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ABSTRACT

Background and Aims: In this paper, we present a valuable and novel interdisciplinary study that applies a classic epide-
miological model, Susceptible-Infected-Recovered (SIR) to capture the mean disease dynamics, with a novel Zubair Fréchet
(ZF) distribution to model the extreme, heavy-tailed nature of cholera outbreak sizes. Furthermore, the proposed model is
linked to both public health and actuarial risk. We demonstrate that the ZF provides a superior fit to cholera case data
compared to traditional distributions.

Methods: Data was collected from both primary sources (such as the Ghana Health Service) and secondary sources. The SIR
model employs differential equations in modeling. The results of the simulation study showed that as the sample size was
increased, the standard error and bias created by the novel Zubair-Fréchet distribution's parameters decreased while depicting a
cholera outbreak. The paper finds that the Zubair-Fréchet distribution is more robust compared to some existing distributions,
such as the Fréchet and Weibull distributions. Additionally, a number of actuarial properties were determined, and the
maximum likelihood technique was used to estimate model parameters.

Conclusion: Findings from the study show that parameter values of infectious contact rate (beta =0.004) and recovery rate
(gamma = 0.999) make the control strategy effective. ZF fits better than the Fréchet/Weibull distribution, as evidenced from the
goodness-of-fit table. Furthermore, vaccination reduces transmission evidenced from the data showing less to no cases after
vaccination. The results from this simulation could help guide the Ministry of Health and the Ghana Health Service's response
to be able to deploy the necessary logistics, update preparedness, and response plans for the country as the rainy season begins.
Industry practitioners may apply this family of distributions to microbiology, public health, and targeted interventions to reduce
case fatality rates. Additionally, professionals in the insurance industry can apply our model in insurance value-at-risk and tail
value-at-risk for fair premium pricing.

This is an open access article under the terms of the Creative Commons Attribution-NonCommercial-NoDerivs License, which permits use and distribution in any
medium, provided the original work is properly cited, the use is non-commercial and no modifications or adaptations are made.
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1 | Introduction
1.1 | Background

Statistical distributions are fundamental functions in terms
of probabilities of events for modeling a phenomenon of
random variables in a host of applications in microbiology,
actuarial science, risk and insurance, survival analysis,
among many others. In many different domains, a large
number of generalized families of continuous distributions
have been proposed, investigated, and used to model life-
time data sets [1]. However, there are numerous more real-
world scenarios where the existing distributions fall short of
offering an appropriate fit and flexibility [2]. An example of
such data is data on foodborne-related diseases. This
calls for an urgent need for new statistical models and dis-
tributions with greater versatility and capability to be able to
accurately characterize available data, especially in
foodborne-related diseases [3].

Mathematical modeling for infectious diseases dates back to
Bernoulli in the 18th century [4]. Several mathematical
models of foodborne-related diseases have been recently pro-
posed in the literature in response to such outbreaks in
developing countries [5]. Many infectious diseases are as a
direct result of poor hygienic conditions and contact between
an infectious person and a susceptible individual. Cholera is
an acute intestinal infectious disease caused by the bacterium
Vibrio cholerae, characterized by extreme diarrhea and vo-
miting. It is an infectious disease where an outbreak with no
proper intervention and control might lead to death. This is
because of the relatively short incubation period of the dis-
ease, which usually takes 2 to 5h. Most cases of cholera cur-
rently occur in developing countries in Africa. Cholera was
first reported in Africa in 1836 when outbreaks did occur on
the Indian Ocean coast, killing as many as 20,000 people in
Zanzibar [6]. Within barely half a century, cholera has now
been rated an endemic disease, changing from an imported
disease in most African countries.

According to the European Center for Disease Prevention and
Control (2024), Ghana has a rising number of reported cases of
cholera from year 2023 to 2024. In comparison, from 1 January
2023 to 23 October 2023, there were no cases reported. From 31
August 2024 to 18 October 2024, 78 new cases, including one (1)
death have been reported. In the same vein, since 1 January
2024 to 18 October 2024; 102 cases, including one (1) death has
been reported [7].

The classical approach to disease modeling is to use a type of
mathematical model known as a compartmental model in
complex ways. This approach is to assign each individual in the
population to one of several compartments, based on their
infection status; again, define the rates at which individuals
move between compartments as their status begins to update.
Finally, use this model to define differential equations that can
predict the cause of the epidemic.

Using the epidemic modeling approaches, we shall consider
the SI model in this study, which is the simplest model used
to model infectious diseases in a given population of interest.
Thereafter, we shall consider the SIR model, which is an

extension of the SI model. It is also a simple model used to
model infectious diseases in a given population of interest. It
breaks the population into three groups: susceptible, in-
fected, and recovered. It is a population-based model in the
sense that each compartment models the behavior of an
average individual in that compartment. Of course, it is an
oversimplification of the real-life scenario, but it is actually
possible to build more complex models based on this. It was
proposed to explain the rapid rise and fall in the number of
infected patients observed in epidemics such as the plague
and cholera. Diseases represented by this model are diseases
that people obtain a lifetime immunity. The SIR model can be
extended to other models (e.g., SEIR, SIRS, etc.) depending
on the need. Example, for SIRS model, we assume that
recovery implies temporary acquired immunity. There is a
return of the removed/recovered individuals into the sus-
ceptible compartment or group. The underlying assumptions
for the SIR models are that firstly, there is an existence of a
homogenous population, where people in the same com-
partment are subject to the same hazards. Moreover, all
susceptible individuals have the same risk of getting infected,
which implies that there exists a well-mixed population.
Lastly, those who recovered from the disease are immune
forever [8].

In this paper, it is the authors aim to give a better under-
standing of the effects of control measures coupled with the
transmission dynamics of cholera. This will, in diverse ways,
help gain practicable and efficient preventive strategies for
the control of the cholera pandemic in Ghana. The paper
responds to the need for a generalized distribution to model
epidemiology data sets like cholera. Hence, developing a
compound distribution, i.e., the Zubair-Fréchet distribution.
Furthermore, the paper develops maximum likelihood esti-
mators for the parameters of the Zubair-Fréchet distribution
and assesses the performance of its parameters using simu-
lations. Additionally, the paper presents the actuarial prop-
erties of the Zubair-Fréchet and the goodness-of-fit for
distribution within the food infections data sets. This is
important because flexibility in distribution models ensures
better conclusions and decisions to be made on specific
problem cases [9].

The SIR model was used to frame the disease dynamics, bereft
of the likelihood of a specific outcome. Meanwhile, the ZF
distribution provides a superior fit to cholera case data com-
pared to traditional distributions, a necessary framework to
account for the inherent randomness and uncertainty in ex-
treme, heavy-tailed cholera spread, which makes the predic-
tions more robust and reflective of the stochastic nature of
cholera. Thus, making them complementary tools for a more
comprehensive and realistic study of epidemics. These allow for
quantifying the probability of different outbreak scenarios,
which is essential for public health planning and resource
allocation.

1.2 | Research Problem

In real-life data analysis, a number of practitioners work with
the Fréchet class of distribution. However, the distribution lacks

2 of 16

Health Science Reports, 2026

85U0|7 SUOWILIOD BAEaID 3|qedjdde aup Aq peuenob afe sejonie VO ‘8sn Jo Se|ni Joj Aiq)T8ulUO A8]1/M UO (SUOTPUD-PUE-SWLBI W0 A8 | 1M ARIq U1 UO//SANY) SUORIPUOD PUe SWLB | 841 885 *[9202/90/LT] Uo ARIqIT8uIUO AB|IM BI00Y -EeueyS Jo AISPAIUN AQ 08EZ. 'Z/5U/200T OT/I0P/W0 A8 | 1M AIq Ul |UO//SANY WO} pepeojumod ‘G ‘9202 ‘SE8BB6EZ



flexibility since it only has one shape parameter. The afore-
mentioned limitation and also the frequent application of the
Fréchet distribution give rise to the research question:

1. How statistically robust does the Fréchet distribution deal
with heavy tail distributions with a single shape
parameter?

2. Can the single shape parameter perform the functions of
kurtosis and skewness efficiently at the same time?

To overcome this drawback, there is a need to introduce an
additional scale parameter. This addresses the problem of the
lack of scale and shape parameters in the distribution. The
Zubair-Fréchet distribution hence has the ability to introduce
both scale and shape parameters to an existing Fréchet statis-
tical distribution to make it more flexible.

Nasiru [9] posits that to model data with monotonic and non-
monotonic failure rates, as well as produce heavy tail distri-
butions that will control both skewness and kurtosis at the
same time, a minimum of two shape/scale parameters are
needed. As a result, an extra shape parameter needs to be
introduced to make the Fréchet distribution have a more
desirable property. Hence, an extension of the Fréchet dis-
tribution into what we propose as the Zubair-Fréchet distri-
bution is demonstrated in this paper. This research,
therefore, seeks to develop an extended form for the Fréchet
distribution by adding an extra parameter to the existing
family of distributions. Periodically occurring cholera out-
breaks in Ghana put a burden on healthcare systems, reduce
economic output, and lead to significant death tolls. The
proposed Z-F distribution not only contributes to the body of
work on distributions but can also save lives and money
when applied to real-world data sets.

1.3 | Objectives

The main objective of this paper is to develop an appropriate
model for Ghana's cholera cases. The specific objectives
are to:

1. compute the parameters for Ghana cholera SIR model,

2. develop the novel Zubair-Fréchet Distribution for cholera
cases,

3. derive the Actuarial Properties of the Zubair-Fréchet
Distribution,

4. compare the goodness-of-fit to model Cholera cases.

1.4 | Justification for Selecting ZF Distribution

Introducing additional parameters will generalize the existing
distributions. With that, the new distribution will have flexi-
bility and a closed form of cumulative distributive functions,
survival functions, as well as hazard rate functions. Moreover,
this distribution would add only one parameter instead of
adding two or more, which will complicate the existing distri-
butions for its analysis. In the same vein, provision is made for
better fits other than modified models. Lastly, it proffers a best

fit to heavy-tailed microbiology data sets for effectively model-
ing shortfalls [10].

The rest of the paper is organized as follows: literature review,
methodology, discussion, conclusion, and recommendations.

2 | Theoretical Literature Review
2.1 | Application of Actuarial Modeling

Actuarial modeling for infectious diseases dates back to
Daniel Bernoulli in the 18th century [4]. Several mathemat-
ical models of foodborne-related diseases have recently been
proposed in the literature in response to outbreaks in devel-
oping countries. Recent literature from the year 2024 employs
ordinary, partial, fractional and stochastic differential equa-
tions to model cholera epidemiology [11]. These models
attempt to estimate the dynamics of foodborne transmission
and their impact of interventions, with the aim of providing
some guidance to policy-makers with decisions such as vac-
cination, antibiotics, and provision of clean and hygienic
water, especially for cholera cases [12]. These resulting
compound distributions would be helpful for modeling real-
world data sets in the fields of epidemiology, actuarial sci-
ence, insurance, and other closely related disciplines, as well
as distribution theory in statistics [13]. The resulting com-
pound distributions might also be helpful in representing
actual events, where the failure rate is not constant due to
factors including risk and force of mortality. Ahmad et al.
[14] found that the Z family of distributions has the capacity
to suitably model data sets that have fat tails for a well-
defined risk management system.

This section presents a review of the literature on some prob-
ability distribution generators. These generators have been used
over the years to modify existing distributions with the purpose
of making them flexible in modeling real-life data [15]. Further
to this review, the shortcomings of such generators that control
skewness, kurtosis and variability are discussed [16]. The sec-
tion ends with the introduction of the need for the Zubair-
Fréchet distribution, which contains both scale parameter and
shape parameters [17].

2.2 | Zubair Generated Family of Distributions

Ahmad [10] developed the Zubair-G family of distributions.
This generator only has a scale parameter; no shape parameter
is present. As a result, since the Zubair family lacks a shape
parameter, it is inappropriate to combine it with any distribu-
tion that lacks a shape generator as well [18].

2.3 | Empirical Literature Review

According to empirical research, cholera epidemics in Ghana
are seasonal, usually reaching their peak during the rainy sea-
son owing to sanitation challenges [19]. According to the Ghana
Health Service (GHS), flooding caused by heavy rainfall con-
taminates drinking water sources and raises the risk of cholera
in many regions. Seasonal rainfall and outbreak increases are
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strongly correlated, according to an empirical study by Addy
et al. that examined cholera cases over a ten-year period.
Unusually high rainfall levels during the most severe outbreaks,
such as those in 2011, 2012, and 2014, exacerbated the
unhygienic conditions in urban areas, especially in slums with a
high population density.

In many places, cholera is still endemic, especially in cities like
Accra and Kumasi, where infrastructure cannot keep up with
population expansion. Apenteng et al. [20] examined case data
from 2000 to 2018 and found patterns in recurring outbreaks
that typically follow a similar geographic and seasonal pattern,
indicating a recurring problem with public health preparation
and urban management. The prediction of epidemics has long
been the focus of attention in epidemiology and mathematical
biology. Previous studies have used a variety of approaches to
model influenza cases. Goldstein et al. [21] proposed a gener-
alized linear model demonstrating how routine virologic and
influenza-like illness (ILI) surveillance data can be used to
quantify the dynamics of co-circulating influenza strains and
generate short-term predictions of the relative epidemic sizes of
each strain during the course of an influenza season in the
United States [22]. Soebiyanto et al. [23] employed an Auto-
regressive Integrated Moving Average (ARIMA) model along
with climatic parameters to forecast the next influenza season.
Mugglin et al. [24] used a Bayesian hierarchical approach for
modeling of influenza epidemic dynamics in both time and
space. Kim et al. [25] unexpectedly used Twitter, a free social
networking service, to improve the accuracy of forecasting
models by providing early warnings of influenza outbreaks.

3 | Materials and Methods

The authors firstly propose a mathematical model which uses
differential equations based on the epidemiological compart-
ment modeling with an intervention or control strategy such as
vaccination. The computer software package that is used to
solve the differential equation model numerically is deSolve in
R. Secondly, the Zubair-Fréchet model is also proposed.

3.1 | Representation of Sir Model

The SIR model is represented in threefold. That is by verbal
description, graphical description and mathematical descrip-
tion. For a verbal description, we consider S susceptible, I
infectious, and R recovered. For a mathematical description
using the differential equations formulation is as follows:

ds
o BIS @
da_ o
i (BIS) — (yD) @)
dR
i vl 3)

From the above Equations (1) to (2), the basic reproductive ratio
RO is presented in Equation (4) below:

ro="N @
v

Where, N = S + I + R represents the total population, with
RO estimating the number of people who will be infected by
the average infectious individuals. If RO is less than one (1) it
implies an outbreak is likely to be contained, whereas, where
is greater than one (1), then an outbreak is likely to be epi-
demic. Equation (5) below presents the effective reproduction
number, where the population of susceptible varies with
time [26].

off = RO(%) )

4 | Graphical Representation of the Sir Model

The Figure 1 above shows a demonstration of the SIR Model as
captured above.

4.1 | Comparing a Model's Predictions With Data

Primary data from the Ghana Public Health Service for
cholera cases in 2024 will be compared to the model predic-
tion for selected parameters. We plot the points of the cholera
data set and visually compare the model's predictions and the
data points. If the model does not fit the observed data well,
we then train the model on the data by simply changing the
gamma and beta parameters. We may start by first changing
the beta parameter.

4.2 | The Zubair Fréchet Distribution: Theory
and Actuarial Properties

4.2.1 | Generating of Skewed Distribution Techniques

The skewed normal family of distributions was created by
Azzalini [27] by combining two separate symmetric distri-
butions, building on the concepts of O'Hagan and Leonard
[28]. Azzalini [27] in the existing literature, various distri-
butions based on the skewed family have been created and
investigated. By using inverse scaling of the pdf on both sides
of the mode, Fernandez and Steel [29], for instance, estab-
lished and studied a technique for introducing skewness into
any given continuous distribution [30]. This makes it possible
to create adjustable distribution shapes using just one shape
parameter [31]. The epsilon-skew normal family of distribu-
tions was also created by Mudholkar and Hutson [32] with an
additional parameter that allows it to regulate the degree of
skewness. Based on the idea of an inverse probability integral
transformation, Azzalini [27] also developed a broad frame-
work that assisted in introducing skewness into symmetric
distributions. Azzalini's methodology was recognized as a

pxl v
N =) = Il
FIGURE 1 | Graphical representation of SIR Model. Source:
Authors' des ign for a graphical representation of SIR Model.
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special case of Chang and Genton's [33] weighted approach
for creating skewed distributions. By creating a larger family
of skewed distributions that incorporated the skew normal
family [27] and the epsilon-skew normal [32], significantly
outperformed the majority of skewed distributions in terms
of flexibility.

The second objective of this paper is to develop “Zubair-
Fréchet” distribution. The purpose of this section is to create a
new type of distribution known as the Zubair-Fréchet that may
be used to improve the efficiency of standard distributions by
adding skewness to them [34]. The analysis in this research was
carried out using R software.

4.2.2 | The Fréchet Distribution

Let a random variable X have the Fréchet Distribution with
parameter 6, 3 where 6 >0 and >0 whose cdf and pdf are
defined by G(x) and g(x), respectively. Following Maurice René
Fréchet [35], the cdf and pdf of the Fréchet Distribution are
given respectively as:

Gx) = e_(g]e (©)

and

gx) = Gﬁex‘[(e“)}e_(é)e )

4.2.3 | The Zubair-G Family

Let X denote a non-negative random variable whose cdf and pdf
are expressed as T(x) and t(x) respectively, following Ahmad
et al. [14], the cdf and pdf are given respectively as:

T(x;¢)=%a’¢>0’xem (8)
t(x; @) = 2ag (x; ¢)C;(x; 1¢)eaG(x;¢)z o
et —

4.2.4 | The Zubair-Fréchet (ZF) Distribution

To achieve objective two (2) of this paper, the Zubair-Fréchet
(ZF) distribution is developed in this section.

To derive the expressions for the cdf of the Zubair- Fréchet,
insert equation (6) as the cdf of the parent distribution into the
expression in equation (8), following the distribution we have
proposed, the resulting compound distribution gives the cdf of
the Zubair- Fréchet distribution as:

| o

_l,cx,ﬁ,9>0,xem,

e —

T(x) = £

Now, to derive the pdf of the Zubair-Fréchet distribution, we
differentiate the cdf of the distribution. Again, we could also

insert the expression in equation (7) into equation (9), the
resulting compound distribution gives the pdf of the Zubair-
Fréchet distribution as:

ZaGﬁex‘(s“)e_z(g)ee [ (11)

e*—1

t(x) =

Where «, 8,6 > 0,a,x € R and ¢ = (¢) = (¢1,¢,,..) is a
parameter vector. Hence T (x; ¢) = T(x) and ¢(x; ¢) = t(x)

Proof of ZF distribution in the discrete case

Firstly,

e-(f]T §

e —1
When; x <0, T(x) =0
When; 0 <x < ©

T(x) =&

1]
0<le\¥)]| <1
A
4 )
e <e“
0<T(x) <1
For all values of x.
Secondly,
x <y
a°F s
a[e(y)‘ “{xJ’
e -1 e -1
T -Tkx) = —
) - T®) o e

i e —_
e —1 e —1
s Ads
e 17) ’ a[e(x)
e e
= <
e*—1 e —1
x<y, T(y) —T(x) 20
T(x) <T(y)
Thirdly,
. . e —1
lim T(x) = imT (x) = =0
X——00 x=0 e —1
a_
limT(x) = ¢ ! =1
X—= 00 e —1
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4.3 | Deriving the Various Statistical Properties
of the Proposed Zubair-Fréchet

Objective number three (3) was achieved by taking into account
statistical properties such as asymptotic behavior, survival
function, force of mortality and quantile function [36].

4.3.1 | Survival Function

This defines the probability of an individual surviving
beyond a predetermined and specified time in the future. It
is the likelihood of a system not failing prior to sometime in
the future.

(12)

0\2

e"{e_(ﬁ)] -1

Sx) =1-Fx) =1 - —————
e —1

4.3.2 | Hazard Rate Function

The pdf and survival functions are compounded to give us the
hazard rate function.

0
y a[x(@ ]
2a969x‘(9“)e_2{}] e

e“—1

13)

4.3.3 | Legitimacy of the Proposed Distribution

Proof: The Zubair Fréchet distribution is valid and legitimate

4.34 | Moment Generating Function

The moment generating function (MGF) helps in finding the
moments of a random variable of a given distribution. Gener-
ally, the MGF is given as:

M. (t) = E(e™)

—n
EX") = d flp’"(—l In u) ¢ e“du
e*—1Jyp 2
Maclaurin;
e ~1+ au
ap"

e —1

_oapt n_yfn _n .n
= 1{29 (29 +2)F(1 9]} + 0(1); 5 <1

o [y S e L
()~ 1{29 (29 + z)r(1 e]} +O(D); 5 <1

E(x") ~

fol(—é In u];zn(l + awdu + 0(D)n

E() ~ e:‘—ﬁfl{z%—l(zé + Z)F(l - %)} +0(1); % <1

4.3.5 | Likelihood Function of Z-F Distribution

6 for a pdf f (x; 6) is an estimator that maximizes the likelihood
function L(x;, %, .... , X,; 6) as a function of 6:

L, %, . s Xns 0) = f (a3 0) X f(g; 0)

for n
LIXi, X%, ceenenns ,xn;ez H[f(xl,e)]]
i=1
f t(x)dx =1 . ,zge
0 3 n 26(9‘36 es1) _2[5] ale ( )
[—2{5]9 L(a,6,pB) = I—{—a — 1x e e
246 —fB) 9 .
t(x) — ;x 6 —(6+1)e Z[x)e . . i 72(5.]9
- 0 n _ B ayle M
8y’ - 2B [Txi &Y x e 251("] xe =
B —2(}) ( o 1" t
B\ ale e’ —1) i=1
220p° [ _2[7]
t(x) = —f x~@+e ¥ e
e —1 0
B\ B\
U= e‘(?] . le = 20B% 0D e—z(f) 44 | Methods of Estimation
x=0,u=0x=o0,u=1 Objective three is to develop maximum likelihood estimators for
) du parameters of the Zubair- Fréchet distribution. There are sev-
0 1 B (¢} 5\ . .
2063 f - (e“)e_z[}] . ZGﬁex’(9+1)e72(}) eral methods of estimation.
e* —1 0
=2 f 1 e™du
e*=1Jo 4.5 | Monte Carlo Simulation Study
1
= — ad 1 —e I(l)] This part provides a thorough simulation study to evaluate the
e -« MLEs' behavior. It is simple to imitate the Z-F family by
-_“ l(ea — 1)] =1 inverting (10) as shown below: If the distribution of U is uni-
e —1la form (0, 1), the nonlinear equation is:
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-1

_1)s
8 [m (é In(u(e® — 1) + 1)) 2] —0 (14

The purpose of the simulation study is to determine whether:

i. The MLEs converge to the true value in every case as the
sample size increases,

ii. Whether there is a small or significant difference between
the average estimates and true values, and

iii. As the sample size grows, the standard errors of the
MLEs would decrease. The accuracy of the approxima-
tion of the standard error of the MLEs is assessed by the
following criteria for evaluating the performance of the
estimators.

5 | Epidemiological Results vs Statistical Results

This section provides a detailed analysis of the development of
the suggested distribution.

5.1 | Data Source

Primary data were sourced from the Office of the Director of
Public Health (Ghana Health Service, Headquarters, Accra).
The time series data received was analyzed from 1st October,
2024, to 1st March, 2025. The frequency was on a daily basis
from the onset.

The parameters beta and gamma were traced from fitting to
visually compare the model's predictions and the data points,
where the model's predictions appeared closer to the data
points. The parameters beta and gamma, which are respectively
the infectious contact rate (i.e., the average number of sec-
ondary infections per unit time, as averagely 0.004 means a
lower rate of contracting the disease) and the recovery rate;
gamma of 0.999 indicates a faster rate of recovery, almost get-
ting to one (1) making it very significant. These parameters are
per-day rates that relate positively to the observed dynamics.
These immediate containment measures focus on rapid patient
treatment and interrupting transmission through water, sani-
tation, and hygiene (WASH), as well as a control strategy of
community engagement and vaccination.

Quantitative measures such as the root mean square error
(RMSE) had lower values of 5.689045, 5.68904 and 5.688973;
mean square error (MSE): 32.36523, 32.36518, 32.36442 and
residual sum of squares (RSS): 2297.931, 2297.928, 2297.874 for
selected sample sizes with parameter values N =10, 1000,
10,000 and beta = 0.004, theta = 0.999, respectively. A sensitivity
analysis is performed where beta and theta values are changed
to 0.006 and 0.995, respectively. RMSE, MSE and RSS values are
the latter shown (see Table B1 in Appendix B).

5.1.1 | Sir Model

As shown in Figure 2, parameter values of beta=0.004,
gamma = 0.999, showing the respective risk and probability rate
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FIGURE 2 | SIR model. Source: Authors' result of graph of SIR
model for cholera cases in Ghana, 2024.

TABLE 1 | SIR simulator, ghana cholera cases.

Time S I R

1 0 999.00 1.00 0.00

2 1 974.27 19.46 6.26

3 2 667.18 231.99 100.81
4 3 159.01 382.00 458.97
5 4 49.56 200.30 750.13
6 5 28.79 85.46 885.73
7 6 22.97 34.83 942.19
8 7 20.96 13.99 965.04
9 8 20.20 5.59 974.19
10 9 19.91 2.23 977.85
11 10 19.79 0.88 979.31

Source: Authors' compilation of SIR Simulator for Ghana cholera cases, 2024.
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FIGURE 3 | Lastweek cholera graph, 2024. Source: Authors' results
for graph for the last week of cholera cases, 2024 with given parameters.

for the midweek cholera cases from the onset in October, the
data set is divided into three parts, with cholera peaks taken
into recognition.

As shown in Table 1, the simulated results show susceptible
from 999 to 19.79 as well as recovery from 0.00 to 979.31. This
gives values close to the population as earlier specified.

As shown in Figure 3, the parameter values of beta =0.004,
gamma = 0.999, showing the respective risk and probability rate
for the last week's cholera cases from the onset in October, the
data set is divided into three parts, with cholera peaks taken
into recognition. The graph shows a weekly trend that starts
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from a lower number, rises and drops eventually. The peak
hitting around the mid of that week in the year 2024.

As shown in Figure 4, the parameter values of beta=0.004,
gamma = 0.999, showing the respective risk and probability rate
for the first week cholera cases from the onset in October, the data
set is divided into three parts, with cholera peaks taken into
recognition. The graph shows a weekly trend that starts from a
lower number, rises and drops eventually. The peak hitting
around the mid of that week, but closer to the end of same.

As shown in Figure 5, the parameter values of beta=0.004,
gamma = 0.999, showing the respective risk and probability rate
for the mid-week cholera cases from the onset in October, the data
set is divided into three parts, with cholera peaks taken into
recognition. The graph shows a weekly trend that starts from a
lower number, rises and drops eventually. The peak hitting
around the mid of that week, but closer to the start of same.

5.2 | Intervention of Vaccination as a Control
Strategy

Ultimately, the intention of vaccination has helped to alter the
course of the epidemic by reducing the transmission coefficient,
. We see that after the implementation of vaccination from
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FIGURE 4 | First week cholera graph, 2024. Source: Authors’
results of graph of a representation of the first week of cholera cases,
2024 with selected parameters.
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FIGURE 5 | Midweek graph for cholera cases, 2024. Source: Au-
thors' results of graph of the midweek, 2024 of cholera cases with given
parameters.

27th November, 2024, there is a huge drop in the transmission
and infection rates. The only change is the extra ifelse() state-
ment to adjust the value of 8 to 0.1 during vaccination and 8 to
0.5 before and after the vaccination. Thus, if before or after the
vaccination, give beta value to be 0.5 (i.e., increased transmis-
sion rate), but if within the vaccination periods, assign beta
value to be 0.1 (i.e., reduced transmission rate). These values are
selected as an illustrative case. You need to pass two new
parameters to the model. These are the start and end times of
the vaccination periods.

Vaccinated individuals acquire immunity. A group of people in
a given jurisdiction is said to have herd immunity if enough
people get immune, hence curtailing the spread. Individuals
then move from the S(t) compartment to the R(t) compart-
ment, where mortality is assumed to be zero (0) in the immu-
nized population.

Let p represent the proportion vaccinated of the total popula-
tion N and 1 —p the proportion unvaccinated, where
0 < p < 1. Hence, the total population that are vaccinated is
aN (t)p, which is added to the recovery compartment R(t). The
unvaccinated population is aN (£)(1 — p), which will still
remain in the susceptible group S(t). Therefore, after vaccina-
tion, the equations of the SIR model can be written as:

B -~ ps@v©a - py as)
dr _ ~
a BIS) — (vD) (16)
dR
e yI + aN (t)p 7)
5.3 | Immunity Loss of Vaccine

In the real field of epidemiology, no vaccine gives 100% pro-
tection to cholera. Hence, the vaccinated individuals are not
perfectly immunized. The immunization over time decreases
with respect to the vaccination. The population now becomes
susceptible to cholera.

Let e > 0 represent the rate of immunity loss, then in R(¢)
compartment, the population in eR(¢) reduces as a result of the
loss of immunity; then the individuals eR(t) adds to S(¢)
compartment. The equation of SIR model can be written as:

‘Z_f = — BIS(aN (1)(1 — p)) + eR(t) (18)
dl

o = @19 = 0D (19)

Z—f =yl + aN (t)p — eR(t) (20)

5.3.1 | Stochastic or Delay Effects

Further research is encouraged to use mathematical, stochastic
or delay effects as modeling approaches applied in the

8 of 16

Health Science Reports, 2026

85U0|7 SUOWILIOD BAEaID 3|qedjdde aup Aq peuenob afe sejonie VO ‘8sn Jo Se|ni Joj Aiq)T8ulUO A8]1/M UO (SUOTPUD-PUE-SWLBI W0 A8 | 1M ARIq U1 UO//SANY) SUORIPUOD PUe SWLB | 841 885 *[9202/90/LT] Uo ARIqIT8uIUO AB|IM BI00Y -EeueyS Jo AISPAIUN AQ 08EZ. 'Z/5U/200T OT/I0P/W0 A8 | 1M AIq Ul |UO//SANY WO} pepeojumod ‘G ‘9202 ‘SE8BB6EZ



optimization of vaccination strategies to minimize the impact of
the spread of cholera. The first strategy is the randomness in
cholera transmission with the interactions in the population,
where such random events alter the outcomes. The time delay
effects account for the lag time in vaccine deployment. In es-
sence, early vaccination, where the optimal strategy is to con-
centrate available vaccines in cities from which cholera
originated, and delayed vaccination with an equal allocation of
vaccines in cities where cholera already spreads. Incorporating
these models will provide a more realistic framework as a
control strategy.

5.4 | PDF of the Zubair-Fréchet Distribution

Suppose that X has a continuous distribution on R with
probability density function f and distribution function F,
Then the pdf plot of the ZF distribution as show in Figure 6
below, can be left-skewed or right-skewed with small and
large values of skewness and kurtosis for different values of
parameters [37].

As shown in Figure 6, the pdf of the Z-F distribution shows for
different parameters the flexibility of the distribution to handle

values in such a domain and class, especially in the handling of
cholera disease data points.

5.5 | Cdf of the Zubair- Fréchet Distribution

The graphical representation of the CDF of ZF distribution is
shown below:

As shown in Figure 7, the cdf of the Z-F distribution shows for
different parameters the flexibility of the distribution to handle
values in such a domain and class, especially in the handling of
cholera disease data points. The properties of the CDF are
clearly shown from the curve.

5.6 | Survival Function of Zf Distribution

The Graphical representation of the various survival functions
of the ZF distribution is shown in the figure below.

As shown in Figure 8, the Survival of the Z-F distribution
shows for different parameters the flexibility of the distri-
bution to handle values in such a domain and class,
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PDF plots for ZF with different parameters. Source: Authors’ compilation of graph of pdf plots of ZF distribution with different
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CDF plots of ZF graph for different parameter values. Source: Authors’ compilation of results of graph of CDF of ZF distribution with
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FIGURE 9 | Hazard plot for ZF. Source: Authors’ compilation of results for graph of hazard rate function curve with selected parameters.

especially in the handling of cholera disease data points.
The properties of the Survival are clearly shown from the
curve.

5.7 | Hazard Rate Function of the Zf Distribution

The graphical representation of the various hazard rate func-
tions are given below:

As depicted in the Figure 9, the hazard rate function (ZF dis-
tribution), it can be inferred that the hazard rate function has
many shapes, such as a bathtub, and either monotonically
increases or decreases depending on the shape. This demon-
strates the ZF distribution's flexibility even more.

5.8 | Asymptotic Behavior

The asymptotic properties or limiting behavior involve the
study of the distribution at x=0 and as x — oo. In this paper,
lim,_s T(x) as § — o was considered. It is expected that lim,_.5
T(x) will equal to or approach one.

Let X denote a non-negative random variable from
an arbitrary distribution whose pdf and cdf are defined by

t(x) and T(x), respectively. A proof is given at the
Appendix A.

5.9 | Monte Carlo Simulation Studies of the ZF
Distribution

The properties of the maximum likelihood estimators of the ZF
distribution were examined using the Monte Carlo simulation
technique. This section responds to the third objective of the
paper. The average bias (Abias) and the root mean square error
(RMSE) are presented in Table 1. The quantile function of the
Z-F distribution is used to generate the random samples of the
distribution. This simulation experiment has been repeated for
N =1000 times for each and every model with various sample
sizes of n=25, 50, 75, 100 and different parameter values.
Table 1 shows the Abias and RMSE of the maximum likelihood
estimation of (a, 6, B) for n =25, 50, 75, 100 for the ZF distri-
bution. As sample sizes increase, the estimators of the param-
eters of RMSE and Abias both decline.

As shown in Table 2, (Abias) and (RMSE) of the Z-F distribu-
tion show for different parameters the flexibility of the distri-
bution to handle values in such a domain and class, especially
in the handling of cholera disease data points. The properties of
these are clearly shown from the table. We see that as the
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TABLE 2 | The average bias and root mean square of MLE(ZF).

Sample Size

ABias of estimated parameters

RMSE of estimated parameters

(e, 6, B) (n) @ © ® @ ©) ®
25 7.7223 —0.0842 1.9121 7.7382 0.0847 2.7114
(0.02, 0.0880, 0.001) 50 7.5673 —0.0845 1.8809 7.5853 0.0846 2.6801
75 7.4278 —0.0846 1.8233 7.4497 0.0845 2.5766
100 7.1071 —0.0847 1.8346 7.1328 0.0842 2.3475
25 7.693 —0.0842 2.0168 7.7092 0.0842 2.766
(0.02, 0.089, 0.001) 50 7.6021 —0.0845 1.7754 7.6197 0.0845 2.7629
75 7.4626 —0.0846 1.8298 7.4844 0.0846 2.5219
100 7.124 —0.0846 1.8071 7.1527 0.0846 2.5143
25 7.3262 —0.0944 1.9805 6.7496 0.0944 2.6773
(0.2, 0.1, 0.3) 50 7.2141 —0.095 0.9433 7.0852 0.095 1.9805
75 7.0633 —0.0953 0.4203 7.2319 0.0953 1.4307
100 6.7224 —0.0954 0.2124 7.3418 0.0954 0.8572
25 7.6963 —0.0841 2.035 7.7118 0.0845 2.8161
(0.2, 0.0879, 0.001) 50 7.5789 —0.0844 1.8825 7.5967 0.0834 2.7944
75 7.4167 —0.0845 1.7983 7.4366 0.0725 2.5911
100 7.1217 —0.0845 1.7655 7.1472 0.0645 2.5465
25 7.719 —0.0843 1.9759 7.7355 0.0847 2.6535
(0.2, 0.0881, 0.001) 50 7.6169 —0.0845 1.9223 7.6353 0.0845 2.6405
75 7.4062 —0.0847 1.9096 7.4274 0.0837 2.6299
100 7.1154 —0.0847 1.8209 7.1429 0.0821 2.7273

Source: Author's compilation of the average bias (Abias) of the MLE of the Z-F distribution and the Root Mean Square Error (RMSE) of the MLE of the Z-F

distribution.

TABLE 3 | Goodness of fits of comparative models.

Data VI

D AIC BIC CAIC HQIC
Zubair-Fréchet —27.61176 —22.12584 —27.04034 —25.5567
Fréchet 213.3038 216.9611 213.5829 214.6738
Weibull 219.0484 222.7057 219.3275 220.4184

Source: Authors’ computation of goodness-of-fits. cholera, 2024.

sample size increases, then the estimators of the parameters of
RMSE and Abias both decline.

510 | Analytical Measures and Model Selection

The analytical measures used in this paper include the Akaike
information criterion (AIC), Bayesian information criterion
(BIC), Consistent Akaike information criterion (CAIC), and
Hannan-Quinn information criterion (HQIC). The different
tests are determined by the lowest values of these discrimina-
tion measures.

Evidently, the results above show that the Z-F distribution
provides a better fit than the other distributions, such as the
Weibull distribution and the Fréchet distribution in heavy-
tailed distribution comparison. For instance, from Table 3, the
Z-F distribution AIC value of —27.6 is substantially lower than

those of the Fréchet (213.3) and Weibull (219.0), indicating a
decisively better fit to the cholera case data.

5.11 | Risk Measures in Health Resource
Allocation and Outbreak Severity

Value at Risk (VaR)—a concept commonly used in finance
to quantify financial losses—is applied to outbreak severity
of cholera, especially with health resource allocation, pri-
marily by using Tail Value at Risk (TVaR) to address ex-
treme events and optimize resource distribution under
uncertain events. This will help health professionals to
analyze the worst-case scenario within a given time frame
and confidence level.

Results for the health resource allocation and outbreak severity
by the use of VaR and TVaR are shown in the table below.
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TABLE 4 | Numerical study using risk metrics.

Normal distribution using risk metrics (ghana)

Probabilities VaR TVaR/ES VaR TVaR/ES
0.950 8.117738 10.17997 12.20702 15.30810
0.990 11.481072 13.15346 17.26462 19.77947
0.999 15.251021 16.61738 22.93367 24.98833

Source: Authors’ compilation of Numerical Study of VaR and TVaR for Ghana cholera cases, 2024.

TABLE 5 | Numerical study of POT and GPD.

Generalized Pareto Distribution with a threshold of 0.025

Peaks over threshold at threshold of 0.025 (Ghana) (Ghana)

Probabilities VaR TVaR/ES Probability VaR TVaR
0.950 11.06480 13.05777 0.950 11.06541 13.05808
0.990 14.36534 15.70347 0.990 14.36548 15.70324
0.999 17.29532 18.05213 0.999 17.29458 18.05104

Generalized Pareto Distribution with a threshold of 0.025

Peaks over threshold at threshold of 0.025 (Africa) (Africa)

Probabilities VaR TVaR/ES Probability VaR TVaR
0.950 10.10064 10.12343 0.950 10.11214 10.12776
0.990 10.13382 10.13490 0.990 10.13458 10.13518
0.999 10.13545 10.13546 0.999 10.13546 10.13547

Source: Authors’ compilation of Numerical Study of VaR and TVaR for Ghana and Africa cholera cases, 2024.

The values from Table 4 show a wider gap in value. The con-
sistency can be questioned.

As shown in Table 5, the POT and GPD are compared for Ghana
and Africa. The results show much consistency (little numerical
gaps between VaR and TVaR for different probability values)
with the use of the POT for the cholera data. The results above
quantify the maximum potential loss Ghana spends over a spe-
cific time period and at the given confidence level. A VaR of GH(
1 million at a 95% confidence level over 1 day means there is 95%
probability the loss will not exceed GH( 1 million in a single day.
VaR in this instance measures potential losses in terms of public
health outcomes. The change in financial VaR values captured
above, indirectly, is a reflection of the perceived economic
severity during an outbreak. An increase in VaR values indicates
that the public health situation has worsened. A low VaR value
suggests that potential financial losses are minimal, hence the
economy of Ghana becomes more stable and hence less affected
by the outbreak at such a specific time horizon. For instance,
from Table 4, taking a “95% VaR” that an outbreak will not result
in more than eight (8) deaths or severe cases in Ghana. Key
measures of the severity of the cholera outbreak come in the
form of infection fatality risk, attack rate, case fatality risk and
hospitalization risk. The TVaR focuses on the tail of the distri-
bution and targets the worst-case scenarios. TVaR is used to
develop models for risk-aware resource allocation, waiting times
of patients, especially for improving equity outcomes in health
systems as captured in this paper (Risk Measures for Zubair
Fréchet), for the financial impact of an outbreak.

Value at risk in health estimates the maximum financial cost of
a health emergency within a specific confidence level [38].

Linking financial risk measures to public health resource allo-
cation involves the medical impoverishment, catastrophic
health expenditure and fiscal space for health, which involves
the assessment of the government's capacity to provide addi-
tional budgetary resources for cholera treatment [39].

5.12 | Comparison in Risk Measures

The value at risk and Tail value at risk are also compared for the
Z-F, Weibull and Fréchet distributions. The Z-F distribution
gives a better selection than the others. VaR indicates heavier-
tailed outbreaks, hence a greater preparedness cost is needed
[40]. A recommendation to consider Z-F distribution in the
modeling of cholera cases, for further research.

As shown in Table 6, the Value at risk and expected value at
risk are also compared for the Z-F and Fréchet distribution. The
Z-F distribution gives a better selection than the others, as
shown from Table 6 by a simulation of over 10,000 iterations.
This does not give the VaR and TVaR of the cholera data. It
generalizes the comparison of the classic traditional distribution
Fréchet and novel distribution Zubair Fréchet by simulation,
accounting for higher values than for a cholera case data.

The Value at risk and expected value at risk are also compared
for the Z-F and Fréchet distribution. The Z-F distribution gives
a better selection than the others, as shown from Figure 10.

The Value at risk and expected value at risk are also compared
for the Z-F and Weibull distribution. The Z-F distribution gives
a better selection than the others, as shown from Figure 11.
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TABLE 6 | Risk measure comparison.
Z-Fréchet Fréchet
Level of Significance 0.7 0.8 0.9 0.95 0.7 0.8 0.9 0.95
Parameters Alpha=0.7 Beta=4.4 Theta=0.32 — — Beta=4.4 Theta=0.32
VaR 2357.5 11000.2 119485.7 1237899 111.7 474.2 5069.5 46081.5
TVaR 7.7E+13 43E+11 14E+17 6.8E+16 34E+11 6.19E+11 1.16E + 18 1.11E+ 12

Source: Authors’ compilation of Numerical Study of VaR and TVaR for a different set

of parameters.

2000000

[
© 1000000
>

/;

0 & —aR
0.7 0.8

0.9 0.95

Significance Level

—a&—Z-Frechet —@— Frechet
FIGURE 10 | Graph of ZF and Fréchet compared. Source: Authors’ computation and graph of comparison of VaR of ZF and Fréchet distribution.
2.00E+17
5 ——
g 0.00E+00 & O
0.7 0.8 0.9 0.95
Significance Level
—&— Z-Frechet «=@==Frechet
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6 | Conclusion and Recommendation

This paper proposes an enhanced model for cholera disease
insurance by incorporating disease-specific dynamics for improved
financial risk assessment through a robust model for quantifying
financial effects on policyholders and insurers of epidemics.

6.1 | Summary of Findings

The Z-F generator was developed. The Zubair generator has one
shape parameter, whereas the Fréchet distribution has one shape
parameter and one scale parameter. The pdf, cdf and the hazard
functions were primarily derived. The new generator possesses
three parameters, making it more flexible and sufficient to display
symmetrical, left-skewed and right-skewed data illustrated by the
pdf plots. By virtue of the hazard rate function plots, the model
also exhibited a bathtub shape, observed as upside-down bathtub
shapes. The actuarial properties of the Z-F distribution are derived.
These are the quantile function, force of mortality, cumulative
hazard function, distribution of order statistics, survival analysis,
value at risk and expected shortfall. The maximum likelihood
technique was used to derive the estimators of the parameters.

A study on simulation was conducted to check the behavior
of the parameter estimators. Sample size did increase from

25, 50, 75 to 100, as there was a corresponding responsive
decrease of the root mean square error (RMSE) and average
bias (ABias). This then satisfies the property of consistency
for the maximum likelihood estimator of the Z-F distribution.
The Z-Fréchet, Fréchet and Weibull distributions are fitted by
maximum likelihood estimation to numerical simulation and
cholera data from Ghana and Africa. The application results
show that the Z-F distribution provides a better fit. A model
with a higher risk measure connotes a heavier tail. The
results of the simulation in Table 2 above suggest that the
proposed Z-F distribution has higher values of the risk
measures in comparison with the traditional Fréchet distri-
bution. Hence, the proposed Zubair-Fréchet distribution has
heavier tails than the Fréchet distribution. Parameters for the
SIR model for the cholera case in Ghana for 2024 have been
determined for further research.

6.2 | Contribution to Knowledge

The paper has led to the following contributions. Actuarial
properties have been developed from the Z-F, which could be of
use for key stakeholders such as researchers and students. In
practice, the risk measures help in setting premiums in property
and casualty insurance. There is also the empirical development
of an extension of the Fréchet distribution.
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6.3 | Recommendation and Further Research

There should be the consideration of application of more link
functions, which result in generalized families of distributions with
induced skewness having additional parameters, such as shape,
scale or location are developed for fat-tailed distributions. There
should be other analytical research performed with Z-F to ascertain
the best-fitting model for several heavy-tailed real-life data sets. This
is crucial because there are few or no techniques that can handle
the extreme value analysis of multiplex data.

In Ghana, cholera is a public health concern that needs more
focus. Every year since the initial outbreak in 1970, a number of
persons are impacted. Additionally, cholera claims the lives of
numerous people every year. These suggestions could reduce, if
not completely eliminated. Mathematical models should be
used to help in the prediction of such diseases, as well as the
intensity for commensurate mitigation of the same.

The results from this simulation could help guide the Ministry
of Health and the Ghana Health Service Response to be able to
preposition the necessary logistics and update preparedness and
response plans for the country as the rainy season begins,
especially in the Greater Accra Region, due to overcrowding
and contaminated water and poor sanitation. The country has
started various preparedness activities in the most affected
areas, and evidence from this could help tailor various training
activities, request for vaccines, procurement of RDTs, aqua tabs,
provision of WASH facilities, medications and logistics.

Ghana has initiated processes to update the National Action
Plan and guidelines on cholera, and this information will help
influence what goes into the two documents as lessons learnt
from this outbreak will guide the process.

7 | Limitations and Suggested Further Research

The reproduction and effective reproduction of the model can
be analyzed in the light of simulated results. Again, the SIR
framework lacks ecological fidelity for V. cholerae transmission,
hence future research could capture and analyze the presence of
an environmental reservoir compartment. There should be an
extension to an SIR-B or SIRC model.

This is a result of data limitations with an assumption of simple
SIR modeling. Further studies are recommended on the ZF VaR
and TVaR comparison of risk measures against traditional
models.

The threshold selection for POT has been a challenge in the
literature [41]. This has been a shortcoming that should be
further looked into for other preferred selection processes.
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Appendix A
Steps for anti-derivative of Z-F pdf
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Appendix B

TABLE Bl | Quantitative measures (SIR model).

Sample size,
parameters of
quantitative measures RMSE MSE RSS

N =10; (beta = 0.004, 5.689045 32.36523 2297.931
gamma = 0.999)
N =1000; (beta = 0.004, 5.68904 32.36518 2297.928
gamma = 0.999)
N =10,000; (beta = 0.006, 5.688973 32.36442 2297.874

gamma = 0.995)

Source: Authors' compilation of Quantitative Measures for a different set of
parameters.
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