2013) worked on an explicit integral interaction for SINR
distribution experienced by a typical user in the downlink channel from the k-th
strongest base stations of a cellular network modelled by Poisson point process
on the plane. The outcome of their work shows that the whole domain of SINR

was valid whenever SINR < 1, where one observes multiple coverage.

Aravanis et al. (2019) employs MGF to provide closed form expressions for
the downlink ergodic capacity for the interference limited case, and validated

the accuracy of these expressions by the use of extensive Monte Carlo simulations.

Weiss (1995) used large deviations techniques to analyze models of communication
networks. It was assumed that the points form a sequence of independent and
identical distributed random variables progressing to some powerov processes in
discrete or continuous time. Giuliano and Macci (2014) studied the sequences
of independent and identical distributed random variables and, under suitable
conditions on the (common) distribution function, they proved large deviation
principles for sequences of maxima, minima and pairs formed by maxima and
minima. They assumed that the independent and identical distributed random
variables can either be unbounded or bounded; in the first case maxima and

minima have to be suitably normalized.

Duffy et al. (2011) under suitable assumptions about the large deviation behavior
of the state selection and sojourn processes, proved that the empirical laws of
the phase process satisfy a sample path large deviation principle. From this
large deviation principle, the large deviations behavior of a class of modulated
additive processes was deduced and an alternate proof of results for modulated
Lévy processes were obtained. With a practical application of the results,
they calculated the large deviation rate function for a process that arises as

the International Telecommunications Union’s standardized stochastic model
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of two-way conversational speech. Other researchers have also studied large
deviation behaviour of the interference in a wireless communication model. See,

(Ganesh and Torrisi, 2008) .

In this chapter, we prove a joint large deviation principle for the empirical
powered measure, empirical link measure and the empirical SINR measure of
critical Telecommunication networks. In this sequel, we prove a joint large
deviation principle for the empirical powered measure and empirical link measure
of the Critical Telecommunication Network. See, Sakyi-Yeboah et al. (2020) for
similar results for the dense Telecommunication Networks. The main techniques
used in this chapter are the Gartner-Ellis Theorem, see (Zeitouni and Dembo,
1998, Theorem 2.3.6) and the method of Mixtures as deployed in the PhD Thesis
by Doku-Amponsah (2006).

The remaining part of this chapter is organized in the following manner.
Section 3.2 contains the statement of the main results; the joint LDP for the
empirical powered measure, empirical link measure and empirical SINR measure,
the joint LDP for the empirical powered measure and the empirical link measure,
and the conditional LDP for the empirical SINR measure given the empirical
powered measure and the empirical link measure. In Section 3.3 we give the
proofs of Theorem 3.2.2(i) and Theorem 3.2.3. Section 3.4 gives the proofs of
Theorem 3.2.2(ii) and Theorem 3.2.1.

3.1.2 Background

For a fix dimension d € N and a measureable set D C R? with respect to the
Borel-Sigma algebra B(RY). Denote by m the Lebesgue’s measure on RY. Let
Am : D — [0,1], be a rate measure, () a transition kernel from D to (0, co) and

(A

((r) = 7=, where a € (0,00), be a path loss function and 7™,y : (0, 00) —

(0, 00), be technical constants. We define the SINR Graph as follows:
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(i) Pick X = (X;)ier a Poisson Point process (PPP) with rate measure Am :

D — [0,1].

(ii) For X, we assign each X; a power o(X;) = o; independently according to

the transition function Q(-, X;).

(iii) For any two powered points ((X;, 0;), (X;, 0;)) we connect a link if and only
if
SINR(X;, X;,X) > 7 (0;) and SINR(X;, X;, X) > 7 (0;),

where

(1 — X,)
SINR(X;, X;, X) = J
KXo X) = N 00 S ol (1% — X1

We shall consider X*(m, Q, () = {[(X,-, gi),1 € 1], E} under the joint law of the
powered Poisson Point process and the network. We will interpret X* as an SINR
network and (X, 0;) := X7 as the power of device i. We recall Proposition 1 from

Sakyi-Yeboah et al. (2020) as follows:

Proposition 1 (Sakyi-Yeboah et al. (2020)) The link probability of the

SINR network, py, is given by

e S XA g

D . T(A)(Ux)"/o\)(gcc) T(A)(O'y)'yo‘)(ay)
hy (2, 02), (Y, 0y)) = /D [Tw(Umm<az>+(uz||a/||x~y||a>+r<*><ay>v<k>(oy>+<uz||a/nyfx||a> m(dz).

We assume that there is a sequence of real numbers a, and a function h : D x

R, — (0,00) such that \?ay — oo and

}\ng p/\[(% Jm)> (y7 ay)] " h[(fl?, JI)? (y7 Uy)]

We shall call X* Critical SINR if Aay — 1, Sub critical SINR if Aay — 0 and

Super critical SINR if Aay — oo. In this chapter, we shall look at Critical SINR
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network, ie

lim Aay — 1
A—00

Note that from the subsequent chapters, we will denote RY as h¥.
S(D) = chD{x : JzNA| < oo, for any bounded A C D } (3.1)

Write X = S(D x Ry ) and denote by M(X), the space of positive measures on
the space X equipped with 7— topology. Henceforth, we shall call X a locally

finite subset of the set S(D).

Empirical measures of the SINR Networks: For any SINR graph X* we

define a probability measure, the empirical power measure, L} € M(X), by

G % Z 0x ((z,00))

iel
and a symmetric finite measure, the empirical pair measure Ly € M(X x X), by

1
Lé\((% UCE)? <y7 Uy)) 2 X Z [5(XZ>‘,XJ>‘) o 5(X]>\’Xz>\)]] ((33, U$)7 (317 Uy))-
(i,J)eE

Note that the total mass || L}|| of the empirical power measure is 1 and total mass

of the empirical link measure is 2|E|/\%.

Theorem 3.1.1 (Sakyi-Yeboah et al. (2020)) Suppose X* is an SINR
network with rate measure Am : D — [0,1] and a power probability function
q from D to (0,00) and path loss function {(r) = r=, for « > 0. Then, as

A\ — 00, Ly satisfies an LDP in the space M(X) with good rate function

H(w|m®q), if [lw]| =1
Il<0<.)) =

00 otherwise.
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3.2 Statement of Main Results

We, define the empirical SINR measure E%ﬁgz) by

1
L£h? = E )
(x,az)(a) HN,\((%’, U:):)) H SINR(X?,(x,UI),Li‘)(a’%

1EN([z,0])

where

NA(x):{kEI: (k,j)eE,X}:x}

We observe that we have

153 ((,02)) | = A / 1((z,0,). (dy, doy))

X

and

2 (a 2—1 A (z,0 o ol i o x,do
‘C(x,az)( ) HN)‘«ZL‘,O'I))” /Xq)a<< 9 x)? (ya y>’ LI)L2((dyvd y)a(d 7d x))a

where

¢()1\<(:I;70-x) ) (yv Uy) ) w) =1
{TW (oy)<Sinr (o). (2.02) ) Sa(ax)}

We write

izt (ﬁ}g’j%), (x,0,) € X).

Theorem 3.2.1, is a Joint Large deviation principle for the empirical measures of

the Sinr network models. We recall from Subsection 3.1.2 the definition of h% as

D 2 TN (027N (02) TN (0)7™ (o)
hx (2, 02), (Y, 0y)) = /D [TA(ozw<az)+(uz||a/||x—y||a>+T<A><ay>v<*><a§’>+<uz||5/ny—x||a> m(dz)
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and write

haw @ w((z,02), (3, 0y))) = ha((@,02), (y, 0) ) (2, 02) )0 ((y, 7))

We define <fw, 7r> by

(o), @ = = | (@00, () (. (@.0),

- m((2,00))

Observe that, for a finite probability measure 7

(03.7) (@ == [ 0}((00). @00). ) (A ) (d ),
(3.2)

is a probability measure.

We write lim ®) = &, and note that

A—00

A—00

lim <CI>$, 7r>($0 )(a) = <<I>w, 7r>(:M )(a), for all a € |1, 0),

by he dominated convergence theorem.

Theorem 3.2.1 Let X* be a critical powered SINR network with rate measure
Am : D — [0,1] and a power probability function q from D to (0, co) and path
loss function €(r) = r=%, for a > 0. Suppose q is an exponential distribution with
mean 1/c. Then, as X — oo, the triplet (L}, Ly, LY?) satisfies a large deviation
principle in the space M(X) x M(X x X) x M([r, o)) with speed X\ and good

rate function

Jo(w,m,v) = H(w‘m ® q) + %’H(ﬂ“h*w ®w>

v /X (Voo ||(@erm)  Jmalldr.do)) (33
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Remark 7 Interpretation of the Rate Function: The rate function can
be regarded as the cost of having a powered SINR network corresponding to the
empirical measures triplet (w,m,v). This cost may be divided into three separate

costs:

(i) The first term is the cost of having the empirical powered measure w is

known. This cost is non-negative and it is zero iff w = m ® q.

(ii) The second term is the cost of obtaining the empirical link measure m given
the empirical powered measure w. This cost is also non-negative and it is

zero iff m = hoaw @ w

(11i) The last term is the cost of obtaining the empirical SINR measure given the
empirical powered measure w and the empirical link measure w. This cost is

also non-negative and it is zero iff v = <<I>w,7r>.

This implies the cost J, (w,ﬁ,y) =0iffwc=m®q, T =h.(m®q) @ (M®q) and

co. 1/a
We write By(s) == {z : [t —y|]| < s BGU ; B([—y} [/ z—
i = ile il Soh Beon = Blrg 0] Ly
:cH’O‘m(dz)} ) and note that the typical behaviour of the empirical SINR

measure 1s as

Voo (@) = (s (M @) © (M B0)) (@)

(z,08

(o oo e g) PlE08), o))t
= [ 2@ o monmea)

/ / e h, ((m 0';1:) <y7ay))m(dy)d0y
Wi h‘bewm/w@ax%%»muwwy

where B\ A= BN A° and Ip(z) denote the indicator function on the set I'.

Theorem 3.2.2 below is a conditional large deviation principle for the empirical

link measure given the empirical power measure, and joint LDP for the empirical
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power measure and empirical link measure of the SINR network model. We define

a relative entropy H by

H(r | huw @ w) + (Il @] = I])), it 1] > 0.
H(m||how @ w) =

00 otherwise.
(3.4)

Theorem 3.2.2 Let X* is an SINR network with rate measure Am : D — [0, 1]
and a powered probability function q from D to (0,00) and path loss function

l(r)=r—2, for a > 0. Suppose q is an exponential distribution with parameter c.

(i) Then, as A — oo, conditional on the event L} = w, L3 satisfies a large
deviation principle in the space M(X x X) with speed X\ and good rate

function

I(n) = %’H(Wﬂh*w ® w) (3.5)

(ii) Then as X — oo, the pair (L?, L) satisfies a large deviation principle in

the space M(X) x M(X x X) with speed A\, and good rate function

I(w, ) :H(w‘m@)q) —l—%?—[(w”h*w@w), (3.6)

where

haw @ w((m, O-w)’ (yv Uy)) i h*((l‘, Ua?)? (y7 Jy))w((x7 O-I))w((% Uy))'

Theorem 3.2.3 Let X* is a critical powered SINR network with rate measure
Am : D — [0,1] and a powered probability function q from D to (0,00) and path
loss function €(r) = r~%, for a > 0. Suppose X is an SINR network conditional

on the event {(Li‘, L3) = (w, 71')} Then, as A\ — oo, the empirical SINR measure
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L% satisfies an LDP in the space M([T, 00)) with speed A and good rate function

J(v) = %/XH<V(;E,UI)H <‘I>w,W>(x7am)>ﬂ2((d$ad0x))>

where Ty denote second marginal of the finite measure 7.

3.3 Proof of Theorem 3.2.2 and Theorem 3.2.1

3.3.1 Proof of Theorem 3.2.2(i) by Gartner-Ellis Theorem

Suppose Aq, ..., A, is a decomposition of the space D x R,. Observe that, for
every (z,y) € A; X Aj, 0,5 = 1,2,3,...,n, ALy(z,y) given AL (z) = Iw(z) is
binomial distributed with parameters \w(z)w(y)/2 and py(z,y). Let @ be the
exponential distribution with parameter c. We recall the function RY from the

previous sections as follows:

D a 7_()\) (oz)ﬁ’(%) (Uz) T(A) (O—y)’yo\) (UU)
hy ((z,04), (y,0y)) = /D [rw(omw<az>+(||z||a/||xfy||a>+f“’(ay)v“’<C’y>+<“2”"/ To=stey | ™(42)

Lemma 3.3.1 is key component in the application of the Gartner-Ellis Theorem.

Lemma 3.3.1 Let X* be an SINR network with rate measure Am : D — [0, 1]
and a powered probability function q from D to (0,00) and path loss function
{(r) = r=®, for a > 0, conditional on the event Ly = w. Let g : X x X — R be

bounded function. Then,

n n

1
A : g
= = _ ] E g < — e >
L] w} 1m : 1 ,h*W®w A

j=1 i=1

1
= §<1 —é9, how ®w>

| Mg, L3)
Jim $logB{eXer ™

XxX

67



Proof: Now we observe that

E{effx\g(:c,y)Lé(dx,dy)/Q‘Li\ — w} _ E{ H H e)\g(x,y)Lg(d:e,dy)/Q}

zeX yekX

E{ H H o9(@YALY (do,dy/2) _ HH H H E{eg (2y)AL) (de, dy)/z}

TeEX yeX i=1 j=1xz€A; ycA;

"o ] Nwew(dz,dy)/2

log {e’“g’LaW’Li\ = ZZ/ / log 1 —p(z,y)+p(z, Z/)eg(xy)
7j=1

=1

By the dominated convergence theorem

1
Xlog E{MoI)/2 | [N = ) =

%ZZ / / log [1 = (1= e#®9)p, (2,) + o()

Nwew(dz,dy)/2

1
X log E{e)‘@’L%V2 - TS

%ZZ/ / log |1 — (1 — e#™P)p,(z,) + o(A)

:| ANwRw(dz,dy)/2

1
“log E{eMoL2)/2|| L) = w} =

A
AwRw(dz,dy)/2
i S5 f e[ 1 = Nstaa) o)
i (=
1 Mg, L) /211 T A 1 x
lim —logE{ G2le|| Ly = Z 1 9NN, (z, y)wRw(dz, dy)
A—oo A 2 =1 i1 A; AJ
.1 Mg, L3)/2 | TA _ Iy
)\lggoxlogE{e SR [ =w} = 5;; <1 — Y, h*W®w>AiXAj
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n n

. . 1 Mg, L) /2| 7 A _1 : g
fo o S B ) =5 i 33 (1ot ho),

1
= —<1 —eY, h*w®w>

2 XxX

Hence, by Gartner-Ellis theorem, conditional on the event {Li\ = w}, L3 obey a

large deviation principle with speed A\ and rate function

1
I,(m) = §sup{<g, 7r> +<1—e~", h*w®w> }
g XxX XxX

which when solved, see example Doku-Amponsah (2006), would clearly reduces

to the good rate function given by

3.3.2 Proof of Theorem 3.2.3 by Gartner-Ellis Theorem

The first step in proof of Theorem 3.2.1 is a large deviation principle for the

sequence of measures (Ezf%), (x,04) € X ) conditional on the set

()=}

Lemma 3.3.2 Let X* be a critical powered SINR network with rate measure
Am : D — [0,1] and a powered probability function q from D to (0,00) and path

loss function £(r) = r=, for @ > 0. Then, for every (z,0,), we have

A—00

- <<1>w, 7r>(a) (3.8)
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Proof: We compute the probability

P{TW(%) < SINR((X;,04), (x,04), L) < a(o.)| (L3, L) = (wr)}
1

" m((z,0,)) /X (Di ((x, 0z), (Y,04) w>7r([dy7 doy), (dz,do,))

m((%,02))

- <CI)““ 7T>(x,ax)(a)

[0 Taking limits as A — oo on both sides we have (3.8) which ends the proof of

Lemma 3.3.2.

Lemma 3.3.3 Let X* is a critical powered SINR graph with rate measure Am :
D — [0,1] and a powered probability function q from D to (0,00) and path loss
function £(r) = r=%, for a > 0. Suppose q is an exponential distribution with
parameter c. Then, for every (z,0,), we have

lim ilogE{ Jae Na((d.doa)){g, £07, )

A—00

(L3 1) = (w, ™)} =

%<log (7, (@, 7r>.>[7700), ™) (3.9)

Proof: We observe that (ﬁ%ﬂ’f%ﬂN (x,02)), (x,0,) € X) are independent

distributed as

<<<I>:\J,7r>( ) W EX).

~_—

1,2
E{ef’f <g’£<“ )

Ny ((dz,doz))/2
| g CNE gm ﬂ}

_ H E g(SINR(Xg,(x,az),w))]
(dz,dog)EX <q> 7r> @ oa] CENA [dz dal])/2
=T (E [eg@mmw (@, oz>w>>DN*“d”“”d""”/ 2
(dz,dos)e <<I> ’T> aied
Ny ((dz,doz))/2
11 (/ AR 1) (do)) (3.10)

(dz,dog )€

Now taking limit of normalized logarithm of (3.9) using DCT and observed that
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Ny((dz,doy)) /N — mo((dz, doy)), <@f}, 7r>( : — <<I>w, 7r>( : as A — oo we
have (3.9), which ends the proof of Lemma 3.3.3 O
Now, by the Gartner-Ellis Theorem, Conditional on the event {(L%,Li‘) =

(w,m) } ,the probability measure £1? obeys an LDP with speed ) and rate function

)= %SUp {<<g, V'>[T,oo}’ F2>x B <log <eg’ <(I)°“ 7T>.>[T,oo)’ 7T2>x}'

g

Using the variational formulation of relative entropy we have that

J(v) = %/XH<V($,%) <‘1>w, 7T>(m7gm))772(<d$a do)),

which proves Theorem 3.2.1.

3.4  Proof of Theorem 3.1.1(ii) and Theorem 3.2.1

by Method of Mixtures

3.5 Proof of Theorem 3.1.1

For any A € (0,00), we define

Mi(X) = {w € M(X) : \w(z) eNforall z € X},

My(X x X) :

{WGM*(XXX) : An(z,y) € N, for all x,yEXxX}.

We denote by O, := M, (X) and © := M(X). With

P5) () == P{Ly = m | Ly = w;},

PV (wy) :==P{L} = wy}

A "
Py V) = P{E%ﬁm = Vo) | (L, L3) = (wx,m)}

the joint distribution of L} and L3 is the mixture of Pogi‘) with PW(w,), and the
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joint distribution of £2, L} and L3 is a mixture of P* with P((;\A) ) @s follows:
d]5’\(w,\,m) = dPu(,’A\)(n,\) dPW (wy). (3.11)

AP\ (v, wx, my) = dP((Xm)(V)dPA(wAﬂ?A)-

(Biggins et al., 2004, Theorem 5(b)) gives criteria for the validity of large deviation
principles for the mixtures and for the goodness of the rate function if individual
large deviation principles are known. The following three lemmas ensure validity
of these conditions.

Observe that the family of measures (P™: X € (0,00)) is exponentially tight on
0.

Lemma 3.5.1 (i) The family of measures (P*: X € (0,00)) is exponentially
tight on © x M,(X x X).

(i) The family of measures (P*: X € (0,00)) is exponentially tight on © x

M (X X X) x M([r, 00).

Define the function 7: © x M,(X x X) — [0, o], by

I(w, ) :H(w’m@)q) +7—[<7r||h*w®w> (3.12)

and recall from Theorem 3.2.3 that

j(l/) = %/){H(V(m,%) ‘ <<I>w, 7r>[x70z])7rg((dx, do,)).

Lemma 3.5.2 (i) [ is lower semi-continuous.

(11) J is lower semi-continuous.

By (Biggins et al., 2004, Theorem 5(b)) the two previous lemmas and the large
deviation principles we have established in Theorem 3.2.2 and Theorem 3.2.3

ensure that under (PA) and P, the random variables (wy, 7)) and (v,wy, )
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satisfy a large deviation principle on M (X)) x M(X x X) and © x M (X x X) x
M([r, o0) with good rate function I and J respectively, which ends the proof of
Theorem 3.2.2.

3.6 Summary

For a powered Poisson process, we define Signal-to-Interference-plus-Noise Ratio
(SINR) and the SINR network as a Telecommunication Network. We define
the Empirical Measures (empirical powered measure, empirical link measure and
empirical SINR measure) of a class of Telecommunication Networks. For this
class of Telecommunication Network we prove a joint large deviation principle
for the empirical measures of the Telecommunication Networks. All our rate

functions are expressed in terms of relative entropies.
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Chapter 4

Large Deviations, Shannon-McMillan-Breiman
Theorem for Super-Critical Telecommunication

Networks.

This chapter has already appeared in co-authored paper Sakyi-Yeboah et al.
(2021c¢).

4.1 Introduction and Background

4.1.1 Introduction

Databases are now becoming very complex in structure and efficient mathematical
tools are necessary for studying the databases.Example, in the database of China
Public Private Partnership Center(CPPPC), enterprise’ status and between
enterprises may be seen to form stochastic networks (Wang, 2018). To code or
transmit data from sources such as the databases of CPPPC, one require an
efficient approximate pattern machine schemes and a coding algorithms for such
data source, and large deviations through the asymptotic equipartition property
for the SINR random network will be crucial in this regards.

Large deviations may be regarded as a group of efficient mathematical techniques
(stochastic methods) often used to estimate asymptotic properties of increasingly
rare events such as their empirical measures and most likely manner of
occurrence. See, for example, (Weiss, 1995). There are many applications of
large deviation techniques to SINR networks as a model for Telecommunication

networks. Some of these applications include, but are not limited to, the analysis
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of bi-stability in networks, example, notorious bi-stability in multiple access
protocols such as the Aloha, and the stochastic behaviour of Automated Teller
Machine (ATM) such as the admission control, sizing of internal buffers, and the

simulation of ATM models. See, (Weiss, 1995).

The Shannon-MacMillian-Breiman (SMB) Theorem or the Asymptotic
Equipartition Property (AEP) may be regarded as the strong law of large numbers
in information theory. It says output source of a stochastic data source may be
partitioned into two sets, namely the set of typical events and the set of atypical
events. The SMB is the foundation of all approximate pattern matching and
coding algorithms.

Researchers over the last two decades have given some large deviation analysis
for telecommunication networks modelled as a sequence of i.i.d random variables
and/or markov chains in discrete and continuous times. See, (Weiss, 1995) and
reference therein. Sakyi-Yeboah et al. (2020) and Sakyi-Yeboah et al. (2021b)
defined empirical measures on the SINR network and proved some joint LDP
results including the SMB and the classical MacMillian theorem for the dense or

critical telecommunication networks modelled as the SINR network.

In this chapter, we prove joint large deviation principles on the scales A and
A2ay, where ) is the intensity measure of the underlining PPP of the SINR
network. Further See, Doku-Amponsah (2006) or Doku-Amponsah et al. (2010)
for similar results for the colored random graph models. From these LDPs,

we prove an asymptotic equipartition property, see example (Doku-Amponsah

(2012), for the SINR networks .
Further, we prove a local LDP for the SINR networks. See for example, Doku-

Amponsah (2017) or Doku-Amponsah (2016) and reference therein. From the

local LDP we deduce asymptotic bounds on the cardinality of the set of SINR
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networks for a given typical empirical power measure. We also prove from the
local LDP an LDP for the SINR network processes.

The remaining part of the chapter is organized in this manner: Section 4.2
contains the main results; Theorem 4.2.1, Theorem 4.2.2 Theorem 4.2.3,
Theorem 4.2.4, Corollary 4.2.5 and Corollary 4.2.6. In Section 4.3 we presents the
proof of the main results of the article, Theorem 4.2.1. Section 4.3.3 contains proof
of the SBM result, see Theorem 4.2.3 and Section 4.5; Proof of Theorem 4.2.4,
Corollary 4.2.5 and Corollary 4.2.6. Finally, we give the conclusion of the article

in Section 4.6

4.1.2 Background

We fix dimension d € N and some measurable set D C R? with respect to
the Borel-Sigma algebra B(R?). For an intensity function, Am : D — [0,1], a
transition kernel from D to (0, c0), @ and a path loss function, ¢(r) = r~?,
where o € (0,00), and some technical constants; 7™, ) : (0, 00) — (0, c0),

we define the SINR network model as follows:

(i) We pick X = (X;);er a Poisson Point process (PPP) with rate measure
Am : D — [0,1].

(ii) Given X, we assign each X; a power o(X;) = o0; independently according

to the transition function Q(-, X;).

(ili) For any two powered points ((X;, 0;), (X;,0;)) we connect a link iff

SINR(X;, X;, X) > 7¥(0;) and SINR(X;, X;, X) > 7™ (0;),

where

a:il([|1 X — X;|)
SINR(X:, X;, X) = 2
(X ) No + M (05) 2 sen 5y ol (1Xi — X5
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We denote by E is the set of links in the SINR network and shall consider X* :=
XAm, Q,0) = {[(X,», 0i),J € 1], E} under the joint law of the powered Poisson
Point Process and the Network. We will interpret X* as an SINR Network and
(X;,0;) := X as the power type of device i. We recall from Sakyi-Yeboah et al.
(2020) that the link/connectivity probability of the SINR network, P*", is given

by P7((z,04), (y, 0,)) = e~ MX(@00):00)) | where

D _ ™ (051N (o) T ()7 M (o) ]
ml(@,02), (v, 04)) = /D [TW(amw(az>+<||z||a/uxfy||a>+TW(omw<ay>+<||z||a/uyfz||a> m(dz).

We have assumed there exists a sequence of real numbers,ay and a function
h:D xRy — (0,00) such that X*ay — oo and lim a; ' P7 ((2,0,), (y,0,)) =

h((z,04), (4, 0y))-
Sakyi-Yeboah et al. (2021b) studied the critical SINR Networks (i.e. Aay — 1). In

this chapter, we shall look at Sup-critical SINR Networks. ( i.e.lim) o Aay — 00).
We define the set S(D) by

S(D) = chp{l' : [xN Al < oo, for any bounded A C D } (4.1)

where card A means the cardinality of the set A.

Write X = §(D x Ry ) and M(X'), denote the space of positive measures on the
space X equipped with 7— topology. Note, X a locally finite subset of the set
D x R. See, example, Sakyi-Yeboah et al. (2021b) and Jahnel and Konig (2003)
For any SINR Network X* we define a probability measure, the empirical power

measure, Ly} € M(X), by

LY ((z,04)) = % Z Ox ((z,04))

i€l
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and a finite measure, the empirical connectivity measure Ly € M(X x X), by

1
Aq

L;((ﬂfa%)a (%%)) = Z [5(X;\,X]<\) + 5(Xj,Xj)]((xa0x)a (3/»%))-

A ij)eE

Note that the total mass ||L}|| of the empirical power measure is 1 and total mass

of the empirical link measure is 2|E|/\a,.

4.2 Main Results

Theorem 4.2.1, is a Joint Large deviation principle for the empirical measures of

the SINR network models.We recall from Subsection 4.1.2 the definition of hY as

D . TN (0,)7M (o) TN (0 )7N () ]
(2, 00), (y,0y)) = /D [TW(amw(o—z>+<||z||a/uxfy||a>+TW(amw<oy>+<||z||a/uyfz||a> m(dz)

and write

hw @ w((®,02), (Y, 0y))) = h((2,02), (Y, 0y) )w((@, 02))w((y, 7).

We write

(m 1= | fla)mtda)
X
and define the relative entropy of the probability measure 7 with respective to
another probability measure w by

H(r|w) = <7r, log £>X

Theorem 4.2.1 Let X* be a super critical powered SINR network with rate
measure Am : D — [0,1] and a power probability function Q(-,0) = ce”,
o > 0 and path loss function ((r) = r=%, for a« > 0. Thus, the connectivity

probability p= of X* satisfies afPXX — h and Aa) — oo. Then, as A — o0,
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the pair of measures (L7, L}) satisfies a large deviation principle in the space

M(X) x M(X x X)

(1) with speed X\ and good rate function

Iéc(% W) _ H(w’m ® q) ifm=hw®uw 42)

00 otherwise.

(ii) with speed N*ay and good rate function

1
2 — —
IE (w,m) = 27—[<7r||hw ® w) (4.3)
where
H(r | hw @ w) + ([hwe o —lxl), ifllx] >o.
H(m||hw @ w) := (4.4)
o otherwise.
and

hw @ w((z,00), (y,0y)) = h((,03), (y, ) Jw(z, 00 )w(y, 0y).
Theorem 4.2.2 below is a key step in the proof of Theorem 4.2.1. See section 4.3.3.

Theorem 4.2.2 Let X* be a super critical powered SINR network with rate
measure Am : D — [0,1] and a power probability function Q(-,0) = ce
o > 0 and path loss function {(r) = r=®, for a > 0. Thus, the connectivity
probability p= of X satisfies a;lP"‘A — h and \ay — oco. Let X* be a super
critical powered SINR network conditional on the event {L)‘ + w}. Then, as

A\ — 00, the pair of measures (L}, Ly) satisfies a large deviation principle in the

space M(X) x M(X x X)
(1) with speed X\ and good rate function
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0 ifm=hw®uw
() - ()

oo otherwise.

(ii) with speed N*ay and good rate function

I2(m) = %H <7Tth ® w). (4.6)

The next theorem is the Asymptotic equipartition property (AEP) for SINR
networks. See (Dembo et al., 2005) for AEP for the random fields on R?

Theorem 4.2.3 Let X* is a super critical powered SINR network with rate
measure Am : D — [0,1] and a power probability function Qo) = ce™“,0 > 0
and path loss function £(r) = r=, for a > 0. Thus, the connectivity probability
pr of X* satisfies GLKIPQ”A — h and \ay — oo. Suppose the sequence ay of X*

is such that Aay log A\ — oo and ay/log A\ — —1. Then, we have

lim P

1
. T
P {‘ -

/XXX h((z,0.), (y, Oy))Q(dax)Q(day)dxdy‘ > 5} —0.

We can deduce from Theorem 4.2.3 the following vital information : To transmit
the information contained in a large supercritical SINR random network one needs
with high probability, about

A2ay log A

2log 2 [/XXX h((x,az),(y;Uy))Q(d%)Q(day)dxdy]bz’ts,

We denote by G, be the space of all SINR networks with intensity measure Am :

D — (0,1) and state the local large deviation principle, Theorem 4.2.4 below:

Theorem 4.2.4 Let X be a super critical powered SINR network with rate

measure Am : D — [0,1] and a power probability function Q(o) = ce~ 7,0 > 0
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and path loss function £(r) = r=%, for a > 0. Thus, the connectivity probability

pr of X* satisfies a;ng”A — h and Aay — oo. Then,

(1) for any functional m € M(X x X) and a number ¢ > 0, there ezists a weak

neighbourhood B, such that

P.{X*€gp \ 13€B,} < e~ Y M) o

(ii) for any m € M(X x X), a number € > 0 and a fine neighbourhood B, we

have the estimate:

P{X € Gp| L} € B,} 2 e p s

We define for telecommunication networks an entropy h : M(X x X) — [0.00] by

a(m) = (llnll = 12w @ wil = (7, 108 12y ) /2 (4.7)

Corollary 4.2.5 below provide the bound on the number of SINR Networks give

in a given neigbourhood.

Corollary 4.2.5 (McMillian Theorem) Let G, be a super critical powered
SINR network with rate measure Am : D — [0, 1] and a power probability function
Qo) = ce~%,0 > 0 and path loss function {(r) = r=%, for a > 0. Thus, the

connectivity probability Pz of every z* € G, satisfies a;lP"’fA — h and Aay — oc.

(1) For any empirical connectivity measure v on M(X x X) and € > 0, there

exists a neighborhood B, such that

C’ard({f\ € G| L%‘ c By}) B 6)\2flx(h(u)—s)'

(i1) for any neighborhood B, and e > 0, we have

C’ard({:ﬁ‘ €g,l Lg\ c B,,}) < 6)\2a,\(h(u)+e)’
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where C'ard(A) means the cardinality of A.

Remark 8 For @ = hw ® w, we have C’ard({x € gp}> ~

A2l (hwow/llhwewl)

Corollary 4.2.6 Let X be a super critical powered SINR network with rate
measure Am : D — [0,1] and a power probability function Q(o) = ce 7,0 > 0
and path loss function £(r) = r=%, for a > 0. Thus, the connectivity probability

P™ of X satisfies a;ng”A — h and Aay — oo.

(i) Let F be closed subset M,,. Then we have

limsup —
A—00 Q)

long{X)‘ e Gp ( L) e F} < -%inf {H(Wth ®w)}.

(ii) Let O be open subset M,,. Then we have

. ¥ I
lim inf
A—00 2(1,)\

logIP’w{X)‘ X ,

L) e O} A —%;Ielg {H(ﬂ”hw ®w)}.

4.3 Proof of Theorem 4.2.1 by Gartner-Ellis

Theorem and Method of Mixtures

4.3.1 Proof of Theorem 4.2.2(i)

Suppose Aj, ..., A, is a decomposition of the space D x R,. Observe that, for
every (z,y) € A; X Aj, i, = 1,2,3,...,n, AL3(z,y) given A\L7(z) = Iw(z) is
binomial with parameters A2w(z)w(y)/2 and P*"(z,y). Let Q be the exponential
distribution with parameter ¢. We recall the function hY from the previous
sections and note that Lemma 4.3.1 is a key component in the application of

the Gartner-Ellis Theorem. See, for example, (Zeitouni and Dembo, 1998).

Lemma 4.3.1 Let X* is a super critical powered SINR network with rate

measure Am : D — [0,1] and a power probability function Qo) = ce=*“, 0 > 0
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and path loss function £(r) = r=%, for a > 0. Thus, the connectivity probability
pr of X* satisfies a;lPIA — h and May — oo. Let X be a supercritical SINR

network, conditional on the event L} = w. Let g : X XX — R be bounded function.

Then,
1 NI n o n
lim —logE{ 2] = }— = lim <g, hw®w>
A—00 )\ nﬁOO Ar;XAj
7j=1 =1
1
= §<g, hw ®w> .
XxX

Proof: Now we observe that

E{effxg(m,y)Lé(da:,dy>/2‘ L= w} _ E{ 111 exgm,y)Ls(dady)m}

zeX yekX

E{ 111 eg(w,y)ALé(d%dyﬂ)} ~TITIII 11 E{eg@,y)ua(dx,dwn}
i=1 j=12€A; ycA;

zeX yeX =1 j=

) w}
n N wew(dz,dy)/2

ZZ / / 10g 1 - P”(z,y) + P™ (a, y)ef’("/’y)/kak] + o(n)

=1

log { LY/2

By the dominated convergence theorem

1
= log B{oI)/2 | [A = w} =

:| NwRw(dz,dy)/2

+o(n)/A

1
- logE{eMg’L%)/?!Li\ =w} =

A
. Aw@uw(dz,dy)/2
i ZZ / / log |1+ g(z, y)h(z, ) /A + 0N/ +o(n)/X
1 MaID2 | A oy~ LY
/\11_>r£10)\10g]E{6 2L} =7) = 2;;<g, hw®w>AixAj
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A—00

7=1 =1

1 A A 1 - 3
i @I LA Z ) = =

= 1<g, hw ®w>

2 XXX

Hence, by Gartner-Ellis theorem, conditional on the event {Li\ = w}, Ly obey
a large deviation principle with speed A\ and variational formulation of the rate

function

o= Yo { (), (o), )

g
which when solved, see example (Doku-Amponsah, 2006), would clearly reduces

to the good rate function given by

if

T=hw®w

4.3.2 Proof of Theorem 4.2.2(ii)

Similarly, we take Aq, ..., A, as a decomposition of the space D x R . We recall
the function hY from the previous sections and state the following Lemma.
Lemma 4.3.2 is a key component in the application of the Gartner-Ellis Theorem.

See, Zeitouni and Dembo (1998).

Lemma 4.3.2 Let X* be a super critical powered SINR network with rate
measure Am : D — [0,1] and a power probability function Qo) = ce=“,0 > 0
and path loss function ((r) = r=, for a > 0. Thus, the connectivity probability
pz of X* satisfies a;lp"’“"A — h and May — oo. Let X* be a supercritical SINR
network, conditional on the event L} = w. Let g : X XX — R be bounded function.

Then,
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. Max(g, I | A _ }:_1 ; < S >
e
1
:_—<1—eg, hw®w> .
2 XxXx

Proof: Now we observe that

E{ef [ Naxg(w.y) Ly (de,dy) /2

L= w} ) { 111 eA%g(m)L;(dx,dy)/z}

zeX yeX

E{ ITTT e 2= ~TTTT T 11 E{QAZaAg(m,y>L;<dz,dy>/2} « o)

TEX yeX i=1 j=1x€A; ycA;

log {evmgw/z

Li‘:w}:

n n

ZZ /A' /A_ log [1 - PIA(JZ,ZU)) . P“”A(x,y)eg(ay)

j=1 i=1

NwRw(dz,dy)/2
} +o(n)

By the dominated convergence theorem

A
N, log E{e)‘<-"’L2>/2 | L} = w} =

1 Nwew(dz,dy)/2
3z Z 2/ / log [1 - (1= ed@y)) pr* (x,y)] 7y o(n)/Nay
ax A; J A

j=1 i=1

log E{MIID2| L) = w} =

)\2(1)\
AwQw(dz,dy)/2
i — (1 — p9(=w)\ p ] 2
/\ILHSOZZ/A./A,IOg [1 (1 — 9V P (2, ) +o(n)/ A ay
V= "=l t J
. 1 Mg, L2 /2| T A 1 @,
Ah_)rgo N, 1ogIE{e l9.L2)/ L7 :w} = _Ejz:;; A [(1—69( Nh(z, y)wew(dzs, dy)
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n n

1
I; log BLeMoL)/2 | A — == <1— g >
2 P
. Mo 2| ph — oy — Ly » < —¢ >
T e
1
:——<1—69, hw®w>
2 XxXx

Hence, by Gartner-Ellis theorem, conditional on the event {Li\ = w}, L3 obey a
large deviation principle with speed A\?ay and variational formulation of the rate

function

1
Iw(ﬂ):§sup{<g, 7r> +<1—69, hw®w> }
XXX XXX

9
which when solved, see example Doku-Amponsah (2006), would clearly reduces

to the good rate function given by

. %H(w”hw B0y (4.8)

4.3.3 Proof of Theorem 4.2.1 by Method of Mixtures.

For any A € (0,00), we define

M (X) = {w € M(X) : dw(z) €N for all z € x},

MH(X x X) = {WEM(XXX) s Aw(z,y) €N, for all x,yeé\?x)(}.

We denote by 0, := M, (X) and © := M(X). We write



The joint distribution of L} and L3 is the mixture of P5) with PM(w,), as
follows:

dPMwy, my) == dPu();\)(n,\) dP™ (wy). (4.9)

(Biggins et al., 2004, Theorem 5 (b)) gives criteria for the validity of large
deviation principles for the mixtures and for the goodness of the rate function
if individual large deviation principles are known. The following three lemmas
ensure validity of these conditions.

Observe that the family of measures (P™: A € (0,00)) is exponentially tight on
©.

Lemma 4.3.3 (i) The family of measures (P*: X € (0,00)) is exponentially
tight on © x M,(X x X).

(ii) The family measures (P™ : X € (0,00)) is exponentially tight on © x

M, (X x X).

We refer to (Sakyi-Yeboah et al., 2020, Lemma 4.3) for similar proof for Large
deviation Principle on the scale \?

Define the function 72, I§.: © X M. (X x X) — [0, 00], by

H(w’m@Q) Hr=ho®uw

Ig (w,m) = (4.10)

00 otherwise.

1
R () — 57—[(7thw ® w). (4.11)
Lemma 4.3.4 (i) 1%, is lower semi-continuous.

(ii) I%. is lower semi-continuous.

By (Biggins et al., 2004, Theorem 5(b)) the two previous lemmas, the LDP for the
empirical power measure, see, (Sakyi-Yeboah et al., 2020, Theorem 2.1) and the

large deviation principles we have established Theorem 4.2.2 ensure that under
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(P*) and P*" the random variables (wy, 7)) satisfy a large deviation principle on
M(X) x M(X x X) and © x M,(X x X) on the speeds A and \?ay with good

rate functions I, and I2, respectively, which ends the proof of Theorem 4.2.1.

4.4 Proof of Theorem 4.2.3 by Large deviations

4.4.1 Proof of Theorem 4.2.3

In order to establish the asymptotic equipartition property, we first prove a
weak law of large numbers for the empirical powered measure and the empirical

connectivity measure of the SINR network.

Lemma 4.4.1 Let X* be a super critical powered SINR network with rate
measure Am : D — [0,1] and a power probability function Qo) = ce=“,0 > 0
and path loss function £(r) = r=°, for a > 0. Thus, the connectivity probability

pr of X satisfies OLKIPH”A — h and Aay — oo. Then,

lim IP’{ sup ‘Li‘(w,ax) —m® Q(z,0,)| > 5} =0

A—00 (z,02)EX
and
lim ]P’{ sup ’LS([:B,%], ly, 0,]) —hm@Oxme9([z, 0., [y,ay])‘ > g} —0
A=00 L ([2,0u) [y.0y)) EX X X
Proof: Let

Fix= {w : sup  |w(z,0,) —m® Oz, 0,)| > 5},

(z,02)EX

FQ,X = {W : sup \W([x,ax],[y,oy])—hm®Q><m®Q([x,am],[y,ay])\ > 8}

([z,08],[y,0y])EX X X

and Fs y = Fy » U F, . Now, observe from Theorem 4.2.1 that

1
limsupxlog]P’{(Lf,Lé) € F§X} <—  inf  I(w,w).

A—00 (wvw)erc,X
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It suffices for us to show that I is strictly positive where £ > 0. Suppose there
is a sequence (wy,m\) — (w, ) such that I(wy, @) | I(w,w) = 0. This implies
T=w® Qand 7 = hw® Q X w® Q which contradicts (w, ) € F¥. This ends
the proof of the Lemma. 0
Now, the distribution of the marked PPP P(z) = JP>{XA - x} is given by

X

PIA i, 0, j,O’j
H1 ([zi, 4], [y, ;1)

Py(z) = 11 m @ Q(xs, 04) — P (x4, 03], [y;, 05])

(i,9)EF

[T =P ([, 0i]. [y, 00)) [[(1 = P (i, 0], w5, 03))

(i.j)€€ i=1
1 1 1 o
) = s oam 0.12) ¢ (s (512
ayAZlog A og Py(z) M log \ ogm ® Q, Lj +log)\ 0g { 5 5
—log(1— P*"), L} LA>
+oz,\log)\< og( )Ly ® Ly
1 A
——( —log(1 - P*"), L)
g a,\)\log)\< 0g( ) A>

Notice,

Hg;@ﬂ—mm®9%%¢%ﬂ log(1 — P 13 ) =

. _ B0 \ -
>\1—>I£loa)\log)\< loe g = )’L1®L1> 0

Using, Lemma 4.4.1 we have

lim

lim log)\< ~log (Px*/(l —P“) ,Lg> x <]1,hm® Qxme Q>

which concludes the proof of Theorem 4.2.3.
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4.5 Proof of Theorem 4.2.4, Corollary 4.2.5,
Corollary 4.2.6

For w € M(X), we define the spectral potential of the marked SINR graph (X?)

conditional on the event {L} = w}, Ug(g,w) as

Ug(g,w) = <—(1—eg), hw®w>. (4.12)

Note that remarkable properties of a spectral potential, see or Sakyi-Yeboah et al.
(2020) holds for Ug.
For m € M(X x X), we observe that I,(m) is the Kullback action of the marked

SINR graph X*.

Lemma 4.5.1 The following hold for the Kullback action or divergence function
I,(m):

(i)
L,(m) = sup {{g, m) — Ug(g,w)}

gecl

(i1) The function 1,(m) is convex and lower semi-continuous on the space

M(X x X).
(1ii) For any real v, the set {7‘(‘ EMAX xX): I,(m) < a} is weakly compact.

The proof of Lemma 4.5.1 is omitted from the chapter. Interested readers may
refer to Doku-Amponsah (2017) for similar proof for empirical measures of the
Typed Random Graph Processes or See, for example Doku-Amponsah (2016) for
the multitype Galton-Watson processes and/or the reference therein, Bakhtin

(2015), for proof of the lemma for empirical measures on measurable spaces.

Note from Lemma 4.5.1 that, for any € > 0, there exists some function g € X x X

such that
1,(m) = § < (g, m) — Up(g,w).
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We define the probability distribution of the powered X by P, by

POJ(:U): H e9(@ix;) H ehA(xi:xj)’
( (

i,j)EE i,j)€EE
where

1
ha(z,y) = a_A log [1 - p~ (z,y) + Pwk(x’y)eg(x,y)

Then, observe that

de (I’) — H e—g(mi,r]-) H e—h)\(asi,zj)zu\

dP“’ (i,J)eE (i,)€€

1 1 1
— oM aa((30,L3) =N ax(5ha, LY ®L))+(5ha LA)

Now define the neighbourhood of v, B, by
B, = {m e M(X x X): (9,m) = Ug(g,w) > (9,7) = Uglg,w) — /2]
Note that under the condition Ly € B, , we have

1 1 1
dP, (1‘) < e—mm((§Q,L§‘)—)\2a>\<§tA,L%®Lf))+(§hA,Lg> “A2ay L (m)+A\2are

How <e
dP,

Therefore, we obtain

< 6*)\2(1)\@;(7?)—)\2(1)\8.

Note that Ig.(m) = oo implies Theorem 4.2.3 (ii), hence it is sufficient for us to
deduce that the result is true for a probability distribution of the form 7 = edw®w

and for I,(m) = $H(n||hw ® w). Fix any number ¢ > 0 and any neigbourhood
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B, C M(X x X). Now define the sequence of sets
G ={v €6, [}x) € B,|(g.13) - Uglg.w)| < 5}.
Note that for all z € G, we have

1
dli)w S e~ Maa(39.m+\2axUg(g,w)+N a5

dP,

This yields

P.(GY) = /g

de(l') Z /6_>‘2a)\<%ga7r)+)\2a)\UQ(g7w)+)\2a>\%dﬁ)w(x)

A
P

2 1 2 ~
> ef)\ a)\27-l(7thw®w)+)\ akspw<g1);)

Applying the law of large numbers, we have that limy . P,(Gp) = 1. This

completes of the Theorem.

Proof of Corollary 4.2.5

The proof of Corollary 4.2.5 follows from the definition of the Kullback action
and Theorem 4.2.4 if we set w = m ® Q and \w Q@ w(z,y) = || \w @ w||, for all
(x,y) € X x X.

Proof of Corollary 4.2.6

We observe that, by Lemma 4.3.3 the law of empirical connectivity measure is
exponentially tight. Henceforth, without loss of generality we can assume that
the set F' in Corollary 4.2.6(ii) above is relatively compact. If we choose any
e > 0; then for each functional v € F' we can find a weak neigbourhood such that
the estimate of Theorem 4.2.4(i) above holds. From all these neigbhourhoods,

we choose a finite cover of Gp and sum up over the estimate in Corollary 4.2.6(i)
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above to obtain

1
limsupxlong{XA € Gp ‘ Ly € F} < —inf I,(7) +e.

A—00 neF

As € was arbitrarily chosen and the lower bound in Corollary 4.2.6(ii) implies the
lower bound in Theorem 2.2(i) we get the desired results which completes the

proof.

4.6 Conclusion

In this chapter, we have presented a joint large deviation principle
for the empirical power measure and the empirical connectivity measure
of telecommunication networks in the 7— topology. From this large
deviation principle, we deduce an asymptotic equipartition property for the
telecommunication network modelled as the SINR network model.

We have also presented a Local large deviation principle for the empirical
connectivity measure given the empirical power measure and from this result
we deduce the classical MacMillian theorem and an asymptotic bound for the set
all possible SINR network process. Finally, we also presented a large deviation
principle for the SINR networks. This chapter may be regarded as a first step in
the proof of a Lossy asymptotic equipartition property for the SINR networks.
See, Doku-Amponsah (2017) and Doku-Amponsah (2016) for similar results for
the networked data structures modelled as colored random graph process and for

the hierarchical data structure modelled as Galton-Watson tree process.

4.7 Summary

In this chapter, we obtain large deviation asymptotics for supercritical
communication networks modelled as Signal-Interference-Noise Ratio networks.

To do this, we define the empirical power measure and the empirical connectivity
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measure, and prove joint large deviation principles(LDPs) for the two empirical
measures on two different scales i.e. X\ and \?ay, where ) is the intensity measure
of the Poisson Point Process (PPP) which defines the SINR random network.
Using this joint LDPs we prove an asymptotic equipartition property for the
stochastic telecommunication Networks modelled as the SINR networks. Further,
we prove a Local Large Deviation Principle (LLDP) for the SINR Network. From
the LLDP we prove the a large deviation principle, and a classical McMillian
Theorem for the stochastic SINR network processes. Note, for tupical empirical
connectivity measure, hw ® w, we can deduce from the LLDP a bound on
the cardinality of the space of SINR networks to be approximately equal to
e’\QGAHhW@’w”H(W@w/ ”hw@wu), where the connectivity probability of the network,
P"”A, satisfies a;lP’”A — h. Observe, the LDP for the empirical measures of the
stochastic SINR network were obtained on spaces of measures equipped with the

7— topology, and the LLDPs were obtained in the space of SINR network process

without any topological restrictions.
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Chapter 5

Large Deviations and Information theory for
Sub-Critical for the Signal -to- Interference -Plus-

Noise Ratio Random Network Models.

This chapter has already appeared in the co-authored Sakyi-Yeboah et al. (2021a).

5.1 Introduction and Background

5.1.1 Introduction

In telecommunication, Wireless networks are usually modelled by the SINR
random networks. In the SINR random network model two nodes are deemed
to communicate if SINR is bigger than a certain threshold as specified by some
technical constant. In the process of addressing the additional requirement
imposed on wireless communication networks, in particular, a higher availability
of a highly accurate modeling of the SINR is required. Example, each
transmission may be equipped with some battery power which may be called
the mark of the node and the quantity SINR defined by the inclusion of the
marks in the definition. Further study of the SINR network model has shown
that an SINR model of interference is a more realistic model of interference
than the protocol model of interference: a receiver node receives a packet so
long as the signal to interference plus noise ratio is above a certain threshold.
See, (Bakshi et al., 2017). Furthermore, Manesh and Kaabouch (2017) stated
that SINR is successful if the desired receiver surpasses the threshold. This

enables the transmitted signal to decoded with satisfaction root error probability.
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There are many applications of large deviation techniques to the SINR networks,
which are used as models for telecommunication networks. Some of these
applications include, the analysis of bi-stability in networks, such as notorious
bi-stability in multiple access protocols the Aloha, and the stochastic behaviour
of ATM admission control, sizing of internal buffers, and the simulation of
ATM models, see,(Weiss, 1995). and prevention of cyber-attacks on wireless

telecommunication networks, see example (Paschalidis and Chen, 2008).

Cybersecurity of the devices in a telecommunication system is a major issue when
the devices become increasingly dependent on computer and other local networks.
And an anomaly detection in the devices networks is key to avoiding disruption
in the telecommunication systems. Cybersecurity of the intelligent electronic
devices in telecommunication substations has been recognized as a critical
issue for smooth running of the system. One main approach to dealing with
these issues is to develop new technologies to detect and disrupt any malicious
activities over the networks. An Anomaly detection may be regarded as an
early warning mechanism to extract relevant cybersecurity events from devices
locations and correlate these events. Large deviation principles have played a key
role in the formulation of efficient anomaly inference algorithm for systems such

as power grid, Wireless Sensor Network systems and Telecommunication systems.

In this chapter, we prove joint large deviation principles on the scales A and
A2ay, where ) is the intensity measure of the underlining PPP of the subcritical
SINR model. See, Sakyi-Yeboah et al. (2020) or Sakyi-Yeboah et al. (2021c)
or Sakyi-Yeboah et al. (2021b) for similar results and also for the dense SINR
random network models. From these LDPs, we prove an asymptotic equipartition

property; see example Sakyi-Yeboah et al. (2020), for the SINR models.
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Further, the study shows a LLDP for the SINR models. See example, Sakyi-
Yeboah et al. (2020) and references therein. From the LLDP, we deduce
asymptotic bounds on the cardinality of the set of SINR models for a given

typical empirical marked measure. In addition, the study deduce the prove of

the LLDP an LDP for the SINR modelled processes.

5.1.2 Background

This study set a dimension d € N and some measureable set D C RY with
reference to the Borel-o algebra B(RY). Given Am : D — [0,1], an intensity
measure and probability kernel density function from D to R*, Q and a path

loss model, £(r) = r—®, where @ € R™, and some technical constraint; v, 7

R* — R*. The study defined the SINR network model as follows:

(i) We select X = (X;);er, a Poisson Point Process (PPP) with rate measure

Am : D — [0, 1].

(ii) Given the process X, the locations, each X; is assigned a mark or
power o(X;) = o;, independently according to the kernel density function

(iii) For any two set of marked points ((X;, 0;), (Xj,0;)) we link an edge if and

only if

SINR(X;, X;, X) > 7¥(0;) and SINR(X;, X;, X) > 7 (0;),

where

ait(1%: = X,1)
SIVIMTES ) = :
K Xe2) B NG S ey o1 — X,

We let E denote the set of edges in the SINR random network and observe

XA = XMNm, Q,0) = {[(Xi,ai),i e I, E} under the joint law of the marked
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PPP and the network. In this chapter, we call X* an SINR Network model and
(Xi,0;) :== X as the mark of site i. Recall from Sakyi-Yeboah et al. (2020) that

if Ny = 0, then the connectivity function of the SINR random network model,

P, is defined as P((z, 0,), (y,0,)) = e MR (@02)w:00) here

D _ ) (02)y ) (02) ) (0,)y V) (o) ]
(@, 00), (9, 0)) = /D [W)(owm(oz>+<||z||a/ux—y||ﬂ>+TW<oy>w>(oy>+<||z||a/uy—x||a> m(dz).
This chapter assumes that there exists ay and a function h : D x Ry — (0, 00)
such that A\?ay, — 0 and

lim ' P (2,02, (9. ,)) = h{(2,0), (5 ).

Sakyi-Yeboah et al. (2021b) and Sakyi-Yeboah et al. (2021c) investigates the
critical SINR network model (that is Aay — 1) and super-critical SINR network
model ( that is Aay — o0) respectively . In this chapter, we shall focus this

study on sub-critical SINR Networks( that is limy_,., Aay — 0).
For a given set D we define S(D) by

S(D) = chp{l’ : [xN Al <oo,for any bounded A C D } (5.1)

Let X = S(D x R ) and M(X), represent the space of positive measures on the
space X equipped with 7— topology. Note, X is a locally finite subset of the set
DxR,. See, example, (Sakyi-Yeboah et al., 2021¢c). Without abuse of notation we
shall refer to M(X x X) as the space of symmetric measure on X x X endowed
with the 7— topology. For any SINR random network model X* we define a

probability measure, the empirical power measure, L} € M(X), by

(@) = 5 2o ((@.0)

el
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and a finite measure, the empirical connectivity measure Ly € M(X x X), by

1

Lg‘((:l?,dgg),(%ay)) g

Z [5(X;\,X]’\) + 5(X]’\,X;\)] ((l’, 0_3[:)’ (y> Jy))'

A (i,9)€eE

It should be noted that the total mass ||L}|| of the empirical power measure is 1
and total mass of the empirical connectivity measure is 2|E|/\a,.

Note that, we shall use L7 and L3 interchangeable as L " and L¥ * in this chapter.

5.1.3 Motivation: Anomaly detection in spatial networks

Consider, SINR random network model as a model that account for the
connectivity structure of the Wireless telecommunication networks (WTN). In
particular, consider the subcritical SINR random networks as model for the
WTNs since, in the implementation, the multihop network formed by the sensor
nodes may adopt a network structure. The network will be formed randomly
according to an arbitrary rule that is dependent on the distances between the
device locations. Assume the device locations are marked according to their
battery power, and the propagation of events is un-directed on the network.
Our objective is to estimate network parameters and possibly identify possible
deviations from the actual values.

For instance, given a long sequence of realization X** of this sub-critical marked
SINR random network, one would like to approximate parameter of the model,
m ® Q and h, by taking the average frequencies of the corresponding samples.
In particular, if LX™" and L¥™"; the empirical power measure and the empirical

connectivity measure of X*, up to the k" realization then

k
lim %Z LY (z,04) » m® Oz, 0,)

k—o0
q=1"r
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and

k

k k

. A,r AT A,

Jim [E3 13 (@,00), (9,00) ) /A D X @0 @ 8 1 (o) -
r=1 r=1 r=1

h((@.02). (v )).

with probability 1.

Assuming that we have estimated m ® Q and h. We are interested in a test that
determines whether a particular realization X* is typical or not. Thus, we want
to differentiate between m x Q and h (Hypothesis Hy) and any other unknown
law (Hypothesis Hy). Theorem 5.2.1 will be the bases of providing generalized
Neyman-Pearson criterion,See (Zeitouni and Dembo, 1998, pp.96-100),and hence

an anomaly detection test for the sub-critical marked SINR random networks.

This chapter is structured as follows: Section 5.2 presents the main
results; Theorem 5.2.1, Theorem 5.2.2, Theorem 5.2.3, Corollary 5.2.4 and
Corollary 5.2.5. In Section 5.3 we prove the main results of the article,
Theorem 5.2.1. Section 5.4 provides the proof of the AEP, see Theorem 5.2.2
and Section 5.5; Proof of Theorem 5.2.3, Corollary 5.2.4 and Corollary 5.2.5.

Lastly, Section 5.6 presents the conclusion to the chapter.

5.2 Main Results

Theorem 5.2.1, be a joint large deviation principle for the empirical meassures
of the SINR network models.With reference from Subsection 5.1.2, we recall the

definition of hY as

D o T(A)(JI)V(M(UZ) N (a,))7 P (o) ]
i ((@,02), (4,04)) = /D TR T T W ™)
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and note that

hw @ w((2,04), (Y, 04))) = h((2, 02), (y, 0y))w((z, 02) ) ((y; 7).

Theorem 5.2.1 Let X* be a sub-critical marked SINR network model with rate
measure A\m : D — [0,1] and a power transition kernel function Q(-,0) =
ce= 0 > 0 and path loss function €(r) = r=®, for a« > 0. Thus, the link
kernel function P* of X* satisfies a;\lP’\ — h and Nay — 0. Then, as X — oo,
the pair of measures (L{(A, Lgp) satisfies a large deviation principle in the space

M(X) x M(X x X)

(i) with speed A and a good rate function

[1(w,7r) _ H(w‘m@ Q) ifm=hw®uw 52)

00 elsewhere.

(ii) with speed N*ay and good rate function

H(rlhwQR@w), ifw=mxQ
PP (w,m) = . = (5.3)

00 elsewhere.

where

H(r |hw @ w) + (I @ wll = ll7ll), if I > 0.
H(m||hw @ w) =

00 elsewhere.

Theorem 5.2.2 Suppose X* is a sub-critical marked SINR network model with
rate measure Am : D — [0,1] and a power probability function Q(-,0) =
ce~ g >0 and path loss function (r) = r=®, for « > 0. Thus, the connectivity

probability P* of X* satisfies limy o, ay' P* — h and N2ay — 0. Suppose the
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sequence ay of X* is such that limy_,. Aay log X — 0 and limy_, ay/log A\ — —1.

Then, we have

A—00

1
lim P{| — — " log P(X*) ~ By [n((- ), ()] | Z e} =0,
im P{| - iy 0w POCY) ~ By [B(C, ), ()] | 2 €} = 0
where the expectation was taken with respect to the distribution function
f((x,00), (y,0,)) = e m(do,)m(do,)dxdy, « >0,y > 0,0, >0,0,>0.

Note that the H(f) :=Ey [h((-, ), (-, ))} is an entropy.

Interpretation: To transmit information contained in a large SINR random

network models, one require, with a large probability
~A2aylog A [H( f)]/ log2 bits.

Let G be the set of all SINR networks with rate measure Am : D — [0, 1] and

state the Local Large deviation principle as follows:

Theorem 5.2.3 Suppose X* is a sub-critical marked SINR network model with
rate measure Am : D — [0, 1] and a mark transition kernel Q(c) = ce “°,0 > 0
and path loss function £(r) = r=%, forr >0 and a > 0. Thus, the link probability

P? of X* satisfies limy_,o a;lP)‘ — h and X2ay — 0. Then,

(i) for any functional w € M, and a number € > 0, there exists a weak

neighbourhood B, such that

1
PW{X’\ eg ’ Lg(A € By} < 6_5’\2“%(”“}‘“@%)_’\“*5, where w = m ® Q.

(i1) for any w € M, a number € > 0 and a fine neighbourhood B,,, we have the
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compute:

1
IP’W{X)‘ €g ‘ Lg(A € B,,} > 6_5’\2“%(”””@“)“*“”, where w = m ® Q.

For the given telecommunication network model, we define an entropy as h :

M(X x X) — [0.00] by

h(v) = (HWH P @ w]| — <7r, log WTWD)/?’ where w =m® Q. (5.5)

Corollary 5.2.4 (McMillian Theorem) Let X* be a sub-critical marked
SINR network model with rate measure Am : D — [0,1] and a mark transition
kernel Q(-, o) = ce=?,0 > 0 and path loss function €(r) = r=, for r > 0 and
where w = m @ Q and o > 0. Thus, the link probability P* of every X* € G

satisfies limy_ o0 a;lP)‘ — h and Aa, — 0.

(i) For any empirical link measure m on X x X and € > 0, there ezists a

neighborhood B,, such that

CCLT‘d({XA eg | Lg(k c B,,}) > ekzax(h(l/)—a)‘

(i1) for any neighborhood B, and ¢ > 0, we have

C’ard({X’\ c g|L§(>\ c Bl,}) < 6)\2(1)\(h(l/)+€),

where Clard(A) means the cardinality of A.

Remark 9 Given 7 = hw ® w, we have Card({x € Q}) R~

2
o a>\||hw®w||?-t(hw@w/”hw@w”)7 ST =—TR

Interpretation: Note from Corollary 5.2.4 that, for the typical empirical
connectivity measure, hm? ® Q2% the cardinality of the space of SINR models

is nearly equal to e’\Q‘“Hhm2®92\\H(hm2®92/uhm2®gzu)'
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The next theorem is the LDP for the SINR random network processes.

Corollary 5.2.5 Let X be a sub-critical marked SINR random network model
with rate measure Am : D — [0,1] and a mark kernel function Q(-, o) =
ce~ g > 0 and path loss function €(r) = r=®, for a > 0. Thus, the link

probability P* of X* satisfies limy_, oo a/(lP)‘ — h and Nay, — 0.

(i) Let F be closed subset M,,. Then we have

i 1
limsup ——
A—00 ay

logP.{X" € g ‘ 13" e F} < 4 inf {H(r|hmeQxmeQ) |
T
(i1) Let O be open subset M,,. Then we have

1
lim inf
A—00 AQCL)\

1ogIP>w{XA cg ’ X ¢ O} > _Linf {’H(wnhm@QXm@Q)}.

1
2 reo

5.3 Proof of Main Results

5.3.1 Proof of Theorem 5.2.1(i)

Suppose Aj, ..., A, is a decomposition of the space D x R, . Note that, for every
(z,y) € A; x Aj, 0,5 =1,2,3,...,n, ALY (2, y) given AL (x) = Mw(z) denotes a
number of bernoulli trial with parameters \w(z)w(y)/2 and P*(x,y). Consider
Q to represent as the gamma distribution with mean 1/c. With reference to
the function hY from the preceding sections, we observe that Lemma 2.4.2 is
fundamental in the application of the Gartner-Ellis Theorem. See, (Zeitouni and

Dembo, 1998).

Lemma 5.3.1 Suppose X* is a sub-critical marked SINR random model with rate
measure Am : D — [0, 1] and a power probability function Q(-, o) = ce 0 >0
and path loss function ((r) =r=%, forr >0 and o > 0. Thus, the link probability

P of X* satisfies limy_oc a;lP)‘ — h and N?a, — 0. Suppose X* be a sub-critical
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SINR network model, conditional on the event L{(A =w. Let g: X x X — R be

bounded function. Then,

n n

1 A XA A
s (9, Ly )| 7 X" i
fin ston B O~} =5 3555 0 bws),
1
:—<g, hw®w> .
2 XXX

Proof: Now we observe that

]E{ef [ Ag(wy) L5 (dedy) /2

X = w} - E{ 111 eAg(x,y)Léwz,dy)m}

zeX yeX

E{ 111 eq(x,yML?*(dx,dy/m} _ ﬁ ﬁ 111 E{eg<z,y>AL§A(dx,dy>/2}

reEX yeXx i=1 j=1x€A; ycA;
log {e’\<g’L§A>/2 L{{A = w} -
n ANwRw(dz,dy)/2
>y [, [ e [1= Py + P o] +ofn)
7j=1 i=1

Using the dominated convergence theorem

ilog E{e’\<g’L§A>/2 | L{(A =w} =

NwRw(dz,dy)/2

A ZZ/ / log 1_ eg(x’y)//\aA)P)\(%y)} T+ o(n)/A

7j=1 =1

%log Il:*?{e”g’Lg(AVQ|L{(A — - —

) Aw@uw(dz,dy)/2
lim ZZ / / log [1+ g(r y)h( )/ A+ 0o(3)/A] +o(n)/\
lim llogE{e’\@’Lg(AV2 | L = w) = li 3 <g hw ®w>
A—00 A a 2 ]:1 i1 ’ AiXAj
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n n

1 Mo 2| pxr _ oy 1y

= 1<g, hw ®w>

2 XXX

Hence,by the Gartner-Ellis theorem, conditional on the event {L{(k = w}, L¥ g
obey a large deviation principle with speed A\ and variational formulation of the

rate function

o= Je{(n )y, (o 105),, )

the solution can be found, see example Doku-Amponsah (2012), would obviously

reduces to the good rate function as such

I,(r) = 0. (5.6)

5.3.2 Proof of Theorem 5.2.1(ii)

Analogously we consider Ay, ..., 4, as decomposition of the space D x R,. We
refer to h? and observe that, Lemma 5.3.2 will play an important role in the

application of the Gartner-Ellis Theorem. See, (Zeitouni and Dembo, 1998).

Lemma 5.3.2 Let X be a sub critical powered SINR network with rate measure
Am : D — [0,1] and a power probability function Qo) = ce 0 > 0, and path
loss function £(r) = =%, forr >0 , and a > 0. Thus, the link probability P* of
X satisfies limy_,o0 a;lP’\ — h and Nay — co. Let X* be a sub-critical SINR
network, conditional on the event L{{A =w. Let g : X x X = R be bounded

function. Then,
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1 2 xA A 1 "L
li 1 {/\ax(g7L2 >‘X: }:__' <_g >
lim an ogE:e Ly w th_)rgo JEZI ;:1 I1—¢ hw®w A,
1
= ——<1—eg, hw®w> .
2 XXX

Proof: Now we note that

E{ o S X axg(ay) LY (d,dy) /2

L{(A = (,L)} — ]E{ H H 6/\20Ag($,y)L§(>\(dz,dy)/2}

i€EX jEX

E{ H H eg(z,y)ALg()‘(dz,dy/Q) _ H H H H ]E{GAQ&AQ(I,Z/)L?)\(dfﬁvdy)/Q} X 60(”)

1EX jJEX i=1 j=1z€A; ycA;

e {evmg,L;“)/z

L{@ zw} =

n n

N wew(dz,dy)/2
S5 [ [ g [t=Pray) + P ] +ofn)
Aj A;

j=1 i=1

Using the dominated convergence theorem

1 A
- E{) 2| [ =w) =
1 n NwRw(dz,dy)/2
e 5 [ [t 1= (1= ey - olm)/ Vo
j=1 i=1 Y Ai J4;
A
Y, log E{eMg’Lé( >/2|L{(A =w} =
Aw@uw(dz,dy)/2
; — (1 — 9@y pA 2
JLIEOZZA,A.IOg [1 (1 — s\ ¥ P (x,y)] + o(n)/ A ay
el _i=1! g J
1 A XA A 1
: (g,Ly ") /2| 7 X - _ _ 9(zy)
Ah_)rgo N, 1ogIE{e 2 Ly w} 222/A'/A. [(1 eI h(x, y)ww(dx, dy)
j=1 i=1 74 74
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n n

A 1
I log EL ML /2| [ X — v 2 <1_ g h >
Aggo ay ogEe ' < 2;; e AixA;
. Mo 2| — oy — L i ST < - >
fi S B T k=g im0 2 (s,
1
:——<1—eg, hw®w>
2 XxX

Hence,by the Gartner-Ellis theorem, conditional on the event {L{(A = w}, L
obey a large deviation principle with speed A\ and variational formulation of the

rate function is given by

L) = %sup {<g, 7T>X><X + <1 ¢ w® W>X><X}

g

which when solved, see example Doku-Amponsah (2012), will clearly reduce to

the good rate function given by

. %H(ﬂ”hw@w). (5.7)

5.3.3  Proof of Theorem 5.2.1(ii) by Method of Mixtures.

For any A € (0,00), we define

M (X) : {wEM(X) : dw(x) € N for allxe?(},

My(X x X) = {wEM(Xx)() : Am(z,y) €N, for all x,yEXXX}.
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We denote by 0, := M, (X) and © := M(X). We write

PV () i=P{LY" = | LY = w,},

PV(wy) i=P{LE = w,}

Th joint distribution of L{(A and Lg(A is the mixture of Pu(,;\) with P™(wy), given
as follows:

dpA(W)\,n,\) = dPu(zi\)(nA) dP(A)(W)\). (58)

(Biggins et al., 2004, Theorem 5 (b)) provides condition for the validity of large
deviation principles for the mixtures and for the goodness of the rate function
if individual large deviation principles are known. The following three lemmas
ensure validity of these conditions.

Note that the family of measures (P : \ € (0, 00)) is exponentially tight on ©.

Lemma 5.3.3 (i) The family of measures (P*: X € (0,00)) is exponentially
tight on © x M(X x X).

(ii) The family of measures (P*: X\ € (0,00)) is exponentially tight on © x
M(X x X).

We refer to (Sakyi-Yeboah et al., 2020, Lemma 4.3) for similar proof for Large
Deviation Principle on the scale \?

Define the function 2, TL: © x M(X x X) — [0, o], by

sc) ~sc*

o (w’ ﬂ) 5 H(w‘m ® Q) frm=ho®w 59)

00 otherwise.

1
i g o EH <7T||hw ® w). (5.10)
Lemma 5.3.4 (i) I' is lower semi-continuous.
(ii) 1% is lower semi-continuous.
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By (Biggins et al., 2004, Theorem 5(b)),the two previous lemmas, the LDP for the
empirical power measure, see, (Sakyi-Yeboah et al., 2020, Theorem 2.1) and the
large deviation principles we have established Theorem 5.2.1 ensure that under
(P*) and P* the random variables (wy, 0)) satisfy a large deviation principle on
M(X) x M(X x X) and © x M,(X x X) on the speeds A and A\?a, with good

rate functions I' and I? respectively, which ends the proof of Theorem 5.2.1.

5.4 Proof of Theorem 5.2.2 by Large deviations

To prove the Shannon-Mcmillian Breiman (SMB) or the AEP, we first prove a
weak law of large numbers (WLLN) for the empirical marked measure and the

empirical connectivity measure of the SINR network model.

Lemma 5.4.1 Let Y* be a sub-critical marked SINR model with rate measure
Am : D — [0,1], and a marked transition function Q(-,0) = ce=,0 > 0 and
path loss function ((r) = r=<, for a > 0. Thus, the link probability P* of X*

satisfies limy o ay ' P* — h and \2ay — 0. Then,

/\lim IP’{ sup ‘fo(x,az) —m® Qz,0,)| > &?} =0
—00 (

,04)EX

and

lim IP’{ sup L ([z,04], [y, oy])—hm@Axm®9([z, 0], [y, oy])| > 8} =0
Az L (moallyoy)exxx
Proof: Let
Fip={w: swp |w(@,0)-m® Q(z,0.) > e},
(z,02)EX
FQ,X = {77— : sup |7r([x,ax],[y,ay])—hm@)me@Q([x,am],[y,ay])| > 5}

([z,02],[y,0y])EX XX

and F3 y = Fy x U Fy x. Now, observe from Theorem 5.2.1 that
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1
lim X1og]11>{(L{<ﬁL§*) € Fg,x} <— inf I(w,m).

A0 (w,w)€Fg x
It meets the requirement for the study to prove that I is strictly positive. For
instance,there is a sequence (wy, 7)) — (w, ) such that I(wy,my) | I(w, ) = 0.
This means w = m® Q and 7 = hm ® Q X m® Q which contradicts (w, ) € F%.
This ends the proof of the Lemma. 0
We write L) = 1 ZZE 10(x2,x2) and observe that the distribution of the marked

SINR random network P(z) = }P’{X)‘ = :17} is given by

T Time ole o P (2, 03], [y, 05)
=Hime o) 1 T of o

[T @ =P (0] Iy, 0]) H (1= P (s, 0], [ys, 0]))

(4,9)€E

1 1

— — —N X>\
gy & @) (~logme@Q, L")

A

+@<_log(1fpw*> ’L§A>

aAlog A

—log(1 — P=), X ka>
1 )
! _1og(1-pP" L*>
" a,\)\log)\< og( )» L

Notice,

1
| - T XA T, _pX TAN\
ALI?oaAAlogA< O TR > AIEEOA< - ’LA>

il v px x> XA\
Aggloa,\log < log{l =F*, Ly @ L4 > 0.

Using, Lemma 5.4.1 we have

>\h—>rgo log A

<—log (PI*/(1-P$A> ,L§“> - <]l,hm®Q><m®Q>

which concludes the proof of Theorem 5.2.2.
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5.5 Proof of Theorem 5.2.3, Corollary 5.2.4,
Corollary 5.2.5

For w € M(X) we define the spectral potential of the marked SINR graph (X?)

conditional on the event {L{(A =w}, Ug(g,w) as

Ug(g,w) = <—(1—eg), hw®w>. (5.11)

Note that remarkable properties of a spectral potential, see Bakhtin (2015) or
Sakyi-Yeboah et al. (2020) holds for U,.
For w € M(X x X), we observe that I,(m) is the Kullback action of the marked

SINR graph X*.

Lemma 5.5.1 The following hold for the Kullback action or divergence function

I,(m):

(i)
L,(m) = sup {(g, m) — Ug(g,w)}

gel

(i) The function I,(w) is convexr and lower semi-continuous on the space

M(X x X).
(i1i) For any real o, the set {7r EMAX xX): I,(m) < a} is weakly compact.

The proof of Lemma 5.5.1 is excluded from the article. Readers interested in
the proved may rnfer to Sakyi-Yeboah et al. (2021c) for empirical measures of
the supercritical marked SINR random network processes and/or the references

therein for proof of the lemma for empirical measures on measurable spaces.

Note from Lemma 5.5.1 that, for any € > 0, there exists some function g € X x X

such that

Iw<ﬂ-) - % < <gv 7T> - UQ(ng)'
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We define the probability distribution of the powered X by P, by

H e9(@:y) H ehx(ry

(i,7)eF (4,9)€E
where

1
ha(z,y) = a log [1 - P/\(x, y) + P’\(x, y)eg(l’vy)

Then, clearly that

d&(x): H e—g(z,y) H e_hA(Iuy)aA
dP,

(i,))er (i,5)€€

1 A 1 A A
_ Va0 I8 )N an (i L O LI )+ LA

Now define the neighbourhood of v, B, by

B, = {we MX x X): {g,7) - Ug(g,w) > {g,7) — Uglg,v) — /2 }
Note that under the condition LY € B, we have

dr, (z) < e (G N (50r L OLF ) (5 E)
dP,

. e—AQ(MISC(V)—I—)\Qa)\a

Thus, the study can deduce that

PM{X)‘ c g‘L,zXA (= By} < /]I{LXXEB }dpw(X)‘) < \/e_)\2a>\fsc(l/))\€dpw(X/\)
2 v

< ef)\2a/\lsc(1/)—)\2a>\a

Given that I*(m) = 0 satisfies the proof of Theorem 5.2.2 (ii), hence it is enough
for us to obtain that the result is true for a probability distribution of the form

7= e%w ®w and for I*(7r) = S H(m||hw @ w), where w = m ® Q. Fix any number
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e > 0 and any neighbourhood B, C M(X x X'). Now define the sequence of sets

Note that for all ¢ € G* we have

dP,

2, (L 2 24, €
“(z) > e~ N ax(9m+ATa\Uq (g, w)+A%arg
dP,

This yields
Pw(g)\) :/ de(x> > /6_>‘2a)\<%977'f>+>\2a)\UQ(g7w)+>\2a)\§dpw(l‘)
g>\

2, 1 2 ~
> e A a>\2’H(Tthw®w)+)\ aAan(g)\).

Applying the law of large numbers, we have that limy_ . P,(G*) = 1. This

completes the proof of the Theorem.

Proof of Corollary 5.2.4

The proof of Corollary 5.2.4 follows from the definition of the Kullback action
and Theorem 5.2.3 if we set w = m ® Q and I\ ® w(z,y) = ||l @ w||, for all
(x,y) € X x X.

Proof of Corollary 5.2.5

In this scenario, the result was obtained by Lemma 5.3.3, the law of empirical
link measure is exponentially tight. Moreover, without loss of generality, we can
assume that the set F' in Corollary 5.2.5(ii) above is relatively compact. If the
study chooses any € > 0; then for each functional 7 € F one can find a weak
neighborhood such that the estimate of Theorem 5.2.3(i) above holds. From all

these neighborhood, the study select a finite cover of G and sums up over the
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value in Corollary 5.2.5(i) above to obtain

1
limsupxlog]P’w{X)‘ €g ‘ Ly € F} < —inf I,(m) +¢e, wherew=m® Q.

A—00 neF

As ¢ was arbitrarily chosen and the lower bound in Theorem 5.2.1(ii) means
the lower bound in Theorem 5.2.5 holds, we obtains the desired results which

completes the proof.

5.6 Conclusion

The study provided a joint large deviation principle for the empirical power
measure and the empirical connectivity measure of telecommunication networks
in the 7— topology. Adopting the concept of the large deviations, we have
proved Shannon-McMillian Breiman Theorem for the telecommunication network
modelled as the sub-critical SINR network model. In addition, we have proved
a local large deviation principle for the empirical connectivity measure given
the empirical power measure and from this result; we have obtained the classical
McMillian theorem and for a given PPP. Finally, we have obtained an asymptotic
bound on the set of all possible sub-critical SINR network processes. Conclusively,
we have presented large deviation principles for the sub-critical SINR networks.
Note that, our results may form the bases for designing an anomaly inference

algorithms for subcritical wireless telecommunication network models.

5.7 Summary

The chapter obtains large deviation asymptotic for sub-critical communication
networks modelled as signal-interference-noise-ratio (SINR) random networks.
To achieve this, we define the empirical power measure and the empirical
connectivity measure, as well as prove joint large deviation principles (LDPs)

for the two empirical measures on two different scales. Using the joint LDPs, we
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prove an Asymptotic equipartition property(AEP) for wireless telecommunication
Networks modelled as the subcritical SINR random networks. Further, we prove
a Local Large deviation principle (LLDP) for the sub-critical SINR random
network. From the LLDPs, we prove the large deviation principle, and a classical
McMillan Theorem for the stochastic SINR model processes. Note that, the
LDPs for the empirical measures of this stochastic SINR random network model
were derived on spaces of measures equipped with the 7— topology, and the
LLDPs were deduced in the space of SINR model process without any topological
limitations. We motivate the study by describing a possible anomaly detection

test for SINR random networks.
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Chapter 6

CONCLUSION AND RECOMMENDATION

This section presents the conclusion and recommendation of the study.

6.1 Conclusion

For a given Poisson Point Process, we have defined SINR and the SINR network
as Telecommunication Networks. We defined the empirical marked measure and
empirical paired measure for a class of Telecommunication networks. For a class
of telecommunication networks, we have proved a joint large deviation principle
for the empirical measures, with speed A in the 7-topology. From these results,
we proved the asymptotic equipartition property for the Telecommunication
networks. Further, we obtained the local large deviation principle for the
empirical measures and derived the classical MacMillian theorem as well as
asymptotic bound for the set of all possible SINR Network processes. Finally, we

have presented a large deviation principle for the SINR Network.

6.2 Recommendation

This study best describes the possible anomaly detection test for SINR random
network. The result may form the basis for designing an anomaly inference
algorithm for telecommunication models. We provided the proof of a Lossy
asymptotic equipartition property, which may be regarded as the first step for
the Telecommunication Network.

We recommended that future studies model the SINR network’s noise component

as random and incorporate fading effect in the interference. Also, future studies
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can be explored on the other forms of the path loss function and compare the

result to the path loss function adopted for this study.
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INDEX OF NOTATION

Table 6.1: Notations of the study symbol

Meaning Symbol
Borel subset of RY B
Cardinality of the set A | Al
Closure of the set F cl(F)
Element of locally finite set S(D)
Empirical marked measure L}
Empirical paired measure Ly
Entropy of z H(zx)
Expectation of the function g with respect to the measure 7 (g, m)
Indicator function of set I' Ip(x)
Laplace transform random variable of X Lx(s)
Path loss function 0(r)
Positive real numbers R* or R,
Probability measure P
Real numbers R
Relative entropy of the probability measure 7 with respect to w H(7||w)
Scale A or \ay
Set of counting measures on X equipped with discrete topology N(X)
Space of positive measures on X equipped with the weak topology M,\(X)

Space of symmetric measure on X x X equipped with the weak topology M (X x X)
Set of finite symmetric measure on X x X equipped with the weak topology M AX x X)
Technical constant Tx OT Y

Transitional probability q(-, Xy)
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