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ON TWO-WEIGHT NORM ESTIMATES FOR MULTILINEAR
FRACTIONAL MAXIMAL FUNCTION

BENOIT F. SEHBA

ABSTRACT. We prove some Sawyer-type characterizations for multilinear fractional maximal
function for the upper triangle case. We also provide some two-weight norm estimates for this
operator. As one of the main tools, we use an extension of the usual Carleson Embedding that
is an analogue of the P. L. Duren extension of the Carleson Embedding for measures.

1. INTRODUCTION

All over the text, R™ will be the n-dimensional real Euclidean space; all the cubes considered
are non-degenerate with sides parallel to the coordinate axes. If Q is a cube, then we denote by
|Q| its Lebesgue measure. When w is a weight on R”, we write w( fQ z)dz. Given an
exponent 1 < p < oo, we denote by p’ its conjugate; that is pp’ = p —i—p

An important question in modern harmonic analysis is given an operator T determine the
pairs of weights (w, o) such that

(1) ITfllrw) < Clw, o) fllLr(o)
or more generally,
(2) 1T fllzo@) < Clw, o) fllLr(o)-

When T is the Hardy-Littlewood maximal function M, a complete answer was provided in the
case w = o by B. Muckenhoupt [24] who proved that (I]) holds for M if and only if o satisfies
the so-called A, condition. That is

3) m%—ﬂmQa/ )@%Lapy”<ux

Note however that this question in its general form is difficult.
Recall that the fractional maximal function is defined by

() Map(e) = SE [ 151y

provided 0 < a < n. When a = 0, this is just the Hardy—thtlewood maximal function. B.
Muckenhoupt and R. Wheeden [25] proved that for 1 < p < 2, and 1 == — 2 M, is bounded

a’ 5 n’
from LP(oP) to Li(0?) if and only if

1/q 1 , 1/17/
q - -p
o= (g ) (@i fyo) <=

In [29], E. Sawyer provided a general criterium for the maximal function to be bounded from
LP(o) to L(w) which can be rephrased as follows (see [22] for the norm estimate).

THEOREM 1.1. Let 0 and w be two weights on R™, and 1 < p < g < co. Then the following
are equivalent
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(i) There ezists a constant C1 > 0 such that
| aon@) @iz < ailg,
(ii) There exists a constant Cy > 0 such that for any cube Q,
| (aloxqm)e@ds < €y (0(@)"

Moreover, if

Jo (Ma(UXQ)(x))qw(x)dx> 11
(U(Q))q/p )

[o,W]s, 400 sgp (
then
q 1/q
6 M50 1100 = Clan) () sl

We are interested in the multilinear analogues of the maximal operators above. For m a given
positive integer, the multilinear fractional maximal function is defined by

of(@) =5 a/" i(y)|d
Mafle) = spl@r" ] |Q| /|f )/ dy

provided 0 < a < mn. Here f = (f1, -+, fm) where the f;s are measurable functions. When
= 0, My = M is the multilinear Hardy-Littlewood maximal function. Note that these
operators are related to multilinear Calderén-Zygmund theory and the study of multilinear
fractional integral operators [9), 10, 111 12} 15] 18] 23].
One of the first interest in this setting in relation with the linear case results commented
above was the extension of Muckenhoupt result for M and the Muckenhoupt-Wheeden result
for M,. In [18], the authors provided the right characterization of weights for M to be bounded.

More precisely, given 1 < p; < -+ < pp, < 00, 1—1) = p%—i—"'%-li, and for & = (o1, -+ ,0m)

where the o;s are weights, define the weight wz by wz = [[;~; Uf /i They proved that M is
bounded from LP'(oq) X --+ X LP™(0y,) to LP(wgz) if and only if

. 1 1/p m 1 1, 1/p}
s = (g fpor) Wi ) <=

Building over these new lights, K. Moen considered the same question for M, in [23]. He proved
that M, is bounded from LP*(o}") x --- x LPm(op") to LI(wl) with % = % — = if and only if

m o\ Va4 m N 1/p
i (i (i) ) " )

The other question that comes in mind is the extension of Sawyer result to this setting. In
[2] and [21], the authors dealt with this question for & = 0 but under the assumption that the
weights satisfy a kind of reverse Holder inequality and monotone property respectively. K. Li and
W. Sun [20] managed to extend the Sawyer characterization for the boundedness of M, from
LPY(oy) X -+ X LPm(0y,) to LY(w) for max{p1, -+ ,pm} < g < co. They proved the following.

THEOREM 1.2. Given a nonnegative integer m, and 1 < p1,--- ,pm < 00; suppose that 0 <
a < mn, % = p%—l—---—i—li and max{p1, -+ ,pm} < g < 0. Let wy, -+ ,wy, and v be weights

1—p; .
,i1=1,--- ,m. Define

and put o; = w;
q 1/q
(g Matorxa. - omxa)(a))* ()]
a0 [T oi(Q)V/P '
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Then M, is bounded from LP*(wy) X -+ X LP™(wy,) to Li(v) if and only if [a_ﬁ,v]gﬁq is finite.
Moreover, 7

HMCVH(H:il Lpl(wz))*)Lq(v) et I:U_j, ’U]Sﬁ,q'
The condition [, v] S5 . < 00is necessary in general but the assumption ¢ > max{p1, - ,Pm}
»q
makes the result above restrictive. One might be interested in knowing if it is possible to remove
this assumption and may be replace it by ¢ > p, with % = p% 4+ 4 #. Before going ahead on
this question, let us first observe the following general sufficient condition.

PROPOSITION 1.3. Given a nonnegative integer m, 1 < p1,- - ,pm < 00. Suppose that
0 < a< mn, % = pll +---+# and p < qg < co. Let wi, -+ ,wy and v be weights and put
/ P
o; :wil_pi, i=1,---,m and vz =[[", 0. Define
q 1/q
(Jo Malorxa, -+ omxQ) (@) v(z)dz)

[Vz, v]gﬁ’q = sup

Q (va(@)'”
Then M, is bounded from LP*(wy) X -+ X LPm(wy,) to LY(v) if [u@,v]sﬁq is finite. Moreover,
HMQH(HZ’;1 Lpi(w))—)Lq(y) S [VQ,U]Sﬁ’q.

It comes that if the weight w;, 7 = 1,2,--- ,m are such that for any cube @,

m m p/pi m 2
® [Tow@r =TI ([ stwas) 5 [ (TIoF ) o = va(@),

i=1 i=1 Q@ Q@ \i=1
then the equivalence [z, v] Sp, 2 ¢, v] Ss., holds and consequently, Theorem holds without
the restriction ¢ > max{p1,--- ,pm} but with this time p < ¢q. That is the following holds.
THEOREM 1.4. Given a nonnegative integer m, 1 < pi,--- ,pm < 00. Suppose that 0 < a <
mn, % = p% —l—---—i—]ﬁ and p < q < o0o. Let wi,- ,wny and v be weights and put o; :wilfpi,
i=1,---,m. Suppose that the weights o;, i = 1,--- ,m are such that (@) holds and define

q 1/q
(Jo (Malorxgr+  omx@) (@) o))
[VG7U:|SP”(I - Sup

Q (va (@)
Then M., is bounded from LP'(wy) X - -+ X LP™(wy,) to L1(v) if and only if [V@,v]sﬁq is finite.
Moreover, 7

HMO‘H(HIL LPi(wi))ﬁLQ(y) = [V@’U]Sﬁ,q'

Condition () was used and named reverse Holder inequality RH 5 in [2,13]. In [2], the authors
obtained Theorem [[L4lfor & = 0 and p = ¢, but it is hard to provide examples of family of weights
for which (6] holds. Nevertheless one can check that for o1 = 09 = -+ = 0, = 0, we have the
inequality (@) and in this case, the following result.

COROLLARY 1.5. Given a nonnegative integer m, 1 < p1,--+ ,pm < 00. Suppose that 0 < o <
mn, % :pll—l—---—i—]i and p < g < 0. Let o and w be weights. Define

1/q
(Jo Maloxg,  ox@)(@) w(z)dr )
oyl = sup |
Pa g o (@)

Then Mg, is bounded from LP* (o P1/Ph) x - x LPm (o~ Pm/Pm) to Li(w) if and only if [o, w]gﬁq

1s finite. Moreover,
w,v]g, -

HMO{H(HZl Lpi(a_pi/p;)>*>Lq(w) = [ B.q
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Recall that the Ay class of Hruséev ([13]) consists of weights w satisfying

") bl m(!@\/ >eXp<\@1/ g1 ) < o

If is easy to check that for oq,--- , 0, € As, and for any cube Q,
m m mn r
[[o:@P" < <H[U,~] Aw) / <H a> (2)da
i=1 i=1 Q@ \i=1
(see [30]). It follows that we also have the following result.
COROLLARY 1.6. Given a nonnegative integer m, 1 < p1,--+ ,pm < 00. Suppose that 0 < o <
mn, % = p% +"'+Ii and p < q < 0o. Let wy, -+ ,wm and v be weights and put o; = wil_p;,
i=1,---,m. Suppose that the weights o;, i =1,--- ,m are in the class As and define
1/q
) (Jo Malorxa. - omxe) (@) v()da)
(&3, v]sﬁq = sgp T Q) .

Then M, is bounded from LP*(wy) X -+ X LPm(w,y,) to Li(v) if and only if [ﬁ,v]gﬁq is finite.
Moreover,
= @

HMaH(H;il L”i(wi))aLQ(v) w,v]gﬁ’q.

To prove Proposition [L3] one first need to observe that the matter can be reduced to the
associated dyadic maximal function. We then use an approach that can be traced back to [29]
and has been simplified in [4], it consists in discritizing the integral [pa (Mga(f))?w where
Mg, o stands for the multilinear dyadic fractional maximal function, using appropriate level sets
and their decomposition into disjoint dyadic cubes. In the linear case (i.e. when m = 1), one
then uses an interpolation approach to get the embedding (see [4, [20]). This method still works
in the multilinear case under further restrictions on the exponents that allow one to reduce the
matter to a linear case and this is what happens exactly in the proof of Theorem in [20]. It
is not clear how this can be done in general in the multilinear setting for the upper triangle case
(p < q). To overcome this difficulty, we just extend the techniques used for the diagonal case
(p = q) which reduce the matter to a Carleson embedding (see [2]). More precisely, we use the
following extension of the usual Carleson embedding and its multilinear analogue.

THEOREM 1.7. Let o be a weight on R"™ and o > 1. Assume {\g}qep is a sequence of positive
numbers indexed over the set of dyadic cubes D in R™. Then the following are equivalent.

(i) There exists some constant A > 0 such that for any cube R € D,
> g < A(a(R)™
QCR,QeD
(ii) There exists a constant B > 0 such that for all p € [1,00),

> Xolmo (£, Q)P < B f[2%

QeD

The above theorem for a = 1 is the usual Carleson Embedding Theorem (see [14, 27]). The
case & > 1 seems to be new and can be viewed as an analogue of P. L. Duren extension of
Carleson embedding theorem for measures [7].The proof of Theorem is also simplified when
combining the main idea of [20] and the extension of the Carleson embedding. For the proof of
Prosition [IL3], we will use a multilinear analogue of the above embedding.

Our other interest in this paper is to provide sufficient conditions for M, to be bounded from
LP (1) x -+ X LP™(0y,) to L9(w). Usually, one expects conditions that have a form close to the
A, characteristic of Muckenhoupt. This question is quite interesting in this research area as it
is related to the same type of questions for singular operators and some questions arising from
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PDEs (see [5l 12 23] 25, 26] and the references therein). Before going ahead on this question,
we need more definitions and notations.
Given two weights w and o, we say they satisfy the joint A, condition for 1 < p < oo if

w(Q)o (@)

(8) [w,o]a, = sup ———=—"—— < 00

Q Q[P

Note that when o = w=/(=1 | this is just the definition of the A, class of Muckenhoupt. A new
class of weights was recently introduced by T. Hytonen and C. Pérez [14] and consists of pair
of weights satisfying the condition

= Su Mex 1 og o (0. @]
) o015, = sup LS p<|Q|/1g ) <.

We recall the definition of the A class of Fujii-Wilson ([8] 16l BT, 32, [33]). We say a weight o
belongs to Ay if

(10) Pl =0 [ Mioxo)
S. Buckley [I] obtained the following estimate for the maximal operator M:
(11) 1M 2o0) 100y < ORI,

This was recently improved by T. Hytonen and C. Pérez [14] as follows.

THEOREM 1.8. Let 1 < p < 00, and o, w two weights. Then

(12) 1M (f0)lpew < Clasm)p! ([0.w]5,) """ || £llpo
and
(13) 1M (f0)lpw < Clan)p' ([o,6]a,[0]42) 2 || fllp.o-

Estimate (I3) in the case p = 2 is actually attributed to A. K. Lerner and S. Ambrosi [17].
To find the corresponding estimates in the LP — LY case, we need to introduce adapted classes

of weights that generalize the above ones. For 1 < p1,--- ,pm,q < 00, P= (p1,-+* ,Pm), We say
the weights & = (01, -+ ,0y,) and w satisfy the joint conditions Az . and Bﬁq if
. B w(Q)P/4 1, o:(Q Q)P/Pi
(14) [a,w]Aﬁ’q = sgp Qpptm— a/n) < 00
and
o w(@ )p/q H m 1 p/pi
(15) [0, w|p, :=sup exp log o < 0.
P,q 0 ’Q‘pm a/n +1 211 0
One easily checks the following inequalities
i,/
= p/Pi
[an]Aﬁ’q < [U7W]Bﬁ’q < [0'7("}]14* H[UZ]AOO
1=

Let us also introduce the multilinear A, class of Chen-Damian [2]. That is the class of weights
= (01, - ,0m) such that

_ oy oI Mo
B’ 0 fQ ;nlap/pz( )dz

< 00,

where % = pll +--+ Our corresponding result is the following.

1
Pm’
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THEOREM 1.9. Let 1 < p1,-++ ,pm,q < 00, and & = (01, ,0pm), w be weights. Put 1—1) =
pll + -+ Ii and assume that p < q. Then
m
. 1/p
(16) [Ma(oifi, s omfm)llgw < C(n,p,q) ([O"W]Bﬁ,q> H I fillpi.os
i=1

/ m ) m
A1) IMalorfi - Omfu)llw < Clnp.a) ([Foday,) (H[m]%ﬁ') TT il
=1

i=1

and

18 M <C o o ey ;

(18)  Malorfis e somfm)low < Cupya) (16.90ap, 161wz ) L1l
=1

We observe that when a@ = 0 and p = ¢, that is for the multilinear Hardy-Littlewood maximal
function, inequalities (I6]) and (I8]) were proved in [2], while (I7) was obtained in [6]. Sharp
norm estimates of the fractional maximal function are considered in [19], these estimates are
similar to (I7)) with a modification of the power on [0;] 4. An extension of the Buckley estimate
() to the multilinear maximal function is given in [6].

To prove Theorem [[L9 one first needs to observe as above that one only needs to consider
the case of the dyadic maximal function. Next to estimate the norm of the dyadic maximal
function, we proceed essentially as for Proposition [[3l For some other sufficient conditions of
this type, we refer the reader to the following and the references therein [2] 18] [19] 22} 23].

The paper is organized as follows, in the next section, we introduce an extension of the usual
notion of Carleson sequences, and provide equivalent characterizations. In section 3, we prove
Proposition [[L3] and simplify the proof of Theorem Theorem [[.9is proved in the last section.
Some steps in our proofs are known by the specialists but we write them down so that the reader
can easily follow us.

All over the text, C' will denote a constant not necessarily the same at each occurrence. We
write C'(a, m, - -+ ) to emphasize on the fact that our constant depends on the parameters a, n, - - - .
As usual, given two positive quantities A and B, the notation A < B (resp. B < A) will mean
that there is an universal constant C' > 0 such that A < CB (resp. B < CA). When A < B
and B < A, we write A = B and say A and B are equivalent.

2. (o, 0)-CARLESON SEQUENCES

We introduce a more general notion of Carleson sequences, provide equivalent definitions and
applications.

2.1. Definitions and results. We have the following general definition of Carleson sequences.

DEFINITION 2.1. Given a weight o and a number o > 1, a sequence of positive numbers
{Aq}qep indexed over the set of dyadic cubes D in R™ is called a (o, 0)-Carleson sequence if
there exists a constant A > 0 such that for any cube R € D,

(19) > Ao < A(o(R))".

QCR

We call Carleson constant of the sequence {Ag}gep, the smallest constant in the above
definition and denote it by Agg; when there is no ambiguity. When o = 1 and o > 1, we speak
of a-Carleson sequences. In particular when « = 1, we just call them Carleson sequences as
usual.

Let us introduce some notations. For f € LP(w),

£l = [ 1f@Pw(e)ds
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and
1
molf.Q) = oy || st
where w(Q) = wi. When w = 1, we write mgf = m(f, Q) = my,(f, Q).

We have the following characterization of («, o)-Carleson sequences.

THEOREM 2.2. Let o be a weight on R and o > 1. Assume {\g}qep is a sequence of positive
numbers indexed over the set of dyadic cubes D in R™. Then the following are equivalent.

(i) {Xo}tgep is a (o,0)-Carleson sequence, that is for some constant A > 0 and for any

cube R € D,
(20) > g < A(a(R)™
QCR,QeD
(ii) There exists a constant B > 0 such that for all p € [1,00),
(21) > Aalmo (£, Q)P < B fIbS%.
QeD

Proof. Let us recall that the dyadic Hardy-Littlewood maximal function with respect to the

measure o is defined by
o XQ
M f::sup—/ flo.
d Q€D U(Q) Q ’ ’

When o is the Lebesgue measure, we write M7 = M,;. We recall the estimate

(22) 1M fllp.o < 21 fllp.o-
We will also need the following inequality.
(23) Mo ({z: M7f(x) > A}) <[[M7 ]I}

For the implication (ii) = (i), we test (ii) with the function f = xg with R € D to obtain
2 Aa = D delmo(f.Q)™
QCR,QeD QeD
Bllxrllpe = B (o(R))".

IN

That is for any R € D
> A< B(o(R)"
QCR,QeD
which is (i).

To prove that (i) = (ii), it is enough by (22]) to prove the following.
LEMMA 2.3. Let {\g}gep and a > 1. Suppose that there exists a constant A > 0 such that
for any R € D,

> g < A(a(R)™
QCR,QeD
Then for all p € [1,00),
(24) > Aolmo (£, Q)P < Aa| M7 FIbS,.
QeD

Proof. We can suppose that f > 0. As in the case of v = 1 in [I4], weread >~ cp Aq (Mo (f, Q)™
as an integral over the measure space (D, ) built over the set of dyadic cubes D, with p the
measure assigning to each cube @) € D the measure Ag. Thus

> Mo mef. Q" = [ pat lul(Q e D malf.0) > 1)

QeD

o0
= / patP L (Dy)dt,
0
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Dy :={Q € D : mys(f,Q) > t}. Let D; be the set of maximal dyadic cubes R with respect to
the inclusion so that m,(f, R) > t. Then Dj is the union of these disjoint maximal cubes and
we have D; = {x € R" : MJ f(x) > t}. It follows from the hypothesis on the sequence {\q}gep

that
WD) = Y A<D D> X

QED; RED; QCR

IN

A emy <Al Y or)

ReD; RED;
< A(o({M7f>t})".
Hence using (23]), we obtain
> Aalmo(f,

QeD

< A/ pat?* L (({MJf > t}))* dt
0
= A [ pat o7 > ) (Po((M7 1 > )
0
< Aalugflge [ peto(ug s > e
0
< Aal|M7 DS
O
The proof is complete. O

The above theorem is clearly a generalization as taking o = 1 we get the well known Carleson
embedding result (see [14], 27]).

REMARK 2.4. As a first application, we obtain a necessary and sufficient condition for the
main paraproduct to be bounded from LP(R) to L*(R) for 1 < p < 2. Let us still denote by D the
set of dyadic intervals in R. Recall that given a dyadic interval I, the Haar function supported
by I is defined by hy(s) = |I|7%(XI+(S) — x7-(8)), where I~ and I are the left and the right
halfs of I respectively. For ¢ € L?(R) with finite Haar expansion, the (main) paraproduct with
symbol ¢ is the operator defined on L*(R) by

Tsb(s) := > (¢, hr)(mb)hy(s)
1eD
where mrb = |—}| J;b(z)dx. It is well known that the operator Iy is bounded on LP(R) if and
only the sequence {|(¢, h1)|*}1ep is a Carleson sequence. The following partial extension is a

direct consequence of Theorem [2.2.

COROLLARY 2.5. Let ¢ € L?>(R) and 1 < p < 2. Then Iy extends to a bounded operator from
LP(R) to L?(R) if and only if

1
25 A= sup ——
(25) Jeg |.J]2/P

Yo gl < oe.

ICJ,IeD
Moreover, |||l rpm)—r2®) = A-

The higher dimensional version of the above corollary requires an adapted multivariable ver-
sion of Theorem [2.2. This will be presented elsewhere.

An alternative characterization of («,o)-Carleson sequences is the following.
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THEOREM 2.6. Let N > 1 be an integer, 1 < p; < oo, j = 1,--- ,N. Assume that o is a
weight on R™, and that there are 0 < qq,--- ,qn < 00 such that o = Z;V 15 4 > 1. Then given a
sequence {A\g}gep of positive numbers, the following are equivalent.

(i) {Ao}gep is a (a,0)-Carleson sequence, that is for some constant A > 0 and for any
cube R € D,

> g < Ala(R)™
QER,QeD
(ii) There exists a constant B > 0 such that

(26) > Ao H Imo (£, Q)% < BH 15115 o

QeD = j=1

Proof. To prove that (ii) = (i), take for R € D given, f; = xg for j =1,--- , N and proceed as
in the proof of Theorem To prove that (i) = (ii), it is enough to prove the following lemma
which might be useful in some other circumstances.

LEMMA 2.7. Let N > 1 be an integer, 1 < p; < oo, j=1,--- ,N. Assume that o is a weight
on R™, and that 0 < q1,--- ,qn < 00 so that a = ZJ 17 qﬂ > 1. Then if {\g}qep is a sequence
of positive numbers such that there exists a constant A > 0 so that for any cube R € D,

> g < A(a(R),
QCR,QeD
then

(27) > X H Ime(f5, Q)9 < AaH M3 £ o

QeD j=1 j=1

Proof. An application of Holder’s inequality and Lemma 23] provide

95
ap;

QeD = j=1 \QeD

N
Z)\QH‘WU fg, < H Z)\Q‘ma(fj’Q)’pja
N

qj

< H (Aa|| Mg f]57%) s
< AaHHMdfjupﬁ
7j=1

The proof is complete.

2.2. Another extension. We end this section with the following extension of the multilinear
Carleson embedding of [2].

LEMMA 2.8. Let N > 1 be an integer, 1 < p;,a < oo, i = 1,--+  N. Assume that oy,
i =1,---,m are weights on R"™, and put vz = Hzmlap/pl and 1 = p% —|—---—|—Ii. Then if

{Aq}qep is a sequence of positive numbers such that there exists a constant A > 0 so that for
any cube R € D,

> g < Aws(R)?,

QCR,QeD
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then
N pa
(28) Z )‘Q Hmoi(fiaQ) < AO[HMJ( )Hp vz
Qep  li=1
N AO‘HHM“J‘Z [
S AaH I fill o,
i=1
where
Mg () = H / filo(a
-1 Z

pa
Proof. We read > ncp A <Hf\;1 \mai(fi,Q)D as an integral over the measure space (D, pu)

built over the set of dyadic cubes D, with u the measure assigning to each cube ) € D the
measure A\g. Thus

y4es 0o N
> e <H|mm J%Q)I) = /0 pat?® !y <{Q€D‘H|mm(fz,62)|>t}> dt
=1

QeD i=1
o0
= / patP L (Dy)dt,
0

D, :={Q € D: val Ime, (fi, Q)| > t}. Let D; be the set of maximal dyadic cubes R with
respect to the inclusion with [];2, =&~ f 0 |filoi(z)dz > t. Then Dy is the union of these disjoint

maximal cubes and we have Df = {x 6 R : MS(f F)(x) > t}. It follows from the hypothesis on
the sequence {A\g}gep that

wD) = Y A<D D X

QEDy ReD; QCR

< A (R <A D) vaR)

RED; RED;

< A(vemir>1)

—

Hence using ([23) applied to MJ(f), we obtain

N pa
> e (H rma,«fi,cz)\)

&0\ < A/o patP® 1(0({Mg(f)>t})> dt
— A/Ooopatp Lo({M7(f )>t})< c({M5(f) >t})>a_1dt
< AalMFAIRE D [T ot >
< AalMF(FIES

The second inequality in (28) follows from the Hélder inequality while the third follows from
[22). The proof is complete. O
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3. SAWYER-TYPE TWO-WEIGHT CHARACTERIZATION

Let us consider the following family of dyadic grids in R".
1
DP = [27F ([o, " +m+ (—1)’“5) ke ZmeZ™); Be{0,5)"

For =0 =(0,0,--- .0), we write D® = D. The dyadic multilinear fractional maximal function
with respect to the grid DP is defined by

MB = 1 7){@(%1 i(y)|dy.
dot (@) nggﬁi:l o /Qﬁ | fi(y)|dy

When o = 0, this is just the dyadic multilinear Hardy-Littlewood maximal function denoted
here Mg When 8 = 0, we write My, and M for Mga and ./\/lg respectively.

We observe that any cube is contained in a dyadic cube Qg € DF for some f € {0, %}" with
1(Qp) < 6l(Q) (see for example [28] for the case n = 1). Thus

1 / 6" m
e [s o [

and consequently,

(29) Mof <6™ N~ M.

Be{0,33n
We will use the following notations: for & = (o1, - ,0,,) and f = (f1,-++, fm) given, we
write ¢f := (o1f1,-+ ,0mfm) and for a real number o, of = (ofi, - ,0fm). We also use

the notation xX¢ = (xQ,-- ,xq) (m-entries vector) so that ox¢ = (oxqQ, - ,oxqQ) and Gx( =
(01XQs** ,omXQ)-

3.1. Proof of Proposition 1.3l From the above observations, we see that for the proof of
Proposition [[.3] it is enough to prove the following.

PROPOSITION 3.1. Given o1,--- ,0p and w, m+ 1 weights on R, and 1 < p1,--+ ,pm < 00,
let % = le NI #; p < q < oo, and define vz = [, af/pi. Then if there exists a constant
C1 > 0 such that for any cube QQ € D,

/Q (Maa(6x0) () w(@)dz < Cy (vs(Q))7?

then there exists a constant Coy > 0 such that

[ (Maal@D@)" wtaje < c, (f[ Hfupivoiy-

Moreover, if

fQ (Maa(FX0) () w(ﬂ:)dm) 1/q

vorilsn, = 5 < (v (@)

then
(30) IMaa(T) (p, Lri (o)) La() S o Wlss -

»q
Proof. Let a > 2"*~*. To each integer k, we associate the following set
Q= {z €R": aF < Myqu(o ) (x) < aF+1y.

There exists a family {Q,;}jen, of dyadic cubes maximal with respect to the inclusion and such
that

m

1
1 Qg7 /Q |fi(@)|o(x)dz > a*

. nm
=1



12 BENOIT F. SEHBA

so that
Q. C UjenoQk,j-
Note that because of their maximality, we have for each fixed k, Qx ; N Qx; = 0 for j # I. Also,

gnm—agh - H e, |1_7 /Q |fi(2)|o(@)dz > a*.
J k,j

Let us put E(Qg,;) := Qkj N Q. Then Qf = U372, B, ; and the E(Qy,;) are disjoint for all j and
k,ie E(Qr;) N E(Qim) =0 for (k,j) # (I,m). It follows that

/n (./\/(d,a(& _3(x))qw(x)dx = ; N <Md,a(5f)($))qw(x)dm

< anakqw(Qk)
< anakqw Qlw
q
= qZQ_[lm/Q |fi()|oi(z)d ) w(E(Qr.5))
m ) q
- aqz Qk,] <H %) (1_[”%7Z f’l?Qk,j))
=1 k,j
q
= a’ ) Ag (Hma (f,Q ) :
QeD
where
q
wEQ) (I8 29-) &
AQ = Q = Qi,; for some (k,j),

0 otherwise.

We observe that for any R € D,

y T oo@ \' , ToL o
) <E<@>><H|Q|1_%> ) <E<Q>><H|Q|1_ﬁn /Q ZXR>

QCR,QeD i=1 QCR,QeD =1
q
= > [ (Mgt [
QCR,QeD i—1 |Q|

< [ (Maaloi)" @)
< |vs, w]gﬁyq (V&(R))Q/p‘

That is {Ag@}qep is a (I, v7)-Carleson sequence. Thus from Lemma 2§ we obtain

[ (MaaP@) st < oelt, THIME @) 150

=1
5 1/0, Sa HHlepl,ol

The proof is complete. O]
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3.2. Proof of Theorem We observe again that we only need to prove the following.

PROPOSITION 3.2. Given o1, ,0pm and w, m+ 1 weights on R™, and 1 < p1, -+ ,pm < 00,
let & = (01, yom), % = p% + -+ 1% and q¢ > max{p1,--- ,pm}. Then the following are
equivalent.

(i) There exists a constant C1 > 0 such that for any cube Q € D,
/Q (Mao(6X0) () w(z)de < C H (0:(Q)) /P .
i=1

(ii) There exists a constant Cy > 0 such that

| (Maal@Di@))" wta)e < c (ﬁ ufupi,m>q-
=1

Moreover, if

[0, w]s; :=sup (f o Mol 22)(36))(1“’(95)6136)1/(1
) | (Q))Q/pi )

then
(31) Mol (11, ) s 500 = B0,

As in [20] we restrict ourself to the bilinear case as the general case follows the same. We will
focus on the proof of the sufficiency that is the implication (i) = (ii) as the converse is obvious.
We start by the following lemma proved in [20] and provide a simplified proof.

LEMMA 3.3. Suppose that 0 < a < 2n, that 1 < p1,ps < co. Put % = pil + p% and let ¢ > ps,
01,09,w be three weights. Then if f is a function with suppf C R € D, then

(32) IXeMaa(xro1, fo2)llgw S (6, wlss a1 (R)YPY| £llps o

Proof. We proceed as in the proof of Proposition B.Il Let a > 2"~% To each integer k,
associate the set

Q== {2z €R" : d¥ < Mya(xror, fo2)(x) < a1}
There exists a family {Q ;}jen, of dyadic cubes maximal with respect to the inclusion and such

that
1

W/Q XR(x)Ul(x)dx/Q |f(z)|oo(x)dx > o
)] k.,j hy

Qr C Ujen, @k, j-
Following the same steps as in the proof of Proposition B.I] and using the same notations, we

obtain that

Jo. xro1 fo, | floa\?
/ (Maa(xron, fo2) (@) w(z)de < at Y <Q’J T ) W(B(Qrj))
R Qr,;CR ’Qk,J’ "

Lo xronfy, |flon)"
= d Z < e ’le,’;—?g 2) w(E(Qk,;))
7-]

Qk,jCR

q fRXRo'lfR‘f‘UZ 1
+ a < ]R\Z_% ) w(E(R))

= aq(T1 + TQ)

‘[Qk,j XRO1 ‘[Qk,j |f|02
Q4>

so that

IN

where

> w(E(Qr.5));
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and

_ (fRXRUI fR|f|O-2

AL ) ),

We easily obtain that

T, — (fRXRo'lfR‘f‘UQ
P
R[>

( (R) /‘f‘@) / (Ma,a(xRrO1, XRO?2)) w(T)dw
o1 (

(R)YP £ 11,0

) W(B(R))

IN

IN

q
S
P.q

We observe that

T Z ka,j XRO1 ka,J‘ |flo
1 = o
QP

) W(E(Qr,4))

Qk,jCR

o, xro1 Jg, . XRO

q
= Z m02(|f|’Qk,j)q< = ‘Qk "2_%] ) W(E(Qkh]))
2]

thCR
= Z )‘Qm02(|f|’Q)q
QeD
where
Joxro1 Joxroa \* B if
ey ) wE@)
AQ T Q — Qk,_] C R fOr some (kaj)7
0 otherwise.

Let us prove that {Ag}gep is ( 09)-Carlseon sequence. Let K € D, K C R. Then

S e = 3 (fQXT;Q{Q%XM> (E(Q))

QeD,QCK QeD,QCK
XRO o
< Z / ( Q XR 12fQXR 2) w(z)dz
QeD,QCK |Q|
< [ (Maalenors xnoz)(a))" w(a)da
T
S ol(D)YPay(T) P25, W]
sq
S (RPN F,wlE | oa(T)P2,

P.q
That is {Aq}qep is (5L, 02)-Carlseon sequence with constant Acqer < o1(R)¥/P[7,w]% . Thus
P.q
by Theorem [2.2]

71 S (R 5,018, 1F150n
From the estimates of 77 and T5, we conclude that
| Maalenon, fon(@) (o) < o1 (R 16,615, 1150
The proof is complete. O

The next result is enough to conclude for the sufficient part in Proposition for the bilinear
case and was also proved in [20], we give a simplified proof that uses the general Carleson
embedding.
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PROPOSITION 3.4. Suppose that 0 < o < 2n, that 1 < p1,pe < co. Put % = p% + p% and let
q > pa, and o1,09,w be three weights. Then

(33) [Ma.a(fron, f200)llqw S [0, wls s [1fllpr.oullfllps.oo-

Proof. From the decomposition in Proposition 3.1l we have that

| filo | falo2\ ?
/n(Md,a(f1a1,fzaz)(x))qw(ac)dm < Z (ka’]| ! lka’]| 2 2) w(E(Qk4))

—a
k,j |Qk,j|2 "

01(Qu) fo, el
. meum,czk,j)q( o ) W(B(Qrs))
7.]

k?j

= > Aomo(Ifil, Q)

QeD
where

(M)qu(@) if Q = @y for some (k,7),

AQ = QPP

otherwise.

Let us prove that {Aqg}qep is (3, 01)-Carlseon sequence.
For R € D given, we obtain using Lemma B.3] that

N M)M
Qel%gfz ¢ Qel%gz( QI S

< / (Maa(xr01, Xl folo2)) w(a)de
R

< [3uls, (Bl o

That is {Ag}gep is (pil, o1)-Carlseon sequence with constant Acer S [0, w|% || f2l[f,00- Thus
P.q

using the equivalent definitions in Theorem [2.2], we obtain

/n (Maa(f101, f202)(2)) w(z)de S [0 w5, [1f1ll5,.00 1 f2l15 00

The proof is complete.

4. TWO-WEIGHT NORM ESTIMATES
For the proof of Theorem [[.9, we also only have to prove the following.

THEOREM 4.1. Let 1 < p1,-++ ,pm,q < 00, and & = (01, ,0pm), w be weights. Put 1—1) =

pil—i----—i-li and ygzl—[?llaf/pi. Assume also that p < q. Then

L= . 1/p 57
(34) IMa@ g < Cnp,a) (3 wlps, ) 1M Fllpws

/p 1 ,
<Cp.a) (F.els,,) " TTIME fillne
i=1

m

/
<Cmp.a) (B.elsy,) Tl
=1
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3 M@l < Cnpa) (B, ) (H
i=1
< C(n,p,q) <[U7W]Aﬁ,q>1/p (H
1=1
(36) M@ F)lge < Cl0.p.) (1760, e

m
1/pi i
Ji]A/oi) | | HMC}T fini,Uz'

/> T 11illp. o0

1M Fllp,v

1/
< C(n,p,q) (17,w]a,, [Fws ) pHnM“fzupz,az

—

< C(n,p,q) <[57 wlag [Glwe

1/
)" Tl
=1

Note that the second and the third inequalities in ([B34]), (35) and (B8] follow from Holder’s

inequality and (22| respectively.

Proof. The proof of Theorem [£1] follows essentially as in the case & = 0 and p = ¢ in [2], [6].

Hence we will only prove (33]).

We keep the notations of the proof of Proposition B.Il Let us put ¢; = % > 1 and observe

1_ 1, .4 1
thata—ql—i- +qm.

Proof:(35)). . We use for simplicity, the notation Q ;

= (Q and obtain that

/n <Md,a(0_: ﬁ)(m))qw(x)dx S Z( ’Q‘l__ / ’fl’ z)
= > (@ H% H( o (| fil, @)
ki i=1 ’Q‘ o 1=1
5J
W(@QPI T, (@7
- ( QP ) Hff Q)P (g (1], Q)
k,j
< [FWY? S TTo @ (mo,(1£:1, Q)"
kg i=1
m a/q:
< Gl TI{ Y at@m» <mai<f@-,@>>qi>
=1 \ kyj
m q/pi
= Gl T X w@ <mm<fi,c2>>m)
i=1 \ k,j
m q/pi
= [5,w]?4/§qH Z)‘g(moz(fiaQ))pl)
"i=1 \QeD
with
i Joi(Q) if Q = Qg for some (k,j),
Q@ 0 otherwise.
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By Lemma 2.3 we can conclude that
= q
L = / (MW(& )(x)) w(z)da
- a/p ; -
< C(TL p, Q) <[U W]Aﬁ,q> (H q/p ) H HM szHpZ,O'Z

=1

provided that for each i = 1,--- ,m,{)\é?}QefD is a o;-Carleson sequence with the appropriate
constant. That is for any R € D,

(37) Y 6ilQ) £ loiaso(R).

QER,QeD

The inequality ([B7) can be found in [14]. Let us prove it here for completeness.
We first check the following.

(38) 1Qr,j| < AYIEQrj ), v=

1 <2m,;,a)1/(m—%)'

Recall that E(Qy ;) = Qk,; N and observe that

Qi N (U1 Qk410) | = > 1@ksl
Qr+1,1CQk,;
1
S Z |Qrr12/™ 7
Qr+1,1CCQk,j
1
<

Qr+1,1CQk,; i=1 Qr+1.0

(alirl Z H/ | filor h

1 m
anll X[ e
i=1 Qp4+1,1CQk,; Qrt1,1
1

1 1 "
gy H/ |fi|0z>
@1k

Thus

Qr;l < E(Qryj) +1Qk; N (UZ1Qk111) |
onm—a 1/(m—%)
@+ () I

IN
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which proves (38)). It follows that

d, 0@ <7 > B
QCR,QeD QCR,QeD
- 5 Z / Ui(Q)
ocioen E@ 1@
< v ) My(oixr)
QCR.QeD” Q)
= 7/ Mgy(oixr)
R
< Aloilaoi(R).
]
The proof is complete. O
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