Hindawi

Abstract and Applied Analysis

Volume 2021, Article ID 8810220, 8 pages
https://doi.org/10.1155/2021/8810220

Research Article

Hindawi

Martingale Transforms between Martingale Hardy-

amalgam Spaces

Justice Sam Bansah

Department of Mathematics, University of Ghana, P. O. Box LG 62 Legon, Accra, Ghana

Correspondence should be addressed to Justice Sam Bansah; fjaccobian@gmail.com

Received 21 September 2020; Accepted 21 May 2021; Published 30 May 2021

Academic Editor: Victor Kovtunenko

Copyright © 2021 Justice Sam Bansah. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

We discuss martingale transforms between martingale Hardy-amalgam spaces H ;, @, , and &, . Let 0 <p<g< oo, p, <p and

q, <q andlet f = (f,,n € N) be a martingale in &, _

for some p, g and similarly for H;, , and @,,,,.

1. Introduction

Martingale came to existence through Doob as part of his
seminal work [1]. The concept of classical martingale Hardy
spaces came to light when Burkholder and Gundy extended
an inequality due to R. E. A. C. Paley in 1970 [2]. This was
made possible due to the introduction of the operators s(f)
and S(f), by Burkholder, which will be made clear in the
sequel. Afterwards, playmakers including Burkholder him-
self, Garcia, Cairoli, and Davis contributed to the growth of
the classical martingale Hardy space theory [2-8].

However, in 1966, Burkholder had already introduced
the notion of martingale transforms [9] which became an
indispensable tool in the study of some relations between
classical martingale Hardy spaces, mostly the predictive
spaces &, in the classical settings [6, 10]. In the past years,
various authors have generalized the classical martingale
Hardy spaces of the classical Lebesgue spaces to Lorentz
spaces, Orlicz spaces, and Orlicz-Musielak spaces [11-17].

The interest in this paper is to discuss the martingale
transforms between the martingale Hardy-amalgam spaces
H ;) > @p)q, and g’p)q introduced in [18]. These spaces, as indi-
cated in [18], are generalizations of the classical martingale
Hardy spaces. More precisely if p; <p and g, <q and f is a
martingale in &,  , then its martingale transforms are the
martingales in &, ; and similarly for H, , and @,,,.

P’ =p

then, we show that its martingale transforms are the martingales in &, ,

The motivation to look for the various martingale trans-
forms in these spaces comes from the various applications of
martingale transforms in general. Especially, with the use of
martingale transforms, the upcrossing theorem of martin-
gales was established; the convergence of martingales has also
been proved using martingale transforms and L'-character-
ization of martingales [9, 10].

The next section introduces the basic definitions and the
notations needed in subsequent sections. This is followed by
a presentation on martingale transforms and their conver-
gence. Presentation of the main results in this paper is given
in Section 4. In Section 5, we prove the results and finally we
conclude.

2. Basic Definitions and Notations

We introduce in this section some function spaces that will
be relevant in the subsequent sections of this paper.

2.1. Wiener Amalgam Spaces. Let QO be an arbitrary non-
empty set and let {Q; }jeZ be a sequence of nonempty subsets

of Q2 such that Q; N Q; =@ for j# i, and

o= (1)
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For 0<p,q<co, the classical amalgam of L, and [,
denoted L, ;, on © consists of functions which are locally in
L, and have [, behaviour globally [19]. More precisely, f €
L,,iffor 0<p<ocoand0<gq<oo,

alp\ V1
IUN%AQ>==<§:<JIfP1@dP> ) <00,
’ jez. \J Q

p
1f 1,0 = sup (J |fPIdeIP> <00,
’ j€Z. 0

J

(2)

if g=00.1, is the usual indicator function of the set A. For
more on amalgam spaces, we refer the reader to [19-22].

2.2. Martingale Hardy Spaces via Amalgams. The same nota-
tions used in [18] is adopted in this paper. Let (2, %, IP) be a
probability space and let (%,),. = (#,),cz, be a nonde-
creasing sequence of o-algebra with respect to the complete
ordering on Z, ={0,1,2 --- } such that

o (fgya =Z. (3)

Forn e Z,, E and E, are the expectation operator and the
conditional expectation operator, respectively, relative to #
and &,, respectively. We denote by . the set of all mar-
tingales f = (f,),., relative to the filtration (#,),., such
that f, =0. We recall that for f € ./, its martingale differ-
ence is denoted d,f =f, — f,_,, n=>0 with the convention
that d,f = 0.

A martingale f = (f,),., is said to be L, bounded (0 <p

<00) iff, €L, forallne€ Z, and
||f||p = Sup||fn||p<oo' (4)
nelN
We recall that

If1l,= E(IFP)) ™. (5)

For a martingale f =(f,),.,» the quadratic variation,

S(f), and the conditional quadratic variation, s(f), of f are
defined by

172
S(f) = (Z dJ|2> ’

nelN

12
s(f) = (ZN[Enl dJ|2> ’
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respectively. In this regard, we have

i=1

n 1/2
am=@ﬁﬁ>,
Sn(f) = (Zl [Ei1|dif2> :

The maximal function f* or M(f) of the martingale f is
defined by

M(f) =f" =suplf,| (8)

The martingale Hardy-amalgam spaces H, , @,,, and
Q’M were introduced in [18] but we list them here for com-

pleteness purposes. Let 0 < p < 0o and 0 < g < 0o. The spaces
are defined as follows:

H;,q(ﬂ) = {f M : Hf| H;,(Q) = ||5(f)||p)q < OO} (9)

Let IT be the set of all sequences f=(f,),., of adapted,
nondecreasing, nonnegative functions and define also

/300 = hmﬁn (10)

n—00

(i) The space @, ,(Q2), called the space of predictive qua-
dratic variations, is the set

{feﬂ i forfeIl, S, (f) < B, and B, ELM(Q)}, (11)

endowed with the (quasi)-norm

||f||@M(Q) = é?g”ﬁoo”p,q (12)

(ii) The space &,,(02), called the space of predictive
martingales, is the set

{fed forBell,|f,|<p, andB €L, (Q)}, (13)
endowed with the (quasi)-norm

191,00 = 011 Becl (14)

The sequence B=(B,),., is called the predictable

sequence. In the subsequent sections, we shall sometimes
write H;)q (Q), @p,q(Q),g’p)q(Q) and L,, (Q) simply as H;)q,
Q

o Ppq a0d Ly, respectively, and we shall do the same

for their respective (quasi)-norms. The atomic decomposi-
tions and duality characterizations of these spaces are in [18].
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We note that the “infimum” taken in Pra and @, ,norms
is attained [23]. Henceforth, such an “infimum” sequence
will be referred to as optimal.

3. Martingale Transforms and
Their Convergence

Let Ps:= (Q, #, P, {#,},.,) be a probability space with the
filtration {#,},.,- Let v=(v,),., be an adapted process
such that for all n=0,1,2,---,v, is ¥,_,-measurable, nor-
mally referred to as multiplier sequence. If f = (f,,n€N)
is a martingale, then the following process:

In = kadkf’gozo’ (15)
k=1

is called a martingale transform where d,f is the usual mar-
tingale difference sequence. The martingale transform need
not be a martingale; however, it is a martingale if and only
if g, €L' (ie., Eg, <o0) [9, 10]. As a trivial example, let T
be a stopping time. Then, the following process f;, referred
to as stopped process, is an example of a martingale trans-
form as 15y is F;_,-measurable;

f:: =fn/\1’= Zl{kgr}dkf' (16)
k=1

The usefulness of martingale transforms has aided vari-
ous authors to study the relations of the predictive spaces in
their various generalizations such as the martingale trans-
forms between Hardy-Orlicz spaces among others [24-26].
Martingale transforms also share some properties with frac-
tional integrals [27-29]. Burkholder has established the
almost everywhere convergence of the martingale transform
based on the condition that the maximal function of the mul-
tiplier sequence is finite. In fact, we can find the proof of the
following convergence result in [2], [Theorem 1].

Theorem 1. Let f = (f,,n € N), f, = 0 be an L' bounded mar-
tingale and g be f ’s martingale transform with multiplier
sequence v = (Vy) ., defined below:

g,= kadkf,nzl,g():o. (17)
k=1

Then, g=(g,,),s, converges almost everywhere on the set
[supy vy < oo}

4. Presentation of Main Results

In this section, we present the results that will be discussed in
this paper. Their proofs are discussed in the next section. We
start with the results on &, followed by Hj , and finally

Qp g

Theorem 2 (Relation between g’p)q and ‘@Ml)‘ Let 0<p<
q<co, 0<p,<p, 0<q,=(p,/p)q<q, and a=1-(p,/p).
Let f = (f,,n € N) be a martingale define on Ps and suppose
that f € P, . Let v=(v);s, be the optimal bounded pos-
itive increasing adapted process such that |f,|<v,_, and
Voo €L, 4. Then, the process defined by

- 1
9n = Z dkf’ 90:0’ (18)

o
k=1 vk—l

is a martingale transform of f and converges almost
everywhere.
Moreover, g=(g,,n€N) € P, and

q
Iolt,, < (2 +1) 171, (19)

Pra1

The next theorem states that if g € P, . is the martingale
transform of f, then f € P, | which in turn is the martingale
transform of g.

Theorem 3 (Relation between QJM and L@Pl)ql). Let 0<p<
q<co, 0<p,<p, 0<q;=(p/p)g<q, and a=1-(p,/p).
Let f = (f,, n € N) be a martingale define on Ps and let v =
(Vi) ks e a bounded positive increasing adapted process such
that vy, €L, , . Let g=(g,,n€N) € P, be a martingale
transform of f defined by

|
9,= ) ——dif>9,=0, (20)

k=1 vk—l

such that E(g,) < co. Then,
(@) f, =25, Vi dig and converges almost everywhere
and

(b) fe gjppql and moreover

1-(p,/,
1flls, , <51l Vol 507 (21)

Let us now look at the relations between H;)q and H;qu.

Theorem 4 (Relation between Hj, j and H}, ). Let 0<p<q

<00, 0<p,<p, 0<q,=(p,/p)q<q and a=1-(p,/p). Let
f=(f,»neN) be a martingale define on Ps. Let s(f) be the
conditional quadratic variation operator which we assume it
is bounded and nonzero. Then, the process defined by

L
gn_;sz(—f)dkf’go_o’ (22)

is a martingale transform of f and converges almost every-
: S S
where. Moreover, if f € H;,  , then g € Hy , and



(23)

p q/2
ol = (2)
1

The converse of the above theorem is the following theorem
that is given that g € H, . is the martingale tmnsform of f,

then f is the martingale tmnsform ofgand f e H

qul

P1 q;”

: S S
Theorem 5 (Relation between Hj, ; and H, ). Let 0<p<gq

<00, 0<p,<p, 0<q,=(p,/p)g<q and a=1-(p,/p). Let
f=(f,,neN) be a martingale define on Ps and s(f) be the
conditional quadratic variation operator which we assume it
is bounded and nonzero. Let g=(g,,n € N) € H, , be a mar-

tingale transform of f defined by

LI |
g”_k;s,”(‘(—f)d"f’go_o’ (24)

such that E(g,) < co. Then

(@) f,=2% ;55 (f)dg and converges almost everywhere
and

(®) feH

0 and moreover

11l

/
< gl (25)

We now come to the predictive quadratic variation spaces.

Theorem 6 (Relation between ,@p,q and ‘@Ml)' Let 0<p<

q<co, 0<p,<p, 0<q;=(p,/p)g<q, and a=1-(p,/p).
Let f = (f,, n € N) be a martingale define on Ps and suppose
thatf € @, , . Letv = (vy), be the optimal bounded positive

increasing adapted process such that S,(f) <v,_, and v, €
L, ,.- Then, the process defined by

n

1
9.= D

k=1 vk—1

=0, (26)

is a martingale transform of f and converges almost
everywhere.

Moreover, g=(g,,n€N) € @, and

p q/2
lol,, =< (£ +2) Wi, 27)

Similarly, if g € @, , is the martingale transform of f, then
f €@, ,,and moreover, f is the martingale transform of g.
This is the statement below.

Theorem 7 (Relation between &, and &, ). Let 0<p <

q<oo, 0<p,<p, 0<q;=(p,/p)g<q, and a=1-(p,/p).
Let f = (f,»n € N) be a martingale define on Ps and let v =
(Vi)kso be a bounded positive increasing adapted process such
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that v, €L, .. Let g=
transform of f defined by

(g,,neN)€Q,, be a martingale

n

9= Y+

N dif> 90 =0 (28)
k=1 "k-1

such that E(g,,) < 0o. Then,

(@) f, =25, Vi dig and converges almost everywhere
and

() fe@,,

and moreover

/
vl 202 (29)

<
1flle,., <ldlle

Pq

5. Proof of Results

Proof of Theorem 2. Let f €
Vo and v, €L, o (v=(
(18)

‘@prh' By the hypothesis, |f,| <
V,))uso Optimal). From equation

S z fk< vl,”;> (30)

V- Vkl
O

We note that when v, <t<wv; then 1/v{<1/t* which
implies that

Vi1 Vi1 v, —V Vi1
—dt<| —dt=>-E | _—dr. (31)
(04 tot VZ Ve, tlx

Vi1 Vi1

Therefore, from equation (30), we get that

V-1 1 1
|gn\SJ t—lxdt:(—l_a+1> ST CY)
0

Indeed since (1/v{ ;) — (1/v§) >0, we get

k
n-1 n-1 v
_ 1 1-a 1-a 1-a k-1
=vy "+ Z(vk —V,H) + ) Y- v
k=1 k=1 k (33)
n-1 n-1 v
=gt Y vt Yy - el
V(X
k=1 k=1 k
n-1 n—1 py,
v vy _ |
—v(l)“+Z—k klgvé“+z —dt
Ve Ve t«
k=1 "k k =1 J vy
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Hence, sup,|g,|<oco since {v,},, is a bounded
sequence. We note that v, is #,_,-measurable as it is adapted
and so is v %. Now, the sequence w;, =v;% is a positive
decreasing sequence which is bounded above by vy* since
vy > 0. Therefore, sup|v;*| < 0o since v{ # 0 for all k. Thus,
equation (18) is a martingale transform and hence by Theo-
rem 1, g, converges almost everywhere.

We observe that as (1-a)p=p,, we also have that

1-a — Pi/p
v IQij = HvOOle”Pi . Therefore,

/
Vel = Iveolls = A1 (34)

Let B, ;= ((1/(1 - &)1 — &) + 1)v'7%. Then, the sequence
B=(B,),s is also an increasing positive adapted process.

Hence, by definition,
_ 1 1-
ARyEY

1
1|
(=a)
Equation (34) then gives us

loll,, < (2 +1)I152,. (36)

establishing the result.

<
Iglls, <

Proof of Theorem 3. Let g € &, .. Then, there exists an opti-
mal positive increasing adapted sequence u = (u,,),,, such
that |g,|<u, and u, €L, .

Part (a) follows since d, f = v§_,d,g. Since g is a martin-
gale and v is a bounded positive increasing and adapted, and
for all n, v, is %,_,-measurable, and the convergence of f,
follows from Theorem 1.

For part (b), we observe that since (u,,),,., is increasing,

n—-1
1l <19a1Vi + D lglde®
k=1
n—-1
<u, v +Zu,dv"‘
n-1"n-1 Par k-1%k (37)
n—1
SU, Vo U, z dv®
k=1
S2u, Vi S 2Ug V-

Let v, , =2uyV,_ . Then, the sequence y=(y,),, is
also positive increasing and bounded adapted process.
Hence, by definition,

Iflls,, < (38)

=2||ugy Ve

1Veollp, g, = 240 Veollp, 4,

Hence,

(39)

) W)

With the choice of &, and also observing that g, = (1 - a)g,
we apply Holder’s inequality to obtain

I£ll5,,

<2|uoVeollp, g,

By definition,

||M ooleq1 (ZHUOOVOOIQ

(P/p). (41)

oV ol

Vol < [l

oollpgllV

Inequality (6) then becomes

1=(py/p) —

<2 ttoollp gl Vool g,

p)
=2||gllg, [IVeolly 2",

(42)

oo“p,q

£,

and the theorem is proved. (J

Proof of Theorem 4. Let s(f) be the conditional quadratic var-
iation operator. Then, by definition, s;(f) is %,_,-measur-
able. Thus, s;*(f) is F;_,-measurable and positive and
bounded adapted decreasing process. Hence, g,, is a martin-
gale transform. Since s, (f) is positive and bounded, s;%(f) is
also positive and bounded. That is, sup, |s;*(f)| < co. Thus,
by Theorem 1, g, converges almost everywhere. Suppose that
feH, , . Then, [|s(f)|, , <oo.From equation (2), we get
that

N TR
T I T

Since E,_,dif =s2(f) - s7_,(f), we sum both sides of the
last equality to obtain

Zn:s _Sklf)' (44)

k=1

Since s(f) is increasing, we observe that for t>0,
st (f) <t <si(f), and thus,

1 1 (45)
() T
It follows that
s 1 s(f) 1
J sdt < J —dt. (46)
2. () 2.t



That is,

ﬁﬁ;iiﬁgrw>im (47)

s (f) a.nt

We deduce from this and (7) that

noesi(f)
s@=y [ (48)

P (49)

Now, since
IS, = IsHIIE, (51)

we have that

1/2
I5)g = (2) 1O (52)

Thus, by definition,

o, < (£) W1

and the theorem is proved. OJ

/1 (53)

Pl q1

Proof of Theorem 5. The proof of part (a) follows obviously.
For part (b), we have from equation (22) that d,f =d; g
st(f) and by measurability and the increasing property
of s(-), we get that

[Ekfldif < Sza(f)ﬂzkfldig‘ (54)
Summing both sides, we shall obtain
S(f) < ()s*(9), (55)
and thus,
s (f) <5(9)- (56)
But

157Dl = IO - 7
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Therefore,
IS < Is(9)l], (58)

The proof is complete. (J

Proof of Theorem 6. Let f €
and v, € L, 4 (v=
(26), we have that

@, ,,- By hypothesis, S, (f) <v,,
(Vi) o Optimal). Considering equation

gl = v, 251 d,f " (59)

Since v=(v;);s, is increasing and S.(f)<v,_,, we
observe from equation (59) that (as S,(f) =0),

k=1 Via1
n—1
_SU)_$a0), §50) -5 0)
vty k=1 o
_S() "isz(f) S N ”isi(f)—siq(f)
Vit k=1 " Vi k=1 o
_S0), §50) S0
v k=1 Vi v
2-2 < 2 1 1
<Vt + S —
1; k) <Vi?1 Vﬁ“)
n—1
1 1
<V N2
n-1 }; k-1 (V}%al V}?)
n—1 n—1 v
_ vé’z"‘ + z( ifza vi?x) + Z Vi:fa_ k2a1
k=1 k=1 k
n—1 n—1 "
_v3—2a+ Z"i_za‘* z _ kz—;
k=1 =1 Vk
n-1_2 2 n—-1 m?
1
S $ e ST L
=1 Vk Vi vt
Va1 1
<vgf2a+J R T B
o 1 1-
(60)
Hence, we get that
1 12
S,.(g) < <1 —+ 1) v (61)

This implies that S(g) < ((p/p,) + 1)"281P < co. Also,
v,% is adapted. Thus, g, is a martingale transform and by
Theorem 1, g, converges almost everywhere since sup; |v;®|
<00 (as vy, >0) and f is a martingale.
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Let B, ,=+/(1/(1 —a)) + 1v,§. Then, the sequence f3
= (,,) 150 18 also an increasing positive and bounded adapted
process. Hence, by definition,

= =
—K

1
19lla,, <1Beollpg = H\/ -

1 _
=\ VS

In the same manner as we obtained equation (34), we also
have that

X (62)

/ /
VeIl = Vool 2 = 11118 - (63)
Therefore,

In other words, || gng < (66) and
>4

(pipy) + DA,

the theorem is proved. O

Proof of Theorem 7. Similar to the proof of Theorem 3, part
(a) is established.
For part (b), let g€ @, . Then, there exist an optimal

increasing positive adapted process u = (u;),., such that S,
(9) <u,_, and ug, € L, .. From equation (59), we have that

n
Z"kl

k=1

|duf1* = v, |d,gl” = S, (f - Sia(9)]-
(64)

We also observe that

Si(f) = Z Si(9)dv*, (65)

and therefore,
$,() V3. (66)

Let y, ; = v2u,,v%_,. Then, the sequence y = (y,),., i
also positive increasing and bounded adapted process.
Hence, by definition,

(67)

HfHQPM] = ||YOO||P1"11 - \/EHL{OOV(X

00”171’41.

Hence,

Ifllg < V2[ueve

a1l OOle’ql.

(68)

) ) (69)

By definition,

4oVl (Z\(umvmlg

7
With the choice of «, and noting that ¢, = (1 — a)g, we
apply Holder’s inequality to get
1-(p,/
1t00Veallpy gy < ol Vool lpr ™. (70)

Inequality (9) then becomes

|| 1-(p,/p)
oollp;.q,

<V2|u

[[v

- 1-(p,/p)
Iflle, , V2|gllg,, [Veolly 2P,

P

(71)

oollpg

and the theorem is proved. O

6. Conclusion

We are thus able to locate where the martingale transform of
a particular martingale is, and also given a martingale, we are
able to find its martingale transform in the spaces %, ;, @, ,,
and H . These are extended results corresponding to Garsia
[6] where he considered the L, space while this paper con-
siders the L, , the amalgam space of €, and L, spaces,
defined in previous pages.
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