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ABSTRACT: Kitaev’s lattice models are usually defined as representations of the Drinfeld
quantum double D(H) = H»<1H*°P, as an example of a double cross product quantum
group. We propose a new version based instead on M(H) = H®P p<H as an example
of Majid’s bicrossproduct quantum group, related by semidualisation or ‘quantum Born
reciprocity’ to D(H). Given a finite-dimensional Hopf algebra H, we show that a quad-
rangulated oriented surface defines a representation of the bicrossproduct quantum group
H®P pg H. Even though the bicrossproduct has a more complicated and entangled coprod-
uct, the construction of this new model is relatively natural as it relies on the use of the
covariant Hopf algebra actions. Working locally, we obtain an exactly solvable Hamiltonian
for the model and provide a definition of the ground state in terms of a tensor network

representation.
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1 Introduction

1.1 Motivations

The Kitaev quantum double models [1] were originally proposed to exploit topological
phases of matter for fault-tolerant quantum computation. The models are based on quan-
tum many-body systems exhibiting topological order. Their physics is obtained from Topo-
logical quantum field theories (TQFTs), while their underlying mathematical structure is
based on Hopf algebras. For a given finite group G, Kitaev constructed an ‘extended’
Hilbert space on a triangulated oriented surface ¥ and an exactly solvable Hamiltonian,
whose ground state or protected space is a topological invariant of the surface. It turns out
that this triangulation or graph defines a representation of the Drinfeld quantum double
D(G). A well known example of these models is the Kitaev toric code, which is based on
the cyclic group Zs [1]. See also [2] for a recent account. It was anticipated in [1] that
these models could be generalized to be based on a finite-dimensional Hopf algebra H. This
was achieved in [3]. Other models in the family of topologically ordered spin models such
as the Levin-Wen string-net models [4, 5] which are based on a representation category
of H are also related to the Kitaev models [6, 7]. In particular, for a fusion category of
representations of finite groups, a Fourier transformation of the Kitaev models lead to the
extended string-net models [6, 8, 9]. The structure of excitations for these models is also
well established [10-12]. One defines the so called ribbon operators on the Hilbert space
that generate the excitations.



The Kitaev quantum double models can be understood to describe the moduli space of
flat connections on a 2d surface with defect excitations. From the point of view of quantum
gravity, they are of strong interest as they are directly related to certain 3d TQFTs defined
in terms of (quasitriangular) Hopf algebras. It is known that the protected space of a Kitaev
model for a finite-dimensional semisimple Hopf algebra H on an oriented surface X is exactly
the vector space that the Turaev-Viro TQFTs [13, 14] for the representation category of
H assigns to ¥ [7, 8, 15, 16]. The construction of these models is also closely related to
BF theory with defects [17-21], a TQFT describing locally flat connections. Other recent
examples include a dual picture which was introduced in the quantum gravity setting where
the excitations have been swapped [22]. Even though this was discovered independently,
this result could have been guessed in light of the notion of electro-magnetic duality well
known in topological quantum computing [9]. A recent paper by Meusburger show that
Kitaev’s model for a finite-dimensional semisimple Hopf algebra H is equivalent to the
combinatorial quantization of Chern-Simons theory for the Drinfeld double D(H) [23].
This emerges in a gauge theoretic framework, in which both models are viewed as Hopf
algebra-valued lattice gauge theories [24].

These results have opened new perspectives on the relations between topological quan-
tum information(TQI) and quantum gravity. Although each framework comes with its own
motivation, they share similar mathematical concepts. For example, in the case of TQI
cases, one deals with a (ribbon) graph decorated by Hopf algebra elements and constructs
an exactly solvable Hamiltonian defined in terms of operators acting on the nodes and faces
of the graph. The vacuum state of this can be interpreted from the quantum gravity per-
spective as the pure gravity case, whereas the excitations of the TQI Hamiltonian, used to
perform quantum computations, are interpreted as particles with mass or spin depending
on their location. In the case of loop quantum gravity, one has torsion excitations on the
nodes, i.e. spin, whereas on the faces, one has curvature excitations, i.e. mass. The most
relevant algebraic structure to deal with representations which classify particles for exam-
ple and indicate their braiding, is not only the Hopf algebra H but the associated Drinfeld
double D(H). Once again, this structure was identified using different arguments in each
of the different frameworks. In the TQI case, one deals with the Drinfeld’s quantum double
of finite dimensional (semisimple) Hopf algebras (e.g. built from finite groups) [1, 3, 25]
whereas in the quantum gravity case one makes use of the quantum double of Hopf algebras
built from Lie groups or their quantum deformation [26-36].

As described above, the Drinfeld quantum double is in a sense the common quantum
group which arise in the quantum computing setting. However, from the point of view of
quantum gravity, other quantum groups emerge. In particular, the bicrossproduct quan-
tum group originally proposed by Majid [37] as a new foundation for quantum gravity. The
bicrossproduct quantum groups are interpreted here as algebras of observables of quantum
systems so that one can view them as functions on a quantum phase space. These bi-
crossproduct quantum groups are also known to be valid candidates for the combinatorial
quantization of Chern-Simons theory of 3d gravity [38—41]. In particular, from the point
of view of quantum group theory, the quantum double D(H) = H <1 H*°P is an example
of a double cross product of Hopf algebras [37]. It turns out that these are related to



the bicrossproduct ones by Majid’s idea of semidualisation or ‘quantum Born reciprocity’,
proposed for quantum gravity where one can exchange position and momentum degrees of
freedom in an algebraic framework [42]. The semidual partner of the quantum double here
is the ‘mirror product’ M (H) = HP »a H, so this is the natural candidate for a ‘semidual
Kitaev model’” which we propose here. It is also known that the two quantum groups are
related by a Drinfeld twist if H is factorisable. This was originally introduced in [43] as
an algebraic Wick rotation, and recently applied in [44] to relate the bicrossproduct model
quantum spacetime [45] and the fuzzy R? quantum spacetime by a module algebra twist
as well as to find the universal R-matrix from the former model.

From the above considerations, while the bicrossproduct quantum groups emerge in
a quantum gravity framework, they are yet to be explored for the topological quantum
computation models. There is no general framework for the latter for general double
crossproduct and nor at the moment will we find one for general bicrossproducts. How-
ever, the most important examble is the quantum double and we will see that it is possible
to construct lattice quantum computation models for the case of the bicrossproduct corre-
sponding to this.

Our consideration in the present paper will be local, i.e effectively an infinite square
lattice, with topological aspects needed to apply these results to the quadrangulation or
other cellular decomposition of a general oriented connected surface ¥ to be considered
elsewhere.

1.2 General features of the Kitaev model

We first recall the set up for the standard Kitaev model based on the double D(H) but in
a manner general enough to also apply to M (H). In both cases the data we really need is a
quantum group D acting on an algebra A (so the latter is a D-module algebra in quantum
group parlance). In 3D quantum gravity, D could be the quantum Poincaé group acting
on quantum spacetime A, which is then interpreted mathematically as a module algebra.
We also need that D factorises as an algebra into two subalgebras, Hi, Hy, which are
each Hopf algebras but not necessarily sub-Hopf algebras. Thus each element of D can be
written in the form ,; a;b; for a; € H; and b; € Hy uniquely in a certain tensor sense [37].
The restriction of the action of D to each subalgebra gives ‘triangle operators’ ij,L}j_
respectively for their action on A.
It is convenient to suppose that A is itself a Hopf algebra and we then define

T*=SoT¢oS™ !, L"=SoLhos™! (1.1)

using its antipode.

In the case of the double D(H), the triangle operators T¢, L} make A respectively
a Hi module algebra and a Hy module coalgebra. We choose to keep these features as a
general property of the Kitaev model.

Now let ' be a graph embedded in an orientable Riemann surface ¥ and define a
Hilbert space Hp = A®!El where E are the edges of the graph. On this we define operators
AM(v,p), B(v, p) associated to each vertex v and adjacent face p as follows. First of all,



Figure 1. Kitaev convention for triangle operators acting on an edge.

the edges around v and p are both numbered in line with the orientation and prescribed
starting point. If all the edges at v point in then A" (v, p) is the tensor product action of
h € D (which uses its coproduct and the L, on each such edge). If some of them point out
then we use L_ on those edges. Similarly, B%(v,p) is the tensor product action of a € D
if all the adjacent edges to p are clockwise (using the coproduct and 7% ). If some of them
are anticlockwise, we use T_ on those. These conventions are depicted in figure 1.

Other edges in Hr are unaffected by A”"(v,p) and B%(v,p). We will then let a,h be
integral elements to obtain ‘vertex and face’ operators A, and B,,. Details will be given in
section 3.

The standard Kitaev model based on the quantum double has D = D(H) = H b H*P
acting on A = H, where H is a finite dimensional Hopf algebra (with further properties).
Here the two indicated factors are sub-Hopf algebras which makes things more straightfor-
ward. This ‘kinematic’ level of the data actually makes sense for any double cross product
quantum group Hj<t Hy in the sense of [37], acting on H; . However, we can use the
same set up for D = M(H) = HP»<1 H acting on A = H*, and this is what we will do.
The big difference now is that H here is not a sub-Hopf algebra but a quotient (there is a
canonical Hopf algebra surjection D — H), but it is still a subalgebra as part of an algebra
cross product, so we can still dissect the action of D into T'y, L. We still define T, L_
in the same way for the other orientations but we must be careful in the manner stated to
use the coproduct of D when combining these to build A”*(v,p) and B%(v,p). This much
of the setup again makes sense for any bicrossproduct quantum group H; »<t Hy as in [37]
acting on H{. In fact the data for these models are equivalent in the finite-dimensional
case — if you can build one then you can canonically build the other by a process of
semidualisation [37, 42].

In the standard case of D(H), it can be shown that the associated Hamiltonian is topo-
logical, which means physically that the elementary excitations of the Kitaev model are
anyons and facilitate the realisation of topological quantum computing by obeying some
braid statistics [1]. The braiding is possible as a result of the quasitriangular structure or
universal R-matrix of D(H). These aspects for the M (H) case will be examined elsewhere
but being isomorphic to HP @ H as a Hopf algebra, one has a natural canonical quasi-
triangular structure if H does. We will however, obtain an exactly solvable Hamiltonian.
Following [3], we then provide an explicit tensor network representation of the model. Such
a representation is a starting point to explore some interesting physical properties of the



system. For example in [3], the tensor network representation is used to probe the notion
of entanglement and check whether we have an area law for entanglement entropy. It is
also used to define a notion of renormalization implementing a hierarchy of states.

This completes our overview. Section 2 provides some preliminaries on Hopf algebras
notations, the bicrossproduct quantum group HP pt H and its action on H*. In section 3,
we provide the detailed construction of the lattice representation based in this data and
obtain the Hamiltonian for the model. In section 4, we define the tensor network represen-
tation for our model and provide, in particular, the realisation of the ground state in our
setting. We conclude in section 5.

2 Preliminaries

We follow the notations and conventions from the book [37]. Unless otherwise specified,
we work over a field k of characteristic zero. A Hopf algebra or ‘quantum group’ H is an
algebra and a coalgebra, with a linear coproduct A : H — H ® H which is an algebra
homomorphism and satisfies the coassociativity condition (A ®id)o A = (id® A)o A. We
use Sweedler notation for the coproduct so that for all h € H, A(h) = h,, ®@h, =hD@h®.
There is also a counit € : H — k and an antipode S : H — H satisfying in particular
(Shy)h@ = hayShe) = €(h) for all h € H. If H is finite-dimensional, then S~! exist. We
denote by H®™, n € N the n-fold tensor product of H. The composition of n coproducts
is the map A : H — H®"+D defined by A (h) = By @y @ ... @ hpyq). This is well
defined since the coproduct is coassociative. We denote by H* the dual Hopf algebra with
dual pairing given by the non-degenerate bilinear map (, ). HP, H°P denote taking the
opposite coproduct or opposite product in H.

An algebra A is said to be an H-module algebra if A is a left H-module and this action

is covariant, i.e.
hb(ab) = (h(1>l>a)(h(2)>b), h>1 = E(h), a € A, h e H, (21)

where > denotes a left action. We say that (H, A) is a covariant system. We will generally
prefer left actions as here but there is an analgous notion for a right module algebra by
action <. This can always be coverted to a left one of the opposite algebra by h>a = a<S~1h.
If H acts on vector spaces V, W then it also acts on V ® W by hx(v® w) = hy>v ® hy>w
forallhe HyveV and we W.

We now turn to the construction of M (H) = HP »< H from [37]. This is an example of
Majid’s theory of bicrossproducts H; b4 Hy just as the more well-known D(H) = H 1 H*°P
is an example of his theory of double cross products Hj <t Hy. We refer to [37] for details,
while here suffice it to say that the key difference is that in the latter case each factor
acts on the vector space of the other subject to certain axioms and the coproduct is the
tensor product one. By contrast, in the bicrossproduct case the Ho factor acts on the Hy
factor as a left Ho-module algebra and results in a semidirect or cross product algebra
H, >1Hy. Meanwhile the H; factor right coacts on the coalgebra of Hs and results in a
semidirect or cross coproduct coalgebra H; »< Hy in Majid’s notation. The construction
on the coalgebra side here is conceptually dual to the construction on the algebra side.



The bicrossproduct construction adds further axioms so that the two fit together to form
a quantum group, with the merged notation.

In our case, M(H) is an example as follows. The left action of H on HP and the
right coaction of H°P on H are given respectively as

ha=h,aSh, Agh = hy @ h, Shy, . (2.2)

2))

The algebra is

(a®h)(b® g) =a(h,bSh,)®hgyg, hgeH, abeH™. (2.3)

1)

Here, H? ® 1 and 1® H appear as subalgebras but with mutual commutation relation
fully determined by

hb:=(1®h)(b@1) = (h, bSh, )h (2.4)

1) (3)?
where the identification h — 1gcor ® h and b — b ® 1y are algebra morphisms. The

coproduct and antipode are respectively

Ala®@h)=a, ®@h, @a,h,Sh, @h,, (2.5
S(a®@h) =(1®She)(S(ahaShe) @ 1). (2.6)
The Hopf algebra M (H) acts covariantly on H*°P from the right according to
¢ < (a ® h) = <a’h(1) 9 ¢(1) > <Sh(2) I ¢(3) >¢(2) 9 (27)
and using the antipode (2.6) of M (H), this gives rise to covariant left action on H*
(a’ ® h‘) > d) = <Sh(1) Sa’ ¢(1)><h(2)’ ¢(5)>¢(2) . (28)

We refer to [37] and to the recent work [44] for more details.

3 Semidual Kitaev model

In this section, we construct a lattice representation based on the mirror bicrossproduct
HP pq H acting on H* and obtain an exactly solvable Hamiltonian for the model.

Since we consider only the local quadrangulation of a 2d oriented surface, we effectively
work with I' a square lattice, without worrying about boundaries or the topology of the
surface. We denote by V, E, F respectively the set of vertices, edges, faces of the graph I.
Given a finite-dimensional Hopf algebra H with dual H*, we define the extended Hilbert
space Hr for the model by assigning H* to each edge of I" so that

Hr =®H*,

ecl

the |E|-fold tensor product of H* with each copy assigned to an edge of I'. We identify
¢+ S(¢), ¢ € H* if the orientation is reversed. Since H* is finite-dimensional, S? = id
and this isomorphism is well defined.



3.1 Triangle operators

To each edge e € E, we assign a family of basic linear operators (L), (T%). which are
linear maps on the copy of A = H* in the Hilbert space Hp = H*®IE| associated to edge
e, indexed by elements of the Hopf algebras H and H®P respectively. They act trivially
on the copies associated to other edges. These operators are called triangle operators [1]
and are defined as follows:

Definition 3.1. Let H be a finite-dimensional Hopf algebra and I' a graph with cyclic
ordering of edge ends at each vertex. Let h € H, ¢ € H* and a € H®P. The triangle
operators for an edge e € E are linear maps

(Lfiz)e . H*®|E| _>1~_I>»<(XJ|E|7 (Ti)e . H*®|E| - H*®|E|,
where Lﬁ,Tfﬁ : H* — H* acting on the copy associated to e are given by

L (¢) = (h, Spybs)) Dy L () = (h, ¢S~ b)) b,
Ti(ﬁb) = <Sa7 ¢<1)>¢(2>7 Tf(éf)) = (a, ¢>(2)>¢>(1>- (3~1)

Here, the operators L4 and T are the restrictions to 1 ® h and a ® 1 of the canonical
left action (2.8) of the bicrossproduct M(H) on H*. The L_ and T_ are also left actions
obtained using the relations

LM (¢) = (SoLh oSN (p), T ¢)=(SoT%oS 1) (¢). (3.2)

Next, we denote by pi®h = T¢L" the full representation of M(H) defined in (2.8). Us-
ing (3.2) we have p2®" = ToLl ie.,

Pi®h(¢) = <ah(1), ¢(3)> <h<2)’ S_1¢(1)>¢(2)- (3'3)

It is interesting to note that for the bicrossproduct covariant system (M (H), H*), the
canonical left action of the Hopf algebra HP on H* is the coregular action T} and makes
H* into an H°°P-module algebra by construction while the canonical left action of the Hopf
algebra H on H* is the coadjoint action Ly and makes H* an H-module coalgebra. This
fits with the fact that the factor H is not a sub-quantum group and we must use the correct
(semidirect) coproduct of M (H) to have H* covariant. In the quantum double model the
covariant action of D(H) on H does not define L, T because they do not lead to a graph
representation of D(H). In the D(H) Kitaev lattice model, one has a D module not a D
module algebra.

3.2 Geometric operators

Next, the triangle operators are used to define vertex and face operators A"(v,p) and
B®(v,p) for the bicrossproduct model on the extended Hilbert space Hr. These operators
are also called geometric operators. Both operators depend on a pair of vertex and face
that are adjacent to each other. They require linear ordering of edges at each vertex and
in each face. This is specified by a site [1] s = (v, p), which consist of a face p and adjacent



Figure 2. This figure illustrates a choice of site (the dotted line) in the graph T

vertex v and represented by dotted lines as shown in figure 2. Both vertices and faces are
oriented anti-clockwise.

In summary, the definition of A”(v,p) follows by assigning the coproduct of h € H
along the edges in an anticlockwise manner taking into account the site (v, p), and then the
appropriate action of h depending on the edge orientation. Likewise, the operator B%(v,p)
is defined, but the edges associated to the face p are assigned the coproduct of a € HP
anticlockwise starting from the vertex v. The action of a is then taking depending on
whether the edge orientation is on the left or right of the face p.

Definition 3.2. Let (v,p) be the site of T and h € H, a € H®P, ¢* € H*. Let H be
involutive i.e., S* = id.

1. The vertex operator A'(v,p) : H*®El 5 F*®IEl encodes the representation of
M(H) at the site by
i A
Ah(vvp) = pi(l) O ®pj:(4),

where Ag\‘?(H)(h) = ha®@he ®@...@ha, with Apy(h) given by the coproduct of
M(H) in (2.5) restricted to 1® h. In terms of diagrams, we have

1 1
¢ h(i) > ¢1 @)
T P Y <P T <P
2 4
h ¢ vl et her¢’ vl haret @ vl Py
A(v,p) > < = B
, : > < > <
. 3 3
»? ha > ¢ @

where the scalar B = (h, (S¢,))(SP%))(SH2)) (SPl) ) Dl O b by) - The edges inci-
dent to the vertex v are indexed counterclockwise starting from p. Here all the edges
incident to the vertex v are assumed to point towards v. Using the antipode to change
ortentation, we see that for edges orientated away from the vertex v, p;y has to be
replaced with p—.



2. The face operator B*(v,p) : H*® Bl — H*®IEl for the face which encodes the action
of H®P in M(H) at the site is defined by

Bv,p) = T4V @ @ T,

where AS\?})(H)(Q) = aq @ ®aa, with Apry(a) the coproduct of M(H) (2.5) re-
stricted to a® 1. More precisely, we have

< Q 3
¢3 Q) > ij 2)
— _ 142 3 44\ 4 2
B*(v,p) ¢* p ¢* = agro! p ap > ¢® = (Sa, 4,804,600 00) e p @
vl Vg b ¢! v ¢(12)

We shall now show how I', equipped with these operators admits a local mirror bi-
crossproduct M (H) representation at the sites of I We need to show that the vertex
and face operators represent their respective copies of M(H) and that their commutation
relations arising from common edges implement the algebra in the bicrossproduct quantum
group M (H).

Theorem 3.3. Let H be a finite-dimensional Hopf algebra satisfying S* = id with dual
H* and the graph T a square lattice as above. Then the operators AM(v,p) and B*(v,p)
define an M(H) representation on H*®IEl associated to each site (v,p). Here (a®h) acts
by A™(v,p) o B%(v,p), i.e. these enjoy the commutation relations

A"(v,p) o B*(v,p) = BR@Sh@) (y, p) o A" (v, p), Vhe H, a € H®P, (3.4)
Al(v,p) o AY(v,p) = A" (v, p), B*(v,p) o B®(v,p) = B®(v,p). (3.5)

Proof. Here we only show the proof of equation (3.4) and leave the proof of (3.5) to the
interested reader. Before proceeding with the proof, for the site given in figure 3, we note
the following:

1. There are four edges connected to the vertex v of figure 3 and this requires we compute
AB) of M(H) to use in the geometric operators.

A (a® h)=au @ huy ® agheShes @ he ® awheSha @ he @ agyha She @ ha
(3.6)
from which we derive that

A(S)(a ® 1) = a(4) &® 1 ® a(g) ® 1 ® a(g) ® 1 ®a(1) &® 1
AP (1@ h) =1 hu & higyShe @ b @ hisyShe @ b ® hayShi) @ hao. (3.7)

These are the relevant expressions to use in the definition of the face and vertex
operators.



¢3
¢! p ¢?
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¢6

Figure 3. We illustrate here a relevant subgraph of I', decorated by six copies of H* which is the
relevant structure for the proof of Theorem 3.3. Other orientations can be considered as well, but
the argument follows in a similar manner. For simplicity we only focus on this graph.

2. The face operator associated with figure 3 is defined as

Bv,p)(¢'®...0¢%) =T (") @ T (¢?) @ T*® (¢*) @ T*V (¢*) @ ¢° ® ¢° (3.8)

and the vertex operator is

B hs ks ks
AMo,p) (@' @ ... ©¢°%) = p V(") @ ¢° ¢’ @ p. P (81) @V (¢°) @ p. Y (¢°) (3.9)
where p+ are expressed in terms of the triangle operators as follows:

hi 1®h h hs h(3ySh(5y®h g h(3ySh h
1 — 4) _ (4) (2 — JtB)PRB)PE) (3)2"(5) 1 "*(6)
hs h2yShiy®h h(2ySh h
3) — ()R (E) (2)2(7) 7 1(8)
pP_ =p_ == Ti Li 5

i h(1ySh(gy ® b h(1yShgy ;b
@ — PyShe) @haoy _ pha)Shee) rhao)
P+ =P+ =T Ly

Note that p_ are computed from (3.3). The vertex operator (3.9) then reads

Ah(v’p)(él ®...0¢%) = L}i(4)(¢1) ® ¢ ®¢3®Ti(3)5h(5>Li<6>(¢4)

®Tf<2’5h<7)L’i(8)(¢5) 2 Tﬁ“)Sh(g)Li‘w)((ﬁG), (3.10)
The proof follows a direct calculation to compare the Lh.s. and r.h.s. of (3.4). Let h €

H,a € HP and ¢' € H*, where i € {1,...,6}. Starting with the Lh.s. of equation (3.4),

~10 -



we have
AM(v,p)B(v,p)(¢' ® ... ® ¢°)
= A'v,p) (T2 (1) @ T2V (6%) @ T2 (6%) @ T2V (¢1) @ ¢° 2. ¢°)
h a e a h(3\Sh h a

= L'OTD (1) @ T (¢2) @ T (¢) ® T+<s) <5)L+<6) (T_(” (¢4))
®Tf(2)5h’(7)L’38)(¢5) ® Tﬁ(”Sh“’)Li“o’(qSG)

= <a<4)> ¢(14)><h(4)7 ¢(13)S_1¢(11)>¢(12) ® <a(3), ¢(22>>¢<21) ® <a(2), ¢?2)>¢?1)
® (a(lb ¢?6)> <h(6)v S¢?1)¢?5)> <h(5)a ¢?2)> <Sh(3)v ¢?3)>¢?4)

& (h(8)7 ¢E(—)5)S_1¢E(—)1)> <h(2)a ¢(53)> <Sh(7)7 ¢?4)>¢(52)
® (haoy, SO0 0%)) (o), Day) (Shiay, D ) B0

1 1 —1 1 1 2 2 3 3
= (@), @) o)) Py @ (1105 hioys @) 1)) D) ) © (G0 D)) 91y © (a2ys By )DL

® (), o)) (o) By ) iy, SOy D s ) (Shsy, b)) b1

® (h(9)7 ?S)S (1)><h(2)7 ><h(8)7 S¢ >
® <h<11>v S¢(1)¢(5)> <h(10)7 ¢(2)> <Sh(1)v ¢(3)>¢(4)

= (A, ¢%3)><S_1h<5 hay, ¢(11)>¢(12) ® (a), ¢(22>>¢(21) ® (ac), ¢?2)>¢?1)
® <a(1)’ ¢i16)> <h(6>v (2) ¢(1)¢?5)> <Sh(3>v ¢?3)>¢?4)
® <h(2)7 ¢?3)><h(7)a S¢(4) (5) (1)>¢(2) <h<8 ¢(2)S¢(1) (5)><Sh (1) (3)> ?4)

= (A, Dlay) D1y €(hay) @ (aay, B)) 670y @ (ac2), Dy )DL,
® (ay, Blay) (hsys By ) (Shiay, By ) by
® (hiay, By ) (heys ST 000 ) Doay @ (hirys ) ) (Shry, 00)) b,
= (), o)) By @ (aay, By D) @ (A2, D) DLy
® (a1); Dy 5 {Piars Dy 1)) (S0 8 1)) D 0
® (hizy, ) (hisys STHO0 ) %) @ (Rieys 90 ) (Shiry, 801V 00,
= () Do) D1y ® (Aa), Doy ) B0y @ (e, D)) By @ (ary; By )DL € (i)
® (hizy, D) (hiays SO0 ) %) @ (Risy, 90 ) (Shiry, 801V,
= (@, Doy Doy Dy Do) (e)s D) (ays STH B0 (Shiay, 801y ) (hiay )
by ® ) @ By @ Dy ® Pls) © By

Using the first part of (3.7), we calculate

A? (hyaShe)) = heawShs ® heae She @ hayae Sha ® hayaa She)

(3.11)

(3.12)

and this will be used in computing the r.h.s. of (3.4). The r.h.s. of eq. (3.4), is computed
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as follows

BhaShe (y, p) AP (v, p) (¢' @ ... @ ¢°)
— phmaShe, (U,p)< e (6} @ ¢ ®¢3®Th(5)5h<7>Lh<s> (¢%) & TM@She phao (6°)
®ij(3)5h<“)Li(12> (¢6))
_ Tf(4>a(4)5h(5>Lfi<12> (6")
®Tf(s>a<3>5h<6> (¢2) ® Tfma(z)Shm (¢3) ®Tf(nams’l@)Tﬁ(mSh(ls)L’}r<14) (¢4)
& ThaoShas phas (%) ® Tfs)Sh(m Lhus) (4°)
= <h<12)v¢<14)571¢<11)><h<4>a(4>5h<5>,¢<13)>¢(12) ® (hs), (2)><a<3),¢(3))<5h(6),¢(4)> 2N
® (hzy, By ) (Ao D) ) (Shiry, 830000, @ (hawys S8, 05, ) (Basy Shaanys $a)) (B @y Shsy s b ) b1,
® (haeys Bs)S ™ 801y ) (Paoys Day ) (Sharsys 00 )00y @ (hasys SO 80s)) (hamys Bay ) (Shisy s By ) D0y
= (haz), 00 S ™ Dl ) By iy Shesy, Gy by @ (Bisys B0 ) (@), 355 ) (Shuey, 074 ) 071,
® (h ), ?2)><a’(2)7 (3)><Sh(7), <4>> 1) <h<14>»5¢<1> (5)><h<13)5h<11>a¢<z>><h<1>a(1)5h<s>a¢(4>>¢<3)
® (hasys SO ) (haeys D5y S ™ 800) (Baoys 0 ) Pay @ (hamys Dy ) hrsys SO, s)) (Shioys By ) 00,
= (haz (06) @ (ST 80 ) (R Shesys (6) ) S (ST1o4, )y
® (hisys 0y ) (s> Doy ) (Shiey s Doy ) Dy
® (hay, ) (@oys By ) (Shiny, 82V 0% @ (Piaay, &) (Shanys ) (hiay @y Shisy s By ) b,
® (haa, S7" <1>><h<1o>a¢(3>> ?2) ® (has), <s>><5h<9>a¢<1>> @
= (B, (D) 2 (S ’1¢>(1))(2))(h(4)a(4)Sh(5),((;5(2))(1))8( 71¢’(1>)(1>
® (P, ¢?2)><a<3)7 ¢<23)> (She, ¢(4>> )
® (h), ?2)><a<2>7 ?3)><Sh(7),¢(4)> 1) ®<h<13>7¢?4>><5h<u>a¢?1>><h<1>a(1)5h<s>7¢?3>>¢?2)
®<h(14),5_1¢(51)><h(10>, <3>> ?2) ® (has), (3)><Sh(9), <1>> (62)
= (h(4)a(4)5h(5),¢(2)>¢(1) ®<h(3),¢(22)><a(3), (3)><Sh(6),¢(4)> (21)
(h(zw¢(z)><a<2)7¢<3)><5h<7>a¢’(4>> e85, <h<12)7¢<4>><Sh<11>a¢<1>><h(1>a(1)5h<8>a¢(s>> @)
® (haay, ST10 ) (hiroy & ) & @ <h<14>v¢<s)><5h<9>a¢(1>> @
= (s Dy a2 @y By 1)) (SRs1s Dy ) Dy @ (Prcays Doy ) (s By ) (SPeys )0
® (hiays Dy )2y Oy (Sheays D02y 001, @ (hiazys Dy ) (Shiany ) Ry oy Shsy s 0, b1,
® (Pasys ST 0 ) Moy By )00y @ (Prays Dlay ) (Shioys 01 ) 0%,
= (aw, b)) 00, ®(h(3>,¢(1)(2)><a<3),¢(22)(1)>(Sh(4>,¢(2)(2)) W
® (hay, ?2)><a(2)7 (3)><Sh(o),¢(4)> ?1) ® (hao)s <4>><Sh<9>a¢<1>><h<1>a<1>5h<6>7¢(3>> @
® (hayy, S~ (1)><h<s>a¢(3>> =) <h<12)a¢<3)><5h<7>a¢(1>> )
:<a<4),¢(12)>¢(1> <a(3)7¢(2)> &) <a<2>a¢(2)(1)><h(2)7¢<1)(2)><Sh<3>a¢(2><2)>¢i)(1)
® (hs), ¢‘(16)><Sh(7)7 ¢<1>> (hay, ¢<3>> (@, ¢<4>><Sh<4>7 ¢<5)>¢<2>
® (he), S~" (1>><h<6>v¢(3>> @ <h<10>’¢<3>><5h<5>7¢(1>> @ (3.13)
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It follows that

BhwaShe (v,p)Ah(B) (v, p) (P ®...®¢%) = (agy, ¢<12)>¢<11> ® (ag,), ¢(22)>¢(21) ® (as), ¢?2)> ?1)
@ (e, ¢?2>(2> R, ¢?3>(2> ) (Shes, 6 wa! P ¢?2><1> ACLICE ¢?3>(1> >¢?1)<2)
® (s ST (hiay, Dy 0y @ (hisys By ) (Shay, $ )Pty
= <&<4),¢(12)>¢(11) ® <a(3)a¢(2)>¢(1) <a(3)a¢?2)>¢?1) & <a(1)7¢?3)><h(4)7¢?4)><5h(3)a¢?1)>¢?2)
® (hisy, SO0 ) (hizys D)) By @ (hieys Do) (Shiay, 00, ) by
= (@), Bia)) P11y @ (a3, o)) B2y © (s, Bl )P
® (aq), ¢?2)(1)><h<3>= (So, )(2>¢(2)(2)> (Sol)
® (heays ST 02 ) (hays Blay ) Dy @ (hisys Bsy ) (Shiy, 90) B,
= (A Dlay) DLy @ (i), D)) D) @ (Aga), By VDD @ (ary, D )DL,
® (hsys ST 00 ) (hiays Blay ) Dlay @ (hiays Bsy ) (Shiry, 90) B,
= (@, P Loy Dray Doy Do) (), D) (Pays STH 80 (Shiay, 800 ) (hay )
Oh) ® ) ® 1) ® G, ® 60y ® 6. (3.14)
Finally we see equations (3.11) and (3.14) are the same, and hence this proves Theorem 3.3

for the specific graph in 3. The variations according to different orientations proceed sim-
ilarly and are omitted.

O]

When the geometric operators do not act at the same site, they essentially commute
as stated in the following proposition.

Proposition 3.4. LetT be the square lattice described above, and h,g € H and a,b € HP.

(i) For all sites, A"(v,p) o A9(w,q) = A9(w,q) o A"(v,p) provided the vertices v and w
do not coincide, i.e., v # w and there are no edges connecting to v and w directly.

(i) For all sites, B*(v,p) o B®(w,q) = B®(w,q) o B*(v,p) if the faces p and q do not
coincide, i.e., p # q.

(iii) At disjoint sites, v #v' and p # p', AM(v,p) o B*(v,p') = Bb(v',p') o AM(v,p).

Proof. Before we prove the above proposition, we note triangle operators (3.1) obey the
following commutation relations

h(l)aSh

19, 7% =0, LhTe =T{O"" LN forall h,ge H, a,be H®P.  (3.15)
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Figure 4. Diagrams showing two different graphs each with vertices v and w which do not coincide.
We could also consider three more cases, where v and w are diagonally opposite and p and ¢ different.

(i) Consider the two graphs in figure 4 with vertices v and w which do not coincide and
have no edges connecting them. Then it can be shown easily that the graph (with p # q)
on the left has the following vertex operators A”(v,p) and A9(w,q) commuting. If one
considers the graph (with p = ¢) on the right side of figure 4, the vertex operators are
computed as

A, p)(¢' @ * @’ ¢ty @Y’ 0y eyl

= (h, (SO ) (SH) ) (SHE)) (SP(s) )by By Dy Dy ) By © Doy @ By @ iy @ P @ 97 @%@ 9
A(w,p)(¢' @ ¢* @ ¢° @ ¢t @Y @Y @y @ ?)

(9, (S (SUP)) (S (St )P Vo Uiy Vi) 10" @ 670 ¢° © ¢ @ 1y @ V) @ Y7, @ ().

A straightforward calculation shows that the above computed vertex operators commute,
essentially because the operators do not act on the same Hilbert spaces. The choice of
orientation of the edges is not changing this. A similar calculation applies for the three
other cases where v and w are diagonally opposite on the same square, and p and ¢ are
different.

(ii) Given the graph on the right of figure 5 with no edge(s) connecting the faces p and
q, it is easy to see that their respective face operators B%(v,p) and B’(w,q) commute.
Indeed, in this case, the operators act on non-overlapping Hilbert spaces (regardless of the
orientation).

Let us then assume that the face p and the face ¢ share at least a common edge (with
dashed line) as shown by the graph on the left of figure 5. Then we only need to verify that
the operators B%(v, p) and B®(w,q) commute on their shared edge. This common edge is
oriented such that it is on the left of p and on the right of g. Then B*(v, p) will acts on the
edge through T_ whiles B®(w, ¢) will acts on the edge through T,. From (3.15) we know
that T_ and T, commute implying that the operators B%(v, p) and B®(w, ¢) commute also.
Changing the orientation of the edges is not affecting this result.

(iii) Consider figure 5 below with two different graphs each with disjoint sites (v, p) and
(v',p’). Here by disjoint sites we mean (v,p) # (v/,p’) though common edges shared by

— 14 —



o' 4 2 l
32 v ot v ot o v o
!

¢3 ¢‘3 w4 ) P 1/)2

V! wl

Figure 5. Diagram depicting two different graphs each with disjoint sites (v,p) and (v',p’).

faces p and ¢ are allowed leading to p and ¢ adjacent to each other as illustrated by the
graph on the left of figure 5. The second graph on the right of figure 5 however has no
edges common to both sites.

For both graphs of figure 5 their respective vertex operator for the site (v,p) moving
anticlockwise are the same (changing the orientation of either graph does not change the
final outcome)

A, p)(¢' @ P* @@ @Y @ @yt @Yt (3.16)
h h(3ySh(sy ; h hioySh h
_ L+(4) (¢1) ® T+(3) ( )L+(6) (d)Q) ® T+(2) (7)L+(8) (¢3)
h(\Sh h
® T+(1) 9) L+(1O) (¢4) ® 1/}1 ® w? ® 1/}3 ® w4

and likewise the face operator for both graphs is the same for site (v/,p’) moving counter-
clockwise

Bb(U/,p/)(¢1 ® ¢2 ® ¢3 ®¢4 ®,¢1 ®¢2 ®,¢3 ®¢4)
=3l 0?0 ¢ o T W) e T (W) e TP @) e TV @HY).  (3.17)

These operators commute as they act on non-overlapping Hilbert spaces. Changing the
orientation of the edges would not affect this. O

3.3 Hilbert space and Hamiltonian

We are almost ready to define the Hamiltonian of the semidual Kitaev model. The last
piece we need to define is an inner product on Hp = H®!El making it into a Hilbert
space, and to define a self-adjoint Hamiltonian on it. To this end, we henceforth work over
k = C and, moreover, we suppose that H is a finite- dimensional Hopf C*-algebra e.g. as
in [46, 47].

To define such Hilbert space, we require H be a finite-dimensional Hopf C*-algebra.
This choice of H permits for the definition of an inner product and a *-representation for
the model. This kind of Hopf algebra comes equipped with normalized Haar integrals,
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structures which are natural candidates to define an inner product. We recall that a
normalised Haar integral in any Hopf algebra H means ¢ € H such that

h-l=0-h=eh), forallhe H and e()=1. (3.18)

Moreover, in the finite dimensional Hopf C* case one knows [46, 47] that S? = id and there
exists a unique two-sided integral £ € H satisfying the following properties:

2=y, *=1, SW) =+t (e Cocom (H). (3.19)

Here Cocom(H) means the flipped/opposite coproduct and the original coproduct of H
are the same, i.e., Cocom(H) = {{ € H|AP({) = A({)}.

By virtue of duality, H* is also a finite-dimensional Hopf C*-algebra. We define the
extended Hilbert space Hr for the model by

Hr = Q) H, (3.20)
ecl’

where we define the tensor product inner product structure. Here the non-degenerate
Hermitian inner product on each H* is defined by [46, 47]

(Bl) e = (L, ™), ¢,9 € HY, (3.21)

where ¢ is the normalized Haar integral of H.
The inner product (3.21) allows to define the adjoint of the triangle operators L4
and T:t
(Lt =L, (1)t =11,

For example, we check this for T* as follows:

(DITE()) = = (€, 9" TL(Y)) = (€, 0™ (a, Y)Y 1)) = (£ (ag), Vi) (@@ Sany, d) 00 Y a))
(A, V) (@) Piay) (Sawy; D) P a))

,(a<2),1/1(2)¢<2)><5a ¢(3)>¢(1)¢(1>>

Aa@), (Vog,) @) (Saw), ¢<2 Y0 w)

ae), @) 05 1) = (T ($)[1)).

Similarly this holds for L+ and T'y. Consequently, the adjoint operators of A" and B® are

{,
= (¢,
= (t
= (t
= (t

respectively
(A"(v,p))" = A" (v,p), (B“(v,p))' = B (v,p). (3.22)

We intend to build the Hamiltonian from the geometric operators. By construction,
we want an Hamiltonian which is hermitian. Hence we would like to restrict the geometric
operators so that they become hermitian.

One way to proceed is to use the Haar integral which will have two main advantages.
First by construction ¢* = £ so it will ensure that the operators are hermitian. Second,
because (2 = ¢, the geometric operators will become projectors. The choice of the Haar
integral is in fact key in proving that the model will be topological, in the quantum double
case [3].
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Lemma 3.5. Let ¢ e H, k € HP be normalized Haar integrals of the finite-dimensional
Hopf C*-algebras H and H P respectively. The vertex and face operators A*(v,p), B*(v, p) :
H*®El 5 [*®IEl form a set of commuting Hermitian projectors.

Proof. The proof follows directly from the properties of the Haar integral outlined in (3.19).
(A'(v,p))? = A (v,p) = A'(v,p) = Ay, (BF(v,p))* = B¥ (v,p) = B"(v,p).

From (3.4), using the properties of the Haar integrals (3.19), it is clear that these projectors
commute. 0

The vertex and face operators depend on the cyclic ordering of the edge ends at each
vertex but no longer on the starting point one has to make. This is because the Haar
integrals have the n-th coproduct A (¢) invariant [23] under cyclic permutations ¥n € N.
Hence we can now shorten the notation

A(v,p) = A,, B(v,p)=B,. (3.23)
We are now ready to define the Hamiltonian of the theory.

Definition 3.6. ForT' as above, the Hamiltonian defining the bicrossproduct M(H) model
on Hr is given by

H= (id=A)+ Y (id - By). (3.24)

veV peF

The space of ground states or protected space of the Hamiltonian (3.24) is given by the
invariant subspace Pr of H:

Pr:={¢ € Hr : Ay(¢) = ¢, By(¢) = ¢, Vu,p}. (3.25)

Since the operators A, and B, are self-adjoint, one ensures that the Hamiltonian is
self-adjoint.

4 Tensor network representations for semidual models

We would like now to determine a representation of the ground state Pr of §. Following
closely [3], we construct a tensor network representation of the ground state, parametrized
by a graph I', of the mirror bicrossproduct model of section 3. Such representation can
be useful to probe the entanglement properties of the states and define some hierarchy of
states as discussed in [3].

Our starting point is to provide the diagrammatic framework for the tensor network
states built on I' and decorated by H*. The construction includes graphs whose underlying
surface has boundaries.
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( )

Figure 6. The interior and boundary faces of a graph. Figure reproduced from [3]. The key-point

is that some boundary faces might not be plain square plaquettes.

Sy

Figure 7. The black dot represents the orientation of the edge inherited from the underlying
graph. The black arrows (virtual edges) attached to the tensor represents the indices of the tensor.
The association of a tensor to each edge of I" also amounts to placing an anti-clockwise oriented
virtual loop in each face of the graph I'. A virtual loop determines a face p € F. This tensor has
two legs hence it is seen as a tensor of rank 2.

4.1 Diagrammatic scheme for tensor network states and tensor trace

Graph. The set of edges E of the graph I corresponding to the surface ¥ may be decom-
posed into a disjoint union of interior edges and boundary edges. If due to the presence of
the boundary, we have open edges, i.e., not closed faces, we can deform the graph in the
appropriate way to have closed faces, as depicted in figure 6, which we reproduce! from [3].

Forming a set consisting of the different sections of the boundary edges and faces,
a natural ordering is inherited from the orientation of the boundary of the surface. For
our discussion, the orientation of any boundary is fixed at an anticlockwise direction with
regards to the interior of the surface.

Tensor of rank 2. To each pair of oriented edge e and face p, we associate a tensor of
rank 2, as indicated in figure 7.

Rank 2 tensors can be tensored to generate higher rank tensors and then contracted
to follow the combinatorics of the graph I'. They form in this case a tensor network, which
is then a (complex) number since all legs are contracted, such as in figure 8.

The rule for contraction of the tensor network is as follows: one first splits the tensor
in terms of rank 2 tensors and then contracts each pair of virtual edges separately and glue
these pieces together.

Trace. To associate a number to a given tensor network, we use the fact that an element
¢e € H* is associated to each edge e € I/ and that we can associate an element a, € H“P
to each plaquette. We can then use the canonical pairing to associate a number to a
(degenerate) decorated graph which we interpret as a trace of the tensor, as illustrated in
figure 9, for a tensor of rank 2.

!This is figure 4 from [3].
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Figure 8. Example of a tensor network for a graph I'. The reason of the presence of the red
bullets will become clear in figure 11.

ap

—Q he T (e, ap).

Figure 9. We consider first the simplest tensor depending on a single edge (decorated by ¢.)
bounding a single face (decorated by a,). This can be viewed as a tensor of rank 2. The trace of
the tensor is obtained by forming the virtual loop and using the canonical pairing between H* and
He°P. Geometrically this can be interpreted as the degenerate graph of a single edge bounding a
single face.

ap ap

S R
A, = A g,

(&

#“
) =
<

ap
o~
4‘* ¢e = gbe

Figure 10. The different antipodes are used to change the orientation. These diagrams are assumed
to be invariant under global rotations in the plane.

Different orientations of graph edges and loops are related using the relevant antipode
as shown in figure 10.

Contraction. Note that while we contract tensors, it is convenient to also take the trace
since at the end we are interested in the traced tensor (ie the tensor network). If the face p
has more edges e in its boundary, we extend the diagrams in figure 9 as follows. Consider
another edge e’ which shares a common vertex with e. We define a gluing operation as in
figure 11. Here the arrows indicate the order in which the coproduct of a, is applied to the
basic diagrams. The red dot indicates the origin of this coproduct.
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d)e/ (1)
= & = <¢e’¢ev ap>

e e

Figure 11. Gluing edges with the coproduct of HP.

b3

on ap G2 = (D1 D3 P2 b1, ap).

1

Figure 12. We keep contracting tensors of rank 2 and trace the final contraction to obtain the
virtual loop and the associated number.

M(ﬁ = <"'¢eaap>'

Figure 13. For a given face bounded by at most to four edges, we determine the trace of the
associated rank 2 tensor. The dashed line represents the possible other red disc contributions
associated to the other edges bounding the face. The --- in the formula encodes the elements
¢; € H* associated to the edges bounding the face p. The red dot indicates that the edge we
represented is the first in the (opposite) product.

We can keep adding edges to form a plaquette and contract the associated rank 2
tensors. Taking the trace for the final tensor is equivalent to close the virtual loop. The
value of this trace is obtained by taking the product of the elements ¢; € H* associated to
the edges.

We note that the (red) dot on the virtual loop is important unless we deal with a co-
commutative algebra HP. It indicates the origin of the product in H* which is constructed
bearing in mind the cop in H°P. Furthermore, we also note that taking the trace of what
looked like a degenerate graph in figure 7 can also be interpreted as the trace of the tensor
associated to the face p if we have ¢. = ¢4 - - - ¢1. Hence as a shorthand notation for a given
edge bounding a face we will sometimes use the shorthand picture displayed in figure 13.

Increasing the tensor rank from 2 to 4. The edge e will be in general adjacent to
two faces, if there are no boundary. Hence for any edge e with adjacent faces p, g, we pick
e € H* and ap,aq € HP and define the face gluing operation as in figure 14.
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Soap
%@ = o ) (50 )
Lo Qg

Figure 15. We denote by a dashed line the other tensor contribution for the other edges that
bound the plaquette p. The --- in the tensor trace denotes the contribution of these edges.

When the faces p and ¢ have many edges, we have to put together figure 11 and
figure 14. If furthermore one loop is outgoing we have to also consider the antipode following
figure 10.

To evaluate a pair of virtual loop p and ¢, one performs a clockwise multiplication of
all elements labeling the physical edges of the loop and canonically pair the result with a,
and ay. Graphically this is illustrated in figure 15.

A change in the orientation of a physical edge using the antipode in H* changes the
orientation of the corresponding tensor as shown in (4.1).

ap ap
Qq i Qg

(4.1)

Trace of a tensor of arbitrary rank. The construction of the trace extends to a general
tensor.

Definition 4.1. (Hopf tensor trace with boundaries) Let OE and OF be sets of boundary
edges and faces respectively of I'. The Hopf tensor trace associated with the graph I' is the
function ttrp : H*®1E|l @ Heor®lF| ¢ [*®I0E| ¢ [reop®|0F| _, C,

Qb @ ap Q) ¢ Q) ag— ttrr({e}; {ap}; {L}; {ag}) (4.2)

eck peEF ecOFE qeEOF

which is defined via diagrams and the evaluation rules given in figures 11, 14 and 15.
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We emphasize again that our construction is very similar to the one of [3]. Note that
the Hopf tensor trace in the bicrossproduct model acts on a space dual to that of the
quantum double model defined in [3], (H @ H*P)* = H* ® HP.

4.2 Quantum state

We now use the tensor trace to define quantum states for the bicrossproduct model. For
simplicity we will focus on the no-boundary case.

Definition 4.2. Let ¢. € H* and ap, € HP. Let I" be the graph embedded in a surface ¥
with no boundaries. The Hopf tensor network state on I' is given by

Ur({ge ) {ap))) = ttre({oe 3 {aph) @) 160 ). (4.3)

ecE

We shall now proceed to solve the bicrossproduct model in this framework of Hopf
tensor network states. We choose a particular Hopf tensor network state as a ground state
of the model so that this state is topologically ordered.

Proposition 4.3. (Ground state of the mirror bicrossproduct model). Let n and k the
Haar integrals of H* and HP respectively. Then a ground state |Vr) of the mirror bi-
crossproduct model parametrized by T, [¥p) € Pr C § is

(W) o= [Ur({ne}; {kp}))- (4.4)

Proof. Recall that the Hamiltonian for the mirror bicrossproduct model is a sum of local
commuting terms A, and B,. Hence it is sufficient to show that the operators A, and B,
leave the state |¥p) invariant individually. To prove the proposition, it is enough to focus
on the action of such operators on either a face or a vertex of the graph I'.

A face p of in the bulk of I' decorated by the Haar integral k, bounded by the four
edges decorated by the Haar integral n* € H* and the four faces decorated by Haar integral
a’ leads to the contribution |¥,) given by figure 16. Other edge/face orientations than in
figure 16 can be treated likewise.

The state |¥,(k,a’,77)) written in an explicit form reads

4
] j _ 4 1 j 1
Ok als 7)) = (0 ) My ) F) H1< S, e @) @@ k)

=

||’,:]»u

— [t 1 4
- <77<3) o T’(g)? Sn(2)7 ’T’(l)> : ® |TI(1)>7 (4'5)

5 7](3) denote composition of the elements 7. We note that in the

case there would be no face j for example bounding p, we would just delete the associated

where the expression 7%

<S77(2) , /) contribution.
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Figure 16. Contribution associated to the face p to the state . Note that the first diagram on
the right side above is the tensor trace function.

The state (4.5) is invariant under the action of B, as shown below

4
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4‘77
= (g gy K 1:[ Sy, @) I0gy) © - @ I
=Wy (k, ', 1)), (4.6)

In the first equality, we used the action of the face operator B{; of Definition 3.2 on the
state |W,(k,a’,7’)). We perform a renumbering on 7 in the second equality. The fifth
equality uses the property of the Haar integral.

Next we consider a vertex v with four ingoing edges (other orientations can be treated
likewise). Again, 1/ and a' are Haar integrals. The vertex contribution to Wr is given by
figure 17.

In a more explicit form, the state contribution from the vertex is

Ty (a’, 7))
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Figure 17. Contribution associated to the vertex v to the state Up. Note that the first diagram
on the right side above is the tensor trace function.

where if j =4, j+ 1 = 1. This convention will be used below as well. This contribution to
the ground state is then invariant under the action of A,:

4
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We used the definition of the vertex operator of Definition 3.2 in the first equality. We
permute cyclicly the different components of 7 in the definition of the vertex operator in the
second equality. The third equality uses the counit property of a Hopf algebra. While in
the fourth equality we used the fact that 6(77?1)) = ¢(#7) = 1, to get to the fifth equality. [

The quantum state |¥r) is nothing but a trivial representation of the M(H) and a
vacuum of the model, parametrized by I'. If the model can be shown to be topological,
which we expect it to be, such state should have then a trivial topological charge.
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5 Outlook

In this article we proposed for the first time a (Kitaev) lattice model not based on the
Drinfeld quantum double, but instead on the (mirror) bicrossproduct quantum group.
Given a graph with cyclic ordering of edge ends at each vertex, our construction of a
Hilbert space for the bicrossproduct model for a Hopf algebra H is based on the extension
of the canonical covariant action of the bicrossproduct quantum group M (H) on H* to an
action on H*®IEl the |E|-fold tensor product of H*, where |E| is the number of edges.
This action which enter the definition of the triangle operators and consequently the vertex
and face operators are in general not required to be covariant as we seek a bicrossproduct
module and not a module algebra. We obtain an exactly solvable Hamiltonian for the
new model and also a representation of the ground state by introducing a tensor network
representation.

As with Kitaev’s original construction [1], which exhibited some topological features
(such as the degeneracy of the ground state and the anyonic nature of quasi-particles), we
suspect our model also exhibits similar topological properties. These topological features
can be further explored thanks to the results in [44] where the R-matrix — a structure
known to play an important role in the braiding and fusion of quasi-particles — was
explicitly given. We defer the study of the topological invariance (ie the degeneracy of the
ground state) and the model properties to later investigations.

Furthermore, the physical properties of the ground state have still to be explored. In
particular, thanks to the tensor network representation of the ground state we provided, it
would be interesting to see whether we have some area law for the entanglement entropy,
or a similar hierarchy as it was described in [3].

This new model opens up other new directions to explore. From the quantum grav-
ity perspective, the vertex and face operators are related to the Gauss constraint and the
Flatness constraint, which are usually characterized in terms of symmetries by the Drin-
feld double in the quantum double model. It would be interesting to determine whether
the bicrossproduct case has also some geometrical meaning. The semi-duality between the
quantum groups seems to indicate naively that we dualize somehow for example the Flat-
ness constraint into another Gauss constraint, or vice versa. Investigations are currently
underway to see if this argument can be made more rigorous.

As the Kitaev quantum double model is known to be equivalent to the combinatorial
quantization of Chern-Simons theory based on the Drinfeld double [23]. It would be in-
teresting to see whether this result extends to the bicrossproduct case, namely that our
model can be related to the combinatorial quantization of Chern-Simons theory based on
the bicrossproduct quantum group. In the case of the Drinfeld double, one required a Hopf
gauge theoretic framework [24]. This provides another interesting question to address in
the context of the bicrossproduct model. For this construction, one required a universal R-
matrix. This is now known explicitly for the bicrossproduct quantum group due to recent
work in [44] which provides an explicit expression of the R-matrix for this quantum group.
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