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We discuss martingale transforms between martingale Hardy-amalgam spaces Hs
p,q,Qp,q and P p,q: Let 0 < p < q <∞, p1 < p and

q1 < q and let f = ð f n, n ∈ℕÞ be a martingale in P p1,q1 ; then, we show that its martingale transforms are the martingales in P p,q
for some p, q and similarly for Hs

p,q and Qp,q:

1. Introduction

Martingale came to existence through Doob as part of his
seminal work [1]. The concept of classical martingale Hardy
spaces came to light when Burkholder and Gundy extended
an inequality due to R. E. A. C. Paley in 1970 [2]. This was
made possible due to the introduction of the operators sð f Þ
and Sð f Þ, by Burkholder, which will be made clear in the
sequel. Afterwards, playmakers including Burkholder him-
self, Garcia, Cairoli, and Davis contributed to the growth of
the classical martingale Hardy space theory [2–8].

However, in 1966, Burkholder had already introduced
the notion of martingale transforms [9] which became an
indispensable tool in the study of some relations between
classical martingale Hardy spaces, mostly the predictive
spaces P p in the classical settings [6, 10]. In the past years,
various authors have generalized the classical martingale
Hardy spaces of the classical Lebesgue spaces to Lorentz
spaces, Orlicz spaces, and Orlicz-Musielak spaces [11–17].

The interest in this paper is to discuss the martingale
transforms between the martingale Hardy-amalgam spaces
Hs

p,q, Qp,q, and P p,q introduced in [18]. These spaces, as indi-
cated in [18], are generalizations of the classical martingale
Hardy spaces. More precisely if p1 < p and q1 < q and f is a
martingale in P p1,q1 , then its martingale transforms are the
martingales in P p,q and similarly for Hs

p,q and Qp,q:

The motivation to look for the various martingale trans-
forms in these spaces comes from the various applications of
martingale transforms in general. Especially, with the use of
martingale transforms, the upcrossing theorem of martin-
gales was established; the convergence of martingales has also
been proved using martingale transforms and L1-character-
ization of martingales [9, 10].

The next section introduces the basic definitions and the
notations needed in subsequent sections. This is followed by
a presentation on martingale transforms and their conver-
gence. Presentation of the main results in this paper is given
in Section 4. In Section 5, we prove the results and finally we
conclude.

2. Basic Definitions and Notations

We introduce in this section some function spaces that will
be relevant in the subsequent sections of this paper.

2.1. Wiener Amalgam Spaces. Let Ω be an arbitrary non-
empty set and let fΩjgj∈ℤ be a sequence of nonempty subsets

of Ω such that Ωj ∩Ωi =∅ for j ≠ i, and

[
j∈ℤ

Ωj =Ω: ð1Þ
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For 0 < p, q ≤∞, the classical amalgam of Lp and lq,
denoted Lp,q, on Ω consists of functions which are locally in
Lp and have lq behaviour globally [19]. More precisely, f ∈
Lp,q if for 0 < p <∞ and 0 < q <∞,

fk kLp,q Ωð Þ ≔ 〠
j∈ℤ

ð
Ω

fj jp1Ω j
dℙ

� �q/p
 !1/q

<∞,

fk kLp,∞ Ωð Þ ≔ sup
j∈ℤ

ð
Ω

fj jp1Ω j
dℙ

� �1/p
<∞,

ð2Þ

if q =∞:1A is the usual indicator function of the set A. For
more on amalgam spaces, we refer the reader to [19–22].

2.2. Martingale Hardy Spaces via Amalgams. The same nota-
tions used in [18] is adopted in this paper. Let ðΩ,F ,ℙÞ be a
probability space and let ðFnÞn≥0 ≔ ðFnÞn∈ℤ+

be a nonde-
creasing sequence of σ-algebra with respect to the complete
ordering on ℤ+ = f0, 1, 2⋯ g such that

σ
[
n∈ℕ

Fn

 !
=F : ð3Þ

For n ∈ℤ+, E and En are the expectation operator and the
conditional expectation operator, respectively, relative to F

and Fn, respectively. We denote by M the set of all mar-
tingales f = ð f nÞn≥0 relative to the filtration ðFnÞn≥0 such
that f0 = 0. We recall that for f ∈M, its martingale differ-
ence is denoted dnf = f n − f n−1, n ≥ 0 with the convention
that d0 f = 0.

A martingale f = ð f nÞn≥0 is said to be Lp bounded ð0 < p
≤∞Þ if f n ∈ Lp for all n ∈ℤ+ and

fk kp ≔ sup
n∈ℕ

f nk kp <∞: ð4Þ

We recall that

fk kp = E fj jp� �� �1/p
: ð5Þ

For a martingale f = ð f nÞn≥0, the quadratic variation,
Sð f Þ, and the conditional quadratic variation, sð f Þ, of f are
defined by

S fð Þ = 〠
n∈ℕ

dnfj j2
 !1/2

,

s fð Þ = 〠
n∈ℕ

En−1 dnfj j2
 !1/2

,

ð6Þ

respectively. In this regard, we have

Sn fð Þ = 〠
n

i=1
di fj j2

 !1/2

,

sn fð Þ = 〠
n

i=1
Ei−1 di fj j2

 !1/2

:

ð7Þ

The maximal function f ∗ or Mð f Þ of the martingale f is
defined by

M fð Þ = f ∗ = sup
n∈ℕ

f nj j: ð8Þ

The martingale Hardy-amalgam spaces Hs
p,q, Qp,q, and

P p,q were introduced in [18] but we list them here for com-
pleteness purposes. Let 0 < p <∞ and 0 < q ≤∞. The spaces
are defined as follows:

Hs
p,q Ωð Þ = f ∈M : fk kHs

p,q Ωð Þ ≔ s fð Þk kp,q <∞
n o

ð9Þ

Let Π be the set of all sequences β = ðβnÞn≥0 of adapted,
nondecreasing, nonnegative functions and define also

β∞ ≔ lim
n→∞

βn: ð10Þ

(i) The space Qp,qðΩÞ, called the space of predictive qua-
dratic variations, is the set

f ∈M : f orβ ∈Π, Sn fð Þ ≤ βn−1andβ∞ ∈ Lp,q Ωð Þ� �
, ð11Þ

endowed with the (quasi)-norm

fk kQp,q Ωð Þ ≔ inf
β∈Π

β∞k kp,q ð12Þ

(ii) The space P p,qðΩÞ, called the space of predictive
martingales, is the set

f ∈M : forβ ∈Π, f nj j ≤ βn−1 and β∞ ∈ Lp,q Ωð Þ� �
, ð13Þ

endowed with the (quasi)-norm

fk kP p,q Ωð Þ ≔ inf
β∈Π

β∞k kp,q ð14Þ

The sequence β = ðβnÞn≥0 is called the predictable
sequence. In the subsequent sections, we shall sometimes
write Hs

p,qðΩÞ, Qp,qðΩÞ,P p,qðΩÞ and Lp,qðΩÞ simply as Hs
p,q,

Qp,q,P p,q and Lp,q, respectively, and we shall do the same
for their respective (quasi)-norms. The atomic decomposi-
tions and duality characterizations of these spaces are in [18].
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We note that the “infimum” taken inP p,q andQp,q norms
is attained [23]. Henceforth, such an “infimum” sequence
will be referred to as optimal.

3. Martingale Transforms and
Their Convergence

Let Ps≔ ðΩ,F ,ℙ, fFngn≥0Þ be a probability space with the
filtration fFngn≥0: Let ν = ðνnÞn≥0 be an adapted process
such that for all n = 0, 1, 2,⋯, νn is Fn−1-measurable, nor-
mally referred to as multiplier sequence. If f = ð f n, n ∈ℕÞ
is a martingale, then the following process:

gn = 〠
n

k=1
νkdk f , g0 = 0, ð15Þ

is called a martingale transform where dk f is the usual mar-
tingale difference sequence. The martingale transform need
not be a martingale; however, it is a martingale if and only
if gn ∈ L

1 (i.e., Egn <∞) [9, 10]. As a trivial example, let τ
be a stopping time. Then, the following process f τn, referred
to as stopped process, is an example of a martingale trans-
form as 1fk≤τg is Fk−1-measurable;

f τn = f n∧τ = 〠
n

k=1
1 k≤τf gdkf : ð16Þ

The usefulness of martingale transforms has aided vari-
ous authors to study the relations of the predictive spaces in
their various generalizations such as the martingale trans-
forms between Hardy-Orlicz spaces among others [24–26].
Martingale transforms also share some properties with frac-
tional integrals [27–29]. Burkholder has established the
almost everywhere convergence of the martingale transform
based on the condition that the maximal function of the mul-
tiplier sequence is finite. In fact, we can find the proof of the
following convergence result in [2], [Theorem 1].

Theorem 1. Let f = ð f n, n ∈ℕÞ, f0 = 0 be an L1 bounded mar-
tingale and g be f ’s martingale transform with multiplier
sequence ν = ðνkÞk≥0 defined below:

gn = 〠
n

k=1
νkdk f , n ≥ 1, g0 = 0: ð17Þ

Then, g = ðgnÞn≥0 converges almost everywhere on the set
fsupkjνkj <∞g:

4. Presentation of Main Results

In this section, we present the results that will be discussed in
this paper. Their proofs are discussed in the next section. We
start with the results on P p,q followed by Hs

p,q and finally
Qp,q:

Theorem 2 (Relation between P p,q and P p1,q1). Let 0 < p <
q <∞, 0 < p1 < p, 0 < q1 = ðp1/pÞq < q, and α = 1 − ðp1/pÞ:
Let f = ð f n, n ∈ℕÞ be a martingale define on Ps and suppose
that f ∈P p1 ,q1 : Let ν = ðνkÞk≥0 be the optimal bounded pos-
itive increasing adapted process such that j f nj ≤ νn−1 and
ν∞ ∈ Lp1 ,q1 : Then, the process defined by

gn = 〠
n

k=1

1
ναk−1

dk f , g0 = 0, ð18Þ

is a martingale transform of f and converges almost
everywhere.

Moreover, g = ðgn, n ∈ℕÞ ∈P p,q and

gk kqP p,q
≤

p
p1

+ 1
� �q

fk kq1P p1 ,q1
: ð19Þ

The next theorem states that if g ∈P p,q is the martingale
transform of f , then f ∈P p1 ,q1 which in turn is the martingale
transform of g:

Theorem 3 (Relation between P p,q and P p1,q1). Let 0 < p <
q <∞, 0 < p1 < p, 0 < q1 = ðp1/pÞq < q, and α = 1 − ðp1/pÞ:
Let f = ð f n, n ∈ℕÞ be a martingale define on Ps and let ν =
ðνkÞk≥0 be a bounded positive increasing adapted process such
that ν∞ ∈ Lp1 ,q1 . Let g = ðgn, n ∈ℕÞ ∈P p,q be a martingale
transform of f defined by

gn = 〠
n

k=1

1
ναk−1

dk f , g0 = 0, ð20Þ

such that EðgnÞ <∞: Then,

(a) f n =∑n
k=1ν

α
k−1dkg and converges almost everywhere

and

(b) f ∈P p1 ,q1 and moreover

fk kP p1 ,q1
≲ x fk kP p,q

ν∞k k1− p1/pð Þ
p1 ,q1

: ð21Þ

Let us now look at the relations between Hs
p,q and Hs

p1 ,q1 .

Theorem 4 (Relation between Hs
p,q and Hs

p1,q1). Let 0 < p < q
<∞, 0 < p1 < p, 0 < q1 = ðp1/pÞq < q, and α = 1 − ðp1/pÞ. Let
f = ð f n, n ∈ℕÞ be a martingale define on Ps. Let sð f Þ be the
conditional quadratic variation operator which we assume it
is bounded and nonzero. Then, the process defined by

gn = 〠
n

k=1

1
sαk fð Þ dkf , g0 = 0, ð22Þ

is a martingale transform of f and converges almost every-
where. Moreover, if f ∈Hs

p1 ,q1 , then g ∈Hs
p,q and
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gk kqHs
p,q
≤

p
p1

� �q/2
fk kq1Hs

p1 ,q1
: ð23Þ

The converse of the above theorem is the following theorem
that is given that g ∈Hs

p,q is the martingale transform of f ,
then f is the martingale transform of g and f ∈Hs

p1 ,q1 :

Theorem 5 (Relation between Hs
p,q and Hs

p1,q1). Let 0 < p < q
<∞, 0 < p1 < p, 0 < q1 = ðp1/pÞq < q, and α = 1 − ðp1/pÞ. Let
f = ð f n, n ∈ℕÞ be a martingale define on Ps and sð f Þ be the
conditional quadratic variation operator which we assume it
is bounded and nonzero. Let g = ðgn, n ∈ℕÞ ∈Hs

p,q be a mar-
tingale transform of f defined by

gn = 〠
n

k=1

1
sαk fð Þ dk f , g0 = 0, ð24Þ

such that EðgnÞ <∞: Then

(a) f n =∑n
k=1s

α
kð f Þdkg and converges almost everywhere

and

(b) f ∈Hs
p1 ,q1 and moreover

fk kq1/qHs
p1 ,q1

≤ gk kHs
p,q
: ð25Þ

We now come to the predictive quadratic variation spaces.

Theorem 6 (Relation between P p,q and P p1,q1). Let 0 < p <
q <∞, 0 < p1 < p, 0 < q1 = ðp1/pÞq < q, and α = 1 − ðp1/pÞ.
Let f = ð f n, n ∈ℕÞ be a martingale define on Ps and suppose
that f ∈Qp1 ,q1 . Let ν = ðνkÞk≥0 be the optimal bounded positive
increasing adapted process such that Snð f Þ ≤ νn−1 and ν∞ ∈
Lp1 ,q1 . Then, the process defined by

gn = 〠
n

k=1

1
ναk−1

dk f , g0 = 0, ð26Þ

is a martingale transform of f and converges almost
everywhere.

Moreover, g = ðgn, n ∈ℕÞ ∈Qp,q and

gk kqQp,q
≤

p
p1

+ 1
� �q/2

fk kq1Qp1 ,q1
: ð27Þ

Similarly, if g ∈Qp,q is the martingale transform of f , then
f ∈Qp1 ,q1 , and moreover, f is the martingale transform of g:
This is the statement below.

Theorem 7 (Relation between P p,q and P p1,q1). Let 0 < p <
q <∞, 0 < p1 < p, 0 < q1 = ðp1/pÞq < q, and α = 1 − ðp1/pÞ.
Let f = ð f n, n ∈ℕÞ be a martingale define on Ps and let ν =
ðνkÞk≥0 be a bounded positive increasing adapted process such

that ν∞ ∈ Lp1 ,q1 : Let g = ðgn, n ∈ℕÞ ∈Qp,q be a martingale
transform of f defined by

gn = 〠
n

k=1

1
ναk−1

dk f , g0 = 0, ð28Þ

such that EðgnÞ <∞: Then,

(a) f n =∑n
k=1ν

α
k−1dkg and converges almost everywhere

and

(b) f ∈Qp1 ,q1 and moreover

fk kQp1 ,q1
≲ gk kQp,q

ν∞k k1− p1/pð Þ
p1 ,q1

ð29Þ

5. Proof of Results

Proof of Theorem 2. Let f ∈P p1,q1 : By the hypothesis, j f nj ≤
νn−1 and ν∞ ∈ Lp1,q1 (ν = ðνnÞn≥0 optimal). From equation
(18)

gn =
f n
ναn−1

+ 〠
n−1

k=1
f k

1
ναk−1

−
1
ναk

� �
ð30Þ

☐

We note that when νk−1 ≤ t ≤ νk then 1/ναk ≤ 1/tα which
implies that

ðνk
νk−1

1
ναk

dt ≤
ðνk
νk−1

1
tα
dt⇒ νk − νk−1

ναk
≤
ðνk
νk−1

1
tα
dt: ð31Þ

Therefore, from equation (30), we get that

gnj j ≤
ðνn−1
0

1
tα
dt = 1

1 − α
+ 1

� �
ν1−αn−1: ð32Þ

Indeed since ð1/ναk−1Þ − ð1/ναkÞ ≥ 0, we get

gnj j ≤ f nj j
ναn−1

+ 〠
n−1

k=1
f kj j 1

ναk−1
−

1
ναk

� �

≤ ν1−αn−1 + 〠
n−1

k=1
νk−1

1
ναk−1

−
1
ναk

� �

= ν1−α0 + 〠
n−1

k=1
ν1−αk − ν1−αk−1
� �

+ 〠
n−1

k=1
ν1−αk−1 −

νk−1
ναk

= ν1−α0 + 〠
n−1

k=1
ν1−αk + 〠

n−1

k=1
−
νk−1
ναk

= ν1−α0 + 〠
n−1

k=1

νk
ναk

−
νk−1
ναk

≤ ν1−α0 + 〠
n−1

k=1

ðνk
νk−1

1
tα
dt

≤ ν1−α0 +
ðνn−1
0

1
tα
dt ≤ 1

1 − α
+ 1

� �
ν1−αn−1

ð33Þ
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Hence, supnjgnj <∞ since fνngn≥0 is a bounded
sequence. We note that νk isFk−1-measurable as it is adapted
and so is ν−αk−1. Now, the sequence wk = ν−αk−1 is a positive
decreasing sequence which is bounded above by ν−α0 since
ν0 > 0: Therefore, supkjν−αk j <∞ since ναk ≠ 0 for all k. Thus,
equation (18) is a martingale transform and hence by Theo-
rem 1, gn converges almost everywhere.

We observe that as ð1 − αÞp = p1, we also have that
kν1−α∞ 1Ω j

k
p
= kν∞1Ω j

kp1/p
p1

: Therefore,

ν1−α∞
�� ��

p,q = ν∞k kq1/qp1,q1
≔ fk kq1/qP p1,q1

: ð34Þ

Let βn−1 = ðð1/ð1 − αÞ1 − αÞ + 1Þv1−αn−1: Then, the sequence
β = ðβnÞn≥0 is also an increasing positive adapted process.
Hence, by definition,

gk kP p,q
≤

1
1 − α

+ 1
� �

v1−α∞

����
����
p,q

= 1
1 − α

+ 1
� �

v1−α∞
�� ��

p,q:

ð35Þ

Equation (34) then gives us

gk kP p,q
≤

p
p1

+ 1
� �

fk kq1/qP p1,q1
, ð36Þ

establishing the result.

Proof of Theorem 3. Let g ∈P p,q: Then, there exists an opti-
mal positive increasing adapted sequence u = ðunÞn≥0, such
that jgnj ≤ un−1 and u∞ ∈ Lp,q:

Part (a) follows since dnf = ναn−1dng: Since g is a martin-
gale and ν is a bounded positive increasing and adapted, and
for all n, νn is Fn−1-measurable, and the convergence of f n
follows from Theorem 1.

For part (b), we observe that since ðunÞn≥0 is increasing,

f nj j ≤ gnj jναn−1 + 〠
n−1

k=1
gkj jdkνα

≤ un−1ν
α
n−1 + 〠

n−1

k=1
uk−1dkν

α

≤ un−1ν
α
n−1 + un−1 〠

n−1

k=1
dkν

α

≤ 2un−1ναn−1 ≤ 2u∞ναn−1:

ð37Þ

Let γn−1 = 2u∞ναn−1: Then, the sequence γ = ðγnÞn≥0 is
also positive increasing and bounded adapted process.
Hence, by definition,

fk kP p1,q1
≤ γ∞k kp1,q1 = 2 u∞να∞k kp1,q1 : ð38Þ

Hence,

fk kP p1,q1
≤ 2 u∞να∞k kp1,q1 : ð39Þ

By definition,

u∞να∞k kp1,q1 = 〠
j∈ℤ

u∞να∞1Ω j

��� ���q1
p1

 !1/q1
: ð40Þ

With the choice of α, and also observing that q1 = ð1 − αÞq,
we apply Hölder’s inequality to obtain

u∞να∞k kp1,q1 ≤ u∞k kp,q ν∞k k1− p1/pð Þ
p1,q1

: ð41Þ

Inequality (6) then becomes

fk kP p1,q1
≤ 2 u∞k kp,q ν∞k k1− p1/pð Þ

p1,q1
= 2 gk kP p,q

ν∞k k1− p1/pð Þ
p1,q1

,

ð42Þ

and the theorem is proved. ☐

Proof of Theorem 4. Let sð f Þ be the conditional quadratic var-
iation operator. Then, by definition, skð f Þ is Fk−1-measur-
able. Thus, s−αk ð f Þ is Fk−1-measurable and positive and
bounded adapted decreasing process. Hence, gn is a martin-
gale transform. Since skð f Þ is positive and bounded, s−αk ð f Þ is
also positive and bounded. That is, supkjs−αk ð f Þj <∞: Thus,
by Theorem 1, gn converges almost everywhere. Suppose that
f ∈Hs

p1,q1 : Then, ksð f Þkp1,q1 <∞: From equation (2), we get
that

d2kg = d2k f

s2αk fð Þ ⇒ Ek−1d
2
kg = Ek−1d

2
k f

s2αk fð Þ : ð43Þ

Since Ek−1d
2
k f = s2kð f Þ − s2k−1ð f Þ, we sum both sides of the

last equality to obtain

s2n gð Þ = 〠
n

k=1

s2k fð Þ − s2k−1 fð Þ
s2αk fð Þ : ð44Þ

Since skð f Þ is increasing, we observe that for t > 0,
s2k−1ð f Þ ≤ t ≤ s2kð f Þ, and thus,

1
s2αk fð Þ ≤

1
tα
: ð45Þ

It follows that

ðs2k fð Þ

s2k−1 fð Þ

1
s2αk fð Þ dt ≤

ðs2k fð Þ

s2k−1 fð Þ

1
tα
dt: ð46Þ
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That is,

s2k fð Þ − s2k−1 fð Þ
s2αk fð Þ ≤

ðs2k fð Þ

s2k−1 fð Þ

1
tα
dt: ð47Þ

We deduce from this and (7) that

s2n gð Þ ≤ 〠
n

k=1

ðs2k fð Þ

s2k−1 fð Þ

1
tα
dt, ð48Þ

and hence, we obtain that

s2n gð Þ ≤
ðs2n fð Þ

0

1
tα
dt ≤ 1

1 − α
s fð Þð Þ2−2α, ð49Þ

which gives us

s gð Þ ≤ 1
1 − α

� �1/2
s1−α fð Þ: ð50Þ

Now, since

s1−α fð Þ�� ��
p,q = s fð Þk kq1/qp1,q1

, ð51Þ

we have that

s gð Þk kp,q ≤
p
p1

� �1/2
s fð Þk kq1/qp1,q1

: ð52Þ

Thus, by definition,

gk kHs
p,q
≤

p
p1

� �1/2
fk kq1/qHs

p1,q1
: ð53Þ

and the theorem is proved. ☐

Proof of Theorem 5. The proof of part (a) follows obviously.
For part (b), we have from equation (22) that dkf = dkg
sαkð f Þ and by measurability and the increasing property
of sð·Þ, we get that

Ek−1d
2
k f ≤ s2α fð ÞEk−1d

2
kg: ð54Þ

Summing both sides, we shall obtain

s2 fð Þ ≤ s2α fð Þs2 gð Þ, ð55Þ

and thus,

s1−α fð Þ ≤ s gð Þ: ð56Þ

But

s1−α fð Þ�� ��
p,q = s fð Þk kq1/qp1,q1

: ð57Þ

Therefore,

s fð Þk kq1/qp1,q1
≤ s gð Þk kp,q: ð58Þ

The proof is complete. ☐

Proof of Theorem 6. Let f ∈Qp1,q1 : By hypothesis, Snð f Þ ≤ νn−1
and ν∞ ∈ Lp1,q1 (ν = ðνnÞn≥0 optimal). Considering equation
(26), we have that

dngj j2 = ν−2αn−1 dnfj j2: ð59Þ

Since ν = ðνkÞk≥0 is increasing and Skð f Þ ≤ νk−1, we
observe from equation (59) that (as S0ð f Þ = 0),

S2n gð Þ = 〠
n

k=1

S2k fð Þ − S2k−1 fð Þ
ν2αk−1

= S2n fð Þ
ν2αn−1

−
S2n−1 fð Þ
ν2αn−1

+ 〠
n−1

k=1

S2k fð Þ − S2k−1 fð Þ
ν2αk−1

= S2n fð Þ
ν2αn−1

− 〠
n−1

k=1

S2k fð Þ
ν2αk

−
S2k−1 fð Þ
ν2αk−1

 !
+ 〠

n−1

k=1

S2k fð Þ − S2k−1 fð Þ
ν2αk−1

= S2n fð Þ
ν2αn−1

+ 〠
n−1

k=1

S2k fð Þ
ν2αk−1

−
S2k fð Þ
ν2αk

≤ ν2−2αn−1 + 〠
n−1

k=1
S2k fð Þ 1

ν2αk−1
−

1
ν2αk

� �

≤ ν2−2αn−1 + 〠
n−1

k=1
ν2k−1

1
ν2αk−1

−
1
ν2αk

� �

= ν2−2α0 + 〠
n−1

k=1
ν2−2αk − ν2−2αk−1
� �

+ 〠
n−1

k=1
ν2−2αk−1 −

ν2k−1
ν2αk

= ν2−2α0 + 〠
n−1

k=1
ν2−2αk + 〠

n−1

k=1
−
ν2k−1
ν2αk

= ν2−2α0 + 〠
n−1

k=1

ν2k
ν2αk

−
ν2k−1
ν2αk

≤ ν2−2α0 + 〠
n−1

k=1

ðν2k
ν2k−1

1
tα
dt

≤ ν2−2α0 +
ðν2n−1
0

1
tα
dt ≤ 1

1 − α
+ 1

� �
ν2−2αn−1 :

ð60Þ

Hence, we get that

Sn gð Þ ≤ 1
1 − α

+ 1
� �1/2

ν1−αn−1: ð61Þ

This implies that SðgÞ ≤ ððp/p1Þ + 1Þ1/2νp1/p∞ <∞: Also,
ν−αk−1 is adapted. Thus, gn is a martingale transform and by
Theorem 1, gn converges almost everywhere since supkjν−αk j
<∞ (as ν0 > 0) and f is a martingale.
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Let βn−1 =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1/ð1 − αÞÞ + 1

p
ν1−αn−1: Then, the sequence β

= ðβnÞn≥0 is also an increasing positive and bounded adapted
process. Hence, by definition,

gk kQp,q
≤ β∞k kp,q =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

1 − α
+ 1

r
ν1−αn−1

�����
�����
p,q

=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

1 − α
+ 1

r
ν1−α∞
�� ��

p,q:

ð62Þ

In the samemanner as we obtained equation (34), we also
have that

ν1−α∞
�� ��

p,q = ν∞k kq1/qp1,q1
≔ fk kq1/qQp1,q1

: ð63Þ

Therefore,
In other words, kgkqQp,q

≤ ððp/p1Þ + 1Þq/2k f kq1Qp1,q1
, (66) and

the theorem is proved. ☐

Proof of Theorem 7. Similar to the proof of Theorem 3, part
(a) is established.

For part (b), let g ∈Qp,q: Then, there exist an optimal
increasing positive adapted process u = ðukÞk≥0 such that Sn
ðgÞ ≤ un−1 and u∞ ∈ Lp,q: From equation (59), we have that

dnfj j2 = ν2αn−1 dngj j2 ⇒ S2n fð Þ = 〠
n

k=1
ν2αk−1 S2k gð Þ − S2k−1 gð Þ
 �

:

ð64Þ

We also observe that

S2n fð Þ = S2n gð Þν2αn−1 − 〠
n−1

k=1
S2k gð Þdkν2α, ð65Þ

and therefore,

Sn fð Þ ≤
ffiffiffi
2

p
u∞ναn−1: ð66Þ

Let γn−1 =
ffiffiffi
2

p
u∞ναn−1: Then, the sequence γ = ðγnÞn≥0 is

also positive increasing and bounded adapted process.
Hence, by definition,

fk kQp1,q1
≤ γ∞k kp1,q1 =

ffiffiffi
2

p
u∞να∞k kp1,q1 : ð67Þ

Hence,

fk kQp1 ,q1
≤

ffiffiffi
2

p
u∞να∞k kp1,q1 : ð68Þ

By definition,

u∞να∞k kp1,q1 = 〠
j∈ℤ

u∞να∞1Ω j

��� ���q1
p1

 !1/q1
: ð69Þ

With the choice of α, and noting that q1 = ð1 − αÞq, we
apply Hölder’s inequality to get

u∞να∞k kp1,q1 ≤ u∞k kp,q ν∞k k1− p1/pð Þ
p1,q1

: ð70Þ

Inequality (9) then becomes

fk kQp1,q1
≤

ffiffiffi
2

p
u∞k kp,q ν∞k k1− p1/pð Þ

p1,q1
=

ffiffiffi
2

p
gk kQp,q

ν∞k k1− p1/pð Þ
p1,q1

,

ð71Þ

and the theorem is proved. ☐

6. Conclusion

We are thus able to locate where the martingale transform of
a particular martingale is, and also given a martingale, we are
able to find its martingale transform in the spaces P p,q, Qp,q,
and Hs

p,q: These are extended results corresponding to Garsia
[6] where he considered the Lp space while this paper con-
siders the Lp,q, the amalgam space of ℓq, and Lp spaces,
defined in previous pages.
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