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Abstract

We show that the right derived functors of the limits of the Khovanov presheaf describes the
Khovanov homology. We also look at the cellular cohomology of a poset P with coefficients in

a presheaf [’ and show by example that the Khovanov homology can be computed cellularly.
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Chapter 1
Introduction and Motivation

A mathematical knot unlike a knot in everyday life is a knot with no loose ends. Formally,
it is an embedding of S*, the 1-sphere in R®. A link is a collection of knots that are all
tangled up together. Kmnot theory is the study of these mathematical knots and links
and one of the major areas of study in knot theory is knot invariants. Knots are 1-
dimensional topological objects living in 3-dimensional space and so we may represent them
using diagrams. A knot diagram is a projection of a knot into a 2-dimensional plane. A
standard reference for the study of knot theory is the book by Collins C. Adams [1].

An important question in knot theory is that given two knots (or links), how can we tell
them apart? That is, how can we tell if they are distinct or the same? Knot invariants are
here to address this question. A knot invariant is a mathematical object assigned to each
knot and which remains unchanged for equivalent knots'. Some examples of knot invari-
ants include tricolorability, integer-valued invariants like unknotting number and crossing
number, polynomial invariants like the Jones polynomial and homological invariants like
the Khovanov homology. If an invariant assigns a different object to two knots (or links),
then the two knots must be distinct. On the other hand if an invariant assigns the same
object to two knots (or links) then they are not necessarily the same and this depends on
the strength of the invariant. If an invariant say I; tells apart more knots (or links) than

the other say Iy, then we say [; is stronger than Is.

One of the more interesting knot invariants is the Jones polynomial and it was developed
by Vaughan Jones. It is constructed from the Kauffman bracket and we give a brief
description of it below. The Kauffman bracket of a link D written < D > is defined

recursively by the following three rules:

!Two knots are equivalent if one can be deformed topologically into the other without breaking it.
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(a) Oriented Hopf link (b) Unoriented Trefoil knot
(c) Oriented unknot (d) Oriented unlink

Figure 1.1: Examples of knots and links

(1) <0>=1, 2)<X>=<_<>-—q<)(>and (3)<0UD>=(¢+q')<D>

where x and > ( are the 0- and 1-resolution of the crossing >< respectively. Let D be
a link diagram with n crossings. Let n_ be the number of negative crossings X and
ng4 the number of positive crossings <. We have n = n_ + n,. When the Kauffman
bracket is computed, then we can define the unnormalised Jones polynomial to be J (D) =
(—1)"-¢"+ %"= < D > which when multiplied by (¢+¢ ')~! gives us the Jones polynomial:
J(D) = j(D)(q + ¢ 1)L An element « in the n-dimensional cube {0,1}" corresponds to a
smoothing (when all crossings of the link D are resolved to form a disjoint union of cycles)
Sq of the link D. To calculate j(D), we replace each smoothing S, of k, cycles with a term
(=1)rg" (¢ + g~ 1)k, where r, is the number of 1’s in a. Sum up all the terms over a to
get <D >=>"_(=1)2g"(q+ g '), the Kauffman bracket of D, from which we compute
J(D) and hence J(D). For example if we consider the Hopf link (see Figure 1.1a) with
n_ = 2 and n, = 0, we get the following diagram of smoothings with their corresponding

terms (—1)"q"(q + ¢ 1)*.

—qlg+q7Y)

@)
/ \ )
(q+q’1)2@j @D a*(q+qh)?

—qlq+q71)

~

When we sum up all the terms we get < D >= ¢* +¢*> + ¢ 2+ 1 from which we get J(D) =

-~

¢gr<D>=1+q¢2+¢ %+ ¢ * and hence the Jones polynomial J(D) = J(D)(qg+q 1)~

Even though the Jones polynomial has been very useful in telling knots(links) apart, it is
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(a) A knot with 5 crossings. (b) A knot with 10 crossings

Figure 1.2: Two different knots with the same Jones polynomial

unable to tell some knots apart. For example the Jones polynomial cannot tell apart the
knots in figure 1.2. They are two different knots with the same Jones polynomial. It is also
still unknown whether or not it detects the unknot(see 1.1c) although S. Eliahou et al in
their paper [3| have given an analogue for links. They show that there is an infinite family
of distinct 2-component links with Jones polynomial equal to those of the corresponding
unlinks(see 1.1d). That is if L is a 2-component link, then J(L) = J(()()). Since the
Jones polynomial is unable to tell all knots apart, the quest for a stronger knot invariant

continues.

In search for a stronger knot invariant, M. Khovanov developed a homological knot invari-
ant called the Khovanov homology. It is able to tell apart all distinct knots that the Jones
polynomial can, and can tell apart some distinct knots that the Jones polynomial cannot
distinguish. It is interesting to know that the Khovanov homology encodes more informa-
tion about knots than the Jones polynomial. For example the Euler characteristic of the
Khovanov complex (see Theorem 3.2.4) is the Jones Polynomial. That is, it determines the
Jones polynomial, but not the other way around. In 2010, the Khovanov homology was
shown to be the unknot detector by Kronheimer and Mrowka in their paper [6]. That is, it
is able to tell if a given knot is the unknot. It is also important to know that the Khovanov
homology is a functor where as the Jones polynomial is not. The above information about
the Khovanov homology tells us that it is a stronger knot invariant than the Jones polyno-
mial. It is therefore very interesting to study Khovanov homology and we do so using the

language of category theory.

Category theory can be thought of as the study of the universal properties of mathematical
structures. A category is a collection of objects and a collection of maps between objects
called arrows. A functor is a map between two categories. Some examples of categories
include posets, the category of abelian groups and the category of sets. Examples of functors
are the identity functor, presheaves and right derived functors. A reference for category
theory is [7].



In Section 3.3, we give a description of how to compute the Khovanov homology of a knot
from a poset associated to the knot. Let D be a knot diagram with an associated poset Q.
Since Q is a category, we may define a presheaf Fipy : Q% — Ab which assigns to each
element x in Q an abelian group Fxy(z) and to each map x < y in Q a homomorphism
Fru(y) = Fry(z). We call Fxy the Khovanov presheaf. It is interesting to know that
the unnormalised Khovanov homology can be identified with the right derived functors of
the limits of the Khovanov presheaf and this is our following theorem stated and proved in
Section 3.5.

Theorem: Let D be a link diagram and let Frpy : QP — Ab be the Khovanov presheaf.
Then KH' (D) 2 lim' Fycy.
Qer

Given a category C and a presheaf F' on C we define a cochain complex S*(C; F'). The
cohomology HS*(C; F') of this complex is called the cohomology of C with coefficients in
F. The cohomology groups of a poset P, with coefficients in a presheaf F' are the right
derived functors of the limits of F' (see Proposition 4.1.3 and Remark 4.1.4). Since a knot
is a topological object, we would like to compute its Khovanov homology cellularly. Everitt
and Turner in [4] proposed a definition for cellular cohomology HC*(P; F') of a poset P
with coefficients in a presheaf F' on P. It turns out that the cohomology HS*(P; F) under
certain conditions is isomorphic to the cellular cohomology HC*(P; F)(see Theorem 4.3.4).

This isomorphism is a generalisation of our Theorem 3.5.4, which is also stated above.

The thesis is organised as follows. Chapter 1 provides an introduction and motivation to
this thesis. In Chapter 2, we review some concepts in homology theory and category theory.
Chapter 3 looks at the Khovanov homology and the limits of the Khovanov presheaf. Tt
first provides a review on how the Khovanov homology of a knot is computed and goes ahead
to look at the comparison between the Khovanov homology and the Jones polynomial. We
look at how Khovanov homology is constructed from a poset which is based on the papers
[5] and [9]. We discuss the limit and its derived functors and finally establish the relation
between the Khovanov homology and the limits of the Khovanov presheaf. In Chapter 4, we
look at Khovanov homology and presheaves. We first discuss Khovanov homology and the
classifying space of a category. A relation between Khovanov homology and the cohomology
of a poset Q with coefficients in a presheaf is then established using the classifying space
of the poset Q. We then look at the cellular cohomology of a poset with coefficients in a
presheaf proposed by Everitt and Turner in [4] and we then establish a relation between the
cellular cohomology and the limits of the Khovanov presheaf based on a certain condition.
We conclude by discussing two examples. Chapter 5 gives us a discussion of the thesis and

some future directions.



Chapter 2
Preliminaries

This chapter looks at some concepts in homology theory and category theory. A reference

for these concepts is [7].

2.1 Homology theory

Let R be a ring. We assume R to have an identity element 1.

Definition 2.1.1. A left R-module is an additive abelian group M together with an
operation of R on M, that is R x M — M defined by (a,x) — ax such that, for all a,b € R

and x,y € M, the following axioms are satisfied:
(a) (a+b)x = axr + bx. (¢) (ab)z = a(bx).
(b) a(z +y) = ax + ay. (d) Iz ==

Definition 2.1.2. Let M and N be R-modules. A map f : M — N is called an R-module
homomorphism if for all a,b € M and r € R, we have f(a + rb) = f(a) + rf(b).

A right R-module is an abelian group M together with an operation of R on M such that,
forall a,b € R and z,y € M, the axioms of Definition 2.1.1 are satisfied but with the places
of the ring and the abelian group switched.

Examples of modules include the ring R itself and abelian groups. Every abelian group is
a left Z-module.



Definition 2.1.3. Let R be a ring, A a right R-module, B a left R-module and G an
(additive) abelian group. A function f : A x B — G is called R-biadditive if for all
a,a1 € A,b,by € B,r € R, we have

(a) fla+ai,b) = f(a,b) + f(a1,b). (c) flar,b) = f(a,rb).
(b) f(aa b+ bl) - f(CL?b) + f<a7b1)'
The tensor product of A and B is an abelian group A ®g B and an R-biadditive function

h:Ax B — A®pg B such that for every R-biadditive function f: A x B — G, there exists
a unique Z-homomorphism v : A ®r B — G such that f =~ oh.

Definition 2.1.4. A sequence M oM Lo M” of R-modules is called an ezact se-

2

quence if imf = kerg ° where f and g are module homomorphisms.

Example 2.1.5. Examples of exact sequences:

e The sequence 0 —» M —— M is exact if and only if 7 is an injective homomorphism.
e The sequence M ¥ N — 0is exact if and only if ¢ is a surjective homomorphism.

e The sequence 0 — M s M LM — 0 is an exact sequence if f is injective, g
is surjective and im f = ker g, and it is called a short exact sequence. For example if
v : M —> N is a homomorphism, then the sequence 0 — kery — M ——imy —

0 is a short exact sequence.

Definition 2.1.6. A chain complez is a sequence of modules and homomorphisms (M, f,),

fn+2 Mn+1 fn+1 }Mn fn . A/{nil fnfl

where n ranges over all integers and f,, maps M,, to M,,_1, such that f, o f,,.1 = 0 for all n.

Definition 2.1.7. A cochain complex is a sequence of modules and homomorphisms
(M™,d™),

dn72

Mnfl dn—l

dan dn+1
Mn+1

M’I’L

~

where n ranges over all integers and d” maps M" to M™*!, such that d"*! o d® = 0 for all

n.

We write (M., f) for a chain complex and (M*,d) for a cochain complex.

2imf is the image of a map f and ker f is the kernel of f.



Definition 2.1.8. Let (M,, f) be a chain complex. Let Z,, = kerf,_; and B, = imf,.
Then the nth homology group of the complex is the quotient H"(M,) = Z,,/B,,.

Definition 2.1.9. Let (M*,d) be a cochain complex. Let Z" = kerd" and B" = imd" ",
Then the nth cohomology group of the complex is the quotient H"(M*) = Z™/B".

Definition 2.1.10. A morphism of cochain complexes or cochain map h: (A*, f) —
(B*,g) is a sequence of homomorphisms A" : A" — B" for which the following diagram
commutes.

An fr AnJrl

hnl lhrrl»l

B" g" ; Bl

Definition 2.1.11. A left R-module P is called projective if, whenever s : A — A’ is

surjective, and h : P — A’, there exists a map g : P — A making the following diagram
commute. The map s: A — A’ is surjective if and only if A = A’ — 0 is exact.

P

h

g///’
B
A s A’ 0.

S

A projective resolution of a module M is an exact sequence

s Pp—s M — 0,

where each P; is projective. The map ¢ is a surjection by exactness.

Definition 2.1.12. A left R-module [ is called injective if, whenever i : A' — A is
injective, and h : A — I, there exists a map ¢ : A — [ making the following diagram
commute. The map i : A’ — A is injective if and only if 0 — A’ A is exact.

An injgective resolution of a module M is an exact sequence

do dy ds

IQ > e

0— M 151, I

where each I; is injective. The map 7 is an injection by exactness.

7



Definition 2.1.13. (Short exact sequence of cochain complexes) Let f : A* — B*
and g : B* — C* be cochain maps. The sequence 0 — AL 250" 5 0is a short

exact sequence if ker f = 0, imf = ker g and img = C*.

In Definition 2.1.13, all square commute and each horizontal sequence is exact. The following

theorem will be useful in proving some lemmas in Section 4.2.

Theorem 2.1.14. ([10], Theorem 1.3.1) If 0 — AL B* 250" = 0 is a short ezact
sequence of cochain complexes, there are natural maps (connecting homomorphisms)
§: H"C* — H"A* and a long exact sequence

RN & (e Vo LN S L LN S LY - L B S T LG S L

Remark 2.1.15. Consider the long exact sequence in Theorem 2.1.14. Let ¢ € C™ be a
cocycle. Then the connecting homomorphism ¢ can be defined to be the map sending the

homology class [c] € H"C* to the homology class [m] € H""' A*, where m is a cocycle in
At

2.2 Category theory

Definition 2.2.1. A category C consists of the following data:

e a collection obj(C) of objects and a collection arr(C) of arrows also called morphisms.

e for each arrow f € arr(C) there are given objects A, B € obj(C) such that f : A — B.
A is called the domain of f and B is called the codomain of f. The collection of

morphisms with domain A and codomain B forms a set which we denote Hom(A, B).

e given arrows f: A — B and g: B — C, there is an arrow go f: A — C.
These data satisfy the following two axioms.

(i) for each object A, there is an arrow 14 : A — A called the identity arrow such that
folg=fand 1go f= f forevery f: A— B,

(i) 1f A—L>B-L50-t

D, then ho(go f)=(hog)o f.



The collection Hom(A, B) is called a hom-set and if f € Hom(A, B), then f: A — B'is

all arrow.

Example 2.2.2. Examples of categories are:

(i)

A partially ordered set or poset is a set P equipped with a binary relation x < y
such that the following conditions hold for all x,y, z € P:

o reflexivity: = < x,
e transitivity: if x <y and y < z, then z < z,

e antisymmetry: if x < y and y < z, then x = y.

A poset P can be regarded as the category whose objects are the elements of P, whose

hom sets are either empty or have only one element:

el i A
HOHIP(ZL’,y): {y} : N
0 ifzxLy.
Sets: Objects are sets, morphisms are functions, and composition is the usual com-

position of functions.

rMod: Objects are left R-modules, morphisms are R-homomorphisms, and composi-

tion is the usual composition.

Ab: Objects are abelian groups, morphisms are group homomorphisms, and compo-

sition is the usual composition.

The simplex category, SCat: Objects of SCat are non-empty ordered sets of the
form [n] = {0,1,...,n} with n > 0. The morphisms in SCat are order-preserving
functions between sets (that is functions f : [n] — [m] such that i < j = f(i) <
f(g), for 0 < i, j < n).

Let C be a category and fix an object x € C. Then the coslice category x/C has as
objects for any b € C all morphisms f : x — b; that is all morphisms f with domain
equal to . The morphisms are maps h: (f : * — b) — (f' : x — V') such that the

following diagram commutes:




that is f'=ho f.

Definition 2.2.3. Let C be a category. Then the opposite category C° is the category

with objects same as C and morphisms same as C but in reverse direction.

Definition 2.2.4. A small category C is a category such that obj(C) is a set, and not

just a collection.

Definition 2.2.5. Let C and D be categories. A (covariant) functor FF : C — D
is a map that assigns to each object A € C an object F(A) € D and to each morphism
f:A— B amorphism F(f): F(A) — F(B) in D such that

(i) F(go f) = F(g) o F(f) for AX5B—5C and (ii) F(14) = 1.
Example 2.2.6. Examples of covariant functors include:

(i) If C is a category, then the identity functor 1c : C — C is defined by 1¢(A) = A
for all objects A and 1¢(f) = f for all morphisms f.

(i) If C is a category and A € obj(C), then the hom functor Home(A,—) : C —> Sets
is defined by
Hom¢ (A, —)(B) = Home (A, B) for all B € obj(C),

and for f : B — D in C we have Hom¢(A, f) : Home(A, B) — Home (A, D).
The map Home(A, f) is called the induced map and it is denoted by f.. For h €
Home (A, B), define f, : Hom¢(A, B) — Home(A, D) by

f«(h) = fh € Hom¢(A, D), (fh is the composition of f and h).

Definition 2.2.7. A contravariant functor F : C — D is a map that assigns to each
object A € C an object F'(A) € D and to each morphism f : A — B a morphism
F(f): F(B) — F(A) in D such that

(i) Flgo f) = F(f) o F(g) for A5B—5C and (i) F(14) = 1p(a).

Example 2.2.8. Examples of contravariant functors include:

(i) Presheaves (see Definition 2.2.9) are contravariant functors

(ii) If C is a category and B € obj(C), then the hom functor Hom¢(—, B) : C — Sets
is defined by
Home(—, B)(C) = Home(C, B) for all C' € obj(C),

10



and for f : D — D’ in C we have Home(f, B) : Home (D', B) — Home(D, B).
The map Home(f, B) is called the induced map and it is denoted by f*. For g €
Home (D', B), define f*: Home (D', B) — Home(D, B) by

f*(g9) = gf € Home(D, B), (gf is the composition of g and f).

Definition 2.2.9. A presheaf on a small category C is a covariant functor F : C? — V

where V is a category.

Note that one can also define it as a contravariant functor ¥ : C — V.

We will consider the case where V is the category of abelian groups Ab, otherwise the

category will be stated. Below are some examples of presheaves.

Example 2.2.10. Examples of presheaves include:

(i)

(i)

(i)

The constant presheaf: if A € Ab define AA : C®? — Ab by AA(z) = A for all
z € C and for all morphisms  — y in C let AA(x — y) = 1: AA(y) — AA(z).

A simplicial set X is a covariant functor X : SCat” — Sets where SCat is the
simplex category (see 2.2.2(v)) and Sets is the category of sets (see 2.2.2(ii)). This is

also an example of a presheaf.

Let (P, <) be a poset. Let A € Ab and x € P. Then the Yoneda presheaf Y A is
defined by
A ify<z

0, otherwise.

T, A(y) = {

For T, A(y < 2) : T,A(z2) — T, A(y) we have T, A(y < z) = 1 when y < z < .
When y < x and z £ x, we have T, A(z) = 0 so that T, A(y < 2)(0) = A. T, A(y < z2)
is the zero map otherwise. This shows that T,A = Adon P, ={y e P:y <z}

and it is the zero presheaf on the rest of P.

Definition 2.2.11. Let F, S : A — B be covariant functors. A natural transformation

n: F — S'is a one parameter family of morphisms in B, n = (n, : F(z) — S(z))

ze 0bj(A)’

making the following diagram commute for all f: z — y in A:

i)
=

5
A

()
(

lS )

—
F(y) —— S(y).



Natural transformations between contravariant functors are defined in a similar way.

Natural transformations can be composed, for if 7 : ' — S and § : S — T are natural
transformations, where F, S, T : A —> B are functors with the same variance, then define
(B1) : F — T by (B7)s = B.7: for all objects x in A. One can check that 57 is a natural

transformation.

If A and B are categories, then there is a category B* called a functor category which
has as its objects all covariant functors F' : A — B and as its morphisms all natural

transformations between these functors.

Example 2.2.12. An example of this functor category is pSh(C) = Ab®”" which has as its
objects all presheaves P, F : C°? — Ab and as its morphisms the natural transformations
T:P— F.

2.2.13 Limits

Let I be a poset and C be a small category. An nverse system in C is an ordered pair
(M;)ser, (1/)?)7;3-) denoted by {M;, !}, where (M;) is an indexed family of objects in C and
((M ) : M; — M;) is an indexed family of morphisms for which ¢! = 1, for all i € I, such

that the following diagram commutes whenever ¢ < 7 < k.

My,

Definition 2.2.14. Let {M;, wf} be an inverse system in a category C over a poset I. The
limat of {M“Qbf} is an object I'&njwi and a family of projections (m : lgl]%Z — MZ)
such that

icl
i ¢/m; = m; whenever i < j,

ii for every object X in C and all morphisms f; : X — M, satisfying 1/}3 f; = fi for all
t < 7, there exists a unique morphism 6 : X — 1£1MZ making the following diagram

12



commute.

Remark 2.2.15. One can check that an inverse system in C over [ is a contravariant
functor M : I — C and so by the universality of lglMZ we can have a covariant functor

@ CI" — C.
Definition 2.2.16. Let /' : C — D and G : D — C be covariant functors. The ordered
pair (F, () is an adjoint pair if for each C' € C and D € D, there are bijections

TC,DIE HOIHD<FO, D) —mEa HOIHc(C, GD)

that are natural transformations in C' and in D.

If (F,G) is an adjoint pair, then we say F' is left adjoint to G and G is right adjoint to
F.

Proposition 2.2.17. Let C be a category. A sequence of presheaves on C F —— BNy}
is exact if and only if for all v € C, the local sequence F(z) —— G(x) e, H(z) is exact.

Proof. F — G ¥, H is exact

< ker(¢p: G — H) =im(7: FF — G)

< Vz €C, ker(¢, : G(z) — H(x)) = im(7, : F(z) — G(x))

<= Vz €l F(r)—=G() = H(z) is exact. O

Definition 2.2.18. A covariant functor F' is called left exact if exactness of the sequence
0 — A — B — (' implies exactness of the sequence 0 — F(A) — F(B) — F(C).

Proposition 2.2.19. Let C = zpMod, the category of left R-modules.
Then Home (M, —) : C — Ab is a left exact functor.

Proof. Suppose 0 — A LB %, Cis an exact sequence in C = gpMod. We show that
the sequence 0 — Home (M, A) SELEN Hom¢(M, B) % Home (M, () is exact. That is:

(i) Exactness at Home (M, A):

13



Let a € ker f,, then a : M — A and f.(a) = fa = 0. This implies that f(a(z)) =0
for all x € M. Since f is injective, a(z) = 0 for all € M which implies o = 0. Thus
ker f, = im0 = {0} 3.

(ii) Exactness at Home (M, B):

Let g € imf,. Then 5 : M — B. There is some ¢ € Home(M, A) with f.(¢) =
fv = B. Now g.(8) = g8 = g(fv) = 0 by assumption. Thus 5 € kerg, and so
imf, C ker g,.

Again let 0 € ker g,. Then 0 : M — B. and ¢.(6) = g6 = 0 which implies g6(z) =0
for all x € M. Thus 0(x) € kerg = imf. There is some y € A with f(y) = 0(z),x €

M, and y is unique since f is injective. Thus we have a well-defined function o €

Home (M, A) given by a(x) =y if (z) = f(y). Now f.(a) = fa and fa(x) = f(y) =
O(zx) for all z € M. Thus f.(a) =0 and so 6 € imf, which implies ker g, C imf,.

Thus we have ker g, = imf,

The sequence is therefore exact and so Home (M, —) is left exact. O

Proposition 2.2.20. A sequence A JyB s Cina category A is exact if for each
M €0bj(A), the sequence

Hom 4(M, A) ) Hom 4 (M, B) —£— Hom 4(M, C) (2.1)
18 ezact.

Proof. Suppose (2.1) is exact for each M € obj(A). Taking M = A, we have id €
Hom (A, A) and so g, f.(id) = 0 since g.f. = 0 by exactness. But ¢.f.(id) = g.(f oid) =
go f=gf and so gf = 0 which implies imf C ker g.

Now take M = ker g and consider the inclusion map i : M — B. Then g,i = gi = 0 by the
definition of M. By the exactness of the sequence 2.1, there exists some 5 € Hom4(M, A)
with f.(8) =i = fB. Thus if m € M then m = i(m) = fB(m). This shows that m € imf
which implies ker g C im f.

Thus ker g = imf and so the sequence A L B4 Cis exact. O]

Proposition 2.2.21. Suppose that L : A — B and F : B — A are an adjoint pair of
functors with L left adjoint to F'. Then F s left exact.

3im0 is the image of the zero map and the 0 in {0} is the zero element

14



Proof. Suppose 0 — AL B 95C 5 0is an exact sequence in B. Let D € A. Applying
the left exact functor Homp(L(D), —) (see Proposition 2.2.19) to the exact sequence, we
get an exact sequence 0 — Homg(L(D), A)f—*>HomB(L(D), B)——=Homgz(L(D),C). By
definition of adjoint pair, we have the following commutative diagram:

0 —— Homg(L(D), A) —L— Homu(L(D), B) —%— Homp(L(D), C)

lTD,A lTD,B lTD,C

0 —— Homa(D, F(A)) —-— Homu(D, F(B)) —-— Homu(D, F(C)).

The top row is exact and since 7p 4, 7p,B, Tp,c are isomorphisms, we see that the bottom
row is also exact. By Proposition 2.2.20, (stitching together the sequences 0 - A — B and
0 - A — B — () we see that the sequence

F(f) F(g)

0 — F(A) F(B) F(C)

(stitching together the sequences 0 — F(A) — F(B) and 0 — F(A) — F(B) — F(C)) is
exact which implies that F is left exact. O

2.2.22 Right derived functors

Let T': C — Ab be a covariant left exact functor(for example Home (M, —)). Let

do di da

M=0— M-I,

> Iy > Iy

be an injective resolution (see Definition 2.1.12) of M in C. Let

d[) dl d2

1, P oo

I=0— 1, I

T(dO) T(Il) T(dl) T(1—2) T(d2)

TT is not an exact sequence. Take homology of the complex TT:

and form the complex TT = 0 — T'(1) .... In general

RT(M) = H(TT) = ker T(d;) / imT(d;_1).

R'T are called the right derived functors of the functor T for all i > 0. It can be shown
that the right derived functors do not depend on the choice of injective resolutions since

they yield naturally isomorphic functors.

15



The sequence TTM (applying T to IM) is exact since the functor T is left exact. Since 7 is

an injective map by exactness, it implies T'(n) is also an injective map by exactness.
Proposition 2.2.23. Let T be a covariant left exact functor. Then ROT =T,

T(n) T(do) T (d1) T(d2)

Proof. Exactness of TTM =0 — T(M) T(Iy) T(L) —— T(L)——

tells us that ker T'(dg) = imT(n) = T(M). The isomorphism is as a result of T'(n) be-
ing an injection. We have that R°T(M) = kerT(do)/{O} = kerT'(dy) = T(M). Thus
R°T(M) = T(M) and so R°T = T. 0

16



Chapter 3

Khovanov homology and limits

3.1 Khovanov homology

In this section, we describe how the Khovanov complex is constructed and then define
the Khovanov homology. This will serve as a motivating factor when we look at how the
Khovanov homology is constructed from a poset (see Example 2.2.2(i)) in Section 3.3. We

follow the descriptions given by Turner in his lecture notes (see [8]).

The idea here is to assign a cochain complex C*(D) to an oriented link represented by a

diagram D.

Definition 3.1.1. An [-graded vector space V is a decomposition of V into a direct sum

of the form V' = @ V,, where the V,,’s are called homogeneous components of degree m
mel
and [ is an indexing set.

Let V =@, Vi, be a graded vector space over the field Q where the V},’s are vector spaces
over Q with degree m. Let —{l} be the degree shift operator on the graded vector space.
Then, we set V{i},, = V.. TV = @JV; and U = @, U, are graded vector spaces,
then VU and V QU are graded vector spaces with gradation (V & U); = V; & U; and
VQU)i =D, Vi ® U respectively.

For example, let V' = QI[1,u] be the two-dimensional graded vector space with two basis

elements 1 and u. Grade the two basis elements by deg(1) =1 and deg(u) = —1 *. Then

~ Q7 m = _1’ 1
V= Q[la U] = @me{—l,l} Vin = QGBQ’ where Vo, = 0. otherwise

“deg(z) denotes the degree of x

17



e The direct sum of V@V is:
VoV ={(al,bu):a,be Q}®{(cl,du) : c,d € Q} = {(a,c)(1), (b,d)(u)} = Q? ® Q?

and

e The tensor product V ® V is:

VeV = <u@u>d<lou>d<u®l>)e<lel >
QerQ) e (QeQ®(QeQ) s (QeQ).

I

Let D represent a link diagram and let n be the number of crossings in D. A crossing

in D can be resolved in two ways, that is a 0O-resolution which looks like this: >< and a

1-resolution which looks like this: > < A smoothing of a link D is a picture of planar
circles in which all the crossings of the link have been resolved. If there are n crossings in
D, then we will have 2" smoothings of the link D.

Associate to each smoothing of D an element a in the set {0, 1}", the vertices of the n-
dimensional cube. The set {0, 1}"™ with 2" elements is the vertex set of a hyper-cube with
edges between words ° which differ in exactly one place. An example of the cube from the

Hopf link is in figure 3.1.

10

@
@ Do
o

Figure 3.1: Hyper-cube from the Hopf link.

We can now construct the Khovanov complex C*(D) using the above information. Let
D represent an oriented link diagram. Write n = n, + n_ where n_ is the number of
negative crossings X and ny is the number of positive crossings ><. For a € {0,1}", let
V, = V®alr, +n, —2n_} (where {r,+n, —2n_} is the degree shift operation) and define

C'(D) = $ Va

ae{0,1}",ro=i+n_

5 A word is a string of zeros and ones. The zero’s and one’s correspond to the 0 and 1-smoothings respectively.
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where ¢ = —n_,...,ny, r, is the number of 1’s in a and k, is the number of planar circles

in a smoothing corresponding to a. Each tensor factor corresponds to a planar circle.

We now need to define a differential map to turn C*(D) into a complex. Let a, € {0,1}"
be vertices of an edge of the hyper-cube. Put a star (x) at the position where digits of the
vertices differ. Label the edge d; where s is the resulting vertex with a star (). For example
00 —— 01 is an edge with vertices 00 and 01. The digits 0 and 1 in the second position
of 00 and 01 respectively differ and so we label the edge do.. Make edges into arrows by
letting * = 0 be the tail and * = 1 be the head, for instance 00 b 01,

Let V = Q[1, u] and define d; : V,, — Vj where tail(s) = a and head(s) = § by using the
linear maps m : V@V — V and A : V — V ® V defined on the basis vectors as follows.

m:1®1—1, l1Quandu®1l—u, uQ@u+—0

and
Al 1Qu+u®l, u— u®u.

Note that m and A are extended to V ® V and V by linearity. The map m corresponds
to two planar circles fusing into one and the map A corresponds to one circle splitting into

two.

Now for v € V,, € C(D) define d' : C*(D) — C*"'(D) by

dw) = 3 sgn(s)ds(v)

s : tail(s)=a

(_ 1>number of 1’s to the left of * in s

where sgn(s) = . The presence of sgn(s) ensures that the

square faces of the cube anti-commute and hence the d'’s are differentials.

Definition 3.1.2. The Khovanov homology of the oriented link diagram D is defined as
the cohomology of the Khovanov complex (C*, d).

The Khovanov homology of an oriented link is invariant. The proof of this statement can
be found in the paper [2| by D. Bar-Natan.

Example 3.1.3. We give an example to show how to get the Khovanov homology of the
oriented Hopf link (see Figure 3.2a). It has two crossings(n = 2); two negative crossings

(n_ = 2) and no positive crossings (n4 = 0).
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V@Z{ 4} V®2{—2}
Vou \
(%) s
(a) Cube with smoothing (b) Cube with maps m and A

Figure 3.2: Defining differentials from the cube of the Hopf link

From figure 3.2b we get the following complex with only three non-trivial terms:
—9 > 1 d-1! 0
0—C*D)——C (D) —— C"(D) —0

where C7%(D) = V®¥2{—4}, C (D) = V{-3} @ V{-3} and C°(D) = V*2{-2}

Calculating the homology.

1. The homology at C~2(D):

Elements of C~%(D) are spanned by 1 ® 1,1 @ u,u ® 1 and u ® u. Let v € C~%(D),
then d~2(v) = (m(v),m(v)), m(v) = (al,bu), where a,b € Q. The image of d—2
therefore spanned by (1,0), (0, 1), (u,0) and (0, u).

The first map in the complex is the zero differential and so its image is {0}. For
the kernel of d~2 observe that the only elements of C~2(D) that are sent to (0,0)
by d—? are the elements spanned by u ® u,u ® 1 — 1 ® u since m(u ® u) = 0 and
mu®l—1®u)=u—u=0. Thuskerd? = (u®@u,u®1—1®u). The homology
at C72(D) is then

HC?D)={(u@uu®l-10u)/{0} ={(u@uuel-10u) =2QaQ.

2. The homology at C~!(D):

Elements of C~!(D) are spanned by (1,0), (0,1), (v,0) and (0,u). Let (z,y) € C71,
then d!(z,y) = —A(z)+ A(y). From 1, we have imd =2 = ((1,0), (0, 1), (u, 0), (0,w)).
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By the definition of A, we see that
d7'((1,0)) +d7'((0,1)) =d ' ((1,1)) = —A1) + A(1) =0

and
d7 ((w,0)) +d=((0,u) = d " (u,u) = —A(u) + Au) = 0.

Notice that d~' maps C~(D) = ((1,0),(0,1), (u,0), (0,u)) to
(-1@u—u®lLl@u+u®l,~-u@uueu)=(10u+u®1l,u®u).

Thus image of d ' is (1 ® u+u ® 1,u ® u). Now we have that dim(C~(D)) = 4 and
dim(im(d7')) = 2. By the Rank-Nullity Theorem in linear algebra, we see that

dim(kerd ') = dim(C~*(D)) — dim(im(d ') = 2.
Thus kerd~! = ((1,1), (u,u)). The homology at C~'(D) is therefore
H(C™YD)) = kerd™!/imd™* = 0.

. The homology at C°(D):

From 2, we have the image of d=! to be <1 Qutu®l,u® u> The kernel of the last
map is C%(D) = (1®1,1®@u,u® 1,u@u) since it is the zero differential. An element
in ker(0) is of the form a(1®1) +b(1®u) +c(u® 1)+ d(u ® u) and so in the quotient
ker(0)/im(d™'), an element will be of the form

B = ale)+b(1l®u)+cu®l)+du®u)+ MNlRu+u®l)+0ueu)
= a1+ (c—-b)uwdl)+ Mleut+u®l)+0u®u),

where the coefficients a, b, ¢, d, A and 6 are in Q. Thus ker(0)/im(d™!) = (1®1,u®1)
and so the homology at C°(D) is H(C*(D)) = (1® L,u® 1) = Q& Q

An element v € C(D) is said to have homological-grading ¢ and g-grading j = deg(v) + i +
ny —n_. For example if we consider the Hopf link and H(C~2(D)) = (u®@u,u®1—1®u) =
Q@ Q, then the homological-grading for u®@u and u®1—1®wu is © = —2. The ¢-grading for
uuis j = deg(u®u)+—24+0—2 = —6, where deg(u®u) = deg(u)+deg(u) = —1—1 = —2.
Also the ¢g-grading foru ® 1 — 1 Q@ u is j = —4.
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We summarise the computation of the Khovanov homology of the Hopf link in the fol-
lowing table with the homological-grading ¢ and the ¢-grading j in horizontal and vertical

respectively.

Table 3.1: Summarised Khovanov homology of the Hopf link

3.2 Khovanov homology versus the Jones polynomial

Let I, and I be two knot invariants. We say [, is a stronger invariant than [, if [; tells more
distinct knots(links) apart than I,. The Jones polynomial and the Khovanov homology are
two strong knot invariants that are used in telling knots apart but the Khovanov homology
is the stronger of the two. It tells all the distinct knots(links) that the Jones polynomial

can and cannot distinguish apart. We illustrate this with an example below.

Let us consider examples of knots(links) that both the Jones polynomial and the Kkovanov
homology tell apart. Let D; be the Hopf link and D, be the knot in Figure 1.2a. The
unnormalised Jones polynomial for Dy is J(D;) = 1 4+¢ 2+ ¢~% + ¢~* and that for D, can
be found to be J(Ds) = ¢ 3+ ¢° + ¢~ 7 — ¢~ 5. The summarised Khovanov homology for

Dy and D, are given in Tables 3.1 and 3.2 respectively.

-~ ~

The above example shows that J(D;) # J(D,) and H(C*(D,)) # H(C*(D3)). Thus both
the Jones polynomial and the Khovanov homology tell D; and D, apart.

Now let D3 be the knot in Figure 1.2b. Then the unnormalised Jones polynomial for D3 can
be found to be J(D3) = ¢ 3+¢°+¢7 —¢ . Thus J(D;) = J(Ds). We therefore sce that
the Jones polynomial cannot distinguish between Dy and Ds. The summarised Khovanov
homology for Dj is displayed in the following table. Observe from Tables 3.2 and 3.3 that
H(C*(D3)) # H(C*(Ds3)). Thus the Khovanov homology tells Dy and Dj apart.
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J
-3
-5
-7 Q
-9
-11 Q|Q
-13

15 | Q

(elle;

Table 3.2: Summarised Khovanov homology H(C%(Ds)) of the link Ds.

-5 Q|QaQ

(e]le]

-11 Q| Q
-13

15 | Q

Table 3.3: Summarised Khovanov homology H(C%(Ds)) of the link Ds.

The above example demonstrates that the Khovanov homology is a stronger invariant than

the Jones polynomial.

r—1 i r+1
Definition 3.2.1. Let O == ... » c— -4 sor L or+1 4 ... be a cohain complex
where the cochain groups are graded vector spaces, that is C" = @, C;, for all r. We say

the differential d” has degree k if d"(Cr,) C CIHL for all m.

Definition 3.2.2. Let V' =@, V,,, be a graded vector space. Then the graded dimension
is defined to be the power series ¢dimV := )" ¢™ dimV,,.

For example if V' = Q[1,u] = D, ,c;_1 1y Vin with Vo1, V1 = Q, then ¢dimV = ¢ + g L.

From the definition we have ¢dim V - {k} = ¢"* dim V. If W is another graded vector space

then we can have

gdim(V @ W) = (¢dim V) (¢gdim W) and ¢dim(V & W) = ¢dim V 4 ¢dim W.
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Definition 3.2.3. The graded Euler characteristic of a chain complex C, x,(C') is given by
Xq(C) = > (—=1)"qdim(H"), where dim(H") is the dimension of the homology groups of

the complex.

It can be shown that if the degree of the differential is zero and if all the cochain groups are
finite dimensional, then x,(C) = >, (=1)"¢dim(H") = > (—1)"¢dim(C"). Apart from be-
ing a stronger invariant than the Jones polynomial, the Khovanov homology also determines

the unnormalised Jones polynomial. This is stated as a theorem:

Theorem 3.2.4. ([2], Theorem 1) The graded Euler characteristic of the Khovanov complex

~ ~

C*(D) is the unnormalised Jones polynomial J(D): x,(C*(D)) = J(D).

We illustrate Theorem 3.2.4 with an example. Consider the Khovanov complex of the Hopf
link with cochain groups C~2(D) = V®*{—4},C~(D) = V{-3} & V{-3} and C°(D) =

V®2{—2} in Example 3.1.3. The Euler characteristic of the complex is computed as follows:
,(C*(D)) = qdim(C *(D)) + ¢dim(C~'(D)) + ¢dim(C°(D))

= ¢ q+a )’ —2¢(q+qg ) +q g+q ")
= 1+¢2+¢*+¢%=J(D).

The Khovanov homology is therefore very interesting to study and we do so via category

theory.

3.3 Khovanov homology from a poset

In this section, we will look at how the Khovanov homology can be constructed from a poset

and we follow the ideas used in [5] and [9].

Let D represent a link diagram with crossings labelled 1,2,3,... ,n. Let x = {1,2,...,n}
be the set of crossings of D. Let B = B, be the poset (see Example 2.2.2) of subsets of x
ordered by reverse inclusion. We write x < y when y C x for the partial order and z < y

when z is obtained from y by adding a single element for x,y € B.

B is a category and so we can construct a covariant functor Fxpy : B’ — Ab. Thus
Fy g assigns abelian groups to the elements of B and homomorphisms between the groups

associated to comparable elements.

Definition 3.3.1. The functor Fp is called the Khovanov presheaf.
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The Hasse diagram formed from B is the |y|-dimensional cube with edges given by the
relations x < y for x,y € B. This cube is sent to the Khovanov cube by Fipy where each

square face of the cube B is sent to a commutative diagram of abelian groups.

Let z € B. If ¢ € « then do a l-resolution and if ¢ € x do a O-resolution (see Figure 3.3).
The result of these resolutions yield a collection D(z) of closed planar circles. D(x) is called
the complete resolution associated to the set x € B. For example see Figure 3.4 for the

complete resolution of the Hopf link where B = Powerset({1,2}) in this case.

>\/ c¢xX FET)(

Figure 3.3: arrow to the left is a 0-resolution, arrow to the right is a 1-resolution.

Let V = Z[1, u] be the free abelian® group generated by the set {1, u} and let Fp(z) = VF
for each x € B where k is the number of tensor factors corresponding to the planar circles
in D(z).

If x < y is a covering relation in B then D(z) results from l-resolving a crossing that was
0O-resolved in D(y). The outcome of this is that two of the circles in D(y) fuse into one in
D(z) or one of the circles in D(y) splits into two in D(x). In the first case we have the map
Fru(r <y): Fru(y) = VO — V1 — [y p(2) defined by using the map m (see Section
3.1) on the tensor factors which corresponds to the fused circles and the identity on the rest.
In the second case we have the map Frp(x < vy) : Fxp(y) = VO — VO = Frp(x)
defined by using A (see Section 3.1) on the tensor factors corresponding to the splitting of

one circle into two and the identity on the rest.

Using the above descriptions, the Khovanov cochain complex can be constructed. We will
now let K* represent the Khovanov complex. Let K" = @, Fixu(z) be the n-cochain
in K* and this is the direct sum over € B of size || = n. To get the differentials, it is
enough to add =+ signs to the edges of the cube of abelian groups so that the square faces
anti-commute. Each square face has an odd number of — sign on its edges. Let [z,y] be
the sign associated to the edge 2 < y in B. Define [z, y] = (—1)2i<i! where the sum is over
j € x and i is the number corresponding to the crossing that was 0-resolved in D(y) but
1-resolved in D(z). Thus the differential d : K"~' — K™ is given by

d= 3 [oylFiulz <y).

x=<y:|z|=n

6A group G is free abelian if it is isomorphic to a direct sum of copies of the group of integers, that is
G = @,.; Z, where I is some set.
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D({1,2})

2

Figure 3.4: A projection of the Hopf link(left) and the corresponding diagram of complete reso-
lutions of each set.

Definition 3.3.2. The unnormalised Khovanov homology of a link diagram D is de-
fined as the cohomology of the Khovanov cochain complex: K H (D) = H(K*,d).

The normalised Khovanov homology of an oriented link diagram D with m negative
crossings is defined as KH*(D) = KH*+m(D)

<
10

Figure 3.5: Hasse diagram of the poset Q = {1, z,y, 2} U {1’} obtained from the Hopf link

The poset B has a unique maximal element 1 € B which represents the empty subset of
x and we have x < 1 for all z € B. Now add another maximal element 1’ to B such
that x < 1’ with £ # 1 to form another poset. The poset formed will be denoted by
Q=Q,. Let Fxp(1') =0 and let Fxp(x <1'): Fxu(1') — Fxpu(x) be the only possible
homomorphism. Then we can extend Fgpy to the functor Fpy : Q? — Ab. We construct
the cochain complex K* over Q° in the same way we constructed the one over B with
some little inclusions. Let [z,1'] = —1 for all < 1" and let [z, y] be defined as before for
all edges © <y. K° = Fgp(1) ® {0}. The homology resulting from this slight modification

is nothing other than the unnormalised Khovanov homology.
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3.4 The limit and its derived functors

Let C be a small category and F' : C°? — Ab be a (covariant) functor. The limit (see
Definition 2.2.14) I&n cop F' is an abelian group constructed in the following way. Take a

zc obj(c) s obj(c) 50 that for all
morphisms x — y, the induced map F? : F'(y) — F(z) sends a, to a,. That is

subgroup of the product [] F(z) consisting of the tuples (a,)

—_

m F = (a),c objie) € 1] Fle) | F2lay) = for allw — yin €

op

Q

ze obj(c)

Let F = Fyy. Then we will show that lé'ngop Frey = ker d° where d° is the differential of
the cochain complex K* with degree zero. Let us consider the poset Q (see Figure 3.5)

obtained from the Hopf link. Fxpy on the opposite category Q% gives

Frn(1 {0}
J, /F l

\ |

FKH(Z)

Now the elements of @FKH(QOP) = @QOP Fip are all 5-tuples formed from the set
S = {0,a,b,c,d : 0 € {0},a € Frxu(1),b € Fgu(x),c € Fxu(y),d € Fxu(z)}. Each

element of S appears only once in each possible tuple. All the 5-tuples must be of the form:

a 0

T V A : - i

b > . . Now since 0 = 0 under the homomorphism, we must have b = ¢ = 0 which

N
d
T
implies d = 0 and so we have the tuples being of the form > . This is equivalent
N
0

to all @ € Fp(1) such that a — 0 under both maps Frp(1) — Frpg(x) and
Frp(1) — Fxp(y). This is by definition the kernel of the differential d° of the Khovanov
complex K*. Thus lim Qo Fyr = ker d®. The homology at K is nothing but KH' = kerd
and so we have
lim Fiey = KH (D). (3.1)
Qo
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The above isomorphism (3.1) is also true for the general case because of the presence of
Fxpy (1) = {0}. This tells us that the limit of the presheaf Fp : Q? — Ab captures the

unnormalised Khovanov homology in degree zero.

Let us consider the constant presheaf AA : C%? — Ab in example 2.2.10. If f: A — B is
a map of abelian groups in Ab then there is a natural transformation (see Definition 2.2.11)
n:AA — AB with n, = f: AA(x) — AB(x). From this, we can have the constant
presheaf functor A : Ab — pSh(C). Recall from Remark 2.2.15 that Jm : pSh(C) — Ab

is a covariant functor.

Proposition 3.4.1. Let A € Ab and F' € pSh(C). Then there are natural bijections

HompSh(C)(AA, F) = HOmz(A, lglF) (32)

Proof. Let 74 r : Hompghc)(AA, F) — HomZ(A,@F) be defined by
Tar(@) = oyt AA(z) — F(x)

where x € C and o : AA — F is a natural transformation in pSh(C). Now «, is an

element of Homg(A, lglF) since for all @ € A, a,(a) € F(x) is a component of Hm F.

For naturality, let f : A — B be in Ab and g : FF — G be a natural transformation in
pSh(C). Then we show that the following diagrams commute, that is

(i) frrer =Tar(Af)"

Hompgn(c)(AB, F) P Homy(B, Jim F)

(Af)*J lf*

Hompgn(c)(AA, F') T HomZ(A,l'glF).

Let a € Hompghe)(AB, F'), then
frer(a) = ff(ay) = apf and 74 p(Af)* () = Tar(aAf) = (@A f), = a, f.
And

(ii) (MQ)*TA,F = TA,GYx-
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Hompgn(c)(AA, F) — ", Homy(A, @F)

g*l l(lgl 9)x

Hompsn(ey(AA, G) — =% Homy(A4, lim G).

For a € Hompgn(e)(AA, F)) we have

(Im g).74,p(c) = (m g).cp = lim ga, and (74,¢)g«(@) = Tac(90) = (9@)a = gatta,

where g, = lim g.

For bijectivity, observe that for all a,n : AA — F, if 74 p(«) = Tar(n) then a, =
1, implies @ = 7 and by universality of @nF, we see that for each z € C, and «, €
Homy (A, lim F7), there is a € Hompsn(e)(AA, F) such that 74 (o) = a,. Thus (3.2) holds.

]

Remark 3.4.2. Proposition 3.4.1 tells us that 1&1 is right adjoint (see Definition 2.2.16) to
A and Proposition 2.2.13 tells us that 1&1 is left exact. We can therefore have right derived
functors (see Subsection 2.2.22) R'lim pSh(C) — Ab of lim. Let lim" := R’ m. By
proposition 2.2.23, we have 1'&110 = 1&1 We call the right derived functors of the limit functor
higher limits and we will see in Section 4.1 that these higher limits are the cohomology of

a small category with coefficients in a presheaf.

We give a Corollary to Proposition 3.4.1.

Corollary 3.4.3. Let ' € pSh(C). Then there is an isomorphism

Hompsn(c)(AZ, F) = lim F. (3.3)

Proof. Define h : Hompgnc)(AZ, F') — im F by h(n) = 0:(1))zec-
Let 7,0 € Hompgn()(AZ, F) and let € C. Then h(1o) = ((10).(1)) = ((1202)(1)) =
h(T)h(o).

Now for h being a bijection, observe that if h(7) = h(o), then (7,(1)) = (0,(1)) implies
7:(1) = 0,(1) which implies 7 = o. Also by universality of Um F', we see that h is a

surjection. Hence h is an isomorphism. O]
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Remark 3.4.4. Corollary 3.4.3, tells us that we have a natural isomorphism of functors

Jim = Hompgn(c)(AZ, —) and hence

@ni = RiHompSh(c)(AZ, —) for all i > 0. (3.4)

The following theorem tells us that the derived functors of the covariant hom functor

Hompsh(c)(AZ, —) can be replaced by the derived functors of the contravariant hom functor.

Theorem 3.4.5. ([10], Theorem 2.7.6) For every pair of S-modules A and B, and for all
n, R"Homg (A, —=)(B) &£ R"Homg(—, B)(A).

It can be shown that Theorem 3.4.5 holds if the S-modules are replaced by presheaves and

we state it as a proposition below.

Proposition 3.4.6. Let F,G be presheaves over the small category C. Then
R'Hompsn(c)(F, =)(G) 2 R'Hompsn(e)(—. G)(F).
for all i > 0.
Let F' € pSh(C). Then (3.4) tells us that
l&nl(F) >~ R'Hompsn(c)(AZ, —)(F) = R'Hompsnc)(—, F)(AZ). (3.5)

for all + > 0.

3.5 Khovanov homology and the higher limits of Fxy

It turns out that the derived functors of the limit of the Khovanov presheaf can be used to
describe the Khovanov homology. Everitt and Turner in their paper (see [5]) gave a theorem
to this description. We have already seen that the limit of the Khovanov presheaf describes
the unnormalised Khovanov homology in degree zero. We look at the general description in

this section.
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3.5.1 A projective resolution of AZ

Projective resolutions are needed to compute the right derived functors of a contravariant

functor (see Defintion 2.2.7) and Hompgh(e)(—, F') is no exception.

Recall the poset Q = Q, described in Section 3.3. Let us identify Q with the poset of cells
of a regular CW complez (see Section A.2).

1’ 1 ll

R

1
1

Figure 3.6: Regular CW complex X = SAl(left) with cell poset Q, (right) for |x| = 2.

Suppose |x| = n and let A" be an (n — 1)-simplex. Let X be the suspension (see Section
A.3) SA™ ! of A" ! and take the CW decomposition of X with two 0-cells (the suspension
points) 1 and 1" and all other cells. Suspension of cells preserves the inclusion y C T and
so define a partial order on the cells of X by x < y whenever y C Z. An element x € Q
corresponds to an |x|-cell of X. The case when |x| = n = 2 is shown in Figure 3.6 The
suspension points 1 and 1" are the elements corresponding to the maximal element in z € Q

and so we have that X has a cell poset Q.

Let us construct a presheaf P,,n € Nyg in pSh(Q) where Q is the cell poset of the regular
CW complex X. Now for z € Q, set P,(z) := Z[n—cells of X contained in the closure of
the cell z|. Thus

0 if dimz <n
P, (x) E=a ] if dimz=n .
Zla | dim(a) =n,a € 7| if dimz >n

If x <y is a relation in Q, then the map P,(x <vy) : P,(y) — P, (x) will be the inclusion.

Proposition 3.5.2. For F' € pSh(Q) the map

fn : HompSh(Q) (Pn7 F) — @ F(.T)

dim z=n

defined by f™(T) = D gimwen T (X), is an isomorphism of abelian groups.
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Proof. Let F' € pSh(Q) and f™ be as in the proposition. We show first that f" is a

homomorphism.
Let 7,7 € Hompgn(q)(Pn, F), then
ity = T+.02)= Y 7m@)+ Y %@ =)+,
dim x=n dimz=n dim x=n
since (T + ), = 7w + V2. Thus f" is a homomorphism.

We now show that f" is a bijection.

(i) For injectivity we show that ker f = {0}. We have that ["(7) = 0 implies 7,(z) =0
for all n-cells z € Q. To show that 7 = 0, we show that 7, : P, (a) — F(a) is zero for
all a € Q.

o If dima < n, then we have P,(a) = 0 and so there is nothing to show.
o If dima = n, the P,(a) = Z[a] and so 7,(a) = 0 since a is an n-cell.

o If dima > 0, then P,(a) = Za; | dim(a;) = n,a; € a]. We have a < a; and so

consider the following diagram:

From the diagram, we have

Ta(ai) = 7a(Prla < ai)(a;))
= F(a < a;)(1,(a;)), 7 is a natural transformation
= F(a < a;)(0), since q; is an n-cell

= 0, by inclusion.

We see from the above computation that 7,(a) = 0 for all a € Q which implies 7, = 0.
Thus 7 = 0 and so ker f* = {0} which implies injectivity of f".

(ii) For each z € Q with dimz =mn, let >, 7.(2) € Dy .epn F(z). The component
T.(x) € F(x) specifies the map 7, : P,(x) — F(x) which in turn specifies the natural
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transformation 7 : P, — F. Thus for all ).~ 7.(x) € @4, .ep F (), there exists
a 7 € Hompgn(q)(Pp, F') such that f*(7) = > 4., T(z). Hence f" is surjective.

This completes the proof of the proposition. O
The preceding proposition makes it possible for us to define a morphism 7 : P, — F by

specifying a tuple >, o, € ®F(x), 0, = 7,(x). Consider the following diagram of

presheaves where the row is exact.

Let z € Q. Then the local maps o, : G(x) — F(x) are surjections by exactness of the
row. This implies that if > .~ a, € &F(x) specifies the map 7 : P, — F then for each
x, there is a 3, such that 0,(5;) = a,. Thus there is a morphism 7’ : P, — G specified

bY > dgimeen s To(x). This makes the following diagram commute.

The above description says that the P,’s are projective presheaves.

We are now ready to construct the projective resolution of AZ. Let 6, : P, — P,_1 be
a natural transformation. For z € Q let 0,,, : P,(z) — P,_1(z) be the homomorphism
defined by

bna(¥) =) v, 2]z

y=<z
for any y an n-cell, y C T and the sum is over the (n —1)-cells z C . We define [y, z| in the
same way as in Section 3.3. That is [y, 2] = (—1)%<i! where the j € y, |y| = n and i is the
number corresponding to the crossing that was O-resolved in D(z) but l-resolved in D(y),
|z| = n—1. These homomorphisms assemble into a morphism of presheaves o,, : P, — P, 4

since for each a < b in Q the following diagram commutes:
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Pu(b) — " P, (b)

Pn(a<b)J/ J/Pnl(a<b)

P.(a) ——— P,_1(a).

5n,a

That is

3u0ns() = 5.0 [y, 212) = > [y, 2]2,b < y and 6,0 (y) = 6aly) = D _[y,2]2,a <y

y<z y<z y<z

where i, = P,(a < b) and j, = P, _1(a < b) are the inclusion maps. Proposition 2.2.17

5n+1 (Sn 571,71 671,72 . .
says that the sequence P, = ... > Pt > P, yP, . —— ... is exact at P, if

and only if each of the local sequences P.(x) is exact at P,(x). We will now see that the
sequence P, is exact at P, for n > 0 using the cellular homology of the dim(x)-dimensional
ball.

Cellular homology of the dim(z)-dimensional ball

In this subsection we look at the cellular homology of the dim(x)-dimensional ball which
corresponds to the closure of the dim(x)-cell z in the cell poset Q. The CW decomposition
of the dim(z)-dimensional ball corresponding to € Q has two 0-cells and other cells in the

decomposition with their dimensions less or equal to dim(x).

Let B be the dim(z)-dimensional ball. Then the cellular homology groups of the cellular
chain complex C4(B) are
0 ifk#0

HiC.(B) = { 7 ifk=0

Figure 3.7: An oriented 2-dimensional ball

We illustrate this with an example using a 2-dimensional ball. Let us consider the oriented

2-dimensional ball in Figure 3.7 and let b represent this ball. There are two 0-cells {p, ¢},
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two 1-cells {a, b} and one 2-cell {c}.

We have ... = Cy(b) = C5(b) = {0} since dimz < n, where n = 3,4,5,.... Also we have
Cy(b) = Z[c| = Z,C4(b) = Z[a,b] = Z2 and Cy(b) = Z[p, q| = Z2.

The cellular chain complex is: {0} ——Z[c]-27Z[a, ] —2Z[p, | —+{0}. Now we obtain
the differentials (boundary maps) d; and dy by observing what they do on the generators.

When we act ds on ¢ by considering the direction shown by the dashed arrow, we get
da(c) = a — b. Observe that dy is injective and so kerdy = {0}. Thus the homology at Z|[c]
is HyC\(b) = ker d5/im(0) = {0}

Also when we act d; on each of a and b, we get p — g. We have that d;(a) = d;(b) implies
di(a—0b) = 0. Thus a —b generates the kernel of d; and so ker d; = Z[a—b]. The image of dy
is im(dy) = Z[a—b]. The homology at Zla, b] is therefore H;C.(b) = Z[a—1b]/Z[a—b] = {0}.

Finally, kerdy, = Z[p,q] and im(d;) = Z[p — q]- An element in ker(dy) is of the form
tp+sq,t, s € Z and so an element in the quotient ker dy /im(dy) is of the form (¢p+sq)+im(d;)
which we can rewrite as (¢t + s)g + im(dy), (t + s) € Z. The homology at Zp, ¢| is therefore
HyC.(b) = {(t + s5)g +im(dy)} = Z.

In conclusion to the example, we see that

0 ifk=£0

}ﬁaw%:{z k=0

Now let = be a cell in Q. Since x is homeomorphic to the dim(x)-dimensional ball (Bdim(m))
by definition of a cell, we have that P,(z) = C,(B¥®)) and so

0 ifk£0

Hi((Pi(z)) = { Z ifk=0,

which tells us that P,(z) is exact. Thus P, is also exact by Proposition 2.2.17 in degree
k> 0.

We can now construct a projective resolution of AZ. Let € : Py — coker(d;) be the

canonical surjection where coker(d;) = Py /im(6;) is the cokernel of 4.

Observe from the calculation of P,(z) that ker(0) = Py(x) for 2 € Q and so
coker(8y ;) = Py(z) /im(61,) = Ho((Pu(x)) = Z = AZ(z).
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This shows that coker(d;) = P, /im(6;) = AZ. Thus we can have the following projective

resolution of AZ:
o1

Py—AZ—25{0}.
Applying the functor Hompghc)(—, F') to the complex

62

P = . P2

Py——{0}

we get the following cochain complex

5 53 5%
{0}—Hompsn(c)(P1, F)——Hompysn(c)( Py, F)——Hompsn(c) (Ps, F) = ...,

from which we compute the right derived functors @Z(F) = R'Hompgnc)(—, F)(AZ) (see
Equation 3.5). Letting F' = Fxpy in the preceding chain complex, we get the right derived
functors @iFKH, that is the higher limits of Fyp.

3.5.3 The Relation between Khovanov homology and the higher

limits of Fxpy

Now the following theorem given by Everitt and Turner in [5] shows that the right derived

functors @iFKH describe the unnormalised Khovanov homology.

Theorem 3.5.4. Let D be a link diagram and let Fxg : Q7 — Ab be the Khovanov
presheaf. Then KH (D) = @i Fky.
Q-

Proof. We need to show that there is an isomorphism f : Hompsnq) (P, Fxu) — K¥,

where K* is the Khovanov cochain complex.
We will show that f is a morphism of cochain complexes which means that the following

diagram commutes. That is f76* = df"~L.

5
Hompsh(q)(Pr-1, Fxr) —— Hompgnq) (P, Frxn)

| :

n—1 n
K y K",

Recall that K" = @, ,, Fxn(z) and d = [z, y|Fxu(x < y) as defined before. Also define
J"  Hompsh(Q)(Pr, Fxr) — K™ by f"(1t) = > qimeen Hz(x) as in Proposition 3.5.2.

36



Let u € Hompgh(q)(Pr-1, Frr) and let x be an n-cell in Q.

First of all we compute "0 (x). Applying the induced map & to p, we get 0 (n) = pd,

and so

fr(pon) = Y (16n)a(x)

dim z=n

= Z U0 (), by composition of natural transformations
dim z=n

= Z s (Z[x,z]z) ,z1is an (n — 1)-cell
dim z=n r<z

= Y Yl )

dim z=n <z

= Z Z[x, 2| Freu(z < 2)(p2(2)) by naturality.

dim x=n z<z

Secondly we compute df"~!(u). Let z be an (n — 1)-cell. Then

df"t(u) = d( ). Mz(2)>

dim z=n—1

— Z [I,Z]FKH($-<Z>< Z ,uz(z)>

dim z=n dim z=n—1

= > Y Bl <))

dim z=n dim z=n—1

= Y Yl elFeale < 2)(n(=)).

dim z=n <z

The above computations show that f"6* = df"! and so f is a morphism of the cochain

complexes Hompgn(q) (P, Frr) and K*. This, together with the fact that
fn b HompSh(Q)(Pn, FKH) — K™

is an isomorphism for all n by Proposition 3.5.2 shows that f is an isomorphism of cochain

complexes. Thus
HompSh(Q) (P*, FKH) ~ K",

When we compute the homology, we get R"Hompgn(q)(Ps, Fxn) = KH'. But by Proposition

3.4.6, we have I’Lni Fxn = R'Hompsn(q)(Ps, Frn) = KHl(D), which completes the proof of

Qer
Theorem 3.5.4. O
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Chapter 4
Khovanov homology and presheaves

This chapter is based on the paper [4] by Everitt and Turner.

4.1 Khovanov homology and the classifying space BQ

A swmplicial set X over the category of sets Sets, consists of

(i) for every integer n > 0 a set X" € Sets and

(ii) for every pair of integers (i,n) with 0 < ¢ < n, face and degeneracy maps
di: X" — X" Vand s;: X" — X"
satisfying the following identities:

didj = dj,1di for i < ]

diSj = ijldi for i < 7
tdfor 1=7,5+1
disj = o
sjdi—y forev > j+1.
sis; = 8;8,1 fori > j.

The elements of X" are called n-simplicies. Let x € X,,, then z is called degenerate if
x = s;y for some y € X" ! and for some i, otherwise it is called non-degenerate. It turns
out that the simplicial set is the same as the covariant functor X : SCat®” — Sets in
Example 2.2.10(ii)).
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Let C be a small category. For every object [n] in the simplex category SCat (see Example
2.2.2(v)) the nerve N*C of C is the simplicial set N*C : SCat®” — Sets defined by [n] —
N"C and for f : [n] — [m] in SCat, the induced map is N*C(f) = f. : N"C — N"C.

An n-simplex a € N"C is of the form a = a,, = a,—1 — ... — ag where a; € C for all i.

Let 6': [n— 1] — [n] and ¢ : [n + 1] —> [n] in SCat be defined by
5({0,...,n—1}) ={0,...,%,...,n} and 6°({0, ..., n+1}) = {0,...,i,i,...,n}

respectively, where 0 < 7 < n and i means omit i. For example if n = 3 and ¢ = 1,
then we have 01({0,1,3}) = {0,1,2,3} = {0,2,3}. Also 0({0,1,2,3,4}) = {0,1,1,2,3} =
{0,1,2,3}. The face maps, d; := N*C(§) : N"C — N"'C and the degeneracy maps,
s;:= N*C(c') : N"C — N™"C are defined respectively by

di(a)=a,— ... > a4 — ... > agand s;(a) = a, = ... > a; > a; > ... = ayp.

We can define for F' € pSh(C) a cochain complex S*(C; F') with the nth cochain groups
given by

SMCF)= ] Flan).

aEN™C
Let ¢ € S"(C; F) and @ € N"C. Then we write ¢ - a for the component of ¢ indexed by

a and so if a = a, — a,1 — ... — ap then ¢-a € F(a,). The differential operator
d:S"YC; F) — S™(C; F) is defined by

n—1

de-a =Y (—1)c-di(a) + (—=1)"Fir(c- d,(a)).

1=0

The cohomology, HS*(C; F'), of the complex, S*(C; F), is the cohomology of the category C
with coefficient in .

Let (P, <) be a poset and consider the Yoneda presheaf T, A, x € P (see Example 2.2.10(iii)).
If x € P, then there is a functor T, : Ab — pSh(P) called the Yoneda functor defined
by A— T,A. Let xt <y bein P and let f : A — B be in Ab. Then there is an induced
morphism (a natural transformation) of presheaves Y, A — Y, B in pSh(P). For z € P, the
functor z¢ : pSh(P) — Ab defined by z¢(F') = F(z) is called the evaluation functor.

Proposition 4.1.1. For A € Ab and F € pSh(P), there is a natural bijection

TAF - HOHlpSh(p)(TIA, F) — HomZ(A, .I'€<F))
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defined by o — a.

The proof of Proposition 4.1.1 is similar to the proof of Proposition 3.4.1. We can immedi-
ately see that the map Hompgnp)(YyB, F)) — Hompgnp) (Y24, F') is equal to
Homy (B, F(y)) — Homy(A, F(x)) by the natural bijection and this map sends o, €
Homy(B, F(y)) to a, = Flayn, € Homy(A, F(z)), where n : T,A — T,B. From this we
see that T, A is projective if and only if A is projective.

Corollary 4.1.2. Let F' € pSh(P) Then there is an isomorphism
0 : HomPSh(p)(TmA, F) — F(Jﬁ)
defined by 0(n) = n(1).

The classifying space, BC, of a small category, C, is a simplicial complex and it is the
geometric realisation , |[N*C| (see Section A.4), of the nerve of C. In the following proposition
we will show that the cohomology, H*(BP; F'), of the classifying space BP is isomorphic
to the higher limit I'Ln;op F for F' € pSh(P), from which we deduce a relation between the
Khovanov homology and the classfying space BQ.

Proposition 4.1.3. Let F € pSh(P). Then H*(BP; F) = lim’ F.
Por

Proof. We use the idea that a projective resolution can be constructed from the simplicial
structure of the classifying space BP, that is the simplicial structure of the geometric

realisation of the nerve of P.

Let P, = @, Y., Z, where the sum is over the n-simplicies « = a, < ... < ag € N"P. For
a fixed b € P, we get that the abelian group P,(b) = @, T,,Z(b) is free on all composable
strings b < a,, < ... < ag which implies that P,(b) is projective and so is P,.

Now let f : Z — 7Z be a homomorphism in Ab. Then there is an induced morphism (a
natural transformation) of presheaves n: Y, ,Z — Y, _,Z and so define d : P, — P,,_; by
ds-d,a =31~ (—=1)"n(s-dia) where s € P, and s-a is the component of s in T, Z indexed
by a.

Observe that (P, (b),d) is the complex computing the simplicial homology of the nerve of
the coslice category b/P (see Example 2.2.2(vi)). We have that b/P has an initial object
which is the identity morphism id : b — b and so the nerve N*(b/P) is contractible (see
Section A.5) which implies that P, is exact. Thus we have ... - P, - Py - AZ — 0 as

a projective resolution of AZ. Applying Hompgnp)(—, F) to ... = P, — Fy — 0 we get
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a complex Hompgnp)(Ps, F), from which the cohomology H'(BP; F') is computed for all 4.
But H'(BP; F) is just the right derived functor R"Hompgnp)(Ps, F') which is isomorphic to
l'&n;}p F (see Remark 3.4.4). Thus H*(BP; F) = @;OP F. O

Remark 4.1.4. Corollary 4.1.2 gives us an isomorphism, Hompgnp) (Y. A, F)) = F(zx), and
so we have that the complex, Hompgnp)(Ps, F), is exactly the complex, S*(P;F'), with
S™(P; F') = [lenne Flayn), where a = a, < a,—1 < ... < ag and a; € P. It follows that
HS*(P; F) =~ H*(BP; F).

Remark 4.1.5. The preceding proposition tells us that the higher limit, @;op F, is iso-
morphic to the cohomology, H*(BP; F), of the classifying space BP. If F'is the Khovanov
presheaf, Fiy : Q® — Ab, then we can have H*(BQ; Fxpy) = @*QOP Frpy. Theorem
3.5.4 says that @n*@p Frxp = KH (D) and so we have KH (D) = H*(BQ; Fxy), where D

is a link diagram.

4.2 Cellular cohomology and presheaves

In the preceding section, we looked at the cohomology of a category with coefficient in a
presheaf. In this section we will look at the cellular cohomology of a poset with coefficients

in a presheaf.

Let P be the poset and F' € pSh(P) be a presheaf. HS*(P; F') is called the cohomology of

a poset with coefficient in the presheaf F'.

Let f : Q — P be a map of posets. We can have the following induced maps and functors:

e The induced map of simplicial sets N*Q — N*P which sends 0 =0, < ... <09 €
N"Q to f(0) = f(on) < ... < f(og) € N"P.

e The induced functor pSh(P) — pSh(Q) which sends F' € pSh(P) to f*F := Fo f
and the natural transformation 7 : I' — G to f*n: f*F — f*G with f*n, = 0.
If fis an inclusion then f*F = F since f(a) = a for a € Q.

e The induced map f*: S*(P; F) — S*(Q; f*F) called the pull-back which is defined
for s € S*(P; F) and 0 € N"Q by

ffs-0=s-f(0). (4.1)
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o If f: Q — P isfinite-to-one, then there is an induced map of groups f, : S*(Q; f*F) —
S*(P; F'),the push-forward, defined for s € S*(Q; f*F) and 0 € N"P by

fes 0= Z 5 - a. (4.2)

acf-lo

We now look at some Lemmas which will be useful in describing the cellular cohomology of

a poset.

Lemma 4.2.1. (a) The pull-back f* is a cochain map. (b) If g : R — Q is a poset map,
then (fg)* =g"f*: S*(P; F) — S*(R: (f9)"F).

Proof. (a) We show that the following diagram commutes.

S (P; F) &=L, Sn(PiF)

| ;

P () SO ).
That is f*d = df*.
Let s € S"1(P; F) and o € N"P. We first compute f*ds We have

=
ds-o = Z(—l)is ~di(o) + (=1)"F (s - d,(0))
=0
and ds € S"(P; F). Let 7 € N"Q, then f*ds-7=ds- f(7).
Since f*s € 5"1(Q; f*F), df*s € S™(Q; *F) and so

n—1

dftser = SOELEfe dink (COPELTD(f7s - do(7))
=0
n—1

= D (=D difr+ ()" FL Y (s - do(f7))
i=0
= ds- f(7).
We therefore see that f*d = df*.

(b) We now show that (fg)* = g* f*.
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Let s € S"(P; F) and 0 € N"R, then
(f9)'s-o=s-(fglo=[f"s-(90) =g"["s- 0.

Thus (fg)* = g*f*.

]

Lemma 4.2.2. If f is injective then f*f. = id, so that f* is surjective and f, is injective.
Proof. Let s € S™(Q; f*F), then by (4.2) we have f,s € S"(P; F). Now let 0 € N"Q, then

fifus-o = Z s-a

acf~lfo

= E s -a, since f is injective
a€ido
B S o

Thus f*f. = id. This shows that f* is surjective since for each s € S™(Q; f*F'), there exists
fis € S™(P; F) such that f*f.s =s. Also if m,n € S"(P;F) and f.(n) = f.(m), then

f*fin = f*fom implies n = m. Thus f, is injective. m

4.2.3 Relative cohomology

Definition 4.2.4. Let f : Q — P be a poset map and let F' be a presheaf on P. Then
we define S*(P,Q; F) to be the kernel of the pull-back f*, that is S*(P,Q; F) := ker f*.

For each s € S*(P; F'), and f an inclusion, we have s € S*(P,Q; F) if and only if f*s-o =
s-fo=s-0=0.forall c € f(N*Q) C N*P. The differential d on the complex S*(P; F)
restricts to a differential on S*(P,Q; F'). The cohomology HS*(P,Q; F') of the complex
S*(P,Q; F) is HS*(P,Q; F) := H(S*(P,Q; F),d). It is called the relative cohomology
of the pair (P, Q) with coefficient in the presheaf F'. We will consider the case where the

poset maps are inclusions.

Let f: Q — P be injective. By Lemma 4.2.2, we get a short exact sequence

0 — S*(P,Q; F) — S*(P; F)—L5*(Q; f*F) — 0 (4.3)
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from which get the following long exact sequence by Theorem 2.1.14.
LS HSMP,Q; F) —» HS"(P; F) — HS™(Q; f*F) 25 HS" ™ (P,Q: F) — ..., (4.4)

where [ is called the connecting homomorphism of the pair.

Lemma 4.2.5. Let P, Q,R be posets with 7 : R — Q and i : Q — P inclusions and let
F € pSh(P). Then there is a short exact sequence

0 — S*(P,Q; F) — S*(P,R; F)——S5*(Q,R; F) — 0 (4.5)
and hence a long exact sequence

. 2 HS"(P,Q; F) — HS"(P,R; F) —» HS"(Q,R; F)—>HS""(P,Q;F) — ...,
(4.6)

where 0 is the connecting homomorphism.
Proof. We show that (4.5) is an exact sequence.

(i) Exactness at S*(P,Q; F) :
By Definition 4.2.4, we have S*(P,Q; F) = keri*. The map from S*(P,Q;F) to
S*(P,R; F) is (ij)* and so we show that ker(ij)* = {0}. Let s € S*(P,Q; F) and
o € N*R, then (ij)*s -0 = i*s-jo =i's-0 = s-0 = 0 implies s € ker(ij)*. But
s-o0 =0 implies s = 0, so ker(ij)* = {0} = im(0).

(ii) Exactness at S*(P,R; F):
We show that im(ij)* = ker¢*. By Definition 4.2.4, we have S*(P,R; F') = ker(ij)*.

(a) First we show that im(ij)* C keri*.
Let ¢t € im(ij)*, then there exists some m € S*(P,Q; F) such that (ij)*m -0 =
t-o0,0 € N*R, which implies that m - ¢ = t - 0 since 7+ and j are inclusions.
Thus t = m. Now i*t- 3 =t- [ for § € N*Q but t = m € S*(P,Q; F) and so
i*t = i*m = 0 which implies im(ij)* C keri*.

(b) We now show that keri* C im(ij)*. Let n € ker:*, then i*n = 0. Now observe
that for v € N*R, n- (ij)y = n -~ which implies (ij)*n -+ = n-v and so we have
n € im(ij)*. Thus keri* C im(ij)*.

From (a) and (b), we see that keri* = im(ij)*.
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(iii) Exactness at S*(Q,R; F) :
By Definition 4.2.4, we have S*(Q, R; F') = ker j*. Let a € S*(P,R; F'), then j*(i*a) =
0 which implies i*a € ker 7* = S*(Q, R; F'), thus imi* = ker j*.

From (i), (ii) and (iii) we that the sequence (4.5) is exact. By Theorem 2.1.14 we get the
associated long exact sequence 4.6. O]

Lemma 4.2.6. Let (P,Q,R) be the triple of Lemma 4.2.5 with v : HS"(Q,R; F) —
HS™(Q; F) induced by the inclusion S"(Q,R; F) — S™(Q; F) and 5 : HS"(Q; F) —
HS™YP,Q; F) the connecting homomorphism of the pair (P, Q). If § is the connecting

homomorphism of Lemma 4.2.5 then 0 = .
Proof. We show that the following diagram commutes.
HS"(Q,R; F) : HS""'(P,Q; F)

¥ |

S5m0 Kk

Let ¢ € S"(Q,R; F) be a cocycle. Then ¢ is also a cocycle in S"(Q; F) by the inclusion
S"(Q,R; F) — S™(Q; F'). The induced map ¢ therefore sends the homology class of ¢ to
itself, +([c]) = [¢]. B also sends the homology class of ¢ to a homology class [m], where m

is a cocycle in S"™(P,Q; F') . The connecting homomorphism ¢ sends [c] to a homology
class in HS""(P,Q; F) and this must be [m]. Thus § = S O

We are now in a good position to describe the cellular cohomology of a poset with coefficients
in a presheaf. Let P be a poset. If < y is a morphism in P and for any v < z < y we
have either z = x or z = y, then y is said to cover x written z < y. We say P is graded if

there exists a function rk : P — Z called the rank function such that:

(i) « <y implies rk(z) < rk(y) and (ii) = <y implies rk(y) = rk(x) + 1.

Let rk be a fixed rank function on graded P and suppose rk is bounded above with r =
mag)({rk;(x)}. Define the corank function |- | : P — Z=% by |z| = r — rk(z). Let
fAS

P"={z cP:|z| < k}. (4.7)
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Then the collection {P*},cz is a filtration of P by the corank function and from this we get

a sequence of inclusions P° c P! c P2 C ...

Now form a long exact sequence for the triples (P"** P P"~!) and (P", P"~!, P"2) by
using Lemma 4.2.5. That is

.o HSMP™L P ) 5 HSY(P", P L F) -2 HS™ (P P F) =
and
o HSYPr P ) T g (Pr PR F) s HS(PRL PR E)

respectively. Observe that portions of these long exact sequences fit into the following

diagram by applying Lemma 4.2.6.

0

T
HS=Y(P2% F)
T
HS (P~ L F)
Bn—l
7,"—1T % o
.. — HS" (Pt pr=2 )95 ggn(pr, prl BY & gontl(prtl P E) — L

e |

HS™(P™; F)
4
HS™(P™1; F)
1
0

When we consider the horizontal row in the preceding diagram, we see that §"0" ! =
B gl = () since " "! = 0. This is because the long sequence (4.4) is exact. The

horizontal sequence which we denote by C*(P; F') therefore gives us a cochain complex.

Definition 4.2.7. Let P be graded with corank function, {P*},cz the associated filtration
and F a presheaf on P*. The cochain complex C*(P; F') with cochain groups C"(P; F) =
HS™(P",P" 1 F) is called the cellular cochain complex of the poset P. The differential
(coboundary map) 6" : HS™(P™", P"~: F) — HS""(P"! P"; F) is given by 6" = ™.

The cellular cohomology of P with coefficients in the presheaf F' is defined to be the
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homology of the complex:

HC*(P; F) = HC*(P; F),9).

4.3 Cellular cohomology and higher limits of Fxy

Let P be a poset with corank function. Let P>, = {y € P : y > x}. P is locally finite
if for any x € P there are only finitely many y with x < y. The set NP>, is the the

collection of the non-degenerate n-simplicies in the nerve of P,)

Definition 4.3.1. Let T =2 < 7,1 < ... < 741 < 751 < ... < 79 be a fixed (n — 1)-
simplex in N 'Ps, with 0 < j < n and |7;| = i. The ecompatible family given by 7 is
the set B, of all n-simplicies in ¢ € NP>, of theformz <7, ; <... <71 <y<71, <

... < 79 (where necessarily |y| = j).

Now fix # € P with |z| = n and let 0 € N'P>,, then o is of the foorm 0 = z < 7,1 <
... < o with |o;| = i. Let A, be the abelian group having presentation with generators the
o € NP>, and relations ), o = 0 for each B; in NP71P-, and let F be a presheaf on
P. Then the n-th cellular cochain group is seen as the product over x € P of the tensor
products A* @ F(x) where F(x) € Ab. The following proposition given by Everitt and

Turner emphasizes this description.

Proposition 4.3.2. ([4/, Proposition 6) Let P be graded locally finite with corank function,

F a presheaf on P and A, as described above. Then there are are isomorphisms

C"(P;F) = [] A ® F(z).

|z|=n

If lyf = n—1 and x < y then the matriz element 6Y : AY @ F(y) — A, ® F(x) of the
differential § : C"Y(P; F) — C™(P; F) is given by 0¥ : 0 @ a — xo @ (—1)"FY(a) where
o € NP, is a generator of A, with a € F(y) and xo is the result of pre-appending x onto

g.

Recall from Remarks 4.1.4 and 4.1.5 that HS*(P, F') computes the higher limit Hmp F. We
now want to compute the higher limit cellularly but it turns out in general that HS*(P; F)
and HC*(P; F) are not isomorphic as we will see in the example given in Subsection 4.3.5
below. So one will ask, under what condition can HS*(P; F') be computed cellularly? That
is when are the groups HS*(P;F) and HC*(P; F) isomorphic? We give the following

condition to address this problem.
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Condition 4.3.3. (Cellular condition)
Let P be graded with corank function. Then P is cellular if and only if for every presheaf
F € pSh(P) we have

HS'(P™,P" F) = 0fori # n.

The following Theorem given by Everitt and Turner now tells us that the groups HS*(P; F)
and HC*(P; F') are isomorphic.

Theorem 4.3.4. (/4], Theorem 1) Let P be graded, cellular, locally finite with corank func-

tion and let F' be a presheaf on P. Then there is an isomorphism

S = ea > NG

The above Theorem is a generalisation of Theorem 3.5.4 which we will see in the example

given in Subsection 4.3.6.

4.3.5 Example with HS*(P; F) 2 HC*(P; F)

In this example we demonstrate that HS*(P; F') is not isomorphic to HC*(P; F).

Q 0 & y
o O
)
Q
O . O O
J O
Q
© O
Q
o Xy
d > ©
- J
i O
w
Q 0 o
w,
00 w
@)
wy O 0 0
T
o O
YO Y Q
P @)
e, @)
O
i 0 Q Q2 O
Yo ) !
2 O
Z0 @) O
0 o O )

Figure 4.1: A finite tree
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Let P be a poset with elements the vertices of the finite tree Figure 4.1 above with a
distinguished vertex 0. Let the vertices be ordered by z < y when the unique path without
passing through a vertex twice from 0 to y passes through x. Define the rank of z € P to
the number of edges between it and 0. For example in Figure 4.1, the vertices labelled x
and w are of rank 1 and 2 respectively. The maximal elements are called leaves. For ease

of computation, we suppose all the leaves have the same rank.

From the above description, we see that P is graded, locally finite with corank function and

so we can apply Proposition 4.3.2 to compute the cochain groups of the cellular complex
C*(P; F)

The maximum rank of a vertex € P is r = 3 and so the corank of = is |z| = 3 — rk(x).

We now compute the cochain groups C"(P; F) = [],,_, As ® F'(z) where F' = AZ and so

F(x)=17.

(i) Computing C°(P;AZ) =], Az ®Z.

Let x € P with |z| = 0, then z is a leaf. For example the vertex wy in Figure 4.1 is
of rank 0. There are no compatible families for each leaf and so the abelian group A,
is generated by z, that is A, = (z) = Z. Thus C°(P;AZ) = [ljs—0 4z ® Z is free
abelian on the leaves.

(i) Computing C'(P;AZ) =T, A: ® Z.

Let » € P with |z| = 1. For example consider w in Figure 4.1. Fix 7 = w € NP>,

The only compatible family with respect to 7 is
B, = {wwy, wwy, wwy € NyPs, | |wo| = |w)| = |wj| =1}

and so
Ay, = (wwo, wwy, wwg | wwy + wwj + wwy = 0).

Thus C1(P; AZ) = [1j;=1 Az ® Z is free abelian on the corank 1 vertices.

(iii) Computing C*(P;AZ) =[], _; A, ® Z for i > 1. We will demonstrate with i = 2 to
show that A, = {0} and so C"(P; AZ) = {0} for all i > 0.

Let us consider the vertex labelled = in Figure 4.1. It has corank 2. In finding the
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compatible family B,, the 7 € N!Ps, can be fixed in different ways:

o If 7 = zwy, then B, = {xwwy}. o If 7 = zwyj, then B, = {xwwy}.
oIf 7 = zwy, then B, = {zww{}. oIf 7 = zyo, then B, = {zyyo}.
oIf 7 = xy|, then B, = {zyy,}. olf 7 = xy(, then B, = {zyy}.
olf 7 = xz, then B, = {xz2y, x22), v22]}. oIf 7 = xz], then B, = {zzz}.

oIf 7 = zw, then B, = {zrwwy, zww), zww] }. o If 7 = xz{, then B, = {zzz{}.

oIf 7 = xy, then B, = {zyyo, zyy}, zyy }. oIf 7 = xzy, then B, = {zzz}.

Let a = zwwy, b = zwwy, ¢ = zww], d = xyyo, e = xyy), [ = Tyyl, 9 = v220,9 = 22|

and i = xzz. Then A, has a presentation

A, = <a,b,c,d,e,f,g,h,z'[a+b—|—c=0,d—|—e+f=0,g—l—h+i=0,
o — b DR, - — FRTIES, — | SR {0}

for each compatible family B, where |z| = 2. Thus C?(P; AZ) & 1m0 Az ®Z = 0.
Following the same idea for corank 2 elements, one can check that for |z| = 3,4, we
have A, = {0} and so C(P; AZ) = ], ,_; A: ® Z = {0} for i > 1.

The cellular cochain complex for the tree is then

0— HAQ®ZL>HA9E®ZL>O—>O—>O—>O.

|a=0 |z[=1

The homology of the complex above:

(a) The homology HC?(P;AZ) at C°(P;AZ) = T, -, Ax ® Z.

Let 0 € NP5, be a generator of A, then we have §2(a®@m) = zo®(—1)'m = —zo@m,
where zo € A, for some m € Z. Consider 0 = wy, w;, and wyj, and x = w then we have
—(wwg + wwjy + wwy) @ m = —w(we + wj + wj) @ m = 0 since wwy + wwj + wwj = 0.
Thus if we consider all cases then the kernel of the ¢° is generated by triples of leaves.

In the diagram there are twelve triples of leaves and so the ker 6° is isomorphic to Z!2.
The homology at C°(P; AZ) is therefore HC®(P; AZ) = 72 /{0} = Z'2.

The homology HC'(P; AZ) at C'(P;AZ) = [[ -, Ax ® Z.

From (a), we have that the image of 0° is C°(P;AZ) = [],_, A: ® Z. The map ¢
takes all elements to the 0 element and so kerd' = C°(P;AZ) = [] -, A, ® Z. This
shows that HC'(P; AZ) = {0}.
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We therefore have HCY(P; AZ) = Z'* and HC"(P; AZ) = {0} for i > 0

We now compute HS*(P; F). P is a small category with an initial object 0 and so we have
that the nerve |[N*P| is contractible (see Proposition A.5.2). Thus HS°(P;AZ) = Z and
HS(P;AZ) =0 for i > 0 (see Remark A.5.3).

The computations above shows that HS*(P; F') is not isomorphic to HC*(P; F).

4.3.6 Example with HS*(P; F) = HC*(P; F)

In this example we make use of Theorem 4.3.4 which is a generalisation of Theorem 3.5.4.
This will tell us that Khovanov homology can be computed cellularly.

Recall the poset Q = Q, formed from resolving the crossings of a knot(link) with diagram

D. Qs

e graded with rank function rk : Q — Z defined by rk(z) = |x| — |z|, where |x| is the

number of crossings in the knot D and |z| is the number of elements in x.

e cellular since it can be identified with the poset of cells of a regular CW-complex (see
Subsection 3.5.1)

e locally finite since for any x € Q there are only finitely many y with z < y.

If F' is now the Khovanov presheaf, Fxy, then from the properties above, we see that Q
satisfies Theorem 4.3.4. Thus HC*(Q; Fxn) = HS*(P; F).

Also since the poset Q satisfies conditions of Theorem 4.3.4, we have HC*(Q; Fxy) =

KH' (D), since the cellular cochain complex C*(Q; Fi ) is now the Khovanov complex K*.

This shows that the Khovanov homology can be computed cellularly under these conditions.
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Chapter 5
Discussion

We saw in this thesis that the Khovanov homology of a knot can be identified with the right
derived functors of the limits of the Khovanov presheaf which was our Theorem 3.5.4. We
also saw that cohomology groups H.S*(P; F') of a poset P, with coefficients in a presheaf F' on
the poset are related to the right derived functors of the limits of F' via the classifying space
of P. Theorem 4.3.4 which was given by Everitt and Turner in [4] gave us an isomorphism
between the cohomology HS*(P; F') and the cellular cohomology HC*(P; F') and this was
seen to be a generalisation of Theorem 3.5.4. This leads to the fact that Khovanov homology

can be computed cellularly.

A knot as we already know is a topological object. The idea used by M. Khovanov in the
construction of the Khovanov homology of a knot was purely combinatorial and algebraic.
Thus his idea lacked a topological and a geometric motivation. The fact that Khovanov
homology of a knot can be computed cellularly is encouraging since it tells us that Khovanov
homology can be given a topological and a geometric motivation. Everitt and Turner in
their paper [5] also gave a homotopy theoretic interpretation of the Khovanov homology of

a knot and this is also very interesting to look at.
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Appendix A

Some topological notions

A.1 Topology

Definition A.1.1. Let X be a non-empty set. A collection 7 of subsets of X is said to be
a topology on X if

(i) X and the empty set, (), belong to 7,
(ii) the union of any (finite or infinite) number of sets in 7 belongs to 7, and

(iii) the intersection of any two sets in 7 belongs to 7.

The pair (X, 7) is called a topological space.

Definition A.1.2. Let X be any non-empty set and let 7 be the collection of all subsets
of X. Then 7 is called the discrete topology on the set X. The topological space (X, 7) is

called a discrete space.

Definition A.1.3. Let S be a subset of a topological space X. A point z € X is called a

limat point of S if every open set containing = contains a point of .S different from x

Then closure S of S is the union of S and all the limit points of S.

Definition A.1.4. A topological space X is said to be a Hausdorff space if given x,y € X
with = # y, there exist open sets U,V such that x €e Uy € V and UNV = (.
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A.2 CW complexes

Let D" = {2 € R" : |z| < 1} be the closed n-disk. Let (D") = {x € R" : |z| < 1} be the
open disk. The boundary of D™ in R" is the standard (n — 1)-sphere S"™! = {z € R" :
2] =1}

An n-cell is a topological space homeomorphic to the open n-disk. A cell decomposition

of a space X is a family Q = {e, : @ € I} of subspaces of X such that each e, is a cell and

X = H e, (disjoint union of subspaces.)
acl

The n-skeleton of X is the subspace
= H €o-
a€l:dim(eq)<n

Definition A.2.1. A pair (X, () consisting of a Hausdorff space X and a cell-decomposition

Q of X is called a CW complez if the following three axioms are satisfied.

(i) For each n-cell e? € €, there is a map ®, : D" — X restricting to a homeomorphism
¢Oé Dn

called the characteristic maps.

: D" — € and taking sphere S™"~! into the skeleton X"~!. The maps @, are

(ii) For any cell e, € D, the closure €, intersects only a finite number of other cells in Q.

(iii) A subset S C X is closed if and only if ANe, is closed in X for each e, € Q .
Definition A.2.2. A CW complex (X,Q) is called regular if for any cell e, € Q, the
characteristic map ®, : (D", S ') — (X" ' Ue,, X" 1) is a homeomorphism of D" into
its image.

A.3 Quotient spaces

Definition A.3.1. Let X be a topological space. An equivalence relation ~ on X is a

binary relation such that for all x,y, z € S, we have

(i) = ~ z (reflexivity);
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(ii) = ~ y if and only if y ~ 2 (symmetry); and

(ili) z ~y and y ~ z implies x ~ z (transitivity).
The equivalence class containing z, denoted by [z], is defined by
[z] ={ue X : x~u}

Denote by S/~ the set of equivalence classes [z] and let the mapping 7 : S — S/~ be
defined by x — [z]. The collection of subsets U of S/~ such that 71(U) is open in S is a

topology since
(i) 7 1(0) = 0 and 7 1(S/~) = S.
(ii) 7=Y(U; NUp) = 7Y (Uy) N7~ 1(Usy), where Uy, Uy € S/~
(iil) 71 (UaUs) = Uar Y(U,).

Then the collection of sets 7 = {U C S/~ : 7 (U) is open in S} is called the quotient
topology on S/~ and (S/~,7) is called the quotient space.

Definition A.3.2. Let X be a topological space. The suspension SX of X is the quotient
space
SX = (X xI)/{(a,0) ~ (b,0) and (a,1) ~ (b,1), for all a,b € X}

where I is the unit interval [0, 1].

The above definition says that SX is the quotient of X x I obtained by collapsing X x {0}
to one point and X x {1} to another point.

For example we have the 1-simplex Al (see figure A.la) and its suspension (see figure A.1b)

with suspension points 1 and 1’.

A.4 Geometric realisation of a simplicial set

Definition A.4.1. The standard n-simplex is the set of all combinations

A”:[eo,...,en]:{toeg+...tnen:ti20and Ztlzl},

i=0
where e; = (0,...,0,1,0,...,0) € R" with 1 in the ith position.
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/ 0 — cell \
1 —cell 1
(a) 1-simplex (A!) (b) Suspension of Al.

Figure A.1: A simplex and its suspension

There is a functor T : SCat — Top 7 such that for [n] € SCat we have T'([n]) = A™ and
for n : [n] — [m] in SCat we have the induced map 7'(n) = 7. : A — A™ defined by

Dio ti€i = D ig tin(i)-
Let X be a simplicial set and give each X, the discrete topology (see Definition A.1.2). We

define the geometric realisation of X to be the quotient

|X| = J] X x A"/~

n>0

where the equivalence relation is given by (di(z), p) ~ (z, di(p)) and (s;(x), p) ~
(z, ol(p)). Wehave 0'(tg, ... tn) = (to,- - ti1,0, 15, ..., t,) and ol(ty, ... t,) = (to,..., i+
tis1,---,t,) where 6 and o' are the maps defined in Section 4.1, and T'(6*) = %, T'(¢") = o

A.5 Contractible nerves

Let X and Y be two simplicial sets. A simplicial map is a natural transformation (see
Definition 2.2.11) n: X — Y from X to Y.

Definition A.5.1. Let X and Y be simplicial sets. Two simplicial maps f,g : X — Y

"Top is the category of topological spaces with topological spaces as objects and homeomorphisms as
morphisms. See Example 2.2.2(v) for the definition of SCat.
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are homotopic if for each n there exist functions
hn — {hl : Xn — Yn+1}
for each 7,0 < i < n such that

1. doho = f and dn+1hn =4dg.

2. dlhj = hjfldl' if 1 < 7,
djr1hj1 = djsrhy,
dth = hjd,,j_l if 7 > j + 1.
3. Sihj = hj—i—lsi if ¢ S j,
Sihj = hjsi—l if ¢ > j

A simplicial set X is contractible if the identity map on X is homotopic to some constant

map.

In the following proposition we will show that if C is a small category having an initial

object then its nerve, N*C, is contractible.

Proposition A.5.2. Let C be a small category with an initial object o. Then N*C is

contractible.

Proof. We show that the identity map idy+c : N*C — N*C and the constant map k, :
N*C — N*C are homotopic. For [n] € SCat and 0 € N"C we have (idy«c)jn)(0) = o and
(ka)m)(0) = o where a € N°C.

Consider the identity map id : C — C and the constant map k : C — «. Let T : k —
id be a natural transformation from k to id. Then 7' induces a simplicial homotopy by

considering the following diagram for each n.

o = o = L. =

lTO' n lTo'n —1

On 7 Op—1

S+—o
&3
o

~

From the diagram, we can define for each n the functions
h, ={h; : N*"C — N""1C i=0,...,n} by
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S,

2
I
o
Q
2
2

00
hy(o) = a a ; « o1 > 00
hn(0) = o o, 5 o9 o > 00

Now observe that dohg(0) = o — ... — a = a and so dphg = k,. Also
dpi1hn(0) = 0, — ... — 09 = 0 and so d,,11h, = idy-c. The other two conditions can

be verified. Thus the identity map ¢dy+c and the constant map k., are homotopic, hence
the nerve N*C is contractible. O

Remark A.5.3. The homology and cohomology of a contractible space vanish for degrees

above zero but are Z in degree zero since it has the same homotopy type of a point space.
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