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ABSTRACT

It is known that certain polynomials of degree one, with integer coefficients,
admit infinitely-many primes. In this thesis, we provide an alternative proof
of Dirichlets theorem concerning primes in arithmetic progressions, without
applying methods involving Dirichlet characters or the Riemann Zeta func-
tion. A more general result concerning multiples of primes in short-intervals
is also provided.

This thesis also considers problems concerning the existence of odd perfect
numbers. The main contribution is a good upper-bound on the largest prime
divisor of an odd perfect number. In addition, we show how new results
concerning odd perfect numbers or k£ - perfect numbers can be obtained by

applying a property of completely-multiplicative functions.
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Chapter 1

Introduction

1.1 Scope of the thesis

This study is concerned with two important research areas in number theory:
the existence of odd perfect numbers and the existence of prime numbers in
short intervals and polynomial sequences.

Even though advanced tools like complex analysis, ergodic theory and
the theory of harmonics are generally used in the study of the distribution
of prime numbers , we focus on the elementary methods of sieve theory to
prove our results. Generally, the study of odd perfect numbers do not involve
advanced tools from analysis and so the subject is a little isolated from most
number theory discussions. By considering special completely-multiplicative
functions, we derive new necessary conditions for the existence of an odd
perfect number(OPN).

For most of the standard definitions, theorems and proofs, we follow the
styles of the following books, notes and papers: Wissam Raji [54, Chapters,
2,4,7 and 8], Yinim Ge [56], Chen [11], Apostol [3, Chapters, 2,3,4,7,11,12
and 13], Dickson [13] and Apostol [4].



1.2 Goals of the thesis

We investigate some problems related to the distribution of prime numbers in
short-intervals and polynomial sequences. We also consider questions about
the existence of odd perfect numbers. The main goals of the thesis can be
summarized as follows:

(i) Establish alternative proofs of results about prime numbers in
intervals of the form [kz, (k + j) z]; 2, k, j € RT.

It is known that there is always a prime in the intervals [z, 2], [2x, 3z] and
[3z,4x],x > 1. The proofs we provide in this thesis are based on inequalities
involving the prime number counting function.

(ii) Establish an alternative proof of Dirichlet’s theorem concerning
prime numbers in arithmetic progressions.

Dirichlet provided a sufficient condition for an arithmetic progression of
the form an + b,a,b € N,n € Z to admit infinitely many prime numbers.
His method relied heavily on techniques from complex analysis. We provide
an alternative proof without resorting to properties of the Riemann-Zeta
function.

(iii) Investigate properties of A—stationary polynomials
Let Z[z]| be the ring of polynomials with integer coefficients. For each

A> 0,z €Zand f € Z[z]; consider the sequence

Tjﬁ\ (2) = (a? & n))nZO

defined in Chapter 3. We say the sequence T;‘ (z) is stationary if there exist
positive integers m and u such that for every n > m, a} (z,m) < w; This says,
sz\ (z) is bounded above. Furthermore, f is said to be A\— stationary if for
every integer z, the sequence Tji\ (z) is stationary. We find that many number
theoretical problems can be formulated using A— stationary polynomials in
Z|x].

(iv) Establish a result that determines a ’good’ upper-bound for

the largest prime divisor of an odd perfect number.



Most results concerning an OPN, z, are of the form; x has a prime divisor
greater than n, where n is some given constant. We give a result that connects
the largest prime divisor of an OPN z to the number itself.

(v) Provide necessary conditions for a positive integer to be an
OPN.

We use a simple result about completely multiplicative functions to estab-
lish new necessary conditions that an OPN must satisfy. It is clear that the
technique can be used to elaborate further conditions which OPN’s must sat-
isfy (by using different completely multiplicative functions) so here we confine

ourselves to two results.

1.3 Summary of key results

1.3.1 On OPNs

By definition, a positive integer x is perfect if

Zd:2x.

d|z

The following result bounds the largest prime divisor, p, of an OPN z as a

function of =z.

Proposition 1 (Acquaah P., Konyagin S.[2]) The largest prime divisor of
an odd perfect number g is less than (3g)'/.

This statement improved the following results.

Proposition 2 ( Acquaah P. [1]) The largest prime divisor of an odd perfect

number g is less than g/?.

Proposition 3 If g is an odd perfect number and p* is a prime power divisor
of g then p* < /9.



It is known that if NV is an OPN then it can be expressed in the form

N — paq%rlqgrgn.quk
where p = o = 1(mod 4), p a prime, p®||N and ¢y, ¢o, ..., g are distinct
primes. We apply a key property of completely multiplicative functions to

derive the following results.

Proposition 4 If N = p*¢*"¢3"...q;"* is an OPN and 5|N then either (i)
p =1 or 9(mod 10) or (ii) ¢ = 1(mod 10) and r; = 5m + 2 for some
m>0,i(1<i<k).

Proposition 5 If N = paqf”qg’”z...q,zr’“ is an OPN then T =0 or 1 (mod 4)
where T is the cardinality of

{i|ll <i<k,r; odd,g; =1 (mod 4)}|.

1.3.2 On Prime numbers in polynomial sequences or
short intervals

We begin with the proposition that will serve as an important tool in most
of our proofs, especially the alternative proof of Dirichlet’s theorem. This is

proved in chapter 3, section 2.

Proposition 6 Leta € Nk € Nyap = (a,a+1,...,a+k —1) and
A = {p1,p2,..-,Dn}, a finite set of primes. Then the number of compo-

nents of ay that are divisible by some prime in A is less than or equal to

> p@ O EJ +n

d|p1ip2...pn
d>1

where w (d) is the number of distinct prime divisors of d and u is the Moebius

function.



The importance of this proposition is easy to see. Forif D = (1,2,3, ..., k)
(the special case) then the number of components of D that are divisible by

some prime in A is equal to

o (@@ EJ -

d|p1p2...pn
d>1

Therefore, the number of primes numbers in A plays a very important role
in the general case ax, = (a,a+1,...,a+k—1). We provide alternative proofs

of the following statements:

Proposition 7 Forn > 2,n € N, there exist primes p1, ps and ps such that
n <p; <2n,2n < py < 3n and 3n < p3 < 4n.

Proposition 8 If a,b € N,ged (a,b) = 1 then there are infinitely-many
primes of the form an + b.

1.4 Structure of the thesis

The thesis consists of six main chapters as follows:
Chapter 1: Introduction

Chapter 1, the current chapter, provides a summary of the content of the
thesis.

Chapter 2: Introduction(Prime numbers)

This chapter, gives a summary of some important mathematical ideas
used in the study of the distribution of prime numbers, especially those that
are relevant to our discussion. We also give a sketch of Dirichlet’s proof
concerning the distribution of prime numbers. Furthermore, a summary of
results concerning the distribution of prime numbers in short intervals or
polynomials is provided.

Chapter 3: Main results (Prime numbers)
This chapter consists of new results and alternative proofs of some known

results. The key ingredient in most of the proofs in this chapter is proposition



6. The general idea is to provide proofs that use only elementary ideas.
Chapter 4: Introduction(OPNs)

This chapter, gives a summary of important mathematical ideas used in
the study of OPNs, especially those that are relevant to our discussion.
Chapter 5: Main results (OPNs)

This chapter consists of new results and alternative proofs of some known
results. The key ingredient in most of the proofs in this chapter is a property
of completely multiplicative functions.

Chapter 6: Summary and Conclusion

In this chapter, we will provide a brief summary of the ideas covered in

the thesis. Possible future directions concerning problems that are related

but could not be answered in this work will also be considered.



Chapter 2

Introduction(Prime numbers)

2.1 Arithmetic functions & the Fundamental
Theorem of Arithmetic

A positive integer p is prime if p # 1 and the only positive divisors of p are
1 and p. Prime numbers are important to mathematicians and in particular

number theorists because of the Fundamental Theorem of Arithmetic [31].

Theorem 9 Fuvery positive integer n can be written in the form

71,72

n = pi'py..nt (2.1)

where py, pa, ..., pr. are distinct primes and ry, ...,y are positive integers. The
product pi'py?...pF is unique up to the ordering of the prime-powers
P DY D)

It is generally accepted that primes are the atoms of positive integers
that are greater than 1. This does not mean that, given a positive integer
greater than 1, we can efficiently factorize it into a product of prime powers.
We have no closed form to generate all of the prime numbers even though
we know that there are infinitely-many of them, a result for which there are
many different proofs. The reader is referred to [28,30,15,24] for different

proofs of the infinitude of primes.



Definition 1: An arithmetic function is any function of the form f :
N — C. Let f : N — C be an arithmetic function. f is:
(1) multiplicative if for every a,b € N ;

f(ab) = f (a) f ()

whenever ged (a, b) = 1;
(ii) completely multiplicative if for every a,b € N; f (ab) = f (a) f (b). The

following statement is a characterization of arithmetic functions.

Theorem 10 Let f : N — C be an arithmetic function not identically zero,
that is f # 0. f is multiplicative if and only if

f(1)=1and f(n)=[] £ (n €N, (2.2)

p*[|n

where p®||n means that p* is an exact power of p dividing n. Furthermore,

if fis a completely multiplicative function then

f@*) =(f(p)°

for every prime-power p®.

Therefore, if an arithmetic function is not identically zero then it is
uniquely-determined by its value on prime powers. In (2.2), what happens if

n = 17 By convention, we write
[[f@=1

and
> fla)=0

for an arithmetic function f. Therefore, in (2.2), if n = 1, we have

FO=Jlreo=]]f@=1

p||1 aED



Example 1:

(a) (sum of the kth powers of the positive divisors of n).

For ke NU{0},n e N;
o (n) =) d".

din
In particular, set oy (n) = o (n) and oy (n) = 7 (n) where
7(n)= Z 1.
tln

Let n € N, the sum of the divisors of n is given by o (n) = >_,, t. We have
(i) oy is multiplicative but not completely-multiplicative. To see multiplica-
tivity of oy; let a,b,k € N, ged (a,b) = 1 then

op(ab) => d" = Y dids=>"di» df =0y (a)on (D).

dlab dila,d2|b dila dala

To show that oy, is not completely-multiplicative, let n = 12 = 22.3,m = 4 =
22, Then

2%k —1 3% —1
Ok(22) == —2k—1,0k(3):3k_1.
23k_132k_1 23k_1
So, 0% (n) = 2k_1.3k_1,0k(m):2k_1 and
23k_1 232k_1 25k_1 32k_1
o (n) ok (m) = <2k_1) .3k_1.Butak(nm):2k_1.3k_1.

If o) (n) o (M) = 0% (nm), then

23k_1 2 25k_1
(%—1) Tk

which is not true always. For example, k = 1 produces 49 = 31.

(ii) For any prime power p® k > 1
p(a—l-l)k -1

Uk(Pa):1+Pk+p2k+"'+pak:pk—_1



So, if pi'p5*...p% is the prime factorization of a positive integer n, then since

o is multiplicative we have

s p(rj+1)k -1 p(a+1)k -1

gk(n)znak(]?;j>:n]p§—_1: H ok — 1

J=1 p*||n

(2.4)

Furthermore, since
T (py) = (r; +1)

for each 7 =1,2,..., s;

for n = py'py*..p5.
(b) (Euler phi function).
Let n € N and define
¢e(n)=1{zeN:z<n,ged(z,n) =1}],

where for every set A, |A] is the cardinality of A.

@(n):nH(l—%). (2.5)

(ii) ¢ is multiplicative but not completely-multiplicative.

(i) For every n

(c) (Moebius function and the Moebius Inversion formula).
Let n € N and define

1, ifn =1
pn)=1< 0, if p?|n for some prime p : (2.6)
(=1)", if n is the product of k distinct primes

In general, we call an integer n square-free if for every prime p, p? { n. So, if

n is not square-free then p (n) = 0.

10



(i) p is multiplicative.

(i)
Z#(d) :{ (1): gtgerzwise (2.7)

dn
and

(iii) (Moebius Inversion formula) if f, g are arithmetic functions and

F) =3 g(d)

din

then

g =S n@ (%) =S r@n(%). (2.8)
dln dln

To see this, given f (n) =}_,, g(d) then it is easy to see that

Sou@r (%) =S r@n(%).
dn dn

Also,

dn din k|n

S f(5) =D ndY k) =D k)Y u(d) =gn).
k| dl %

In (2.8), we defined f(n) = >, g(d). If g is multiplicative, then f is

multiplicative since for a,b € N, ged (a, b) = 1, we have

Flab)=> g(d)=>_g(d)> gld) = f(a)f(b).

dlab dila dal|b

In fact, g is multiplicative if and only if f is multiplicative. Furthermore,
given two arithmetic functions f,g : N — C, we define a new arithmetic

function f *x g : N — C, called the Dirichlet convolution of f and g, by

(frg)m)=d_fd)g (%) (2:9)

dln

It is easy to see that if f and g are multiplicative then so is f * g.

11



(d) (Trivial multiplicative functions).

(i) (Unit function): I (n) =1,Vn € N,

(ii) (Identity function): Id(n) =n,Vn € N.

(ifi) e (n) = 1, ifn=1

Hyeln) = 0, otherwise

The functions I, Id and e are completely-multiplicative.
(e) (Von Mangoldt function).

For each positive integer n, define
logp, if n = p™ for some m € N
An) = { 0, otherwise '

2.1.1 Euler’s summation formula and summation by
parts

Let a (n) be an arithmetic function and consider the sums

and

y<n<z

where f is a function with a continuous derivative on [y, z|; z,y € R.

Theorem 11 (Euler’s summation formula) Let f : [y,z] C Rt — C be a

function with a continuous derivative on its domain. Then

> fn) Z/xf(t) dt+/z{t}f’ (t)dt —{x}f (x) +{y}f(y) (2.10)

y<n<z

where {t} =t — [t]

Theorem 12 (Summation by parts) Let f : [y, x] C Rt — C be a function

with continuous deriwative on its domain . If a : N — C is an arithmetic

12



function, then

y<n<z Y

where A(t) =), o, a(n). In particular, if y = 1,we have

n<x

Theorem 13 Let A BER, A< Band A< a; < < a, <b(ay,
C1yoCn € Coand f(v) =3, o, x €R. If g€ CH([A, B]) then

> aglon) = F(BYg(B) = [ fa)g (@)

Proof.
f(B)g(B) - écw (o) = éck (9 (B) — g (o))
S
- /B > ey (x)da

O‘kB ap<z
- [ 1@y @

. Using theorems 11-13, one can prove the following statements.

Z#—logm—i—O(l);

n<lz

1
Z 8P =logz+0O(1);

p<z

13

ey 0ty € N |

(2.12)



(iii)

1 1
Z—:loglogx—i—A—l—O( )
P log x

p<z

for some constant A

(v)
()= (o ()

p<w

for some constant A. The statement

1 1
Z—:10g10g$+A+O( )
P log

p<w

clearly implies that there are infinitely many prime numbers since loglog x

is increasing on the interval (a,b), a < b for which loga > 1.
2.1.2 Dirichlet series and Euler product of Dirichlet
series.

Definition 2: Let f be an arithmetic function, s € C, s = ¢ + it, then the

series

[ ()
Dy(s) =) - (2.13)
n=1
is called the Dirichlet series of f.
It is easy to show that Dy (s) D, (s) = Dy (s) for arithmetic functions
f,g and s € C. In fact, if Dy (s) and D, (s) converge absolutely at s then
Dy.4 (s) converges absolutely at s. In the case where g is the convolution

inverse of f and Dy (s), D, (s) converge absolutely at s then we have

1
~ Dy(s)

It is important to note that the absolute convergence of Dy (s) does not imply

Dy(s)

the absolute convergence of the Dirichlet series of the convolution inverse of

f

14



Given any Dirichlet series Dy (s), the number 0. € RU {£o0o} is called
an abscissa of convergence of the series if the series converges for all o > o..
Usually we set 0. = —oo when the series converges on the entire complex
plane. On the other hand, if the series converges nowhere, we write o. = +00.
Therefore every Dirichlet series Dy (s) must have an abscissa of convergence
o, € RU{%oo} and it is known that Dy (s) must represent an analytic
function on the half-plane {s: o > 0.} .
Example 3: (Dirichlet series of some arithmetic functions)
(i) The Dirichlet series for e (n) is

>t

n=1

(ii) The Dirichlet series for the unit function I (n) is

o0

)=

ns’
n=1

pxl =e > 2 1/n® and >~ pu(n)/n® converge absolutely for o > 1,
therefore we have

o0

Ziiﬂ<?):1<:)iu(n): ! for o > 1. (2.14)

ns n ns ¢ (s)

n=1

(iii) We have

for o > 2.
(iv)d(n) = (I x1I)(n), so

15



for o > 1. Since, A x [ = log,

Given a multiplicative arithmetic function f, the Dirichlet series of f can be

) 219

expressed as the following product

D; (s) = Z f(?)

n

S

p

where

(i) Dy (s) converges absolutely at s if and only if
e k
(o3 20)
D k=1 p

converges absolutely at s.
(ii) T, (1+ 352, f(p*) /™) converges absolutely at s if and only if

D

1

0o
< Q.
k=

This follows from the theory on the convergence of infinite products and we
will justify this claim in the next section. The product [, (1 +> e f (pk) / p’“)
is called the Fuler-product of the Dirichlet series Dy (s). In the case that f

is completely-multiplicative, we have

H(Hé%) :1;[<1+g%fjk> :H<1—¥)_1. (2.16)

p p

Example 4: (Euler-product of some Dirichlet series)
(i) The function ¢ (s) = Y2, 1/n® has Euler-product

ne-2)

p

16



o> 1
(i) 1/¢ (s) has Euler-product

];[(1—}%),0‘>1.

(iii) If f is completely-multiplicative and has a convolution inverse g with
Dirichlet series D, (s), then D, (s) has Euler-product

10-%)

p

which is valid wherever D, (s) and Dy (s) converge absolutely.
An important Dirichlet series used in Number Theory is that associated
with the unit function. The Riemann Zeta function, defined for s € C,s =

o + 1t is given by

1
= — 2.17
=3 (217)
Riemann studied ¢ (s) as a complex function and this gave him deep
insight into the distribution of prime numbers. For example he was able to

show that ( (s) satisfies the functional equation

72T (%s) ¢ (s) = n 20791 (% (1- s)) C(1—s). (2.18)

From the functional equation he was able to deduce that the only zeros of
the zeta function satisfying o < 0 are the negative even integers. These zeros
are usually referred to as the trivial zeros of  (s). The non-trivial zeros, he

conjectured, lie on the line o = 1/2 in the so-called critical strip 0 < o < 1.
2.2  On convergence of infinite product of com-
plex numbers

Let o, .., € Con € Ny X\, = e, (T +a), X = [Tz, (1 + Jag|) and
A =112, (1 + ag) if the limit lim,_, A, exists. Then we have the following

17



statements which can be used to derive results concerning Euler products of

Dirichlet’s series:

Theorem 14 (i) If ay,...,a, € C,n € N, then

(a) Nt < eloltetlonlgng

(b) |An — 1] < A — 1.

(ii) A converges whenever the sum Y - | || converges and A = 0 if and only
if a, = —1 for some n € N.

(11i) Given any bijection f: N — N, we have

[e.9]

A=TT (0 +asm) -

k=1
In theorem 14, we can replace the sequence of complex numbers with a

sequence of bounded functions on a set B C C.

Theorem 15 (i) If hy,...,h,,n € N is a sequence of bounded functions on
B C C such that Y, | |h,, (s)| converges uniformly on B, then

f(s) =11 @+ hi(s))
k=1
converges uniformly on B and f(x) = 0 for some x € B if and only if

hi (s) = —1 for some k € N.
(i1) Given any bijection f : N — N, we have

[e.9]

Flo) =TT (1 +hsu(s) -

k=1
Theorem 16 Suppose a,,n € N are complex numbers then [[,—, (1 + o)

converges if and only if > ;- | ag < 00.

Proof. > ° oy < 0o = > 7 |a,| converges and so [[,=; (1 + ax) con-

verges. Conversely, [[,—; (1 + a) converges means that for every m € N,

k=1

k=1

But Y " ap < [0, (1 + o) for every m and so Y -, ay converges.

18



2.3 Primes in Arithmetic progressions

We know there are infinitely-many primes but a lot is still not known about
what type of polynomials admit infinitely-many primes. For example, it is
obvious that if the polynomial

k
f(z) = Zarxr,(ao,al,...,ak €L);fZ—1Z

r=0
admits infinitely-many primes then we should have ged (ag, ay,...,ax) = 1.
Is this condition sufficient? For & = 1, Dirichlet gave a positive result and
this section is dedicated to some of the basic ideas behind Dirichlet’s famous

theorem, stated below.

Theorem 17 (Dirichlet) If a,b € Z and ged (a,b) = 1 then there are in-
finitely many primes p satisfying the condition p = b(mod a).

2.3.1 Sketch of Dirichlets proof

First, we give a sketch of Euler’s proof concerning the infinitude of primes,
using properties of the Riemann Zeta function (.
To prove there are infinitely many primes, we can restrict ourselves to

C(s)=3,1/n°,Re(s) > 1. We have

4(3)22%:1"[(1—%) ,Re(s) > 1. (2.19)

p

Suppose there are finitely-many primes py, ps, ..., pr, then we should have

k 1 —1 1 -1 o] 1
li 1-—— = 1—— < d I — di .
1m 1 ( s) H < ) oo an 11m z; . 1verges

e} Di s—1+
(2.20)

=

n—=
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From (2.20), we have a contradiction. There must be infinitely-many
primes. It is also possible to show that the series Zp 1/p diverges. First, we
note that

Cs) = S_Ll Lo, (2.21)

This follows from the observation that
=1 > dx 1 =1 ® dx 1

- > — = d — <1 — =1 )

;ns_/l s s—lan ;né’_ +/1 xs +5—1

1 s 1

< < —=1
s—l_C(S)_s—l +s—1

and the result follows. Taking logs(at least one natural log exists and is

well-defined for Re (s) > 1) of both sides of (2.19), we have

So,

(2.22)

log ¢ (s) = log (H (1 — %) _1) ,Re(s) > 1

Now,

£ (o(2)-x3vo(53)-show

p p p

Re (s) > 1 since > 1/p® < oo for Re(s) > 1. Therefore,

log ¢ (s) :Z;+O(1),Re (s) > 1. (2.23)

p
So log (1/(s =1)+0O(1)) = >,1/p* + O(1),Re(s) > 1. This means
that

Z; = log (%) +O0(1),Re(s) > 1 (2.24)

S —
p
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and the result follows from (2.24) by letting s — 1 from the right. In order

to create an equation similar to the one in (2.24) for the sum

>
p=b(mod a)
we need to replace the completely multiplicative function
I:N—Z,(I(x) =1,V € N), in (2.19), with a general completely multi-
plicative function that will allow us to extract specific primes in the sequence
an + b,a,b € Z,gcd (a,b) = 1. Dirichlet constructed just the right kind of

function.

2.3.2 Note on Dirichlet Characters

Definition 3: Let a € N. A function x : N — C is called a Dirichlet
character(mod a), written x (mod a), if it satisfies the following conditions.
(i) there exists at least one n € N such that y (n) # 0;
(i) for every n,m € N, x (nm) = x (n) x (m);
(iii) for every n € N, x (n +a) = x (n) and
(iv) x (n) =0, if ged (a,n) > 1.

Since x (mod a) is a multiplicative arithmetic function for every a € N,
x (n) # 0 for some n € N implies that y (1) = 1. Also, if n € N and
ged (a,n) = 1 then n?® =1 (mod ) and this implies that
Y ()?® = 1(ie. x(n) isa ¢ (a) — th root of unity). Therefore, there are
at most ¢ (a) distinct characters(mod a). The obvious one(called the prin-

cipal character) is defined as follows

1, ged(a,n) =1
0, ged(a,n)>1

i ={ (2.25)

Since x (mod a) is a complex-valued arithmetic function, it is easy to

check that for any n € N,x(n) = X (n), where Y = x!, and that the

product of two characters (mod a) is another character(mod a).
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Theorem 18 (1) Let a € N and x (mod a) a Dirichlet character. Then
(i)

a), x=
3 X(n):{§<> X=X (2.26)

otherwise
n(mod a)

(i) If x and v are two characters(mod a) then

> wmwm={ 5 (2.27)

otherwise
n(mod a)

(2) If g (mod a) is given and A (a) is the set of all characters(mod a) then

— v | ¢(a), n=g(mod a)
Z x(n)x(g) = { 0, otherwise ’ (2.28)
XEA(a)
Let x1 and xo be characters and aq, ay positive integers satisfying a;|as.
Given xo (mod ay) and x; (mod a;), we say x; induces x» if for all integers

n we have

_ X1<n)7 Z.fng(TL?aQ) =1
Xa(n) = { 0, otherwise ' (2.29)

The smallest possible positive integer ¢ such that there exists a character
X (mod ty) which induces x, is called the conductor of x,. If t = as, we say
X2 is a primitive character. Furthermore, given a character x : Z/qZ — C,

we define its Fourier transform by

ZX Jel—on/a) (2.30)

where e(z) = €™ z € R. The Gauss Sum of y is defined by
Z x(@)e(z/q) (2.31)

and one can deduce the relation y(n) = 7(x)x(n), whenever ged(n, ¢) = 1.
Note, that from (2.28), we get

LS () = {1’ n=gmod a) ) g

0, otherwise
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We can use (2.32) to extract primes that belong to the residue class

g (mod a). Define, for the character x (mod a), the function

L(s,) :ZXW =11 (1_M)_ JRe(s) > 1, since (|x (p)] < 1).

ps

n=1 p

(2.33)

log L (s, x) X

), Re(s) > L. (2.34)

Given g (mod a), we can then use (2.32) to form

1 1 1
X (g)logL(s,x)+0O(1)= log( >+Ol.
T 3 X@ogL (5.0 +0() = slog (= ) +0()
XEA(a)
The equality above holds because for x # xo, L (s, X) is not zero or negative
infinity. That is, log L (s, x) is bounded as s — 17. This was the heart of
Dirichlet’s proof.

2.4 General setup of elementary sieve theory

The general setup of sieve theory can be summarized as follows.

Let A be a set of positive integers. We present some basic definitions and
a fundamental result from sieve theory.
(i) Ag={a€ A:a=0(mod d)},d €N,
(i) A(z) ={acA:a<z},A4(2) ={a€ A:a < z/da},z €N,
(iii) P, the set of primes,
(

1V) ( ) HpeP Dz b,

23



(v) | B|, the cardinality of B C N,

(vi) S(A;P(2),2) = {y€ A(z) : ged (y, P (2)) = 1,y <z} ,x € N, the ob-
ject whose size we want to estimate,

(vii) if |A] < oo, and p € P, then we define w (p) such that (w(p) /p)z is
a good estimate to Ay (z). If d is square-free then we have w (d) = [T, ,p.
Also, set

d
Ra(e) = 140 () - 2D and T () = T (1 - ip)) S (235)
d p
plP(2)
T (2) is close to the probability that an element y € A(z) is co-prime to
P (z). So, we should have

S(AP(2),2) == [] ( )+R(9: z) (2.36)
PP (=
where R (z,z) is the remainder term. The general objective of sieve theory
is to estimate the size of the set S (A4; P (2), ).
Notice that

SAPE)L) = Y Y w@

neA,n<z d| ged(n,P(2))

= > u(d)]Aa (@)

dP(2)
= Z w(d) (w;d)x—l— Rd(x))
d|P(z)
w (p)
= ——— |+ ) n(d)Rq(x)
pI;[ < b ) d%)
w (p)
=z +1 R, (x),for some || < 1.
BL-5r) g e

Suppose |Ry (2)| < w(d) and w (p) < g for some constant g. Then
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>oap(e) Ba (@) < IlLpey T +9) =1+ 9)™® where 7 (z) is the number
of primes less than or equal to z. Note that the term (1 + g)”(z)7 is exponential
and so the estimate is not very good. There are methods in sieve theory that
focus on reducing this error term. The following statement is therefore a

crude result.

Theorem 19 Let x be sufficiently large and z < x, then there ezists
I(=1(2),]l] <1), such that

S (AP (z —xH( “p)HZR

pP(2) p dIP (-

In addition, if we have |Rq(x)| < w(d) and w(p) < g for some constant g

then
S(AP(),2) == [] (1 - M) +0 ((1+g)’f(z>) .

PP () P

If we are interested in sieving out a large number of residue classes modulo
each prime then the Large sieve is an appropriate tool to use. The reader is
referred to [36,39] for notes on the Large sieve. We state the theorem of the

Large sieve in two forms below.

Theorem 20 (Large Sieve - arithmetic version) Let
TC{M+1,M+2,..,M+ N} and{G, : p < z} be a collection of sets such
that G, C Z/pZ for each p < z. Then

[{n €T :n¢G,(mod p),Vp<z}|< (7N +2%) (Zu >
" (2.37)

where

S RGO o g SO0
) = p<1—\0|/p) Y reren
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Theorem 21 (Large Sieve - trigonometric version) Let {an}ﬁfz1 be a se-

quence of complex numbers. Consider a set of 6— space real numbers (|o; —
aj| >6,Vi#j){o,...,ar}. Then

Z Z ane(na,)

r=1

< (AN +1/6)> Jan|*. (2.38)

Selberg[46] showed that the above theorem holds with N 4+ 1/§ — 1 instead
of TN 4+ 1/6.
The following two theorems are important statements obtained using sieve

methods. Both are related to primes in arithmetic progressions. Define

m(z;9,a) ={p:p=a(mod q),p <z} (2.39)

then one should expect

. 7w(riq,a) 1
L Li(z)  ¢(a) (2.40)

where Li(x) ~ 7(z). In fact, Bombieri and Vinogradov showed (indepen-

dently) the following statement.

Theorem 22 (Bombieri-Vinogradov [6])Let A > 0. There exists a constant
S (A) such that

Z E(x;q9) <a 1 T (z>2) (2.41)
4<e!/?/(log)® (log z)
where lity)
Yy
E(x;q) = max max |7 (y;q,a) — . 2.42
(730) = max max | (4 q,a) = 70 (2.42)

Another important result related to 7 (x;¢,a) is the Brun-Titchmarsch

inequality.

Theorem 23 (Brun-Titchmarsch (Kelvin Ford) [8])For
1<qg<z(aq) =1, we have
2z
G
¢ (q)log (z/a)
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2.5 Primes in short-intervals

2.5.1 Prime counting function

Let z € R, the prime counting function defined as 7 (x) = Zpg 1 was

conjectured, in 1798 by Legendre, to satisfy

lim T8y, (2.44)
z—o0 '/ log

Equivalently, the statement in (2.44) can be written in the form

T

™ (@) ~ logx

which is the Prime Number Theorem(PNT) without an error term. Now if
Todt
Li(z) = / (2.45)
2

logt’
studied by Gauss, it is easy to show that for a fixed k£ € N

we consider the function

1! k!
Li(z) = 4 x2+---+—xk+1+0 Lkw , a8 T —> 00.
logz ~ (logx) (log ) (log )

(2.46)
From the statement in (2.46), we have the following result from which

one can deduce the statement Li (x) ~ 7 (z):

Theorem 24 For xz > 2,

x T
Li = —_— . 24
i(x) 10g36+0((log:c)2>’ as x —» 00 (2.47)

If we introduce the Chebyschev’s functions

U (z) = Zlogp and ¢ (x) = Z log p for z > 0, (2.48)
p<z pm<zx
then we have ¢ (z) = > _ [logz/logp|logp. It is a well known fact that
=1, lim V() =1and lim v ()

T—00 iL‘/ loga: o r—o0 I z—00 T

7 (z)

=1 (2.49)
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establishing relations among the functions 7, and ¢. In the 19th Century,
Chebyshev proved that there exist absolute constants 0 < A < p such that for
sufficiently large values of x, \z/logz < 7 (z) < px/logz. Estimates of this
form are known as Chebyshev’s estimates. We give three of such estimates;
(Rosser J. Barkley, Schoenfeld Lowell[44]), Chebyshev [10] and Dusart [16]

respectively.

Theorem 25 For everyx > 17, x/logx < 7 () and for everyx > 1,7 (z) <
1.25506x/ log .

Theorem 25 can be stated in the form: for every x > 17,x/logx <
7 (z) < 1.25506x/ log x and this form will be useful in our proof of Dirichlet’s

theorem,in chapter 3.

Theorem 26 For every x > x,, and x, sufficiently large; ciz/logr <
7 (x) < cox/logx where ¢; &~ 0.921292 and ¢ ~ 1.10555043.

Theorem 27 For real x, we have

x 1 1.8
> 1 > 32299 2.50
m(e) 2 logx( +logx+log2:c)’x_ (2:50)
1 2.51
r(z) < — (14 =) & > 355991 (2.51)
log x logz  log”x

Joseph Bertrand(1822-1900) conjectured that for n > 3, there exists a
prime p with n < p < 2n — 1. Chebyshev proved this conjecture, now called
Bertrand’s postulate, in 1850. In 2006 and 2011 (respectively), Bachraoui [5]
and Loo Andy [37] extended this statement by proving the following results:

Theorem 28 (M. El Bachraoui) For every n > 1, there exists a prime p
satisfying 2n < p < 3n.

Theorem 29 (Loo Andy) For every n > 1, there exists a prime p satisfying
3n < p<dn.
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Chapter 3

Main results (Prime numbers)

In this chapter, we give alternative proofs of theorems 28 and 29 and Dirich-
let’s theorem. We begin with a sketch of M. El Bachraoui’s proof concerning
primes in the interval [2n, 3n]. The following inequalities hold:

(a) (i) If n is even then

2 n
(3”/ ) < V675" (3.1)
n
(ii) If n is even such that n > 152 then
2 n
(3"/ ) > 65", (3.2)
n
(iii) If n is odd such that n > 7 then
1)/2 -
((3” +1)/ > > V675" (3.3)
n
(iv) If n > 945 then
6.5 \" i
— ] > (3n) 2 3.4
(%) > 6o 3.

He proved the inequalities in (3.1),(3.2),(3.3) and (3.4) using induction on n.
Next, he also established the following statements:
(b) (i) If n is even then

I » I »<(") (3.5)

n/2<p<3n/4 n<p<3n/2
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(i) If n is odd then
3n+1)/2
H D H p<<( i % ) (3.6)
(n+1)/2<p<3n/4 n<p<(3n+1)/4

In order to show that there exists a prime p in [2n,3n|,n € N; M. El
Bachraoui considered the number

3n\  (2n+1)(2n+2)..3n
on) 1.2.3..n

(3.7)

for n > 945, since the statement is known to be true for n < 945. Clearly, if

3n

2n). Hence, he considered

there exists a prime p € [2n,3n], then it divides (
the identity (3") = 711575 where

T, = H Pﬁ(p)7T2= H pﬂ(p),T?,: H b; (3-8>
p<v/3n V3n<p<2n 2n+1<p<3n
B(p) > 0. The notation used in (3.8) followed the style used in [17]. Next,
he showed that:
(i) if n € N then T < V27"
(i) if n is odd then T3 < (3n)™V3") and
(iii) (6.5)" < TyToTs < (3n)™V30) /27" Ty,

Therefore,

65\" 1
Ty > ( \/ﬁ) EREv) (3.9)

But since w(v/3n) < @, we have T3 > 1. Hence, the product T3 of primes

between 2n and 3n is greater than 1 and so the existence of a prime in the

interval [2n, 3n] follows.

3.1 Bertrand-type theorems

First, define for x > 0 and £ > 0
m(r,o+k)=|[{p:xa<p<z+k}| (3.10)

Note that for every x > 0and k > 0,7 (x,x + k)—(n (v + k) — 7 (z)) < 1.
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Lemma 30 For x > 17 and k > 0, we have

r+k 1.256x 1.256 (z + k) x

_ k _
log(z+k) logx <ml@z+k) < log(x+k) logx

+2. (3.11)

Proof. From theorem 25, if x > 17 we have

T 1.25506x
< -

m(z) <

log log

and
z+k 1.25506 (z + k)

_ k

TPy B S Ty Py
Therefore, x/logx < 7 (z) < 1.256z/ log x and
(x+k)/log(x+k)<m(x+k)<1.256(x+k)/log(z+ k). From these

inequalities, we derive

z+k 1.256x 1.256 (x + k) x

- k) — -
log(x+ k) logx <mztk)—m(z) < log (z + k) log x

(3.12)

For every # > 0,7 (z,2 + k) > w (x + k) — 7 (x) and so from (3.12),

r+k 1.256x
k — fi > 17.
™ (e, T+ )>log(:v+k:) log x o=

Finally, since z,k > 0 and 7 (z,z + k) — (7 (x + k) — 7 (z)) < 1, we have

1.256 (= + k) x

k _
™ (@, w4 k) < log(x+k) logx

+ 2.

This completes the proof. .
With lemma 30, we can prove the statement that for n > 2, there exists

a prime p with n < p < 2n.
Theorem 31 Forn > 2,n € N, there exists a prime p such thatn < p < 2n.

Proof. For n > 17, we have

2n 1.256n
log (2n)  logn

7 (n,2n) >
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It is easy to check the statement for 1 < n < 17. Furthermore, we have

2z 1.256z
~log(22)  logx

g9 (x) > 2, (Vo > 17)

and so for every n > 17,n € N, there exists at least two distinct primes p < ¢
such that n < p < ¢ < 2n. Finally, for n > 17,n € N, 2n is composite and
m(z,x +k)— (m(x+ k) — 7 (x)) < 1. Therefore, there exists a prime ¢ such
that n < ¢ < 2n. This completes the proof. .

We can extend theorem 31 to the following statement.

Theorem 32 Forn > 2,n € N, there exist primes py, ps, such that 2n <
p1 < 3n and 3n < ps < 4n.

Proof. We have

3z 1.256 (22)

2x,3x) >
™ (22, 32) log (3x) log 2x

, (Vo > 10) (3.13)

and
4z 1.256 (3x)

3z,4x) >
™ (3, 4z) log (4x) log 3z

(V> 6). (3.14)

M. El. Bachraoui verified the statement ”there exists a prime p; such
that 2n < p; < 3n” for n = 2,...,945. We have

3z 1.256(2a)
~ log (3z) log 2x

g (z) > 2, (Vo > 40)

and so for every n > 40,n € N, there exists at least two distinct primes
p < ¢ such that 2n < p < ¢ < 3n. Finally, for n > 40,n € N, 2n and 3n are
composite and 7 (x,x + k) — (7 (x + k) — 7 (x)) < 1. Therefore, there exists
a prime ¢ such that 2n < ¢ < 3n.

Finally, Loo Andy verified the statement ”there exists a prime ps such

that 3n < py < 4n” for 2 < n < e'2. We have

dr 1256 (3x)

hz) = log (4z) log 3z

> 2, (Vo > 212)
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and so for every n > 212,n € N, there exists at least two distinct primes
p < q such that 3n < p < g < 4n. Therefore for n > 212,n € N, 3n and 4n
are composite and 7 (x,x + k) — (7 (x + k) — 7 (x)) < 1. This completes the
proof; there exists a prime ¢ such that 3n < ¢ < 4n. .

However, the methods in theorems 31 and 32 cannot be used to show the

existence of a prime p in the interval [4n, 5n] because

5z 1.256(4x)
~ log (5) log 4x

g (z)

<0,(Vz >5). (3.15)

But we can use the idea to provide an alternative proof of Dirichlet’s

theorem. We do this in section 3.2.

3.2 Multiples of primes in an interval

Let A = {p1,p2,....,Pn}, a set of primes. Consider the following k—tuples.

(i) B(k) = (1,2,3,4,5,.... k),

(i) Blk+a) = (14+a,2+a,3+a,44+a,5+a,...,k+a),a € N. How
many components of B(k) or B(k + a) are divisible by some prime in A?
Generally, it is not easy to answer this problem exactly. By the Inclusion-
Exclusion principle, the number of elements in B(k) = (1,2,3,4,5,...,k)

divisible by some prime in A is exactly

Yoo p(@e 0 EJ

d|p1p2...pn,d>1

where w (d) is the number of distinct prime divisors of d and p is the Moebius

function. However, there is no exact answer for the case

Blk+a)=(14a,24+a,3+a,4+a,5+a,...k+a),a €N.

There are many methods in sieve theory that try to solve this problem. One

of the objectives of this thesis is to show that the number of components of
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B(k) divisible by some prime in A is an important tool that can be used to
estimate the number of components of B(k + a) that are divisible by some
prime in A. In fact, we will show that the number of components of B(k+a)

that are divisible by some prime in A is bounded above by

DRI [

dlp1p2...pn,d>1
Most importantly, this upper-bound is best possible.
Define P (N) = {(a,a+1,a+2,...,a+m—1):m,a € N, }. Often, we
are only interested in elements of P (N) of length k, £ € N. By the length
of an element x € P (N), we mean the number of components of x. In this

case, we will use the set
P, (N) ={y € P(N) : y has length k}. (3.16)
Now, given a finite set of primes, A = {p1, ps, ..., p,} !, write
Py (NJA) = {Lg (x,A) : z = (21,29, ..., 2%) € P (N)} (3.17)

where

Ly (z,A) = (gcd (9(:1, H pi> ..., ged (mk, H pz>> : (3.18)

pi€EA p;iEA
and Lj (z, A) is the number of components of Ly (x, A) that are divisible by

some prime in A. Furthermore, if

pPi€AL Pi€Ag pi€AL

€ Py (N, A) where A, = {primes less than or equal to k}, we have, by the

inclusion-exclusion principle,

Ly (I A) = > p(@* D k/dl = > p(d)* Ly (I {d}).

d|p1p2...pn d|p1p2...pn
d>1 d>1

(3.20)

IThe set A will always represent a finite set of primes of the form {p1,...,p,}.
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In this section, we will prove that, given any = € Py (N, A), we have

IL: (2, A) — Lt (I, A)| < n. (3.21)

Lemma 33 Let k,n € N and A = {p1,pa,...,pn}- If v € P, (N, A), then

TYIEYAY EED SINTC el 1 FD SRt )

dlp1p2...pn d|p1p2...pn
d>1,w(d) odd d>1,w(d) even
(3.22)
Proof. Let k,n € Nand A = {p1,ps,...,pn} and z € P, (N, A).
Li(z, )= > p(@* " L (2, {d})
d|p1p2...pn
d>1
w(d * w(d) *
= > p@ ML Ad)+ D p(@ L (e {d)).
dlp1p2...pn dlp1p2...pn
d>1,w(d) odd d>1,w(d) even

1 (d)DTLr (2, {d}) is positive whenever d is odd and it is negative when-
ever d is even. Furthermore, the maximum and minimum values of L} (x, {d})

are [k/d| and |k/d]| respectively. Therefore, we have
k
p(d) y

A< Y p@eon [g% >

dlp1p2...pn dlp1p2-.-pn
d>1,w(d) odd d>1,w(d) even

Theorem 34 Let x € P, (N, A);k € N and A = {p1,p2, ..., pn}, a finite set

of primes. Then

Ly(z, A) < Y p(@ M L (I, {d}) + . (3.23)

d|p1p2...pn
d>1
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Before we prove this theorem, we demonstrate that the upper-bound is
best possible, when = # Ij,. Choose k = 3, A = {5,7} and x = (5,6,7) €
P53 (N) then Ls (z,A) = (5,1,7) € P; (N, A) and L} (I3,{5}) = L} (I3,{7}) =
0. Therefore

S u(d) L (I, {d}) = 0.

d|35,d>1
And so,

Ly(z,A)=0+2=2= > pu(d)*“"*" Lj (I, {d}) +2

d|35,d>1

Proof. (Theorem 34) Let x € P, (N, A); k € N, and A = {p1,p2, ..., pn}. For

n = 1, we have
Ly |5 =2 3 A G )

For n = 2, we have
k k k
s ][5 - o
Dy Pa P1p2

L+l Ll
S nld L (o {a) +

d|p1,d>1

So, suppose n > 3. Then we have

Li@A) = ¥ p@d* "L (w0 {d})

d\mdpz-l..pn
>
= S @ L) S @O L a))
dlpip2...pn d|p1pa...pn
d>1,w(d) odd d>1,w(d) even
= >  Li(z{d})+ > p(d)* D Ly (2, {d})
d|p1p2...pn d|p1p2...pn
d>1,w(d)=1 d>1,w(d) oddw(d)>1
+ Y p(@ L (2, {d}).
d|p1p2...pn

d>1,w(d) even
Now, lemma 33 says
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Lz, A< ¥ [5+ > p(d)* DT E]

d|p1p2...pn d|p1p2...pn
d>1lw(d)=1 d>1,w(d) oddw(d)>1
w(d)+1
R S e

d|p1p2...pn
d>1,w(d) even

We claim that we can replace the term

Z u(d)w(d)ﬂ [Sw with Z u(d)w(d)—i-l EJ

d|pip2...pn d|p1p2...pn
d>1,w(d) oddw(d)>1 d>1,w(d) oddw(d)>1
and have
Li@wA<D= ¥ [il+ ¥ p@* 7 [g]
d|p1p2...pn d|p1p2...pn
d>1,w(d)=1 d>1,w(d) oddw(d)>1
w(d)+1
Y a@t @],
d|p1p2...pn

d>1,w(d) even
To see this, let us suppose that there is some y € P, (N, A), such that

Ly (y,A) > D. Without loss of generality, suppose Lj (y,A) = D + 1.

Since Y, (s-‘ has already attained its maximum value and

dpip2...pn
d>1,w(d)=1

> /uo(al)w(d)Jrl ng is negative, the extra 1, in the expression D + 1,

dlp1p2...pn
d>1,w(d) even

must come from an increment in the term

> aa@er i

d|p1p2 «-Pn
d>1,w(d) oddw(d)>1

This means that there is some e; (e|p1pa...pn, € > 1,w (e) odd, w (e) > 1) such
that

Ly A)=D+1= > [+ X u@ 5o A+
d|p1p2...pn dlp1p2...pn,de
d>1,w(d)=1 d>1,w(d) oddw(d)>1
w(d)+1 | k
> 1 (d) bJ-

dlp1p2...pn
d>1,w(d) even

We can now show that the statement, Lj (y, A) = D + 1, is impossible.

To see this, write y = (y1, ¥, ..., yx) and without loss of generality suppose
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that ely; and L; | ((y2,...,yx), A) = D. This means that

* w(d)+1
Ly (g2 me), A) = > 5]+ > p(d) @O B
d|p1p2...pn d|p1p2...pn
d>1,w(d)=1 d>1,w(d) oddw(d)>1
w(d)+1
+ X @A

d‘le -Pn
d>1,w(d) even

Notice that e is the product of at least three distinct primes and so the

inclusion term g (e)w(e)Jrl [£] and the inclusion-exclusion principle imply that

k
‘Zd|p1p2...pn,d>l,w(d) even H ( ) d

. . d)+1 . . .
must increase. Furthermore, since g (d)w( A L%J is negative whenever d is

the value of

even, the assumption that L; ; ((y2,...,yx), A) = D cannot be true. There-
fore, we must have L} (y, A) < D. That is, for every z € Py (N, A), we have

k w d
Ly(z,A)<D= % |5 +n+ D /ﬁ(d)()HL%J
dlp1p2..-pn d|p1p2...pn
d>1,w(d)=1 d>1,w(d) oddw(d)>1
+ Y p(d) O = > n (d) D+ | %] 4+ n as required. .
dlpipa...pn dp1p2...pn
d>1,w(d) even d>1

Corollary 35 Leta € Nk € Nyag = (a,a+1,...,a+k—1) and
A= {p17p27 7pn} Then

ACNIESD ST R i (3.24)

d|p1p2...pn
d>1

where w (d) is the number of distinct prime divisors of d and u is the Moebius

function.

3.3 Alternative proof of Dirichlet’s theorem
In this section we give an alternative proof of Dirichlet’s theorem.

Lemma 36 For everya,b € N;b < a,ged (a,b) =1 andk € N, if vVan+b <

k and an+b is composite then it is divisible by some prime p satisfying p < k.
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Proof. For every positive integer u, if u is composite then u is divisible by
some p satisfying p < \/u. So, for every a,b € N, if an + b is composite then
it is divisible by some p < Van + b. Therefore, if van + b < k then we have
p<k. .

For every m € N, let

E,={p:p<m}. (3.25)

Consider van +b < m,n € NU{0}. We have n < |(m? —b) /a|. To show
that an+b(n € NU{0},b < a, ged (a,b) = 1) admits infinitely-many primes,

we need to show that there are infinitely-many m € N such that

o<t (0500 () )< 5]

(3.26)
where f(n) = an + b. Note that (f(0),f(1),..., f([(m?—b) /a])) has
|(m? —b) Ja| + 1 components and

LY (2 -ty ja) 11 (f0), f(1),..., f([(m*—=10) /a])), E,) is the number of those

components that are divisible by some prime in F,, and so if this number is

less than | (m? —b) /a| + 1 then there is a component of
(f0),f(1),.... f(|(m*=b) /a])) that is co-prime to all the primes in E,,.
We have to show that this is the case for infinitely-many values of m.

To do this, we will prove a stronger statement.

Theorem 37 Letm € Nand E,, = {p:p <m}. Ifa,b € N;b < a,ged (a,b) =
1 and N > 17 then there are infinitely-many m > N such that for every
T € Plm2—p)/aj11 (N, Ep,) we have

2
Lluza) (0 F) < {ma J+1.

First, we prove a lemma.

Lemma 38 Let A be a finite set of primes, a,m,a,b € N;b < a,ged (a,b) =
1.
Lo (f(m+1), f(m+2),...,f(m+a)),A) € Py (N, A) (3.27)
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where f(n) =an + b.

Proof. Assume the hypothesis then it is easy to see that for every y € N, if
ylf (g) and y|f (h) for some g, h € N then y| (¢ — h). Furthermore, for every
prime p and integers n, k; p|f (n) = p|f (n + pk). Therefore, the sets

{La (f(m+1),f(m+2),....,f(m+a)),A) :me N} (3.28)
and
{Lo(m+1,m+2,...m+a),A):meN} (3.29)

are equal. «
We can now prove theorem 37.

Proof. (theorem 37) Assume the hypothesis and let x € PL@J“ (N, E,)

then with g = {#J +1

Ly (v, Ep) < Z o ()< D {QJ + 7 (m), (theorem 34)

d
dIlp
pEE,,d>1
1.256
<g-— J__ m + 7 (m) + 3, (lemma 30)
log g logm

2 b m=b 4] 1.256
<y e 2 < m) .

a log (™==t + 1) log m

SINCE 3y 11 ppebm.do1 M (d)< D! | 2] is the number of integers in the interval

[1, g] divisible by some prime p € E,, and so it is less than or equal to

1.256
g—ﬂ(m,g)+2§g—( J__ m)+3.

log g logm
Now
2 m’=b 4 1.256
O L (2, Ep) > —~ —2( m)—:a
a log (™=t + 1) logm



and

2_p 2_p 1.2
(m +1)/<log<m +1>)—2< 56m)—3—>oo
a a logm

as m — oo. Furthermore for every m € N there are finitely-many n € N
such that v/an + b < m. This completes the proof. .

Corollary 39 Ifa,b € N,b < a,ged(a,b) =1 then there are infinitely-many

primes of the form an + b.

Proof. Write f (n) = an+b then from (3.26) it is enough to show that there

are infinitely-many m € N such that

0< L, <(f(0),f(1),...,f sza_bJ» Em) < Lm:_ bJ +1.

(3.30)

From lemma 38

g (107 0.5 ([257]) ) € g 002

and applying theorem 37, the result follows. «

But the method above cannot be used to determine whether or not there
are infinitely-many primes of the form f (n) = n? 4+ 1. This is because there

exists a positive integer k such that for every n,m € N, we have
Li(f(n+1), f(n+2),....f(n+k),N) ¢ P (N, Ep). (3.31)

For example, 5|f (2) and 5|f (3) but 5 1 2 — 3. Therefore, we cannot
apply lemma 38 directly. As mentioned earlier, it is not known if there are
infinitely many primes of the form n? + 1. However, since each prime p
satisfying p = 1 (mod 4) is the sum of two squares, one should expect that
2? + y? admits infinitely many primes. For a polynomial in two variables

with degree greater than 1, the following result is well-known.
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Theorem 40 (Friedlander - Iwaniec [20]) If A denotes the von Mangoldt

function then

log1
g g A+ ") =dr k¥ {140 loglog(z) (3.32)
log(x)
a>0 b>0
a?+bi<z
as r — oo, where

K= /1(1 —tH2qt. (3.33)

Equivalently, this statement shows that there are infinitely-many primes of
the form 22 + y*. In a related development Heath-Brown[27] showed that

2% + 293 also admits infinitely-many primes.

Theorem 41 (Heath-Brown [27], page 84) There is a positive constant c
such that if g = g(z) = (log(z))~¢ then

92372
g l=0p——1+4+0 ((log log(z)) 1/6> (3.34)
3log(x)
z<a<z(l+g)
x<b<xz(l+g)
p=a>+2b>

as x — oo, where
-1
o0 =] (1 - %) (3.35)
» p

and w(p) denotes the number of solutions of the congruence 3 = 2 (mod p).

In the next section we investigate some properties of A— stationary polyno-
mials in Z[z].
3.4 On \— stationary polynomials in Z|z]

3.4.1 Definitions and basic results

Let Z[x] be the ring of polynomials with integer coefficients and
Zule] = {f(x) € Zlx] : deg (f) = k} & > 0. (3.36)
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For each A > 0,z € Z and f(x) € Z[z]; consider the sequence T} (z) =
(a} (z, n))nZO defined by

N _ p prime: pl|f (af Z,n — )
ap (z:m) = ma:v{ andp<(‘f(af Zn—1)|)

1, otherwise

} , if it exists and n > 0

(3.37)

We say the sequence T;‘ (2) is stationary if there exist positive integers

m, u such that for every n > m, a} (z,n) < u. Furthermore, f is said to be

A— stationary if for every integer z, the sequence T' } (z) is stationary. Note

that VA > 0,k € N and z € Z the sequence T;‘ (z) is stationary if f is the
zero-polynomial of degree k. This is because a} (z,n) =1,Vn > 1. Write

At (2) = min {g € N : dy € N such that Vn > y,a? (z,n) < g}(3 38)
and \; = max{\j(2):z€Z}. (3.39)

The number A} may not exist. If f is the zero-polynomial of any degree

then A} = 1. The next result gives a condition for the existence of A} (2).

Theorem 42 Let k € N, f(x) € Zg[z] and z € Z. X} (2) ewists if and only
if for every p > 1,the series Z;; (1/a} (z,j))p is divergent.

Proof. Let k € N, f(z) € Z[r] and z € Z. Suppose \} (2) exists and there
exists p > 1 such that > 72, (1/a}(z,4))" is convergent. > e (1/a} (2. 4))"
convergent implies that the sequence (a} (z, n))n> | contains a strictly-increasing
sub-sequence (b(n)),s,. This contradicts the assumption that T (z) is sta-
tionary.

Conversely, suppose for every p > 1, the series Z;; (1/a} (z, j))p
divergent. Then there exists a positive integer g such that g = a? (z,n) for
infinitely-many values of n. So there must be some p, 0 (1 < p < ) such
that a} (z,11) = g,a} (2,0) = g. Set h. = max {a}(2,0),...,a} (z,0)} then
h. = A} (2) and so A} (2) exists. «
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Note that for each k € N there exists A > 0 and f(z) € Zg[z] such that
A} does not exist. For example, choose f (r) = 2¥ and A\ = 1 then for every
prime p and n > 0 we have a} (p,n) = p and so the sequence (X} (z))z>1 has a
strictly-increasing sub-sequence. Therefore, A} does not exist. Furthermore,
it should be obvious that if A} exists then f is A— stationary but the converse

i1s not true.

Theorem 43 Let f(x) € Zy[z] , 2 € Z and 0 < X < 0. IfT] (2) is stationary
then T} (2) is stationary.

Proof. T7 (z) stationary implies that for every p > 1 the series P (1/af (=, )"
is divergent. Now since A\ < 6 we have a} (z,7) < afc (z,7) for every j € N,
Therefore, Y27, (1/a} (2,5))" < 332, (1/a} (2,4))" and so T} (2) is station-
ary.

The next theorem is easy to prove but shows the importance of the num-

ber 1 in the theory of A\— stationary polynomials in Z[z].

Theorem 44 Let A > 0. T} (z) is stationary if and only if Ty (z) is

stationary.

Proof. For every n € N and z € Z note that aj (z,n) = a}“ (z,m).

A natural question to ask at this point is 'what is the largest value of
A € (0,1] such that given f(z) € Z[z] and z € Z, T} (2) is stationary’. For
each \ > 0 define the set Z*[z] = {f(z) € Z[z] : f is A — stationary}. We
have already shown that any zero polynomial belongs to Z*[z], A > 0. This

gives an idea that the following theorem must be true.
Theorem 45 For each f(x) € Z[z]|,3\ > 0 such that f is A\— stationary.
Before we prove this theorem, we first establish the result.

Lemma 46 For each f(x) € Z[x] and z € 7,3\ > 0 such that the sequence

(a} (2, n))n21 is bounded above.
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Proof. Let f(x) € Zg[x], choose A = 1/2k then for every z € Z there

(w2 o))

< a}/% (z,n). To see this notice that limy_ o (|f (z)])** /z = 0. There-
fore, there exists a positive integer y such that for every x > y we have
(If (z)))"** < z. Furthermore, for each z let g, = max {a}/zk (z,n):n € Z} <
0 then we have that for every n, a} (z,n) < g.. «

Proof. (theorem 45) Let f(z) € Zg[z] and z € Z, and choose A\ = 1/2k
then for every z € Z, (a? (z,n))n>l is bounded above. Therefore, f is A—

exists m € Z such that for every n > m we have <

stationary. .

) € Z¥[x] and ¢ be a constant. (i) If f(z),g(x) €

Theorem 47 Let f(x), g(x
| for every b > 0. (ii) cf (x) € Z¥[z].

Z'[z], then fg(x) € Z°|x
Proof. (i) Let f(z),g(z) € Z'[x] then for every integer z, n € N,
a}g (z,m) < max {a} (z,n),a,(z,n)}

and so 1%, (z) < max{1%(z),1:(z)}. Therefore, 1%, (2) exists. Finally,
f9(z) € Z'[z] = fg(x) € Z°[z] for every b > 0.

(ii) Let f(z) € ZY[x] and ¢ a constant. It is enough to prove this result for
y < 1. Clearly, 35, (2) < |elj (2) since (of (W)Y < [el (1 (])? for every
n € N. Therefore,

als (2,n) < max {a¥ (z,n) , af (z,n)} < max{l,aii (z,n)} = |c| a% (z,n)

and since the sequence (a? (z, n))nZ , is bounded above, we have cf € Z¥[z].

The statement f(z),g(z) € Z°[z] = fg(x) € Z°[x] holds if b > 1 but
is generally difficult to prove if b € (0,1) and this is the question that is of

interest. We conclude this section by stating the following conjecture.

Conjecture 48 Ifb > 0 and f(x) € Z|[x| then f(z) € Z°[x].
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Chapter 4

Introduction(OPNs)

4.1 o,0_1 and 9,

In this section, we provide important properties of the functions o,0_1(0,
the sum of divisors function) and ®,,(the nth—cyclotomic polynomial). The

sum of divisors function is defined by

k ri+1
r p
o (pi'py’...py") 25’3_1_[]]9_1
J

z|s,x>1

The abundancy function, o_y, is defined by o_1 (n) = o (n) /n, n € N
and o_; (n) is called the abundancy-index of n. We can use o_; to partition
the set of positive integers as follows. For each positive integer n,

(i) 0.1 (n) < 2 <= n is deficient,

(i) o1 (n) = 2 <= n is perfect,

(ili) o_1 (n) > 2 <= n is abundant.

It is interesting to note that o_; is dense [35] on (1,00). However, P.A.
Weiner [53] proved that there exists a subset of rational numbers dense in
(1, 00) which do not belong to the image of ¢_;. A remarkable result by R.F.

Ryan [45] gives a sufficient condition for some numbers to be an OPN.

Theorem 49 (R.F. Ryan) If there exists a positive integer n and an odd
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positive integer m such that 2m — 1 is a prime not dividing n and o_; (n) =

(2m — 1)/m then n(2m — 1) is an odd perfect number.

Since the divisor function is multiplicative, so is the abundancy function.
For a prime p, we have 0_; (p) =1+ % and
lim o4 (p*) = ——. (4.1)

a—>r00 J—
a€eN p 1

Hence, 1 + i <o i (p*) <1+ p%l.

1 1 1 (p*tt —1)
o) =1+-+5+ +—=",
p P p* pla—1)
therefore, for a > b,a,b € N, we have o_; (p*) > o_; (p").
The abundancy function is one of the most important tools used in
the study of odd perfect numbers. In recent years, another function, the

nth—cyclotomic polynomial, is used to study OPNs.
Definition 50 .

Let n € N. The nth—cyclotomic polynomial, ®,, (x), is the polynomial

having exactly the primitive nth roots of unity as roots. For each z € N,

o, (x)= [ (@-1) (4.2)
orilTZ;l:n

where ord (t) = min{y > 0,y € Z : t¥ = 1}. So, by definition, deg (®,,) = n.
We provide some interesting examples of these results, especially those
that are useful in the study of OPNs.

Theorem 51 If &, () is the nth—cyclotomic polynomial then the following

conditions hold.
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(i) The coefficients of ®,, are integers.
(i) 2" =1 =], ®, (). .

n/r w(r
(ZZZ) (I)TL (.T) = Hr|n (Q: /- 1) ’

(iv) For a positive prime p and positive integers n and k, we have

o, (:L“pk) , if pln
Ppen () = { P, <x7’k> /P, (xp'%l) , if ptn

Note that for arithmetic functions f and g, the product form of the Dirich-
let convolution of arithmetic functions implies that if f (n) =[], , g (r) then
gn) =1L,/ (n/r)""). Therefore, in theorem 51, one can easily get (i)
from (ii) with f(n) = 2" — 1 and g (n) = ®, (x). A complete proof of (iii)
can also be found in Vardi I. [53]. Furthermore, if n = p then from (ii)
a? =1 =[], @ (v) = P (2) @), (1) = @, (x) = 2P + 272 + ... + L.

Now, we can link the functions ¢ and ®,, as follows. Let n = pi'py*...p;* as
in (2.1). Since o is multiplicative, we have
o (o o) = Tl (p?'“ - 1) /pj—1 o) =p'+p 4+ .+ 1=
(p9™ — 1) / (p — 1) for every prime p, positive integer g. In (ii), theorem 51,

let n =g+ 1,2 = p then we have p9™! — 1 = [1,y11 ©- (p). Therefore,

o Hr|g+1 ®, (p)
o(p’) = o1 (4.3)

Finally, letting ®; (p) = p — 1, in (5.3) we have

o) =[] . (4.4)

rlg+1
r>1

Therefore, if n = pi'py*...p*F is perfect then the multiplicativity of o

implies that

k
2n =0 (n)=o@Ei'py.pp) =[] ] & @))- (4.5)
J=1lr|rj+1
r>1
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This statement, (4.5), is the most important connection between o and
®,,. The following theorem found in [47] was obtained in the nineteenth

century.

Theorem 52 Let q be a prime, and a,d be integers. If a > 2,d > 3, then
the following statements hold.

(1) If q| ®4(a), then q|d or ¢ =1 (mod d).

(ii) If q| ®4(a) and q|d then ¢* 1 @4 (a).

(iii) If (a,d) # (2,6), then the cyclotomic number @4 (a) has at least one
prime factor q such that ¢ =1 (mod d).

4.2 k— perfect numbers

A positive integer ¢ is said to be perfect if o (g) = 2¢g . In general, g is said
to be a k— perfect number if o (¢g) = kg. So, a 2—perfect number is a perfect
number. We know the general form of even perfect numbers, thanks to the

following statement which characterizes all even perfect numbers.

Theorem 53 (Euler) An even integer g is perfect if and only if
g=2""1(2" —1) for somen € N and 2" — 1 is prime.

If the number 2™ — 1 is prime, then n must be prime. To see this, assume
that n is a composite. Then n = ab for some positive integers a > 1 and
b>1. Sothen2"—1=2%_-1= (2a)b — 1, which is composite, contradicting
the assumption that 2" —1 is prime. Furthermore, the prime 2P —1 is usually
called a Mersenne prime and currently 48 Mersenne primes are known to
exist. There is a 1-1 correspondence between Mersenne primes and even
perfect numbers. Therefore, if there are infinitely-many Mersenne primes
then there are infinitely-many even perfect numbers.

The reader is referred to ([12],[13],[14],[52]) for different proofs of theo-

rem 53. What about odd perfect numbers, do we have the general form of
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an OPN? According to Euler, every odd perfect number must satisfy the

following statement:

Theorem 54 (Euler) If g is an odd perfect number then g = p*n? for some
prime number p and integer k satisfying p = k = 1(mod 4) and ged (p,n) =
1.

Proof. First, we show that if N is an odd perfect number with prime
decomposition N = ¢i'¢3*...q;" then [{j : 1 < j < k,r;is odd}| = 1. First,
if 7; is even for every j(1 < j <k) then o (q;j) is odd for all 5. Thus,
o(N)= H?:l o (q;’) is odd and we have a contradiction since o (N) = 2N.

Now suppose for some ¢, s (1 <t < s <k),r, and rs are odd then o (q?)
is even for all g € {s,t}. Therefore

k N . N .

o (N) :szla(qjj) =o(g)o(g) [ o) =4n
1<j<k
je{t,s}

for some positive integer h. This contradicts our assumption that o (V) =
2N.

Thus N = p“q%’"lqgm...qir’“ for some positive integers ry, s, ..., rx; distinct
primes p, g1, q2, ..., ¢ and an odd integer a.. It remains to show that o =p =
1 (mod 4).

To see this suppose that o = p = 3 (mod 4). Then (p+1)|o (p®), 4|p +
1 and (p+1)|o (V). This is impossible, since 4 1 o (N). Also, o (p*) =
0 (mod 4) which is a contradiction. Therefore, « = p =1 (mod 4). .

According to theorem 54, if n is an OPN then n should be of the form

n = paq%”qgm...qzr’“,p =a =1(mod 4) and ged (pa, qf”q%’”?...qzrk) =1,
(4.6)

where ¢, g9, ..., qr are distinct primes. The prime number p is called the
special prime. There are many problems related to the existence of OPNs

and we can classify and list them as follows.
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4.3 0Old results

In this section, we provide most of what is already known about OPNs. Our

focus will be on the findings of other researchers in the field.

Are there OPNs?

As at the time of writing this thesis, no odd perfect numbers had been found.
But we know the following statements are true.

(i) (Euler): If n is an OPN then n should be of the form
n = paqf”qgw...qz’"’“,p = a = 1(mod 4) and ged (pa,quqg’?..q,ﬁ’”k) =1,
where ¢, qo, ..., qr are distinct primes. The prime number p is called the
special prime.

(ii) (Luca and Pomerance [38]): If n is an OPN then rad (n) < 2n'7/26,
where rad (n) =[], p.

(iii) If n is an OPN then

e (Kanold [32]): n > 10%;

e (Tuckerman [51]): n > 10%;

e (Brent and Cohen [7]): n > 10'%° and n > 103%;

e (Ochem and Rao [42]): n > 10'%; This is the most recent result on
the size of an odd perfect number, if it exists.

(v) (Touchard [50]): If n is an OPN then n = 1(mod 12) or n =
9 (mod 36).

(vi) (Ore [43]): If n is an OPN then n is a harmonic number (a positive
integer is said to be harmonic if the harmonic mean of its positive divisors is

an integer).

Number of prime divisors of OPNs

If an odd perfect number exists, it must have a minimum number of prime

divisors. These are some of the known results.
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(i) (Hagis [23]): If n is an OPN then it has at least 8 distinct prime
divisors.

(i) (Kishore [33]): If n is an OPN then it has at least 10 distinct prime
divisors.

(iii) (Nielsen [40]): If n is an OPN then it has at least 12 distinct prime
divisors.

(iv) (Norton [41]): If n is an OPN and it is not divisible by 3 or 5, then
it must have at least 15 distinct prime divisors, and if it is not divisible by
7, it must have at least 27 distinct prime divisors.

(v) (Hare [26]): If n is an OPN then it has must have at least 37 prime
factors. He later improved this to 75 prime factors.

(vi) (Ochem and Rao [42]): If n is an OPN then it must have at least 101

prime factors.

Size of the prime factors of OPNs.

Even though there are numerous results concerning the size of different prime
factors of an OPN, we are interested in the size of the largest prime divisor.
The following results are well-known.

(i) (Hagis [23]): If n is an OPN then the largest prime divisor of n is
greater than 10°.

(i) (Jenkins [29]): If n is an OPN then the largest prime divisor of n is
greater than 107,

(ili) (Goto and Ohno[21]): If n is an OPN then the largest prime divisor

of n is greater than 10%.

(% 27‘1 2’!‘2

Properties of r1,7y,...,7 in n = p®¢i"¢3™...¢;"*, OPN

Ifn = pq" g3y

ri,T9,...,7r? For example, it is not known if we can have all the r;s equal.
(i) (Steuerwald [49]): Not all of the r;s can be 1.

is an OPN, what do we know about the constants
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(ii) (Kanold [32]): The r; cannot all be equal to 2 and
ged (2ry + 1, ..., 2r, + 1) & {9, 15,21, 33}.
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Chapter 5

Main results

5.1 k—perfect numbers

The goal of this section is to prove the theorem below and give some ideas

that are useful in dealing with k— perfect numbers.

Theorem 55 Let x be a k—perfect number with prime decomposition v =
pype?..pit. If k is prime then for every A € C' (I';) we have TF (A) =T',. (ii)
If T? (A) # T, then x is divisible by a g—perfect number for some g € N.

By theorem 55, if we know that p/||z for some prime p, and z is a
k—perfect number, k prime, then we can generate I',, using a series of steps,
defined below. But what if & = kjka(ky, ke > 1, k1 # ko)? Generally, if k
is composite, it is not known if given any A we will have TF (A) = I',. So,
theorem 55 resolves the special case where k is prime. It is obvious that one
can arrive at the same result using other means but the ideas developed are
interesting. We give the meaning to the notations in the theorem and give
two results before we return to prove theorem 55.

Let = be a positive integer. Define, (i)', = {p” : p"||z, p prime, r € N},
i) C(T,)={AcCT,:A#2,A#T,} (i) for A,Be C(I,),
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G (A|B) = {a eI, :ged <a, Hy) =1, ged (a,a (H :E)) > 1}. (5.1)
yeB €A

By the definition in (5.1), G (A|B) can be the empty set. For example,
consider z = 105 =3 x5 x 7. Let A = {3} and B = {5}; then A, B € C' (I',)
and G (A|B) = (). Therefore, for the rest of this section we will assume that
x is a k—perfect number. More generally, if A, Ay, ..., A, € C(I';), not

necessarily distinct elements; define G (A4, |An-1, ..., A1) =

a€ely,:gad | a, H Yy :1,g0d<a,a<Hx>)>1 . (5.2)

yEAn_1U--UA; TEAR

Theorem 56 Let x be a k—perfect number greater than 1. If A,B,C €
C(T,), then (i) G (A|A, A) = G (A|A), (i) G (A|B,C) = G (A|B)NG (A|C) =
G(AIBUC) and (iii) G (An|An_1, ..., A1) = (V2] G (An|4;).

Proof. Assume the hypothesis, then (i)

G (A|A,A) = {a el : ged (a,HyeAuAy> =1,gcd (a,0 ([T,eqz)) > 1} =

{a el :gcd (a, HyeAy) =1,gcd (a,0 ([Ten2)) > 1} =G (AlA).

(i) G(A|B,C) = {a el :ged (a, [Lyenue y) =1,gcd (a,0 ([T,ea)) > 1}
=G (AlBUCQ).

Furthermore, ged (a, [Lenue y) = 1 if and only if ged (a, [1yen y) =1
and ged (a, I,cc y) — 1; therefore G (A|B) NG (A|C) = G (A|BUC).

(iii) The general case follows from induction on n. .

Now consider the following sequence; T1 (z, A) , Ty (x, A) , ..., T, (x, A) , ...

defined as follows.
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T1 ((L’,A) = A
TZ(I7A) = G(T1<$,A)|A)
Ty A) = G(T(x,A)|Ts (z, A))
(5.3)
Toor (2, 4) = G(Ty(, A)|[Tos (2, A), ... Ty (x, A)).

For each A € C'(I',), define G* (z, A) =T} (z,A) —» Ty (z,A) — -+ —
T (z, A), where Tp, 11 (2, A) = @. G*(x, A) is called a chain in C(T';). A
is the origin of the chain and it is easy to see that every element in C (I';) is
the origin of a unique chain in C'(I';.). Also, for each i (1 < i <m), T; (z, A)

is called a node in the chain. If L is a node in a chain G, we write L € G.

We also introduce a sequence of chains, L” (A) = (G}, (v, A)),,cy defined
as follows;
Gy (z, A) = TN (z,A) > Th(x,A) — - = Ty, (x,A4);
G5 (x, A) = Ty (z,Uh) > Ta(z,Uq) = -+ = Ty, (2,U7)
G:H—l (l’,A) = T1 (I’,Un,1> —>T2 (.Qﬁ,Un,l) — _>Tan ($,Un,1);
(5.4)

where U; = T, (z,A) and U, = T,, (x,U,_1) for all n > 2. Are all
the terms of the chain L* (A) distinct? The following theorem answers this

question in the negative.

Theorem 57 For each k—perfect number z, A € C(T',); L* (A) is recur-
rent, in the sense that 3m, k € N such that for every r € NU{0}, G}, (2, A) =
G:n—l-kr ([lﬁ', A)
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Proof. Let n € N, A € C (I'y). By definition, G}, (z,A) = T1 (z,Up—1) —
Ty (x,Upy) — -+ = Ty, (2,U,-1); where Uy = T, (x,A) and U, =
Ts, (z,U,—1) for all n > 2. Suppose for every i,j € N, G} (z, A) # G (z, A)
whenever ¢ # j. This means that, in particular, if i« > 2 then for every k <
i, 71 (x,U;) # T1 (x,U;). Therefore, UjenTy (z,U;) must be an infinite set.
We have a contradiction, since C (I';) is finite and UjenT) (2, U;) C C(I'y).
So, L (A) must be recurrent. .
In the sequence L* (A), let G, (x, A) be the first term satisfying G, (z, A) =

G:(xz,A) for somer e NJA e C(I',),r > m. Set

mr:min{yEN:y>m,an(a:,A):G’Z(x,A)}

and define
TP (A)= |J aand )= y. (5.5)

acGy (z,A) yeTZ(A)
m<k<m,

Proof. (Theorem 55): (i) Suppose o (z) = kx,k prime and TF (A) # T',.
Set B = I',\T?(A). So B is non-empty. Now, we have o ([],c52) =
g1l.cp 2, where g > 1,g|A ()\ = HyeTf(A) y) or glk. We must have g = k;
since 0 ([],cp 2) = [L.cp 2 is impossible and k is prime. But then, this would
mean that o (HzeTf(A) z) = Jl.ere(a) # which is impossible. Therefore, B
cannot be non-empty.

(i) Clearly, if B = I',\T? (A) # @ then [],_, z divides o ([[,.5 2) and

since 0 ([[,cp2) > [Lep #; the result follows. .

5.1.1 k—perfect numbers and completely multiplica-
tive functions

We will use lemma 58 to produce necessary conditions for a positive integer
to be a k— perfect number. This is a new approach in our study of OPNs
and since we can define many distinct multiplicative functions, this approach
gives us a great deal of flexibility in dealing with the problem. In lemma 59,

60 we give some examples.
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Lemma 58 A positive integer x is a k—perfect number if and only if for

every completely-multiplicative function f : N — Z, we have f (o (x)) =

The proof is clear.

Lemma 59 If p is prime such thatp = 1,3,5,7 or9 (mod 10) then Vm € N,

9, ifm is odd, p=3 or7(mod 10)
om _ ) 1, if mis even, p=3 or 7(mod 10) (5.6)
P=3 1, ifmeN, p=1 or9(mod 10) '
5, ifméeN, p=5(mod 10)

and p*™*! = p(mod 10).

Proof. Let p = 5(mod 10). Suppose for some k € N, p** = 5 (mod 10
then we have p?*+1) = p?* 52 = 255 (mod 10) = 5(mod 10) and so p*™ =
5 (mod 10)¥m € N.

If p = 1(mod 10) then clearly p* = 1(mod 10)Vk € N and so in par-
ticular p*™ = 1 (mod 10)Vm € N. If p = 9 (mod 10) then p? = 1 (mod10)
and so for every m € N,p*™ = (p?)™ = 1 (mod 10). p = 3 (mod 10) =
p? = 9(mod 10) and p* = 1 (mod 10). Therefore, if m is even then p*™ =
p* (mod 10) for some r € N and so p*" = 1(mod 10). Similarly, p =
7 (mod 10) = p? = 9(mod 10) and for every m even, p*" = 1 (mod 10).
The case p*™ = 9 (mod 10) if p = 3 or 7 (mod 10) follows from the arguments
above.

Now, using the results above, we have

dmtl _ dmo lp, if p=1,3,70r 9 (mod 10)
' 5, if p=>5(mod 10) ’

hence, p*™*! = p(mod 10)¥m > 0. .

In the same vein it is easy to verify the following statement.
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Lemma 60 Let p be a prime. If
(i) p=1(mod 10) then Ym € N, o (p*™) =1,3,5,7 or 9 (mod 10);
(ii) p = 3 (mod 10) then ¥Ym € N, o (p*™) =1 or 3 (mod 10);
(iii) p = 5 (mod 10) then Ym € N, o (p*™) = 1 (mod 10);
() p=7(mod 10) then Ym € N, o (p*™) =1 or 7(mod 10);
(v) p=9(mod 10) then Vm € N, o (p>™) =1 (mod 10);
(vi) p=1(mod 10) then Vm > 0,0 (p*™ 1) =2,4,6,8 or 0 (mod 10);
(vii) p = 3 (mod 10) then Ym > 0,0 (p*™ ) = 4 (mod 10);
(viii) p = 5 (mod 10) then Ym > 0,0 (p*™™!) = 6 (mod 10);
(iz) p= T (mod 10) then Vm > 0,0 (p*™*!) = 8 (mod 10);
(z) p= 9 (mod 10) then Vm > 0,0 (p*™*1) =0 (mod 10).

For the rest of this section, the expression N = paqf”qgm...qzr’“ represents

an odd integer that satisfies the conditions p = a = 1 (mod 4) where p is

prime, p*||N and qi, qa, ..., g are distinct primes. Define

Ry (N) =A{a1, 42, - a }- (5.7)

We will now give some necessary conditions for N to be an OPN.

Theorem 61 If N = p®qi"'¢3"™...¢;"* is an OPN and 5|N then either (i)p =
1 or 9 (mod 10) or (ii) ¢; = 1 (mod 10) and r; = 5m + 2 for some
m>0,i(1<i<k).

Proof. Let fio : N — {0,1,2,3,4,5,6,7,8,9} be a function satisfying
fio (z) = xz(mod 10),Vz € N then it is clear that fio is completely multi-
plicative. Therefore, by lemma 58, N = paq%rlqgm...qzr’“ is an OPN if and
only if

fio (2p°‘qf”qgr2...qir’“) = f10 (a (p*) o (q%”) e (qirk)) . (5.8)

We want to show that if 5| N and the statement in (5.8) holds then (i) p =1
or 9(mod 10) or (ii) ¢ = 1(mod 10) and r; = 5m + 2 for some m >
0,i(1<i<k).
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Suppose that 5|N. If 5|p then 5|0 (¢;") for some i(1 <i < k). From
lemma 54, we must have ¢; = 1 (mod 10) since for every prime s, and every

positive integer m, 5|0 (s*™) = s = 1 (mod 10).

Now o (s?*) =1,3,5,7 or 9 (mod 10),Vk € N. Furthermore,
o (s*) = 3 (mod 10), so 51 o (s%);
o (s*) =5 (mod 10), so 5|o (s?);
o (s%) = 7 (mod 10), so 51 o (s%);
o (s%) =9 (mod 10), so 51 0o (s%);
o (510

10) =1 (mod 10), so 51 o (s'9);
o (s'%) = 3 (mod 10), so 51 o (s'?).

Continuing in this way, we have for every m > 0

1 (mod 10), if r=0
3(mod 10), if r=1
o (s*mt)) = ¢ 5 (mod 10), if r=2 . (5.9)
7(mod 10), if r=3
9 (mod 10), i r=4

Therefore, r; = 5m + 2 for some m > 0,i(1 <i<n). If 51 p and
510 (q") for every i then we must have 5o (p*). By lemma 58, this can
occur only if p =1 or 9 (mod 10). This completes the proof. .

We can apply lemma 58 to the cases where p = 1 or 3 (mod 4). The

following result is easy to check.

Lemma 62 If p is prime such that p =1 or 3 (mod 4) then Vm € N,

I, ifmeN,p=1(mod 4)
P 3, ifm is odd, p=3(mod 4) (5.10)
1, if m is even, p= 3 (mod 4)

4Am—+1

and p = p(mod 4)VYm > 0. Furthermore, we have

if m is even, p = 1 (mod 4)
if m is odd, p =1 (mod 4)
if m is even, p = 3 (mod 4)
if m is odd, p = 3 (mod 4)

o (")

(5.11)

W = W
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an 2 ifm>0,p=1(mod 4)
Am—+1) — 9 ym Z ; P = mo
“ (p ) - { 0, ifm >0, p=3(mod 4) (5.12)

For every n € N, fi : N — Z will always represent a function satisfying
fr (z) = k(mod n),Vx € N. Now, we can apply lemma 62 to prove the
following theorem.

Theorem 63 If N = p*¢"q3™...q;" is an OPN then T =0 or 1 (mod 4)
where

T={ill <i<k,r;odd,¢;=1(mod 4)}|.

Proof. Write

N = p°. H ave V), H poe ), H v, H v ) (5.13)

a€A beB ceC deD

where

A:{xeRMNHx
B:{xeRMNHx )

C= {x € Ry (N) 3(mod 4), %= is even };
D = {x € R, (N) |z =3(mod 4), %21\1) is odd}

and for every a € N, p prime;

1 (mod 4), ”“”(ZN) is even};

(
1 (mod 4), 2= g odd}'
(

)

[\

|z

—~ N

vy (a) =max {r € N: p'||a} (5.14)
N is an OPN if and only if f, (zpa. I @%@, ] 509, ] e, T] dvat™
acA beB ceC deD
fi (0 (pa. [T av ™). T 6™, T] ™. ] d”d(N)>). Now
acA beB ceC deD

f4 2pa. H CLU“(N). H bvb(N)' H CUC(N). H dvd(N)
acA beB ceC deD

f1(2) . f1(pY) . f4 (H CLva(N)) fa (H bUb(N)) 7 (H c”c(N)>
acA beEB ceC
fa (H dvd(N))
deD
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= 2.1.1.1.3°1 = 2 (3IP1). Similarly,

f4 (O‘ <pa, H a]va(N). H bvb(N). H Cvc(N)' H dvd(N)))

a€A beB ceC deD

- 1o (1)) e (1)) e (e

Jfa <a ( I1 d”d(N)>) = 2.1.3181.1.31P1 = 2 (3181) (3IP1). From the expres-
deD
sions, 2 (31P1) and 2 (3!7l) (31P1) it is clear that we must have 318l = 1 or

3 (mod 4). This implies that |B| = 0 or 1 (mod 4) and the proof is complete
since B=1T..

It is possible to use different completely multiplicative functions in the
application of lemma 58 and produce new results for N to be an OPN.
For now, theorem 62 and 63 are important new statements concerning the

existence of odd perfect numbers.

5.2 On the set of divisors of a positive non

)

perfect square z. L (z),L%(x) and L"(z),x €

N.

It is known that no perfect number is a perfect square. Therefore, we con-
sidered the sets; L (z),L? (z) and L*(x),z € N, x is not a perfect square.
These sets are defined as follow:

(i) L(z) ={y € N:y|z},

(i) L% (z) ={y € L(z) : y < y/z} and

(i) I* (1) = {y € L () : y > V).

So, by definition, we should have L (z) = L (x) U L (z),z € N, z is not
a perfect square.

Suppose z € N is a positive non perfect square, so that L (z) = L% (x) U
LY (z). Write L (z) = {z4 (1) : 1 <i <mgzq(1) <z24(2) <+ <xg(ng)}

and L" () = {z, (1) : 1 <@ <ng,xy (1) > x4 (2) > -+ - > 2, (n,)} where
n, is half the number of elements in L (z). So, for each j (1 <j <n,),
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x4 () z, (j) = z. Note that for a given z, it may be possible to find another
positive integer y such that L (z) = L?(y). So, whether z or y is a perfect
number will depend on L% (z) (= L (y)). Furthermore, if L (z) = L% (y)
then for each j (1 <j<n,), z4(j)z,(j) = = and z4(j) yu (j) = y, since
xq(7) = yaq(j)- It is easy to see that

Ny T Ny
=3 "z, (). (5.15)
j; 4 (J) ;
If we write
__ 5.16
250 () " Tom (v (D)5 () orma () (516)
for some g, € N, where lem (xq (1),x4(2),...,Xq (ny)) is the least common
multiple of the elements x4 (1),24(2),..., x4 (n;) then we have
N hx
1-— ~ = 5.17
2 00) om0 (e () (517)

for some h, € N. Now, a positive integer y, not a perfect square, with
L (z) = L (y), is perfect if

y\l-Zam| = v~ ]Z:; e
= v > v ()
= 21 ya (7)-

This shows why investig;ting this object, 1 — Z;ZQ 1/z4(j) closely, can
help us identify many positive integers that cannot be a perfect number. For
example, consider A = {1,3,9}. Clearly, there are infinitely-many positive
integers y such that L¢ (y) = {1,3,9}. Can any of these integers be a perfect
number? The answer is no. To see this notice that if y is perfect then
y(1—(1/3+1/9)) =1+ 3+ 9. This is impossible since there is no positive
integer y such that (5/9)y = 13. It also means that no integer of the form

9p, p a prime, is perfect.
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We stated that it is possible to find infinitely-many positive integers y; <
Yo < -+ - such that L (y;) = L% (y;),j € N. Now, if y; is perfect, can y; be
perfect for some j € N, j > 17

Lemma 64 (a) Let y;,j € N be positive integers satisfying y1 < ya < - - -
such that L% (y;) = L% (y;) ,i,7 € N then

(i) if y; is deficient then y; 11 is deficient;

(i) if y; is perfect then y;11 is deficient;

(i3i) if y; is abundant then y; 11 is abundant, deficient or perfect.

(b) Let x be a perfect number. If x, (n,) is prime then

(i) zy (ng) |y, for everyy € L* (x) and

(it) Ty (na) = 3 ocpay ¢ where ng = [L" (z)| = |L? (z)].

Proof. (a) Write y = y;, 2 = y;41. (i) y deficient means

y(l—Zy . >>Zyyd(j>

2 Yd (7)

and since z > y and L% (y) = L% (z) we must have z (1 — 37", 1/yq(j)) >
i ya (j) and the result follows, z is deficient. In similar fashion, one can
j=1
prove (ii) and (iii).

(b) (i) ged (zy, (ns) , 4 (ng)) = 1since x, (n,) is prime. Therefore, z, (n.) |y,
for every y € L" (z).

(ii) Since ged (w4, (n2) , 74 () = 1, alrg (n,) ,Va € L4 (z) and so 0 (24 (ng)) =
D serd() 8- From (i), 30 iy s = kay (ny) for some k € N, and so

Ty (M) | D sepaqey - We need to show that if >0 ;a8 = gy (ng) for

some g € N, then ¢ = 1. Suppose EseLd(x) s = g, (n,) for some g € N, and
g > 1, then

o (xq(ng)) = Zsem(x) § = gxy (ng) > 22y (ng) > 224 (ny) .
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This implies that x4 (n,) is abundant which is not possible since every
proper divisor of a perfect number must be deficient and so we have a con-
tradiction. Therefore, @, (o) = > crac) S »

We now give different proofs of our first statement concerning the exis-

tence of a prime in L* (z),z € N, z a non-perfect square.

Theorem 65 Let x be a perfect number. Then L"(x) contains a prime

number if and only if x4 (n,) is a power of 2.

Proof. Suppose x4 (n,) = 2Y for some positive integer y. Then z, (n,) must
be a prime since no power of 2 is a perfect number.

Conversely, suppose z, (n;) is prime, then @y (ny) = > c1a(,) s. There-
fore, suppose that x4 (n,) = [, p;’ for some positive integers r1, 72, ..., r, (n > 1)
and distinct primes pi,ps,...,po.  We have o (24 (ne)) = > cpa s since

x, (ng) is prime. But

o) = Ly = [T =0

=1 Pi

is not possible if all the primes are distinct, odd and n > 1. Therefore, p; = 2
for all i (1 < i < n) and the result follows. .

The following theorems are a direct consequence of theorem 65.

Theorem 66 (Acquaah P. [1]) The largest prime divisor of an odd perfect

number g is less than g/?.

Theorem 67 If g is an odd perfect number and p* is a prime power divisor
of g then p* < /9.

Proof. (theorem 67) If n = p®\? is an odd perfect number, where p = «
1 (mod 4) and ged (p*, A?) = 1 then we know that o (A\?) = p® and o (p©

2)2% is impossible. So, let g be an odd perfect number and write ¢ = p¥n,

where p is prime, p*||g and ged (p*,n) = 1. We claim that p* < /g. Since
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g is perfect, we have o(g) = 29 = 2p“n = o(p*)o(g) and ged (p*, o(p*)) =1
means p“|o (n). Furthermore, since o (n) < 2n, we have p*|o (n) = p* =
o (n) or p* < n. We show that p* = o (n) is impossible.

Case 1: p is the special prime. In this case p* = o (n) implies that
o (p*) = 2n, since g is perfect. That is, g must satisfy the conditions p* =
o (n) and o (p*) = 2n. But this is impossible.

Case 2: p is not the special prime. Here, p* = o (n) is impossible since
n is divisible by ¢*, where ¢ is the special prime, ¢ = A = 1 (mod 4) and
¢ |n. Therefore, o (n) is even. However, p* is odd. Hence, in both cases,
p* = o (n) is impossible. Therefore, p* < n.

Conclusion: Since, p* < n and g = p“n, we have p* < ,/g. Furthermore,
since p*||g and p" is any prime power divisor of g, we have that every prime
power divisor of g is less than |/g. «

This means that if ¢ is an odd perfect number then the set L* (g) contains
no prime-power divisor of g. We can then state the following theorem about

the nature of the set L% (g), g an odd perfect number.
Theorem 68 If xz is an OPN then lem (xq (1) ,%q (2), ..., Xq (ny)) = X.

Theorem 68 shows that every prime-power of an odd perfect number =
belongs to the set L (z). We can extend this idea as follows. First, if x is
a perfect number then there must be some pair of positive integers (A, B)
such that x = AB,ged (A, B) = 1,gcd (4,0 (A)) = 1 and 2|0 (B). In the
case of even perfect numbers we have x = 2P~ (2P — 1) for some prime p. So
we can choose A = 2P"! and B = 2P — 1. If z is an OPN, then any of the

. . 2r; 2r;
non special-prime powers ¢; ‘||z can be chosen for A and z/¢;" for B.

Theorem 69 Let x be a perfect number. If v = AB,ged (A, B) =1,
ged (A, 0 (A)) =1 and 2|0 (B) for some pair of positive integers (A, B), then
Ae L (x).

Proof. Let v = AB,gcd (A, B) = 1,gcd (A, 0 (A)) = 1 and 2|o (B) for some
pair of positive integers (A, B). 2|o (B) = o (B) = 2B — e for some positive
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even integer e. Therefore, o (A) = 2A — u for some positive odd integer u. x
perfect implies that 2z = 2AB = 0 (AB) =0 (A) 0 (B) = (2A — u) (2B — e).
Therefore,

2A/u= (2B —¢)/(B—e). (5.18)

Now, ged (A,0 (A)) = 1 = ged (24,u) = 1. So, we have 2B — e =
2Ak, B — e = uk for some positive integer k. From (5.18), we have o (B) =
2Ak, that is 2A|o (B) which implies that 2A = o (B) or 2A < B. 2A <
B=—= A< B/2= A<B. 2A=0(B)= Aloc(B) = A=0(B) or
A < B. Therefore, A < B since A = o (B) is impossible. This completes the
proof. .

We give another proof of theorem 66 below. This time we apply Hagis

[22], Kishore [33] and Nielsen [40]. If n is an OPN then it has at least 9
distinct prime divisors.
Proof. (Theorem 66) Given ¢ is an odd perfect number, it must be of
the form g = p%*+in? = p*+1 1" ¢ where m € N,m > 8,ged (p,n) =
LI, ¢’" is the prime factorization of n?> and p = 1 (mod 4). The theorem
follows easily if k& # 0 since every divisor of g is less than \/]W =
\/WH?; qf If £ =0, then ¢; < /g for all 7 and since g is a perfect
number, we must have

m

2g =0 (p) I_L,:1 o (qfti) :

Therefore, p must divide [}, o (¢7) and since m > 8,p (p+ 1)d = 2g for
some d > 2; completing the proof. .
Theorem 66 was improved in P. Acquaah and S. Kongayin [2]; this result

restricts the size of the largest prime divisor of an odd perfect number g.

Theorem 70 ( Acquaah P., Konyagin S.[2]) The largest prime divisor of
an odd perfect number g is less than (3g)'/3.

Proof. p,q will denote primes.
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r+1_1

T <3p'/2.
If z,r € N,¢"||x and r > 2,then 2z = ¢ (z) is divisible by ¢"o (¢") > ¢*" > ¢".
1/4

If p is an odd prime and r a positive integer then o (p") = B

Hence, ¢ < (2x)"and we are done.

If 2 is an odd perfect number then we know that z = Q*m? for some prime
@, positive integers a, m satisfying @ = o = 1 (mod 4),ged (Q,m) = 1. If
qlr and ¢ # Q then ¢*|z. So to prove the theorem, we suppose that ¢ # Q.

Since z is perfect, there is a prime power p?*||z with g|o (p**). Write z as

qp**v®. We consider two cases. Suppose that p|o (¢). In this case we follow

the arguments from [38]. We have ¢p**||o (p**v?). Thus,

2 2 2a 2 3
20 =0 (z) = (¢+ 1) o (p*v*) > p*¢* > % > %7

and we are done.

Now suppose that p|o (q). Denote u = o (p*?) /q. Since
o (p**) = 1(mod p),q = (mod p),
we conclude that u = —1 (mod p). Moreover, u # p— 1 since u is odd. Thus,
u>2p—1. (5.19)

Let p°||o (¢). By our supposition, b > 1. We notice that p**~°||o (v?).
Therefore, b < 2a and also

o (v*) > p2at. (5.20)
We have

Pt —1=@p-1)o (™) =@p-Dug=(p—1uo(q) — (p—1)u

Therefore, (p — 1)u =1 (mod pb). Thus,

(p—1Du>p
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Combining this inequality with (5.20), we get

Now we have
20 =0 (z) =0 (q) o (p*) o (v*) = (¢ + 1) ugo (v*) .

Next, by (5.19) and (5.21),

20 (p°*)q*  2ug® S 20— 1) ¢

2z > p*q*/(p—1) > 3p—-1)  3(p—-1) " 3(p-1)

So, x > 2¢3/3. This completes the proof. .
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Chapter 6

Summary and Conclusion

It is known that there are infinitely-many primes in the sequence an + b,
whenever a,b € N and ged (a,b) = 1. We provided an alternate proof of this
celebrated theorem by applying a basic sieve result. G.H. Hardy and J.E.

Littlewood [25] gave the following conjecture for the sequence an? + bn + c.

Conjecture 71 Suppose a,b and c¢ are integers with a > 0,gcd (a,b,c) =
1,a+b and ¢ are not both even, and D = b* —4ac is not a square. Let Py (z)
be the number of primes p < x of the form p = f (n) = an® +bn +c,n € Z.
Then

9(D) VT H p (6.1)

P (x) ~ged (2,a+b) Ja Dogz

where

g(D)=1] 1—]@ (6.2)
HE

and (%) 15 the Legendre’s symbol.

This conjecture is unsolved and it is not even known if there is a polyno-

mial of degree two or higher that admits infinitely many primes. A. Schinzel
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and W. Sierpinski [48] also conjectured that if f is an irreducible polyno-
mial(of any degree) with integer coefficients that is not congruent to zero
modulo any prime, then f(n) is prime for infinitely many integers n.

The method we used in proving Dirichlet’s theorem cannot be used, in
its current form, to attack this type of problem. The following theorem is
also a beautiful connection between cyclotomic polynomials and primes of
the form an + 1.

Theorem 72 For every positive integer a, there are infinitely-many primes
of the form an + 1.

Proof: If a = 1, the result is trivial. So assume a > 1 and there are
finitely many primes p; < -+ < pg with p; = 1(mod a),1 < i < k. Let
G = py...px then G > 1 and so we can find r large enough so that ¢, (G") > 1.
If s is a prime divisor of @, (G") then since s|G™ — 1, we have s { G. So
s is not of the form an + 1 and sf a. This contradicts (i) of theorem 52.
Therefore, there are infinitely many primes of the form an + 1.1

We introduce the following basic arithmetic function A\, and we believe,
from current developments, that a modification of the methods used in this
thesis, A, and a new promising technique can help us gain new insights in

problems related to conjecture 71.

6.1 The function )\,
Let n € N. Define g, (n) = {n/p : p prime} U {1} and
A« (n) = max g, (n) NN, (6.3)
A« is not a multiplicative arithmetic function since
A (2)=1,A3)=1,gcd(2,3) =1

but A, (6) = 3. The function A, is interesting because of the following state-

ment.
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Theorem 73 (i) For everyn € N
A (n) =1<=n=1 orn is prime.

(ii) For every y,m € N

A (m) =y = m < >

(iii) For everyy € Ny > 1

HZEN:)\*(Z’):?JH:{ W(y)7 ifyisprime

m(ny), otherwise

where

n, = min {p : ply} (6.4)

Proof: (i) Suppose n = 1 or n is prime. A, (1) = maxg. (1) NN =
max {1}NN = 1. If n = p, prime then A, (p) = max g, (p)NN = max {1}NN =
1. Suppose A, (n) = 1 and n is not prime. Without loss of generality, suppose
that n is square-free. That is n = pyps...px, where p; < py < --+ < p are
distinct primes. Then A, (p1p2...px) = max g, (pip2...pr) NN = po..pp # 1.
This contradicts our assumption that A, (n) = 1. Therefore, n must be
prime.

(ii) Suppose A, (m) =y and m > y*. Since A, (m) =y, we have m = yg
for some prime g < n,. g <n, = m = gy < y?, a contradiction.

(iii) Let y € N,y > 1,y prime. Suppose z € N and A, (2) = y then
z = n,y for some prime n,. Since n, < y and 7.,y are primes, we have that
for every prime p <y, A, (py) = y. If u <y, z = yu and u is composite then
u = n, f for some f > 1. So z = n,fy = A\ (nufy) = fy # y. Therefore,
{z € N: A\ (2) = y}| = 7 (y) whenever y is prime.

If y is composite then y = n,g for some g > 1, s0 A\, (y) =g and, if pis a
prime satisfying p < n, then A, (pg) = g. Therefore, [{z € N: A\, (2) = y}| =

7 (n,) whenever y is composite.ll
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This function does have some interesting properties that lend themselves
to the study of primes in short intervals or polynomial sequences. At first
it is not exactly clear how one may use A, in the study of primes in short-
intervals. One possible area of application will be a search for primes in
intervals of the form [kz, (k + j) z|;z,k,j € RT. We did provide alternative
proofs of existing theorems about primes in the intervals [z, 2z], [2z, 3z] and
[3z,4z]. However, our method failed to resolve the case [4x, bx].

We also considered A\— stationary polynomials in Z[z] but did not resolve
the general problem about the existence of f € Z°[z], if b > 0 and f € Z[z].
This problem is interesting and will be researched further. The other side of
the thesis involved problems concerning the existence of odd perfect numbers.
We still do not know if an odd perfect number exists and most researchers
are now focused on the size of the prime divisors or lower-bounds of an odd
perfect number, if it exists. Our most important result in this direction is
that the largest prime divisor of an odd perfect number x must be less than
(37)/3. We also showed how completely-multiplicative functions can be used
to derive new necessary conditions concerning OPNs may be discovered if we

push this technique further.
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