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ABSTRACT

In this study, we provide two analytic solutions to a one dimensional Advection-
Diffusion Equation (ADE). The ADE is solved using a constant and an exponentially
decaying inlet boundary condition, together with a Dirichlet and Neumann outlet
conditions. The analytic solutions are shown to be simple if a combination of the
initial concentration and the transformed boundary condition result in a non-zero
singularity pole of inverse Laplace transform. The differences between the two ana-
lytic solutions are elucidated. Additionally, to verify the analytic solutions provided,
comparisons are done with a solution to a mathematically related problem in Kim

(2020a) and an error that appears in the paper is corrected.

Moreover, the analytical solutions are compared to some observational data from
the Fena river in the Ashanti region of Ghana and the difference between the two

(analytical and observational) are clarified.
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Chapter 1

Introduction and Motivation

1.1 Introduction

It is commonly known that water covers around 71% of the Earth’s surface, implying
that protecting the Earth’s water should be a top concern for everyone. “Thousands
have survived without love, but not one without water,” wrote British poet W.H.
Auden. According to the United Nations, polluted water kills more people each year

than all other types of violence combined, including war.

Water pollution occurs when hazardous substances, such as chemicals or microbes,
infiltrate an ocean, lake, stream, aquifer, or other river bodies, deteriorating water
quality and making it harmful to humans or the environment. According to the Ghana
Water Resource Commission, nearly, 60% of water bodies in Ghana are polluted due to
illegal mining and other activities. The discharge of waste substances, which contain
hazardous compounds such as mercury and other organic chemicals used in mineral
ores processing during mining activities, heavily contributes to water pollution in
Ghana. In addition, the leaching of heavy metallic compounds such as lead and zinc
oxides, which can enter the environment and, more particularly, seep into surface
and subterranean water bodies, poses a greater threat to aquatic life and human
population that rely on such resources, Duncan (2020). Figure 1.1 and Figure 1.2 are

examples of polluted river caused by the activities of illegal mining.

The transport of pollutants in rivers has become a matter of concern for environmental
engineers and scientists as well as mathematical modelers. Accurate prediction of the
transport of these pollutants is critical for efficient management of these pollutant

processes, Zoppou and Knight (1997). The concentration of these pollutants released



Figure 1.1: Polluted River Ankobra in the Western Region of Ghana

Source:https://citinewsroom.com/2020/05/ pollution-of-ankobra-river-by-illegal-miners-
intensifies/

into the water bodies may be described by the Advection-Diffusion Equation (ADE).

A one-dimensional advection-diffusion equation, with constant coefficients, derived

from the principle of mass conservation, is given by

oC oC 02C

where C(z,t) is the concentration at position, & and time ¢, and V; and D, are
the constant advective velocity and diffusion, respectively. The advection-diffusion
equation is sometimes referred to as the convection-diffusion equation, especially from
the literature on heat transfer studies. The equation is basically a combination of
advection and diffusion equations and it represents a physical phenomenon in which
contaminants or other physical quantities are transported inside a physical system
by to two processes: advection and diffusion. It’s a second-order partial differential

equation of the parabolic type, derived from Fick’s Law and mass conservation.

Advection refers to the transport of a substance or material by motion of the fluid,

that is, with either water or airflow. During advection, a pollutant is transported



Figure 1.2: River Fena in the Ashanti Region of Ghana

along with the fluid. The fluids motion is described mathematically as a vector field,
and the transported material as a scalar field, showing its distribution over space
and time. The vector field is mostly represented by the velocity of the fluids motion,
whereas the scalar field is described by the concentration of the contaminant being
transported by the fluid. Diffusion, on the hand, refers to the fact that the transported
pollutant tend to spread out and diffuse from a region of higher concentration to
a lower concentration as time varies. The ADE is equally important in modeling
atmospheric pollutants such as smoke or dust, dispersion of chemicals in reactors,
tracer dispersion in a porous medium and the intrusion of salt water into fresh water

aquifers. It also has a wide range of applications in many other engineering fields.

Obtaining analytic solutions to the advection-diffusion equation is of great importance
to various scientific disciplines. The equation is solved to find the spatial and temporal
distribution of concentration of a pollutant using a variety of analytical approaches.
The Laplace transform technique is the most widely used method in providing ana-
lytical solutions to the one, two and three dimensional advection-diffusion equation.

Other methods such as separation of variables, Hankel transform method and meth-



ods using Green’s functions, have also been used to obtain analytical solutions to the

ADE’s.

Many analytical solutions along with varying initial and boundary conditions have
been developed to quantitatively describe the one dimensional Advection-Diffusion
Equation with contant coefficients. Mohsen and Baluch (1983) provided an ana-
lytic solution to a one-dimensional convection-diffusion equation for fixed concen-
tration boundary conditions on a finite domain. The transformed equation was de-
composed into two components and separation of variables was used to obtain the
required result. Mojtabi and Deville (2015) also provided analytical solution to a
one-dimensional advection-diffusion equation using separation of variables but with a
sinosoidal initial condition and a homogeneous boundary condition. Davis (1985), by
means of a Laplace transform technique, provided two different analytic solutions to
a single convection-diffusion equation over a finite domain. The differences between

the two solutions were clarified.

Kumar et al. (2012) presented analytical solutions to a one dimensional advection-
diffusion equation with variable coefficients along with initial and boundary conditions
in a semi-infinite domain where the diffusion term is considered to be proportional
to the square of the spatially dependent velocity. Using a simple transformation, the
governing equation was transformed into an advection-diffusion equation with contant
coefficients. The equation was solved for three different solute dispersion problems,
which were inhomogeneous steady, temporally dependent homogeneous and inhomo-
geneous respectively. Laplace transform technique was used to obtain the solutions.
Zoppou and Knight (1997) provided analytical solution for a one-dimensional trans-
port of a pollutant in an open channel with steady unpolluted lateral inflow uniformly
distributed over its whole length. The problem was described approximately by spa-
tially variable coefficient advection and advection-diffusion equations with the velocity
proportional to distance, and the diffusion constant coefficients proportional to the
square of the velocity. The equations were transformed into constant coefficient prob-
lems and the Laplace transform technique was used to provide the analytical solutions

for general initial and boundary conditions.

Most of the works done on the advection-diffusion equation have other variants that
include Source, Reaction, and other terms, depending on the application. Van Genuchten
(1982) presented analytical solutions to a one-dimensional, single-ion convection-
dispersive transport equation; which includes terms accounting for linear equilib-

rium adsorption, zero-order production and first-order decay. The solutions were



derived for a semi-infinite medium and several sets of initial and soil surface bound-
ary conditions. In a recent paper by Kim (2020a), a general 1D analytic solution of a
Convection-Diffusion Reaction Source (CDRS) equation was obtained by using a one-
sided Laplace transform by assuming a constant diffusivity, velocity and reactivity. A
complementary and a particular solution was obtained using the Laplace transform
technique and the residue theorem in complex analysis was used to find the general

solution.

This study presents analytical solutions to a one-dimensional advection-diffusion
equation with constant coefficients together with initial and two boundary conditions.
The choice of the initial and boundary conditions is motivated by observational data
on a polluted river at Fenaso in the Ashanti Region of Ghana. The Laplace transform

technique and residue theorem from complex analysis is used to obtain the solutions.

1.2 Motivation

[llegal small scale mining is known to contaminate river bodies heavily; the chemicals
used and the trash heaps are a source of long term pollution in our water bodies.
The menace caused by ‘Galamsey’ (illegal mining) operators to the quality of water
resources in Ghana has become a major public concern because it has resulted in
the closing down of some water treatment plants in the country, Duncan (2020).
The activities of these operators often result in the release of toxic chemicals into
rivers with the eventual transport to the sea and other locations in the environment,
putting the local populace in danger especially those who rely on such water bodies for
drinking and other household purposes. An important question to address is “which
of the analytical solutions of the 1D advection-diffusion equation best describes the
transport of these pollutants in our waters” An answer to this question is important
because the most appropriate model would enable us to know the temporal and spatial
distribution of pollutants in a river. Besides, this could also help in predicting how

long an effluent could take to be transported away from a polluted site.

1.3 Goals and Objectives

The overall goal of the study is to adequately explore analytical solutions of the 1D

ADE, and to determine which solution best characterize the transport of pollutants
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in river Fena in the Ashanti region of Ghana based on available data.

To this end, the study seeks to:
1. explore the application of the one-sided Laplace transform to finding analytical
solutions to a 1D advection-diffusion equation.

2. find analytical solutions to a 1D advection-diffusion equation of a continuous

release of a pollutant in a river.

3. compare these analytical solutions to available observational data for the Fena

river.




Chapter 2
Literature Review

Numerous analytical solutions have been developed to quantitatively describe one-
dimensional advection-diffusion solute transport. In earlier works, the approach to
obtaining analytical solutions to problems involving pollutants transport, is to re-
duce the advection-diffusion equation to a heat equation which already has known
solutions, Mohsen and Baluch (1983), Mojtabi and Deville (2015), Ogata and Banks
(1961). This was mostly done by introducing another dependent variable.

Mohsen and Baluch (1983) presented a solution to the one-dimensional convection-
diffusion equation which was solved for fixed concentration boundary conditions on a
finite domain. The unsteady convection-diffusion equation in one-dimension over the

finite domain 0 < & < L was stated as

Oc oc A 9%c

subject to the boundary conditions, ¢(0,t) = ¢, ¢(L,t) = 0 and initial condition,
c(x,0)=0.

The aim of their paper, Mohsen and Baluch (1983), was to develop an analytical solu-
tion valid at the end points of the domain of interest. Using a simple transformation,
the convection-diffusion equation in Eq.(2.1) was transformed into a heat conduction

equation with source term given as

Op- 0%

8—T—8—€2—¢,0<§<)\,T>0 (2.2)



with transformed boundary and initial conditions
o(E=0,T>0)=1,

€ =AT>0)=0,

(€T =0) =0,

Eq.(2.2) has a known solution quoted from the paper by Carslaw and Jaeger (1959),

c 2w ZOO n n2m?
R (1+—ni‘22> e )[exp{ ( e ) } } (23)

They found that the solution presented in Eq.(2.3) is not valid at the boundary point
X = 0. To obtain a solution which is valid at the end point of the domain, separation
of variables was used to solve the convection-diffusion equation. A required solution
for ¢ was obtained by decomposing the equation into two components. The complete

analytic solution which is valid at the endpoint of the finite domain was reported as;

sinh(\ — U
HEL)= bmsi;hx 2 S (n§€>
)

X exp {— (1 + ";TQ> T} . (2.4)

In Appendix (A) we present the solution of Mohsen and Baluch (1983) with addi-

tional details missing in their paper.

A similar goal, requiring continuity at the extremeties of a finite domain was re-
ported by Davis (1985). The objective of the paper was to use the Laplace transform
technique to obtain two different analytical solutions to a single diffusion-convection
equation over a finite domain where one analytical solution is continuous at both ends
of the domain of interest, while the other solution is discontinuous at the origin. The
convection-diffusion equation was transformed into a second order ordinary differen-

tial equation using the Laplace transform. The inverse Laplace transform gives the



final solution to be

(X, T) = coexp(AX) o (76(1]3 X)) ~ o exp(AX)
sinh (7)

X [27? i nsin(nrX) x exp [—(A* + n*7%)T]

7 + ) (2.5)

n=1

which is continous at the end point of the domain. Two typographical errors were
identified in the solution given by Mohsen and Baluch (1983) in Eq.(30). First, 27/A
prior to the summation should have read 27 /A2, and before the final square bracket
a T was ommited. Davis (1985) further provided an analytical solution which is

discontinous at X = 0, given as

o0

L) — 2 eph) oI (e (2t )T (26)

Comparing Eq.(2.6) with that of Eq.(2.3) provided by Mohsen and Baluch (1983),
Davis (1985) stated that the results provided by Mohsen and Baluch (1983) was
incorrectly given as the negative of Eq.(2.6). He further asserted that the lack of
the exponential term outside the series in Eq.(2.3) indicates that their equation is a
solution for ¢ and not ¢/cy. He found that the discontinuity in Eq.(2.6) at X =0, is

due to the Fourier sine series expansion for the ratio of hyperbolic sines in Eq.(2.6).

In Appendix (B), we present the solutions of Davis (1985) with additional details

missing in his paper.

Kumar et al. (2012) presented analytical solutions to a one-dimensional advection-
diffusion equation with variable coefficients along with initial and boundary conditions
in a semi-infinite domain where the diffusion term is considered to be proportional to

the square of the spatially dependent velocity. The equation was given as

00y 0 . oC :

where Dy and wug are constants whose dimensions depend upon the expressions for

fi(z,t) = (14+az)? and fo(z,t) = (1+azx) respectively. Using a simple transformation,



Eq.(2.7) was transformed into a constant ADE of the form

oC 5. 0*C oC

— =a"Dy=— — wo=——= — augC. 2.8

ot Yozz Yoz T (2:8)
Using Laplace transform technique, Eq.(2.8) was reduced to a second order ordi-
nary differential equation, the solution of which is expressed by the complementary
function. They stated that the analytical solution obtained can be used for a vari-
ety of variations in dispersion and velocity due to spatial dependence and temporal

dependence respectively.

Zoppou and Knight (1997) provided analytical solutions for a one-dimensional trans-
port of a pollutant in an open channel with steady unpolluted lateral inflow uniformly
distributed over its whole length using the Laplace transform technique. The problem
was described approximately by spatially variable coefficients conservative and non-
conservative advection-diffusion equations. They found that the nonconservative form
of the advection-diffusion equation can yield exact solutions that are not consistent

with physical problems.

Most of the derived analytical solutions for the advection-diffusion equation have
other variants that include Source, Reaction, and additional terms, depending on the
application. Van Genuchten (1982) presented analytical solutions for the movement
of a chemical in a porous medium as influenced by linear equilibrium adsorption,
zero-order production and first-order decay, given as;
2

%—v%—Rgzuc—’y (2.9)
where R is the Retardation factor, 7 is the first-order liquid phase decay constant
and p is the general first-order decay constant. The solutions were derived for a semi
infinite-medium and several sets of initial and soil surface boundary conditions by
means of a Laplace transform. They stated that the analytical solutions obtained can

be used to predict the movement of various chemicals in field soil.

Kim (2020a) provided a general 1D analytic solution of a Convection-Diffusion Re-
action Source (CDRS) equation using a one-sided Laplace transform by assuming a
constant diffusivity, velocity and reactivity. He further presented a general formal-
ism to derive one-dimensional analytic solution for Dirichlet-Dirichlet and Dirichlet-
Neumann boundary conditions. He found that the derivation of the CDRS equation

is straightforward if a combination of the source function and the initial condition

10
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provides a non-zero singularity pole of inverse Laplace transform. This method is

presented in chapter 4.

11



Chapter 3

Theoretical Background

3.1 Transport, Advection and Diffusion

Water pollution has become a frequent occurrence due to human activities. The
transport of pollutants and other chemical compounds in rivers and other surface
water bodies are of paramount concern to scientist working in the engineering field
and mathematical modelers. Pollutant transport acts to move pollutants away from
the location at which they are generated, resulting in impacts that might be far away
from the pollution source. The physical process of a pollutant can be divided into

two categories; Advection and Diffusion.

3.1.1 Advection and Diffusion

Advection is the process by which pollutants are transported by motion of the fluid.
The fluids motion is described mathematically as a vector field, and the transported
material as a scalar field, showing its distribution over space and time. In contrast,
diffusion refers to the fact that the transported pollutant tend to spread out and
diffuse from a region of higher concentration to a region of lower concentration as time
varies. For example, if a spot of a dye is dropped into the center of a river, advection
will move the mass of the dye downstream. Diffusion on the other hand, will spread
out the spot of dye from a higher region of concentration to less concentrated region.
Diffusion arises from two types of random motion. Molecular diffusion which results
from the random motion of molecules and turbulent diffusion which arises due to

random eddies in the fluid.

12



Molecular diffusion occurs as a result of random motion of individual molecules in a
fluid, Honrath (1995). The molecules only travel in a straight line and may collide
with other molecules along the way. The rate of molecular diffusion depends on
the temperature and other molecular properties such as the mass and volume of the
molecules involved. Turbulent diffusion, on the other hand, is the transport of mass
within a system due to the random eddies in the fluid. It occurs much faster than
molecular diffusion. Thus, in turbulent diffusion, it is the random motion of the fluid
that does the mixing, while in molecular diffusion it is the random motion of the
pollutant molecules that is important, Honrath (1995).

The next section considers flux density which arises from the theory of advection and

diffusion.

3.1.2 Advective Flux

The flux of any quantity (mass or any dissolved substance) is defined as the amount
of that quantity that crosses a boundary or any imaginary surface per unit area and

H
per unit time. We analyze the advection flux, F4 with two control volumes, I and II.

=
=

'y
y

11
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|

® particle

Let Az be the distance with which a particle passes in a time interval, At.
The quantity of mass moving from control volume I to II in time interval At is given
by

Q=CAzA (3.1)

where @ is the quantity of mass, [M], C is the concentration, [ML™3] and A is the

cross sectional area, [L?] between the control volume.

13



Then, the quantity of mass passing from I to II per time per unit area is given by

Q CAx
< . 2
AtA At (32)
The expression o 18 known as the advective flux, F)4. Thus,
— Az
F,=—"C 3.3
e (33)
Taking the limit as Ax — 0 and At +— 0,
— Oz
Fy=—C
Y
=UC
__)
where U = a—f is called the advective velocity. Thus, the advective flux is
_>
Fi=uC. (3.4)

3.1.3 Diffusive Flux

_>
The diffusive flux, Fp would also be analyzed with two control volumes I and II,

taking into consideration the assumptions outlined below.

Ax

3
¥

11

- SE & & ¥ & & & * &

Ililllllﬁ.ﬁ
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iiNiiiiii.
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Assumptions

1. Diffusion occurs towards both directions in time interval At.

2. The particle does not change direction during the time interval At.

14



3. The probability to move to either positive or negative x directions are equal

(50%) for all particles.
Let
¢ = 0.5C) Az A, (3.5)
¢ = 0.5Cy Az A (3.6)

be the quantities of mass moving from control volume I to IT and from II to I respec-

tively. The change in the quantity of mass ) moving from I to II in time interval At

is given as
Q . 0.5 Az A(Cl - CQ)
At At ' (3.7)
but Cy—C oC
: 2 — 01\ _ oC
Al;rg()( Az ) Oz (3:8)
So,
oC
Substituting Eq.(3.9) into Eq.(3.7) gives,
~ Jr | (3.10)

At At

_>
The quantity of mass passing from I to II per time per unit area, (Flux, F'p) is given

as 80
0 —0.5Azx — Ax
~ Ov___ (3.11)
At A At
— =05 (Ax)? oC
Fp=——17—""—. 12
1 At ox (3.12)
=4 2
Let D= 20 (A28 o
At
— oC
S 1
Fp=—D_ (3.13)

where D is diffusion coefficient. In 2 or 3 dimensions, the diffusive flux becomes

pri— (3.14)

15



Combining Equations (3.4) and (3.14), the total advection-diffusion flux is given as

7 =wc - DVC. (3.15)

3.1.4 The Advection-Diffusion Model

Consider an arbitrary control volume with domain €2 and boundary denoted by 0€2.
To determine the mass flux, ? crossing the boundary of the control volume, we shall
examine a small part of area, A on the boundary where the flow velocity, U is normal
to the area. At every point on the boundary, we have a unit normal vector n, pointing

outwards.

R 01}

The volume of fluid, dV' crossing the boundary with base area, A, during time interval
dt is

AV = A7 - hdt. (3.16)
The amount of mass carried by that volume is C'dV. Therefore, the rate of change of

0
total mass in the control volume is given by En / cdv.
Q

Again, the net inflow through the boundary of the control volume is given as — / 7 -ndA.
50

The law of Conservation of Mass states that matter can neither be created nor de-
stroyed so any increase or decrease in mass must be due to the flux of matter through

the surface bounding the volume.

By mass conservation;
9 '
= | cav = —/ S d (3.17)
Q 119]

We now use the Gauss divergence theorem to convert the surface integral to a volume

integral.

16



Theorem 3.1.5. Stolze (1978) [Gauss Divergence Theorem/: If Q is the domain of an
enclosed volume and 6X) is its boundary surface, then the fluz, 7 across the boundary

surface is equal to the volume integral of the divergence of 7 over §2.

Thus,

/?.ﬁdA:/€.7dv, (3.18)

Substituting Eq.(3.18) into Eq.(3.17), we have

B
5 cdv+/?-7dvz0- (3.19)

We apply Leibniz integral rule to Eq.(3.19).

Theorem 3.1.6. Protter and Morrey (1985) [Leibniz Integral Rulef: For an integral
b

of the form / f(x,t)dt, where —oo < a,b < oo and a and b are constants and the

function f(x,t) and its partial derivative are continuous, then the derivative of the

integral can be expressed as

;; (/abf(x,t)dt) - /ab(%f(:v,t)dt' (3.20)

Applying Thoerem 3.1.6 to Eq.(3.19) gives
oC
/ [E L ¥ | ﬂ - (3.21)
Q

Eq.(3.21) must hold for any control volume no matter the shape and size, therefore,

the integrand must be equal to zero. That is,
oC
E+?-7:o. (3.22)

Notice that the flux, ? has components of advection and diffusion. Substituting
Eq.(3.15) into Eq.(3.22) gives

oC

SV (HC - DV C) =0, (3.23)

17



Simplifying further gives

%_f+c€-7+7-?oz€p-€o+17v2a (3.24)

Eq.(3.24) is the general advection-diffusion model.

For an incompressible flow, the gradient of the fluid density is zero. Therefore, from
the continuity equation, ? . = 0. Again, if D is constant then ?D = 0. Eq.(3.24)
then reduces to

% + @ -VC =DVC (3.25)

which is the three-dimensional Advection-Diffusion Equation (ADE) with constant
coeflicients. In cartesian form, a three-dimensional ADE with constant coefficients is

given as

(3.26)

oC oc  oC oC D<820 0*C 820>

ot " Yor Tay T TP a2 T o T o

where @ = (u,v,w). A one-dimensional ADE is the one given in Eq.(1.1) for a
constant  and D.

In the next section we discuss some analytical methods of solving Partial Differential

Equations (PDE’s). We begin this with some introductory notes on PDE’s.

3.2 Partial Differential Equations

A partial Differential Equation (PDE) is an equation which contains an unknown
function (the dependent variable) of two or more variables (the independent variables)
together with partial derivatives with respect to these variables. If the independent
variables are z and ¢, a PDE in a dependent variable ¢(z,t) will contain partial

derivatives, as in the ADE below.

The order of a PDE is the order of the highest partial derivative of the dependent
variable. Eq.(3.27) is a second order partial differential equation.

A PDE may be linear or nonlinear. It is said to be linear if the differential equation
is linear in the unknown function and all its derivatives with coefficients depending

only on the independent variables. An example of a linear PDE is the one given in

18



Eq.(3.27). An equation which is not linear is called a non linear equation.

3.2.1 Second Order Linear PDE

A second order linear partial differential equation in two variables is of the form:;

¢ % D¢ dp  0¢
9522 T T e T et

+fo=g (3.28)

where a, b, c,d and e are known constants and where g possibly depends on x,¢ and
¢. If g is identically zero, then Eq.(3.28) is homogeneous; otherwise it is nonhomoge-
neous. The independent variable x is a space coordinate and ¢ is a time coordinate.
The solution to Eq.(3.28) describes a surface in space and consists of different space
curves called characteristic curves. The discriminant of the slope of the characteristic
curve is defined as b — 4ac. A PDE is hyperbolic if b* — 4ac > 0, it is parabolic if
b — 4ac = 0 and elliptic if b?> — 4ac < 0. The three fundamental types of second order
linear partial differential equations in 1D are the Heat /Diffusion Equation,(3.29), the
Wave Equation, (3.30) and in 2D the Laplace Equation,(3.31).

Ou " S

0%u 0*u
O O
5 g (3.31)

The advection-diffusion equation in (3.27) is a second-order linear partial differential

equation of parabolic type.

3.2.2 Boundary and Initial Conditions

Physical problems whose solutions are governed by a PDE of second order are for-
mulated in some region D of the (z,t) plane with a boundary I' of suitable auxiliary
conditions, called boundary conditions, are imposed that serve to identify a par-
ticular problem. A typical boundary condition for a second order PDE defined in a
rectangle is that the solution is required to assume specified values on the sides of the

rectangle. The most important types of boundary conditions are:
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a. the specification of the functional form to be taken by the solution u(z,t) on the

boundary I', by requiring that
u(z,t) = ®(x,t) for (z,t)onT, (3.32)

where ®(z,t) is a given function. A boundary condition of this type is called

Dirichlet condition.

b. the specification of the functional form to be taken by the derivative of the solution

u(z,t) normal to the boundary I', by requiring that

Z—Z(x, t) = ®(x,t) for (z,t)onT, (3.33)

where ®(z, ) is a given function and — is the directional derivative normal to the

on

boundary I'. A boundary condition of this type is called a Neumann boundary.

c. the specification of the functional form to be taken by a linear combination of
a Dirichlet condition and a Neumann condition by the solution u(x,t) on the

boundary I', by requiring that
ou
a(z, t)u(x,t) + b(z, t);(a:, t) = c(z,t) for (x,t) onT, (3.34)
n

where a(z,t),b(x,t) and ¢(z,t) are given functions. A boundary condition of this

type is called a mixed condition, or sometimes referred as Robin condition.

Given that the solution w is a function of the space variable z and time ¢, then it is
necessary to specify how the solution starts, that is when £ = 0, so that I' becomes
the z-axis in 1D such that

2 S — Y (3.35)

Such a condition is usually called an initial condition. Problems requiring initial
and boundary conditions are called initial boundary value problems(IBVPs). It
is important that the initial and boundary conditions be chosen in such a way that
the PDE has a unique solution satisfying them. The types of boundary condition
that can be imposed on PDE (3.28) depends on its classification and the nature of

the region D that is involved.
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3.3 Analytical Methods for Solving PDEs

In this section we discuss some analytical methods for solving an Advection-Diffusion
Equation subject to some initial and boundary conditions. Specifically, we illustrate

how the ADE can be solved by means of separation of variables and Laplace transform.

3.3.1 Separation of Variables

The basis of this method is to attempt to look for a solution wu(z,t) of a partial

differential equation as a product of functions of single variables by writing
u(z, t) = X (x)T(t). (3.36)

The advantage of this method is that it is sometimes possible to find X and T
as solutions of ordinary differential equations which is much easier to solve than
partial differential equations. A simple example below illustrates the general strategy.

Consider the one-dimensional heat equation

Pu - Ou
. — > 0, 3.37
- wEr ’ ( )
satisfying the conditions
uw(0,t) =0 and wu(L,t) =0. (3.38)

We assume a solution of the form Eq.(3.36). Substituting Eq.(3.36) into Eq.(3.37)
and dividing through by u = XT" we obtain
X// T/
— = 3.39
X5 kT ( )
Since the Left Hand Side of Eq.(3.39) is a function of z only and the right hand side
is a function of ¢ only, we conclude that each side must equal some constant, such
that

XII T/

WA 4
i (3.40)
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where p is a constant. We thus have two ordinary differential equations

X" =pX,
(3.41)
T = pkT.

If p < 0 such that p = —\?, where ) is a positive real constant, then Eq.(3.41) can
be written as
X"+ XX =0, (3.42)

T + NkT = 0. (3.43)
The transformed boundary conditions are
u(0,t) = X(0)T'(t) =0, = X(0)=0, T(t) #0, (3.44)
w(Lyt) = X(L)T(E) =0, = X(L) =0, T(t) # 0. (3.45)
The general solutions of Eq.(3.42) and Eq.(3.43) are given as
X(z) = AcosAz + Bsin \z; (3.46)
T(t) = Cexp(—A\2kt). (3.47)
Applying the conditions in Eq.(3.44) and Eq.(3.45) to Eq.(3.46) gives
X(z) = Bsin (?) . (3.48)

Combining Eq.(3.47) and Eq.(3.48) to give the assumed solution u = X7 yields
(absorbing the constant C' into B)

nmx

ue,0) = Bexp | - (7)) sin (55)). (3.49)

If p > 0 such that p = A2, then the temperature increases to infinity which is physically

meaningless.
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3.3.2 Superposition of Separated Solutions

If a PDE is linear then mathematically acceptable solutions can be formed by super-
posing solutions corresponding to different allowed values of the separation constants.

For example, if
U, (ZL‘, t) = X)\k ([L’)T)\k (t) (350)

are solutions of a linear PDE obtained by means of separation of variables, then the

superposition

w(x,t) = a1 Xy, (2)Th, () + ag X, (2) Doy () + ... = Z a; Xy, (2)Th,(t),  (3.51)

is also a solution for any constants a;.

Applying Eq.(3.51) to Eq.(3.49) gives

. () o ZBn exp [— (n%)z Ht:| sin (%) : (3.52)

3.3.3 Solving Advection-Diffusion Equation by means of Sep-

aration of Variables

Mohsen and Baluch (1983) used separation of variables technique to obtain a solution
to a one-dimensional Convection-Diffusion Equation (CDE) which was presented for
fixed concentration boundary conditions on a finite domain. The unsteady 1D CDE
over the finite domain 0 < x < L was given as

Oc dc B

subject to the boundary conditions,

c(0,t) = ¢

e flermep==()
and initial condition,

c(x,0) = 0.



The complete analytic solution valid at the endpoints of the finite domain was re-

ported as;

inh(\ — U
oler) = T - 5 L ()
()

X exp {— (1 + ”;7;2) r} . (3.54)

See Appendix (A) for a detailed proof.

3.3.4 Laplace Transforms

Definition 3.3.5. Dyke (1999) Let f be a function defined on an interval [0, c0).
The Laplace transform f(s) of a function F'(¢) is defined by

CIBl(s) = £(s) = /0 et ()t (3.55)

st

where s is a complex variable and e *" is called the kernel of the transformation. The

improper integral in Eq.(3.55) is defined to be

00 7
/ e S'F(t)dt = lim e " E(t)dt (3.56)
0

T+—o00 0

and that this integral converges if and only if the limit exists and is finite.

We next give some examples of Laplace transforms of simple functions.

Example 3.3.6. Let us compute the Laplace transform of the function
e o

where ¢ is a constant.
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Using Definition 3.3.5,

T
= lim e Stedt
T'—oo fo (3.57)
c T
= lim [——6_81
Tr—o0 S 0
_ (1 — lim e—sT>
S Tr—o00

Taking the complex number s = ¢ + iw where ¢ and w are real,

= lim e “Te T,

lim e*7 = lim [e
Tr—o0

7(U+iw)T}
T—o00 T—o0

A finite limit exists provided that o = Re(s) > 0. Thus,

Lle|(s) = S (3.58)

Example 3.3.7. Let us determine the Laplace transform of the ramp function

Using Definition 3.3.5,

73
= Tlim e
=00 0
; T (3.59)
=T [—»()_St— . }
Tr—o0 S S 0
1 i TefsT ) —sT
= — — lim — lim
2 Too S Tisoo  §2
The limit TgmsT or
lim = lim . =0
T—o0 S T—oo S
provided Re(s) > 0. Thus,
1
L[F](s) = - (3.60)

We make a generalization of Eq.(3.60) to deduce the following results.
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Corollary 3.3.8. ’[Xe Laplace tmnsfor?n gsp 9 9

n n!
L[t"|(s) = SR
where n is a positive integer.
Proof.
L[t"](s) = / e St dt
0
T
= lim e " dt
T—o0 0 tn - . tn_l (361)
= lim {——e_ﬂ —|—/ M sty
Tr—o0 S 0 0 S
n
= —L(t" ).
“ )
O
Suppose that
holds for any
Then,
(3.62)

Then by induc

Example 3.3. g he exponential function
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Using Definition 3.3.5,

E[e“t](s):/ e Sedt
0

T
= lim e (=t

Trmee Jo (3.63)
= lim — [e_(s_a)t}z

1
= (1 — lim e*(S*“)T) .

S —a Tro0
Taking the complex number s = ¢ + iw where ¢ and w are real,

lim e~ = Jim e~ (0T

T—o00 T—o00
If @ is real and provided o = Re(s) > a, the limit exist and is zero. If a is complex,
that is @ = x + iy, then the limit will exist, and be zero, provided o > x (that is

Re(s)>Re(a)). If these conditions are met, then we have

1
s—a

| (s) & (3.64)

To determine the Laplace transform of sin(t) and cos(t), it is best to determine £(e™),
where ¢ = \/—1. Thus,

L[eit](s)z/ e‘“e“dt:/ et=9)dt
0 0

(i—8)t7 >
2 [6 } r B (3.65)
0

7 — 8 S —1
S 1

32+1+Zs2+1'

Now,
L[e®)(s) = L [cos(t) + i sin(t)]

= L[cos(t)] + iL[sin(t)].

Equating real and imaginary parts gives

L[cos(t)](s) = g and L[sin(t)](s) =

s24+1 s241°
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3.3.10 Existence of the Laplace Transform

The Laplace transform of a function F'(t) defined in Eq.(3.55) exists if and only if the

improper integral converges for at least some values of s.

Definition 3.3.11. Dyke (1999) A function f(¢) is said to be of exponential order «

as t — oo if there are constants M and T such that

[f(®)] < Me (3.66)

forallt >T.

Example 3.3.12. The function f(t) = 3e* sin 2t is of exponential order, since

|f(t)] = 3e*|sin 2t| < 3e™.

Theorem 3.3.13. [Linearity of Laplace Transform/: If Fy(t) and Fy(t) are two func-
tions whose Laplace transforms ewist and satisfies |F| < Mie®' and |Fy| < Moe®?!
for allt > 0, then

LlaFy +bEy)(s) = aL[Fi](s) + bL[Ea)(s) (3.67)

where a and b are arbitrary constants.

Proof.
ot e / (aF + bEy)e~"tdt

to

:/ (aFie™" + bFye*")dt

to

:a/ Fw‘“dt—kb/ Fe=stgt

to to

= aL[F)(s) + bLIBB)(s)

where we have assumed that

|Fi| < Mie®' and |Fy| < Mye™

28



so that
laFy + bFy| < al[F1| + [b]| Fa|

< |a|Mye® + |b| Mae®?!
< (|a| My + |b| My)est

where a3 = maz{ay, as}. This proves the theorem. O

Example 3.3.14. Let us determine the Laplace transform of

L[2t + 4e*].

Using the results in Eq.(3.60) and Eq.(3.64),

By the linearity principle,

L[2t 4 4€%(s) = 2L[H](s) + 4L[e*](s)

(3) ()

2 4

o -
s2  s—3

3.3.15 Inverse Laplace Transform

Definition 3.3.16. If F'(¢) has the Laplace transform f(s), that is

L)) = F(). (3.68)

For example, given that

(3.69)
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then it follows from Eq.(3.68) that

c [ ! } () = et

s—a

(3.70)

Theorem 3.3.17. Linearity of the Inverse Laplace Transform

/J_l[afl + bfg] = aﬁ_l[fl] -+ b/;_l[fQ]. (371)

Proof. Since the Laplace transform is linear Eq.(3.67), we have appropriately well

behaved functions Fi(t) and Fy(t):
LlaFi(t) + bFy(t)] = aL[Fi(t)] + bL[Fx(t)] (3.72)
=afi +bfa

Taking the inverse Laplace transform of Eq.(3.72), we have

aFy(t) + bFy(t) = L7 [afy +bfs) . (3.73)
Eq.(3.73) is the same as;
L afi +bfs] = aL[fi] + LT fo]
and this establishes the Linearity of £'[f]. O
Example 3.3.18. Let us find
) .

Resolving Eq.(3.74) into partial fractions,
i

L
1 "5 ., 5

(SR8 =2 NE =3 s

5"
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1
Given that £7! L — a] (t) = e™ and by the linearity principle Eq.(3.71),
1 1
1 _= e
E—l t) = —1 5 5
{(3+3)($—2)]() $—|—3+s—2
1 1 1 1
— ——E_l _£—1
o] 55 =gl
1 1
_ _56_3t i 56215‘

3.3.19 Derivative Property of the Laplace Transform

This section discusses the Laplace transforms of derivatives such as F'(t), F”(t) and

in general F"(t).

If a differentiable function F'(¢) has Laplace transform f(s), then by definition, the

Laplace transform of F’(t),
) — / e *F(t)dt
0

can be found through the following theorem.

Theorem 3.3.20. If F(t) is a differentiable function of t, then
LIF'](s) = / e " F'(t)dt = —F(0) + sf(s). (3.75)
0
Proof. Integrating by parts gives,

LIF)(5) = [F()e ] ¥ /0 " s tR ()1

(3.76)
= il o
where F(0) is the value of F'(t) at t = 0. O
Theorem 3.3.21. If F(t) is a twice differentiable function of t, then
L[F'|(s) = s*f(s) — sF(0) — F’(0). (3.77)
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Proof.

CIF")(s) = /0 T et p
= [F'(t)e ] " + /OO se " F'(t)dt

0

= —F'(0) + [sF(t)e™] o + /0 N s’e ' F(t)dt

= —F'(0) — sF(0) + s*f(s)
= s?f(s) — sF(0) — F'(0).

Example 3.3.22. Let us find the solution to the differential equation
v' =y —2y=0, y(0)=1 ¢(0)=0

Applying the Laplace transform to the differential equation,
Lly" =y =2y = L[] =0.
Theorem 3.3.13 says that the Laplace transform is a linear operator,
Lly"] = LIy'] = 2L[y] = 0.
Applying Theorems 3.3.20 and 3.3.21 to Eq.(3.79) yields,
[s*Lly] = sy(0) — y'(0)] = [sL[y] —y(0)] = 2L[y] = 0
which is equivalent to the equation,

(%= si=2)Lfy] = 5= 1

s—1
‘C[y]_sz_s_z

Lly] = {3(31_ 2) i 3(52+ 1)} :

From Definition 3.3.16,
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3.3.23 Solving Convection-Diffusion equation by means of Laplace

Transform

} (t) = e™ and by the linearity principle in Eq.(3.71),

The Laplace transform provides a potent technique for solving linear differential equa-

tions with constant coefficients. When the transform is applied in time ¢ to a PDE in

¢(x,t) with two independent varibales = and t, the result is an ODE for the equation
in ¢(z, s). The ODE is then solved for ¢(z, s) and the inverse transform yields ¢(z, t).

Davis (1985), presented an analytic solution to a convection-diffusion equation over

a finite domain using the Laplace transform. The dimensionless CDE to be solved is

d2¢ dl
P = —pe=—
axz  leax —pe=0

subject to the boundary conditions,

o Co
c Oap —
(0,p) .
¢(L,p) =0
and initial condition;
éX,0)=0

where p is the transform variable. The solution was reported to be

sinh (e(l — X))
(X, T) = ¢oexp(AX) = cpexp(AX)

sinh (2>
2

nsin(nmtX)

X [271' Z m X exp |:_<)\2 + n27T2)T:|
n=1
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See Appendix (B) for a detailed derivation.

3.4 Laurent Series, Singularities and Residues

In this section we start discussions on the main method that will be used in our study.

We begin the section with some introductory notes on Laurent series and singularities.

3.4.1 Laurent Series

Definition 3.4.2. A Laurent series is a series of the form

o0
E an(z — z9)
n=—o0o
where
o o o
g a,(z = z)" E a_,(z — 20) ”—i—E an(z — 20)"
n=—o0o =1 n=0
We call

Z a_n{z2—2) " (3.82)

the principal part of the Laurent series. Thus, the principal part of a Laurent series

is the part that contains all the negative powers of (z — zp).

3.4.3 Singularities

Definition 3.4.4. A singularity of a function f(z) is a complex number z, at which
f(z) is not differentiable.

1
Example 3.4.5. If f(2) = —, then f has a singularity at z = 0, since f is not defined
z

at the origin.

Definition 3.4.6. A function f is said to have an isolated singularity at zy if f is

analytic in a deleted neighbourhood D of z; hut is not analytic at zj.

1
Example 3.4.7. For the function f(z) = —, z = 0 is an isolated singular point, since
f(z) is analytic in the open disc 0 < |z| < R, R > 0.
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3.4.8 Poles

Suppose that a function f has an isolated singularity at zo and that the principal
part of the Laurent series Eq.(3.82) has finitely many terms in it. That is

b -
f(z)—m—i—... =) +nzzoanz—zo (3.83)

where b, # 0, then we say that f has a pole of order m at z5. A pole of order 1 is

called a simple pole.

Example 3.4.9. Let
1

Then f(z) has a simple pole at z = 0.

g(z) = (ji)g

then g(z) has a pole of order 3 at z = 1.

Example 3.4.10. Let

3.4.11 Residues

Suppose that f is analytic in a domain D except for an isolated singularity at zy € D.

Suppose f has Laurent expansion

= Z ar, (220 U Z bn(z — 29)™".
n=0 n=1

The residue of f at 2 is defined to be

Res(f, Zo) = bl.

That is, the residue of f at the isolated singularity zq is the coefficient of (z — z)™!

in the Laurent expansion.

Remark 3.4.12. If we can write f(z) = % where g and h are differentiable and
z

g(z) # 0 when h(z) = 0 then the poles of f(z) occurs at the zeros of h.
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Lemma 3.4.13. If f has a simple pole at zy then

Res(f, z) = lim (z — 29) f(2). (3.84)

Z—r20

Proof. 1f f has a simple pole at zy, then it has a Laurent series

f(z) = b1 +Zan(z—z0)”.

Z— 20

n=0
Thus, )
(z—2z20)f(2)=b1 + Z an(z — 29)"™*!
n=0
so that
lim (2 = 20) f(2) = br.
U
Example 3.4

This has a sim Lemma 3.4.13. Hence,
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Chapter 4

Main Results

In this chapter we present solutions to the Advection-Diffusion Equation (ADE) sub-
ject to various initial and boundary conditions. Without using an inverse Laplace
transform, analytic solutions to the ADE are obtained using the Laplace transform

technique and the residue theorem in complex analysis.

4.1 The Residue Theorem Approach

We next discuss a method expounded by Kim (2020a) who obtained a general ana-
lytic solution of a Convection-Diffusion-Reaction-Source equation (CDRS) by using
Laplace transform and residue theorem approach. The solution to the CDRS equa-
tion was decomposed into two components, the steady state solution and transient
state solution. The steady state solution was obtained by using the residue theorem
approach at the primary singular pole. The unsteady part of the solution was found
as a product of the spatial and transient weighting factor, using the initial condition.
This approach is quite useful if the inverse Laplace transform (iLT) of some functions
in the transformed equation are often challenging to evaluate or cannot be found in
the iLT tables.

4.1.1 The Main Method

The 1D unsteady CDRS equation is given by

oC 0*C oC
i DOW —Voa—x — KoC + S(x)
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with initial condition

C(I, 0) = Cl(l’)
and two boundary conditions,
C(l‘o, t) = Co(t),

C(l’l, t) = Cl(t>,
where K is a first-order reaction constant and S(z) is a source function.

Using the dimensionless quantities
d(&,7) =C(x,t)/Cu, T=1tDy/L?* &=2x/L,
PGZQ)\:L‘/O/D(), H:K()LZ/DO O'ZSLQ/D()COO,

where C, is a reference (often bulk or initial) concentration, L is the length scale of
the spatial domain, P, is the Peclet number and the factor 2 of )\ is for mathemat-
ical convenience. Note that the dimensionless quantity for £ in Kim (2020a) has a

typographical error.

Eq.(4.1) can be rewritten as

9[6(6,T)0x] Do [0(€,7)Cn) 22Dy A[B(€,7)]C KDy o DyC
@[T_Lz} Y Y A T — 3 0T+ =5
Dy

DyCy 09(&,7)  DyCoc 0°9(&,7) _ 22ADoCsx 09(§,7)  £DiCo ¢(€,7) | 0DyCoo

> or N & % o€ 2 2
2
Multiplying through by Do the dimensionless form of Eq.(4.1) becomes
0%~ o0
0 o” 3}
—qﬁ—j—2)\—¢—m¢+a(£), 0§, >0 (4.2)

ar . 0e> o

with initial condition,

¢(5a0) = Ml(€)> 0< 5 <1
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and two boundary conditions,
¢0(€077—> = (bO(T)a T > 07

¢1(&1,7) = ¢1(7), T>0.

The Laplace transform of the dimensionless concentration ¢(&, 7) is defined as

o0

B(£,p) = LIHE )](p) = / e (¢, 7) dr

0

Applying Eq.(4.4) to Eq.(4.2), we have

c [%] = p® — 9(E.0) = p@ — i (&)

or
2ol D 96] 0D
clog) =g A =A%
Clnd] = n0: | Llo(e) - 22

The dimensionless Eq.(4.2) after applying the Laplace transform is

R L o(§)
Lt A\ ' T i TS
or equivalently
> dd
_d£2 — 2)\—~~d5 =(k Hp)® = — [Ml(f) +p—1a(f)} .

Let ¢ = j& and Q(&) = p1(&) +p'o(¢), then Eq.(4.5) becomes

Di® —20Z:® — (k+p)® = —Q(¢),
= [2{ 222 — (k +p)| 2=-9(¢),

= (D — A [De — Xp]® = —Q(§)

where \,, = A — 3, A, = A+, and = /a2 +p, a® = \* + k.
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A new function is defined for simplicity as follows:
(I)T = [@5 - )\p]q)
Aot
= | Zem Ml (4.7)
= Mt [e_’\f’5@5<1> — )\pe_’\”gtb]

= M G (Be M) .
We now write Eq.(4.6) as

ermé

(e — A @1 = e [P~ An]®T = —Q(6),

ermé [e_)\mE@{@T _ )\me_)"”E(I)T} = —Q(),

@) = ~06),

The general s

(4.9)

where B is an ill be seen in Eq.(4.34).

Substituting Ec
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De(Pe™ ) = Bre et — e_)‘pge’\mg/Q(n)e_’\m”dn. (4.10)
3

Taking the Integral of Eq.(4.10) with respect to &, we have

(I)e—)\p§ — Bl/e(Am_Ap)fdg _ /63(/\T”_>\17)€ /Q(n)e_/\m"dn df + B2

3
e(/\’mf’\P)é
=B———+By— / ePm=2w)t / Q(n)e *dn | dé
Am — Ap
¢ : (4.11)
e(Am_AP)f
= 317 + By — /6()‘"L_A1”)5 /Q(n)e_)‘"mdn d¢
L& |
= Bt e M 4+ By — /e(’\m’\P)g /Q(n)e)‘m”dn dg,
3
where —20 is absorbed in Bj. The general solution for ®(&, p) is given as
D(¢,p) = B1e™* + Byert — et / ePm—Ap)é / Qn)e " "dn | de, (4.12)
13
where
®.(£,p) = Bie** 4 Byer* (4.13)
and
O, (¢, p) = —e™¢ / " e / Q(n)e*mdn | dS (4.14)

§

are the complementary and particular solution respectively.

Now, having two boundary conditions, one can use the inverse Laplace transform to

obtain the transient solution ¢(&, 7) in real space:

o(&,7) - /C+m e ®(E, z)dz = REg= - e”‘/\(—i’z—)dz (4.15)

271 c—100 2mi c=100

where the integration parameter p is replaced by a complex variable z and c is a

constant.

A
One can write ®(&, z) = ﬁ, where A(&, z) is finite at z = 0 and its residue in the
z
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inverse Laplace transform provides the steady state solution ¢ (§)

62

¢Pss(£) = lim 2

z2—0

] = A(€,0). (4.16)
By combining Eq.(4.15) and Eq.(4.16), one can write

$(¢,7) = A(£,0)+ > Reslexp (7)(¢, ) %] (4.17)

k,zp#0

where A(,0) is at the primary pole of zo = 0 and zj is the pole of order k(> 1) of
the ®(&, z) function.
If ®(&, 2) has only two poles at z = zp = 0 and z = 21, then Eq.(4.17) can be simplified

¢(€7 T) = A(ga 0) + Res [eXp (7_)(1)(57 )Zl] (418)

where the calculation of Res[® (€, -)z;] requires an inverse Laplace transform, which

can be avoided by applying the initial condition to Eq.(4.18): That is

Res [B(&,)21] = pa(€) — b.s(8)- (4.19)

One can conclude that if a Laplace transform has only one non-zero singularity pole,

contributing to the transient behavior, then the solution for ¢(¢, 7) is given as

B(E,7) = Gus(€) + [11(€) — s (€)] x €7V, (4.20)

where R(z;) is the real part of the imaginary pole z;. If ®(¢, z) contains N(> 2)
non-zero singularity poles, then the number of required inverse Laplace transform
reduces to N — 1 by replacing one of the transforms (perhaps the most difficult one)

by applying the initial concentration.

Example 4.1.2.

To confirm his method, Kim (2020a) applied it to a specific example from Carslaw and
Jaeger (1959) paper. In the absence of reaction, x = 0 and source/sink, o = 0, the
CDRS equation in Eq.(4.2) reduces to the convection-diffusion equation considered
by Carslaw and Jaeger (1959) :

09 ¢ 9¢

42



With ¢9 = 1,01 = 0,41 = 0 and A = 1/2, the general solution after applying the

Laplace transform in Eq.(4.5) is given as

e sinh[5(1 - £)]

) = 4.21
(& p) D sinh (4.21)
By replacing the integration parameter p by a complex variable z;
e sinh[B(1 — ¢)]
) = 4.22
€0 =i (1.22)
where 5 = VA2 + z.
Let AE. 2)
yZ
q)(§7 z) = )
z
e % sinh[§(1 — )
e’ sin 1-—
A(g 2) = :

sinh 3
Eq.(4.22) has simple poles at z =0 and sinh =0 = 2z = —)? . The residue of
the first pole at 2 = 0 is equal to the steady state solution ¢g(&):

e sinh[A(1 — ¢)]

6.r(6) < limzfe™ (¢, ) = (4.23)
The second residue gives the transient state solution, ¢y,.(&,7):
Gir(€,7) = lim [(= 4 X)eT0(€ 2)] = —as(E)e T (4.24)
The final solution ¢(&, 7) is the sum of Eq.(4.23) and Eq.(4.24);
e sinh[\ (1 — &)] o
&€, 7) = - {1 —e } . (4.25)

Eq.(4.25) satisfies the initial condition, ¢(£,0) = 0 but does not provide the inlet
boundary condition ¢(0,7) = 1 for arbitrary 7. A proper conditional representation

of the full transient solution is

—i —\27
WEEGR] PHOCEDAMUS 1= (4.26)
i for £ = 0.

To avoid the above conditional representation in Eq.(4.26), an alternative expression

was obtained by using a Fourier series in Mohsen and Baluch (1983). The transient
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state solution is given as

b (€, 7) = —2mAe™ nz:l ()\24_7177@ sin(nm§)
X exp {— ()\2 + n27r2)7'}

which is an improved analytic form from the previous work Carslaw and Jaeger (1959).

4.1.3 Analytical Solution to the CDRS Equation

This section provides general procedure for deriving 1D analytic solutions for the

Dirichlet /Dirichlet and Dirichlet /Neumann boundary conditions.

4.1.4 Solution for the Dirichlet-Dirichlet BC:

The boundary conditions considered are

gz5(0, 7-) = ¢09
(b(lu 7-) — ¢17
with initial condition
u(&) = po.

Given that ¢(§,0) = po = (E), the particular solution in Eq.(4.14) becomes

By(6, Bl few e | Qe dnndy | ag
3

_ ﬂe,\pg/ eMEde — — (4.27)
A AmAp

- Ho
*_/\2_52
Ho
K+p
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The general solution for ® from Eq.(4.12) is

B(E,p) = Bre € 1 Byevt 4 10 498
(€)= - (4.28)
Putting A, = A — 8, A, = A+ [ into Eq.(4.28);
B(E,p) = BreP 9 4 BeOAE 4 “_Jf
"l (4.29)
— N [Ble—ﬁﬁ +B2e'8£] 4
K+Dp
Applying the Laplace transform to the boundary conditions gives
2(0.p) = 2, (1.30)
p
(4.31)
Applying Eq.(
(4.32)
Similarly, appl
B (4.33)

Substituting B
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p K+p p_/<;+p

(5= (G-
K+ K+
— By = p b - _ﬁp p
el —e

e

_\p K+p D K+p

N 2sinh 3

Substituting By into Eq.(4.32) gives:

() (8-
Blz<@_ uo)_ P K+Dp P E+Dp

B _ =B
pRP c e (4.34)
<¢O Ho ) 8 <¢1 Ho ) Y
— — —— e = | — = e
. K+Dp P K+Dp
N 2 sinh 3 §
Let
Cl_@_ Ho
p  K+p
C’g—(ﬁ— Mo ) -
p K+D
Then,
_C’leﬁ—C'g
'~ 12sinhf !
BQZ_Cle*'B—CQ
2sinh

Substituting By and Bs into Eq.(4.29) results in

q)(é_ p) _ 6/\5 [ Cleﬁﬁﬁg = 6126756 _ 016*(6465) — Czeﬁf n Lo
’ i 2sinh 8 2sinh 3 K+p
T [ C-el8-58) _ CF e(ﬁf.—ﬁ) +C,ePt — Cye b Lo (435)
L 2sinh g3 K+p
¢ [Crsinh(B = BE) + O sinh(B9) [0
=e : - \
sinh K+p
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If we put the expressions for C; and Cy into Eq.(4.35), the solution become

AL
0(e.p) = o | (2 2 Ysinn(s - )+ (2 - ) e sinng)

+ Ho
K+Dp

0(6.p) = o | 2 s - 56) + Lo stun ()|

. e Ho
sinh 3

Ho
K+Dp

0 sinh(5 - 56) + e sinn(5)| +

The above equation can be written as:

_ [¢osinh[B(1 = &)] + ¢re*sinh(BE)] e
26p) = { sinh 3 } o

sinh[(1 — )] + ¢ sinh(8E)] moe* | 1o
_[ sinh 3 ]/1+p+/i+p'

(4.36)

This equation is of the form

D(,p) = Ppc(é,p) +Pro(&, )

where dosimh[B(1 — £)] + gre sinh(B6)] ¢
in — in >
p
e inh[3(1 — €)] + e sinh(B8)] poe
__|sin — e~ sin o€ 140
®ro(6,p) = { sinh 8 ] /<c+p+r<;+p
are partial solutions of ®.
v inh{B(1L — )] + e sinh(BE)]
__ [posin = foe” " sin ‘ e
(1)101 (é-ap) - |: sinhﬁ } K +p
and
_ Mo
(I)[Cz(gap) e /€—|-p

The inverse Laplace Transform (iLT) of Eq.(4.36) gives the final analytic solution in
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the form ‘
1 c+100

O(&7) = LT (T) = 5= PO ) de

— Res [exp(r) @ e (&, )2 + exp(r)®r(€, ) 2]

where the integration parameter p is replaced by a complex variable z.

The expressions e™*®pc (€, 2) and €™*® (€, ) have simple poles at z =0 and z = —k

respectively.

The Residue of e™®po (€, z) and e™*® (&, 2) at the simple poles are calculated as

Res(®,0) = l%[z@BC(f, 2)e?] = f(gbo,gbl,a,f)e’\g

where Gosinha(l — &) + g sinh(ag)
osinh a(l — &) + ¢1e” " sinh(«
= 4.
f((bOa ¢17 Q, 5) sinh o ( 37)
and a = f(z =0) = VA2 + k.
Also,
R,GS((I), _K;) iE 210—1}3%[(2 1= k)q)ICH (67 Z)eTZ] = _f(,u07 Ho; >\7 f)e/\gim-
where,
_ posinh A(1 — &) + pge”? sinh(AS)
f(uo, po, A, §) = s . (4.38)
Finally,

Res(®, —k) = lim [(z + k)P1c, (&, 2)€™%] = poe™ "

Z=r—K

Notice that ®pa(€, 2) and ;- (&, 2) also have the same pole when
B | = e R

The Residue of e™®pa(€, 2) is calculated as

. 6>\€_()‘2+K)T

I A2 i =
L3 (- + PR

)\2 + K R[f(¢0,¢1,ﬁ,£)]

where

RIF(G0 01, 5.0 =  lim (=42 +5) (

2 —(A2+k)

gosinh B(1 — &) + gre? Sinh(ﬁf))
sinh 3

and 8 =VA2+ Kk + 2.
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Similarly, the residue of e™*® (¢, 2) is

e}\f—()\z-‘rfi)‘l'

l- )\2 Tzq) —
ZH_l(r)ng) (2 4+ X+ K)eZ®c(E, 2)] v

R[f (1o, po, B, )]

where

RIUf (o 110, B, €)] = lim (2 + A2 + &) (Mo sinh 5(1 — Si)nzgoe—A Sinh(ﬁf)) '

2—(A2+K)

R[f] indicates the specific residue to be calculated for z = —(\? + k).

Summing the residues, the final solution is written as

¢(€7 7—) = f(¢0a ¢17 «, 5)6)\6 - f(:u07 o, )‘7 5)6)\5_1‘“ - a_2€)\£_a27R[f(¢07 ¢17 B? 5)]
FA2ACTRF (o, o0, B, )] + poe ™™ (4.39)

where the residues are still unknown. A major step in the solution approach is to
apply the initial condition ¢(&,0) = uo to Eq.(4.39) to calculate the residues. Thus;

Mo = f<¢07 ¢17 Q, 5)6)\§ = f(iu(h Ko, )‘; §)€A§ T O[_Qe)\gR[f(d)Oa ¢1a 67 5)]
+)\_2€)\£R[f(:u’07 Ho, ﬁv 5)} + Ho,
= a_QR[f(¢07 ¢15 ﬁ? 5)] — /\_2R[f(MO> Mo, 65 5)] = f(¢0a ¢15 Q, 5) - f(ﬂOa Ho, )‘7 5)
(4.40)
Substituting Eq.(4.40) into Eq.(4.39) gives

A&, 7) = f(¢o, P1, . §)e™ — f(po, o, A, €)™ —
(f(@o, 01,,&) — f(uo,ﬂ(),/\,g))eké—a% BNe

= ¢(&,7) = F(o, brs e, E)e* = Flpso, 110, A, E)EXTT — f(o, 61, @, )M
+f(/,L0, Mo, )\7 g)ekf—a&r i ,erim-,

- 925(57 T) = .f(¢07 1,6 g) |:1 = 67@2Ti| 1% f(,Uz(), o, A, §) [1 — €_>\27] eNTHT
‘f‘,uo@_m—. (441)
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Substituting Eq.(4.37) and Eq.(4.38) into Eq.(4.41) gives

inh A(1 — ~*sinh(\ 2
—Ho (Sm : ifnl—li - €)> [1 —e? T} T 4 g™ (4.42)

Eq.(4.42) is valid for & < £ < & but excludes the boundaries £, and &;. The steady-
state solution is obtained as
inh a(1 — ~Asinh
lim ¢(&,7) = dosinh a(l =) + ¢re”"sin (&S)ekg. (4.43)

TH00 sinh «v

Eq.(4.42) is equivalent to Eq.(8) of Kim (2020a) except that the last term on the
right hand side, poe™®"", in Eq.(8) of Kim (2020a), should read jpe™"" as shown in
the solution for ¢(&, 7). The reason is that Kim (2020a) inadvertently omitted the

expression
p
(2020b) . Again, the steady-state solution for ¢ (&, 7) is wrongly stated in Kim (2020b)

supplementary paper. The corrected steady-state solution for ¢(¢, 7) is the one given
in Eq.(4.43).

prior to the calculation of the residues of the singularity pole Kim

The next section provides analytical solution to the CDRS equation for the mixed

Dirichlet /Neumann boundary conditions.

4.1.5 Solution for Mixed Dirichlet /Neumann BC’s

The boundary conditions considered are

¢(07 7—) = ¢07
DALl el
8€ =T le
with initial condition
(&) = po.

Using a new coefficient A; instead of B; for i = 1,2, the general solution in Eq.(4.28)
for ® is

P — M A e P L A, Ho
(&,p) = & [Are™ + Age ]+K+p (4.44)
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The Laplace transform of the boundary conditions are;

®(0,p) = @,
00(1l,p) &
73 p
Applying Eq.(4.45) to Eq.(4.44);
A =B By
p K+p
Let
C, = Po_ o
p K+p
then we have
A1 = Cl - AQ.
Now,
0P
% e [~BA1e Pt + BAEPE] + A [Aje P + Aye™].

Applying Eq.(4.46) to Eq.(4.48) gives
B4 yo—F 8 p_ N1
Ay (—ﬁe + Xe ) + Asfe” + A de” = —e 7.
p
Substituting A; into Eq.(4.49), one obtains

J
(C1 — A3) (—Be™® + Ae™P) + AxBe’ + Asde? = ?1 e,

— A B—renfet (PN Llmipiic AEF C1 (8 — Ve ™?,

—  Ay[2(Asinh B + BcoshB)] = Jip te? — C1(\ — Ble P,

_ Splter —Ci(A— B’
Bl 0 TR

Substituting A into Eq.(4.47) gives

Jip~te>— C1 (A — B)eP
2(Asinh 8 4 3 cosh B)

_Ci(A+B)e? — Jipte?

~ 2(Asinh B + BcoshB)

A1=C'1—
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Substituting Eq.(4.50) and Eq.(4.51) into Eq.(4.44),

e [CiA+ B — IpTler p  SipTlet = Ciy(A = Ble ﬁg] Lo
o(&p)=e | 2(Asinh 8 + 5 cosh ) ¢t 2(Asinh B + S cosh f3) + K—+p
iy kel [+ 8)eP=58 — (X — B)e=B=50] 4 Jip~le (6 — e=5%) 1o
- I 2(Asinh 8 +  cosh 3) +/§—i—p
_ [Cy [Asinh B(1 — &) + Beosh B(1 — &)] + Jip~te™ sinhﬁf] N Lo
- Asinh § + §cosh 8 K+p
(4.52)
Substituting the expression, C; = @ ~ M0 back into Eq.(4.52);
p K+p
Jip~'e *sinh B¢ + @)\ sinh 3(1 — &) + @ﬂ cosh B(1 — &)
O, p) = e P P
Asinh 8 + § cosh 3
- poAsinh B(1 — &) + pup3 cosh B(1 — §) e Ho
[ Asinh 8 + [ cosh 8 } /@+p+/<;+p' (4.53)
Eq.(4.53) is written as
B(E.p) = {Jle_A sinh B€ + oA sinh (1 — &) + ¢poB cosh f(1 — f)} ﬁ
P Asinh 8 + B cosh 8 P
pio) sinh (1 =€) + poB cosh B(1 = §)] e o
_[ \sinh B+ B cosh B }n+p+n+p‘ (454)

The equation is of the form

(b(g?p) i CI)BC(gap) = q)IC(§7p)

where
Bpo(E. ) = {Jle_’\ sinh B¢ + ¢gA sinh B(1 — &) + goBcosh 3(1 —£)] e
5Ol PR Asinh 5 + 5 cosh 8 ]?
and
__[moAsinh B(1 — §) + poBcosh Bl — €] e Ho
(I)Ic(ﬁ,p)——{ Asinh S+ B cosh ]m+p+/<o+p
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are partial solutions of ®. Let

_ [moAsinh (1 — &) + pofBcosh (1 — €)1 ¥

@ pr—
1 (&:p) Asinh 3 + 5 cosh 8 K+p
and
Ho
P = .
1Co (5729) K +p
e Ppo(€, 2z) and e*P (&, 2) have simple poles at z = 0 and z = —k respectively.
Res(®pc,0) = lir%[zq)Bc(f,z)eTz] = fpe,
2z
where
Jie ™ sinh € + oA sinh a(1 — &) + ¢gpacosh a1 — €)
fB= . (4.55)

Asinh a + o cosh a

and
Res(®1c,, —k) = lim [(= + £)®ro(§, 2)e™] = —foe ™
where B (1 TR T
JoA SIN — &) + MoAcos =
= . 4.
fe { Asinh A + Acosh A } (4.56)

Also

KT

Res(®10,,0) = lm [z®70, (€, 2)e™] = jroe
In addition, ®pa(&, 2) and @, (€, z) have the same pole satisfying,
Asinh B+ Beosh =0 = z=—a’.

The Residue of €7@ (€, 2) is calculated to be

lim_[(z+ a?)e™ Ppc(€,2)] = ——5—RI[/5],

2= —a? o?

where

R[fp] = lim (z +a?)

z—>—a?

Jie*sinh BE + ¢ sinh B(1 =€) + ¢o cosh B(1 — €)
( Asinh 3 + B cosh 3 )

and f = VA2 + K+ 2.
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Similarly, the Residue of e™*®;- (€, z) is calculated to be

) e)\ﬁ—OzZT
zgr—l}ﬂ [(Z + OZZ)eTZq)IC(gv Z)} - /\2 R[fC]
where
, Asinh B(1 — &) + pof cosh B(1 — &)
- 1 2 Ko
Rl fel zigﬂ(z +a) ( Asinh 3 + [ cosh 8
and R[f] indicates the specific residue to be calculated for z = —a?.

Summing all the residues, the final solution is given in the form:

D(E,7) = fue — foed T — a2 TR 5] + A2 TR fo] + poe . (4.57)

We apply the initial condition ¢(&,0) = po to Eq.(4.57) to calculate the unknown
residues, R|[f]. Thus;

1o = fe — foe — a2 R[fa] + N2 R[fe] + 1o

a *Rfs] — X Rlfel = f5 — fo (4.58)

Substituting Eq.(4.58) into Eq.(4.57);

O(E,7) = fae™ + foe™ ™ — (fz — fo) 7T 4 poe™

—a?r AE —KT —\27 AE —KT (459)
:fB[l—e ]e — fee [l—e ]e + poe .

Substituting Eq.(4.55), Eq.(4.56) into Eq.(4.59) gives

Jie7Asinh € + poAsinha(1 — &) + goacosh a(l — &) A 2
— S SAG 1 o o~T
(&) Asinh o + o cosh a ¢ [ ¢ ]
poAsinh A(1 — &) + ppAcosh A(1 =€) 2] e _
o KT 1 _ T > HT' 4‘
Asinh A + A cosh A T[T =] X e (460)
Let hag
sinh o
o Asinh o+ ) cosh o’
() = Asinha(l = &) 4+ acosha(l —¢§)
9I&) = Asinh o + o cosh v ’
Asinh A(1 — &) 4+ Acosh A(1 — &
q(§) = ik Saly

Asinh A + A cosh A ’
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then the final solution for ¢(§, 7) is given as

S(E.7) = [ h(E) + 60g(©)] @ (1 - ) + o™ [1 — @)1 — 7).
(4:61)
At the constant flux, J; = 0, the steady-state solution for ¢(&, ) is given as

burl) = poAsinh a(l — &) + ¢pacosh a1 — 5)6/\5'

4.62
Asinh o + o cosh o ( )

Eq.(4.61) is equivalent to Eq.(16) in Kim (2020a), except for the second term on the
right hand side of Eq.(4.61), where ¢g(§) was used instead of ¢(&).

In the next section, we present two solutions for the advection-diffusion equation
subject to an inlet exponential BC and a constant exit BC for both Dirichlet and

Neumann BC'’s.

4.2 The Residue Theorem Approach: Dirichlet BCs

Advection-Diffusion Equation with an Inlet Exponential BC

The equation to be solved is

op %6 . 0¢
= (4.63)

with boundary conditions

000,70 (4.64)
o1, 7) =1 (4.65)

and initial condition
P&, 0) = wo. (4.66)

The choice of an exponentially decaying inlet BC is motivated by observational data
in Fena river, where the pollutant at the inlet appears to be decaying in time. See
Chapter 5, Figure (5.2a).

The general solution for ® after applying the initial condition, wy to Eq.(4.63) with

k=0and c=01is

O(¢,p) = e [Bie ™ + Bye™] + %. (4.67)
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The Laplace transform equations of Eq.(4.64) and Eq.(4.65) are

)

b1

P = —
(1,p) )

Applying the transformed BC above to Eq.(4.67) one obtains

< Po wo) 8 (¢1 wo) —A
——]eF = ———]e€
B, — p+ty P p p (4.68)
! 2sinh 8 ’
(¢1 wo) _) ( ®o wo) -3
— = —]e "= ——Je
B, — p p Pty p (4.69)
2 2sinh 8 '

Substituting the values of By and Bs into Eq.(4.67) gives the general solution in terms
of p to be

_ [$osinh[BL=9)]] @ | [o1csinh(pe)] e
@(g’p)_{ Sinh 3 ]p+7+[ sinh 3 }?
z {wo sinh[B(1 - &)] F woe™ sinh(ﬂo] g | w

4.7
sinh [ P (4.70)

This is of the form
q)(é-ap) — q)BC(£7p) = q)IC(£7p)

where ¢ ) hﬁ(l 5) AE ¢ ) 1(ﬁ€) pY3
| ¢osin - e e~ sinh e
Pre(6,p) = [ sinh /3 } P+ i { sinh 3 ] P
. inhB(1 ~€)] +woe sinh(B8)] ¢
__ |wosin — wope ™" sin et wo
q)lo(é-ap) - l: sinhﬁ :| P + P
are partial solutions of ®.
v dosinh (1 — )]
. 0 Sl — e
(I)BCl (57]7) — |: Sil’lhﬁ ] D N '}/7
~[ore™*sinh(BE)] e
®BCQ (gvp) - |: sinhﬁ :| 7

The inverse Laplace Transform (iLT) gives the final analytic solution to Eq.(4.70).
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Thus,

c+100

¢(5,r>:£1[¢<£>p>]:% (G2 dz (4.71)

= Res [BTZ(I)Bc(g, Z) + eTZCI)IC<§7 Z)]

where p is replaced by a complex variable z.
The expressions e™*® g (€, 2) and e™* ;¢ (&, z) have simple poles at z = 0 and z = —~.

The Residue of e™*®pa (&, 2) and €™ P;o(€, z) at the simple poles are calculated as
follows:
Res(®, —) = lim [(z +7)®pe, (€, 2)e™] = fp,e 7

Zr—y
where
(4.72)

fp = [qﬁo sinhw(1 — §)]

sinh w

and w = /A2 — 7. We suppose that A\? > v and comment on the case where v > ),

later.

Similarly,
Res(CI), 0) - 121(1)[2@302 (57 Z)eTZ] 2 .](’1326)\5
where -
1€ 7 8sin
—— ' 4.
/5. { sinh A ] (4.73)
Also,
Res(®,0) = 1in(1)[z<1>10(§, 2)eF] = —fee™ + wy
2
e LA =€) + e sinh(3g)
W Sin 1= £&) +wpe™" sin
= | 4.74
Je sinh A (4.74)
Besides, ®pc (€, 2) and ®;c (&, 2) have the same pole when
sinhf=0 = 2= —)2
The Residues at 2 = —\? are calculated below. That of e*®pc, (£, 2) is calculated as
A 6)\§—A27
ZEEII)\Q [(Z FA )e‘rzq)Bcl (67 Z)] == y vl ~ R[fB1]
where bosinh B(1 — &)
— 2 0 SN —
Rlfz] zirjl)\?(z +2) ( sinh
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and 8 = VA2 + 2.

Similarly, the Residue of e7*® g, (€, 2) is calculated as

_ . eN—APT
Z£g2 [(Z + )\2)6 (I)BC2 (57 Z)] == 22 R[fB2]
where fre=sinh(56)
o 9 1€ 7 sin
Rlfm] = tim o+ 32) (25208
Lastly, the residue of e™® (&, 2) is
) 6)\5—)\27
li AF)e* D = R
im [(2 4+ ) @re(€, )] = —5—RIfc]
where . N
: 1_ a
R[fC] — lim (Z + )\2) Wp SIn 6( 5) + wee " sin (66)
Zs— 2 sinh 3
and R[f] indicates the specific residue to be calculated for z = —)\?.

The final solution is obtained as

o€, 7) = fB1e I+ fr€ — feet — (A2 — e TR f,]
A2 NTRFp, ] + A 2R fe] + wo

where the residues are still unknown.

(4.75)

We apply the initial condition ¢(&,0) = wy to Eq.(4.75) to calculate for the residues.

Thus,
(M =)~ 'Rlifsid A "RIfp,] — A Rlfc] = f, + f5, — fo

Substituting Eq.(4.76) into Eq.(4.75) gives

(&, 7) = f5,e + fp,e™ — foe™ — (fa, + fB, — fo) X6 4

=I5, [e'” — e’VT] e + fa, [1 = e_)‘QT} e — fo [1 = e_)‘QT} e’ + wp.

Substituting Eq.(4.72), Eq.(4.73) and Eq.(4.74) into Eq:(4.77) yields

P&, 1) = Qostniel &) [6_77 - 6_A2T} e 4 gre” " sinh(A¢) [1 - e—)\27} Y3

sinh w sinh A

B sinh A(1 — &) + e *sinh(\¢)
o sinh A
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(4.76)

(4.77)

) [1 - e_)‘QT} e + wy. (4.78)



The steady-state solution for ¢(&, 7) is given as

e sinh()\f)eAE o (sinh A1 =€) + e ?sinh(XE)

= AE
qbss (5) sinh \ sinh \ ) e”s + wy. (479)

Interestingly, when v = 0 we recover the steady-state solution given in Eq.(4.43), for
k=0 and o = 0. The solution for ¢(&, 7) holds for 0 < £ < 1 but it does not satisfy
the conditions at the boundaries in general. However, it can be shown that to satisfy
the inlet boundary condition, we must have wy = ¢g. Similary, to satisfy only the

outlet condition one must have wy = ¢;.

If A2 < 7 then the parameter w becomes complex. Let

w=iyy =X =i

where ( = /v — A2 is real. Eq.(4.78) is rewritten as

_ ¢osinheC(1—&) 1 _,  _2, ¢1e " sinh(\¢) 2,
A7) = S [e Wk ]6A£+ sinh A [1 —e }eAg
sinh A(1 — &) + e *sinh(\¢)

e’ ( sinh A

> [1 - e‘AZT} M 4wy, (4.80)
Using the relationship between hyperbolic and trigonometric functions, we have
sinhiC(1 — &) = isin (1 — &),

sinhi¢ = ¢sin (.

Eq.(4.80) becomes

in((1— 2 ~Asinh(\ 2
P&, 1) = —% Slr;icn(g 3 [e‘” - T] F e Shsllﬁl)\( 3 [1 —e? T} e
. <Sinh M1 = &)+ 2sinh(\E)

—Wo

1— *Aﬂ My, (4.81
sinh \ >[ 4 ¢+ o ( )

In this case however, we find that ¢ can take on negative values, which is unrealistic

for physical applications.

Figure 4.1 shows the plots of Eq.(4.42) and Eq.(4.78) which indicates the time
evolution of ¢ along ¢ from the initial (7 = 0) to the steady-state. The initial

concentration of wg = 0 is represented by the £-axis on the horizontal line. It is
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Figure 4.1: Concentrations at different times for A = 0.5,¢9 = 1 and (a) v = 0, wy =
0=2¢1 (b)v=0.05 w =0= ¢1, (c) v= 0.05 w) = 0,61 = 0.2, and (d) v = 0.05,
wo = 0.2, 61 = 0.4,

interesting to note that if v = 0, we recover the solution of Kim (2020a) as displayed
in Figure 4.1a. In this case, the concentration everywhere within the domain increases
until the system reaches steady state, with concentration decreasing monotonically
from the inlet to the outlet. However, in the presence of a decaying inlet condition with
a Dirichlet outlet condition, the time evolution of concentration behaves differently
from the case for which v = 0 as seen in Figure 4.1b. Initially the concentration
is zero except at the inlet where it has a maximum value of ¢(¢,7) = ¢9 = 1. As
time evolves, the concentration at the inlet begins to decrease while the concentration
everywhere within the domain increases, with a monotonically decreasing shape as
in Figure 4.1a. The concentration within the domain increases to a maximum point
(around 7 = 10 in this case) and begins to decrease (see the curve for 7 = 16) and

eventually goes to zero everywhere at steady-state.

If both the initial concentration and ~ are non-zero (e.g., wo = ¢1 = 0.2, 7 = 0.05),
the solution behaves similarly to the case for wy = 0 (Figure 4.1b), but the rate of
increase of ¢ within the domain to the maximum point is much faster (Figure 4.1c)

since the initial concentration is non-zero. Moreover, the steady state solution is not
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zero everywhere as in the previous case but increases gradually from zero at the inlet
to the value at the outlet. Thus, in this case, the concentration can decrease below
the initial concentration due to the exponentially decreasing condition at the inlet.
A more general case in which the initial condition and outlet value are non-zero and
different from each other is shown in Figure 4.1d. The concentration increases to a
maximum value as in Figures 4.1b-c, but tends to converge at the outlet value of
01 = 0.4.

4.3 The Residue Theorem Approach: Dirichlet /Neumann
BCs

The equation to be solved is

op ¢ [e}%)
o~ oe e
¢(0,7) = goe ", (4.82)
Ip(1,7)
——85— =J; (4.83)
and the initial condition is
$(£,0) = wo. (4.84)

The general solution for ® is given as
w
D(&,p) = e [Ae7P + A + ?O. (4.85)

Applying the Laplace transform to Eq.(4.82) and Eq.(4.83), one obtains

Po
(P 07 = 9
(0,p) -
0®(l,p) i
0/ p

Applying the transformed BC above to Eq.(4.85) yields;

Ci(\+ B)eP — Jyp~te

A= 2(\sinh 3 + Bcosh 3)
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A Jip~te ™ — Ci(A — B)e™”
2T 2(Asinh 8 + 3 cosh B)

where C] = %o - ﬂ.

P+ p
Substituting the values of A; and Ay into Eq.(4.85) gives the general solution to be

& B Jie~* sinh B¢ e oA sinh B(1 — &) + o cosh (1 — &) e
(&p) = [)\Sinh5+ﬁcoshﬁ}?+[ Asinh 8 + [ cosh 8 ]p—i—fy
woAsinh B(1 — &) + wpBcosh B(1 —&)] e wy
B [ Asinh S +  cosh 8 } p + P (4.86)

The equation is of the form

(I)(g,p) = (I)BC(gap) + (1)10(5729)

where

& B Jie~*sinh B¢ e* [doAsinh B(1 — &) + gpBcosh B(1 —&)] e
sol(&p) = [Asinhﬁ—i—ﬁcoshﬂ] ?+[ Asinh § 4+ B cosh 3 1 P+

and

woAsinh B(1 — &) + weB cosh (1 — 5)} AL Lo

&
®ro(6p) = - { Asinh 8 + B cosh 3 p P

are partial solutions of ®.

Let

n [ i@ Msinh B e
@pc(&p)= [)\Smhﬁ—|—5coshﬂ] p
d
an S {qﬁo)\sinhﬂ(l—§>+¢OBCOShB<1_€)] eAE
BCy\S,P) = Asinh 8+ S cosh 8 Py

The expressions e®pa (€, z) and €7°P;o(, 2) have the simple poles at z = 0 and
z=—".

The Residue of e™*® g (€, 2) and e7®P;c (€, z) at the simple poles are calculated as
follows,
Res(®,0) = lirr(l)[zQJBCl AN |
ZE
where
Jie~* sinh \¢

Ji = Asinh A 4+ Acosh A\ |

(4.87)
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Similarly,
Res(®, —y) = lim [(z +7)®pc, (&, 2)e™] = fp,e* 7

Zr—y

where

[ @oAsinhw(l = &) + dow coshw(1l — &)
B Asinhw + w coshw

fBz R (488)

and w = /A2 — 7. We assume that A2 > 7 and later comment on the case for which
A2 <.
Also,
Res(®,0) = lil%[ZCIDIC(f, 2)e™?] = — fee + wy
Z—

where

woAsinh A(1 — &) 4+ woA cosh A(1 — &)
Asinh A + A cosh A

fe= (4.89)

Again, ®pc(€, 2) and @;0(&, 2) have the same pole satisfying,

Asinhf+ Bcoshf=0 = z=-\2

The Residue of e*®gq, (€, 2) for 2 = —)\? is calculated as
lim [(z4 A)e"Ppc (€ 2)] = ﬂn[ﬁg ]
22 i A2 !
where : Jie~* sinh 3¢
e <>\sinhﬁ n ﬁcoshﬂ) |
Similarly, the Residue of e™*®@pc, (£, 2) for = = —\? is calculated as
il 6,\§—>\2T
lim [(2+A%)e™@pe, (€, 2) = ‘AT_—,VR[fBz]
where

- ¢poAsinh G(1 — &) + ¢of cosh 5(1 — &)
Rl = z£g2(z 2] ( Asinh 8 + (5 cosh ) ‘

Lastly, the residue of €®;¢(&,2) at z = —\? is

. 6,)\5—)\27'
li A)e D = -
i [(z+A)eT@re(S, 7)) 2

Rlfcl
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where

Rlfc]= lm (z+ 2?)

Z——A

woAsinh B(1 — &) + woB cosh B(1 — )
( Asinh 3 + Bcosh 3 )

The final solution is obtained as

GE,T) = [ e + [, — foe’ — AT2MNNTR [ fp] -
(A2 = )L TR ] + A2V TRfe] + wo. (4.90)

Applying the initial condition ¢(,0) = wy to Eq.(4.90) gives

AR [ ]+ (W =) R[] = AR fe] = [, + fr — fo (4.91)
Substituting Eq.(4.91) into Eq.(4.90) then yields

OE,7) = fr, e + [, — fee — (fp, + fo, — fo) XN +w
_ _ —)\27' >\£ — Y _)\27. )‘E - | 7)\27_ )\f (492)
=fe |[L—e€ e + fg, |e e el Y

Substituting Eq.(4.87), Eq.(4.88) and Eq.(4.89) into Eq.(4.92) gives

_ j]1(3_)‘ sinh \§ [1 ke e"\QT} Y:
Asinh A + A cosh A
" PoA sinhw(l‘— &)+ ¢pow coshw(l — &) [e‘” B 6_A27:| A
Asinh w + w cosh w
_ woAsinh A(1 = §) + wpA cosh A(1 = §)
Asinh A + X cosh A

¢(&,7)

[1 — e_’\QT} e Fwp. (4.93)

The steady-state solution is given as

e “+wp-

(4.94)
Notice that we recover the steady-state solution provided by Kim (2020a) in Eq.(4.62)

bun(E) = Jie=Asinh ¢ . woAsinh A(1 — &) + wpA cosh A(1 —§)
SS7 7 \ Asinh A + A cosh A Asinh A + A cosh A

when v = 0 at the constant flux J; = 0.

Let
sinh A&

e e =
_ Asinhw(1 — &) +wcoshw(l —§)
o Asinh w + w cosh w

g9(§)

Y
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~ Asinh A\(1'=¢) + Acosh A(I =€)
N Asinh A + A cosh A ’

q(§)

then,

B(E,7) = e h(E) [L— V7] X 4 dg(€) [T — e ] e 4
wo [L=a@a -] (@95)
and we recover Kim’s solution in Eq.(4.61) when v = 0.
If A2 < 7 then w becomes complex. Let
w=1iyv =N =i
where ¢ = \/y — A2 is real. Eq.(4.93) is rewritten as

Jie M sinh A¢

_ 2] e
6 7) = S SRAF A coshA {1 ‘ }6
4 ¢oA sinhi¢(1 — &) + ¢gi¢ coshi¢(1 — &) [e’” _ e”\QT} N
Asinh ¢¢ + i¢ cosh ¢¢
woAsinh A(1 — &) + woA cosh A(1 — &) e e
s A+ AcoshA e X (@90)

Using the relationships below

sinh7x = isinx,
COQMIP.. —aRas T

Eq.(4.96) becomes

~Asinh ) A si 1-— 1-—
8, 7) = ;]16 sinh \¢ [1 = 64\27] - PoA sin ¢( : §) + ¢oCcos ((1 = ¢)
Asinh A + Acosh A Asin ¢ + ¢ cos ¢
o —x2r] e woAsinh A(L — &) + wpA cosh A(1 =€) | ovr] e
x [ - e Asinh A+ A cosh A e,

Figure 4.2 depicts the plots of the analytical solution given in Eq.(4.60) and Eq.(4.94).
It can be observed that the Neumann boundary condition at the outlet has a drastic
effect on the behaviour of the solution. In Figure 4.2a, we recover the solution of
Kim (2020a) (his Figure 7 with k = 0). In this case (with v = 0,J; = 0), the
concentration continues to increase with time; having the same value irrespective of
¢, In other words, apart from the inlet value of ¢g = 1, the solution is constant

o(&,7) = ¢(1), and, at steady-state, the solution becomes equal to the inlet value.
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If v is non-zero with J; = 0, Figure 4.2b-c shows that the concentration begins to
increase from the initial value (as in Figure 4.2a) to a maximum value and then
starts to decrease until it vanishes everywhere at steady-state, similar to Figure 4.1b.
The constant solutions observed in Figures 4.2a-c, are due to the zero flux outlet
boundary condition, J; = 0. If J; is non-zero (e.g., J; = 0.1), Figure 4.2d shows that
the solution initially increases with time as before but to satisfy the positive gradient
of ¢ at the outlet, the concentration is forced to increase monotonically from the inlet
to the outlet point. Thus, at steady-state, the solution is not zero everywhere but

increases from zero to a positive value at the outlet.
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Figure 4.2: Concentrations at different times for A = 0.5 and (a) v = 0, wp = 0, (b)
v = 0.05, wp = 0, (¢) v = 0.05, wgp = 0.2 and (d) v = 0.05, wg = 0.2 and J; = 0.1.
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Chapter 5
Application to Pollutant Transport

In this section, we attempt to model the transport of a pollutant (Iron) in river Fena

in the Ashanti Region of Ghana using the theory in Chapter 4.

5.1 Observational Data

Data are obtained from the published paper by Duncan (2020) who conducted re-
search on the Fena River to determine the level of heavy metal pollution due to
illegal mining (locally referred to as “galamsay”) activities in and around the river.
The location of the river and the sampling points are depicted in Figure 5.1. The
river flows southward from Fenaso No. 1 (referred to as Fen-1) through Fenaso No. 3
(referred to as Fen-3) until it enters the Gulf of Guinea in the Atlantic ocean. Fen-1
and Fen-2 are very close to each, less than a kilometer apart. According to Duncan
(2020), there were illegal mining activities in and around all the sampling locations
except Point A where there was no apparent activity going on. This makes modeling
the flow of pollutants using a simple one-dimensional model (with a single source
or entry point) much difficult. Nevertheless, we attempt to determine how best our
1D equations can reproduce the level of pollution at Point A, where there was no
apparent injection of pollutants. In other words, the concentration of Fe at Point A
is likely due to the transport of pollutants from Fen-1 and Fen-2. The three main
heavy metal pollutants in the river; exceeding safe drinking water guidelines, were
found to be Cadmium (Cd), Lead (Pb) and Iron (Fe) Duncan (2020). Here, we focus
on modeling the transport of Iron, because the initial and boundary data are less

complex to model than the other two metals. The monthly concentration of Fe at
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Figure 5.1: Map showing the location of river Fena (blue curve) and the sampling points
(green rectangles) Duncan (2020).

each location (obtained from Table 3 of Duncan (2020)) over the one-year period of
his study (from January to December in 2020) is shown in Figure 5.2. The highest
concentrations occur in Fen-1 and Fen-2 with less concentration of Fe at Point C. The

concentration of Fe at Fen-1 is generally decreasing with time over the study period.

5.2 Mathematical Modeling

To apply our mathematical models, we normalized the concentrations by the highest
concentration at Fen-1 (see Figure 5.3). The concentration at the inlet is taken to
be the concentrations at Fen-1 while the initial concentration is taken to be that of
January at all locations. The measured concentration of Fe in January are depicted
in Figure 5.4. In Figure 5.4b, the horizontal axis shows the distance (in kilometers)
of each location from Fen-1, showing that Fen-1 and Fen-2 are indeed very close to

each other. The sample locations are extracted from Figure 5.1.
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Figure 5.2: Variation of Iron (Fe) concentration over time in river Fena. Note that the
vertical axis use different scales to highlight the temporal variations.
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Figure 5.3: Same as Figure 5.2 but concentrations are normalized by the highest concen-
tration at Fen-1.
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Figure 5.4: Normalized concentration of Fe in January at all sampling points (left panel)
and the right panel shows the same sampling locations but as a distance from Fen-1 (right
panel).

5.2.1 Diffusion coefficient

The parameter A in the governing equation is related to the Peclet number P, = 2\

with o
A ] O

2 Dy
where L is the length scale of the domain, 1} is the averaged velocity of the flow and
Dy is a constant diffusion coefficient. The study by Duncan (2020) did not measure
the flow speed or provide any geometric data (e.g., width, depth, sinuosity) of the
river because they were mainly concerned with the chemical composition of the water.
We estimated the velocity of the river to be 2m/s, by taking videos of the flow and
measuring the speed of the floating objects. We also measured the average width of
the river around the same location to be ~ 5.2m and the average depth to be 1.0 m.

So the average discharge at the location is about 10.4 m3/s.

Besides the velocity, the parameter that plays much more critical role in modeling the
transport of pollutants in streams and rivers is the longitudinal diffusion coefficient,
Dy. Once a pollutant is released into a river or flowing water body, it undergoes
various stages of mixing with the ambient water. After the contaminant is mixed in
the cross-sectional direction, the most important process is the longitudinal dispersion
which is measured by longitudinal dispersion coefficient, Tayfur and Singh (2005). A

simple formula for calculating the longitudinal dispersion coefficient was developed
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by Fischer (1975):

‘/02w2

U

Dy = 0.011 (5.1)
where H is the average depth of the flow, u, is shear velocity, and W is the average
width of the flow. The shear velocity is given by u, = v/gHs, where g is the accelera-
tion due to gravity and s is the stream slope. Fischer (1975) reported that, typically,
(Vo/u.)? varied between 0.17 and 0.25, with an average value of 0.2. Equation 5.1 is
simple to apply if the mean hydraulic parameters are available. Other studies have
developed similar empirical formulas for predicting the longitudinal dispersion (e.g.,
Seo and Cheong (1998), Deng et al. (2001), Kashefipour and Falconer (2002)). Tay-
fur and Singh (2005) developed a model based on artificial neural network (ANN) for
predicting the longitudinal dispersion coefficient. Among other things, they reported
that the discharge data alone is sufficient for computing the dispersion coefficient for
more frequently occurring low values of the dispersion coefficient (Dy < 100 m?/s).
Note that the discharge is given by () = HWV,. We fitted lines to the data points
of Tayfur and Singh (2005) that are closest to the observed data (see their Table 7,

case 2) to get the diffusion coefficient, D as a function of discharge to be

D = 0.35Q + 36 for ) < 110, (5.2)
and

D =0.84Q + 18 for @ < 1000. (5.3)

as depicted in Figure 5.5. Using the formula in Eq.(5.2), we estimate the value of the
longitudinal dispersion in Fena river to be 39.6 m?/s. Thus, the Peclet number is 389

and the parameter \ &~ 194.5.

5.2.2 Comparison of model results to observational data

We compared the observational data of Iron (Fe) concentration in Fena river to the
two analytical solutions of the 1D advection-diffusion equation with Dirichlet bound-
ary conditions ( Eq.(4.78); referred to as “Dirichlet model”) and Neumann boundary
condition at the outlet (Eq.(4.95); referred to as “Neumann model”). The initial

concentration wy = 0.52 is taken to be the average concentration at all locations in
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Figure 5.5: Diffusion coefficient as a function of discharge from Table 7 (case 2) of Tayfur
and Singh (2005) for (a) D < 100m?/s and (b) D < 900m?/s

January (see Figure 5.4). In each case, the inlet boundary is an exponentially de-
creasing concentration of the form ¢pe ™" where ¢y = 1. By fitting an exponentially

decreasing function to the data at Fen-1 (see Figure 5.3), we get v = 0.025.

The concentration of Iron as a function of time from both the observational data
and Dirichlet model is shown in Figure 5.6. Apart from the initial time, the model
results at Fen-1, Fen-2 and Point-A are indistinguishable from each other as a results
of the relatively high Peclet number. The model captures the concentrations at Fen-
1 and Fen-2 relatively well since these locations are closer to each other, and data
from Fen-1 is used as the boundary condition. However, the model predicts very
large concentrations at Point-A, as also depicted in Figure 5.7. A couple of reasons
could account for the high model concentration values at Point-A. One could be the
fact that the model is one-dimensional and so does not include lateral dispersion of
pollutants which could reduce the amount of Iron at Point-A. Secondly, the fact that
the normalized concentration of iron at Point-A appears fixed, with less variation in
time, implies that other reactions or factors other than the direct transport of iron

from Fen-1 and Fen-2, might be at play and these are not captured in our model.

The results from the Neumann model are not different from that of the Dirichlet
model as shown in Figure 5.8. As shown in Chapter 4, differences between the two

models are more apparent for smaller Peclet numbers.
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Chapter 6
Summary and Conclusions

Finding the inverse Lapalce Transform (il.T) of certain functions can often be chal-
lenging. This study employed the Laplace transform technique and the residue theo-
rem approach to provide two analytic solutions to a 1D advection-diffusion equation
without directly computing the inverse Laplace Transform. In addition, the theoret-
ical derivations obtained were compared to some observational data from the Fena

river in the Ashanti region of Ghana.

Chapter 1 introduces the advection-diffusion equation often employed in modeling the
transport of pollutants in rivers and streams. Chapter 2 reviewed some literature on
the model. The Laplace transform technique was found to be the most used method in
providing analytical solutions to the 1D advection-diffusion equation. Other methods
such as separation of variables was also found to be adopted. In Chapter 3, we
derived the advection-diffusion equation. The study also thoroughly discussed the
basic theories of some analytical methods of solving the advection-diffusion equation,
that is the Laplace transform and separation of variables technique and how these
methods are used to provide solution to a 1D advection-diffusion equation. Finally,

we ended the chapter with brief discussion on the main method used in the study.

Chapter 4 of the study dealt with providing analytical solution for the 1D advection-
diffusion equation with an exponentially decaying inlet boundary condition with
Dirichlet outlet BC, (referred to as the Dirichlet model) and Neumann BC, (referred
to as Neumann model). Comparisons were made with a mathematically similar prob-
lem in Kim (2020a). Interestingly, we recovered the solution in Kim (2020a) for both
the Dirichlet and Neumann model in the absense of the exponential term, that is

when v = 0, as depicted in Figures 4.1a and 4.2a. For the Dirichlet model, it was

)



discovered that the concentration everywhere within the domain increases until the
system reaches steady-state with concentration decreasing monotonically from the
inlet to the outlet. However, in the presence of a decaying inlet condition, the time
evolution of concentration behaved differently. In this case, the concentration was ob-
served to decrease below the initial concentration due to the exponentially decreasing
condition at the inlet. In the case of the Neumann model (with v = 0,J = 0), the
concentration continued to increase with time; having the same value irrespective of
¢ and at the steady state, the solution becomes equal to the inlet value. However, in
the presence of a decaying inlet condition, (y # 0 with J = 0), it was observed that
the concentration increases up to a maximum value and eventually decreases until it
vanishes everywhere at the steady-state. With a non-zero outlet flux, it was realized
that the concentration is forced to increase monotonically from the inlet to the outlet

point.

Chapter 5 of the study involves modeling the transport of a pollutant (iron) in river
Fena using the theory in the previous chapter. To apply our mathematical model,
we estimated the various parameters in the governing equation. The results obtained
were compared to the observational data. It was realized that the model results
captured the concentrations at Fen-1 and Fen-2 relatively well as observed in the
actual data, as shown in Figure 5.8, for both the Dirichlet model and the Nuemann
model. However, the model results predicted very large concentration at point A

which was not consistent with the observational data.

6.1 Limitations and Recommendations

The following are some of the study’s shortcomings and their corresponding recom-
mendations. Firstly, the model fails to capture the concentration level at point A,
where there was no apparant galamsey activity going on. The reason could be that
since the model is one dimensional, it failed to capture other factors or reactions that
might have contributed to the level of concentration at point A. As an improvement on
this work, future studies could consider either two dimensional or three dimensional

model and compare it with some data.

Another limitation to the study was the unavailability of data such as the flow speed,
depth and the width of the river. An extension of this project would be to provide
reliable data on the Fena river to enable accurate comparison of the model to the

observed data.
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Appendix A

Analytical solution of the 1D
convection-diffusion equation over a

finite domain by Mohsen and Baluch
(1983).

The 1D unsteady convection-diffusion equation is given by

oC oC =

where:

D diffusion coefficient, [L? /T

¢ c(z,t) = concentration of diffusing species, [M/L’]
x  space coordinate, [L]

V' convection field, [L/T]

t  time, [T

with initial condition,

C(2,0) =0 (A2)

and two boundary conditions

C0,t)=Cy (t>0), (A.3)
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C(L,t)y=0 (t>0).

Using the dimensionless quantities defined below;

VL Dt x C
Pe_?’ T—E, X—Z, and (I)—FO
We rewrite Eq.(A.1) as
9(PCy) P.D 0(®Cy) D*(®Cy)

5 (T_L2> L oxn) P axne

D

DCy 6_<I> . DCy 8_@ ~ DCy 00
L2 9T L[* °0X L2 O0X?%
Multiplying through by L?/DCj, we have

00 p 00 _ 50
oT “9X  0X2

with initial condition

P(X,0)=0
and the two boundary conditions;

¢(0,7) = 1,

®(1,7) = 0.

We now transform the PDE into one that looks like the heat equation.

We employ the transformation

Now,

0X Y ’
(Pe X)
0P 2
ﬁ = ¢re )
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(A.4)

(A7)

(A.8)

(A.10)

(A.11)



vPe P@ Pe Pe .

2 2 —X —X —X —X
g}g:%e<2 )¢+%e<2 )¢X+%e(2 )¢X+e(2 )ngX. (A.12)

Substituting Equations Eq.(A.10), Eq.(A.11) and Eq.(A.12) back into Eq.(A.5) gives,

) (259, B e (5, e ()
le Ze le A e le
ore 2 + P, %e 2 o+ dxe 2 :%e 2 ¢+%e 2 Ox

(24, .37
P.\ 9o 9
4ot 2 ox +e 2 dxx,

P, P, P, P, P
(29 e (2, 0, e (5, (5
:>¢T€ +7€ ¢+P66 QbX:—ee ¢+P66 ¢X
(2
?X
+e ¢XX7
P dp~ ¢ P!
— 91+ Zfb =¢xx = 5T W Z¢5~ (A.13)
Setting:
)\:%, 4 =¥
into Eq.(A.13) yields,
s B 0% (2)\)2¢5
T o e
(%) 1w (%)
A
0¢ 0o
. A B
A 5, A e Ao. (A.14)

Dividing Equation (A.14) through by A2,

0 o
gl w15

The corresponding boundary conditions of the transformed Eq.(A.15) are:

P
—X
2

0, 7)=1 = e( )¢(o,r):1 — $(E=0,7>0)=1,
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(1, 7)=0 = e<
and the initial condition:

P

2

B(X,0)=0 = e< >¢(g,0):o — (6,7 =0)=1.

A solution to Eq.(A.15) is decomposed into two components;

1. the steady state solution; ¢4s(§), and

2. the transient solution, ¢y,.(&,7),

¢(fa T) = ¢SS<€) + ¢tr(€7 T)' (A'16>

0
At the steady state, 8_¢ = (. The steady state component of Eq.(A.15) is
&

a;?f F (A.17)

subject to the boundary conditions:
¢s5(0) =1, (A.18)
Pss(A) = 0. (A.19)

We now look for solutions of the form ¢(£) = e™.

The characteristic equation is
E B0 T
The steady state solution is given as
Dss(€)=C1 e + Che®.
Using the exponential properties defined below;
e = cosh & +sinh ¢,
e ¢ = cosh& —sinhé.
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The steady state solution is given as
(bss(f) = ACOShf + Bsmhf

where A = (C7; + Cy) and B = C) — Cs.

Using the boundary conditions in Eq.(A.18) and Eq.(A.19)
pss(0)=1 = A=1.
Substituting A = 1 into Eq.(A.20),

pss(€) = cosh & + Bsinh €.

Also,
¢ss(\) =0 = coshA+ BsinhA=0 — B=—
h
Substituting B = —Cf)s 1 into Eq.(A.21);
sinh A
cosh A .
92533(5) = COShf = ST SlIlh£

sinh \ cosh € — cosh A sinh &
sinh A
_sinh(A —¢§)
~ sinhA

Substituting Eq.(A.16) into Eq.(A.15)

82(¢ss e ¢tr) e a
T - ((bss i ¢tr) i E«bss T ¢t7‘)7
angss 82¢t7’ B a¢ss a¢tr
Be2, g 1 Ter e
a(,bss e a2¢SS _
But 9 =0 and o¢? — P = 0.
Eq.(A.23) is reduced to
a¢tr i 82¢tr M ¢
e 2 — 1

subject to the boundary condition

¢55(0) + gbtr(O, T) =1 = ¢tr(07 T) =0,
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(A.20)

(A.21)

(A.22)

(A.23)

(A.24)
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Gss(N) + O (M, 7) =0 = ¢ (\,7) =0 (A.26)

with initial condition:

¢ss(§) + ¢tr(§) 0) =0 = ¢t'r(§7 0) = _¢ss(§)' (A27)

The expression ¢,.(&, 7) has a solution of the form

¢ (&, T) = X (&) T(7), (A.28)

Substituting Eq.(A.28) into Eq.(A.24):

(A.29)




We employ the exponential properties below,
e’ = cos € + isinE,

e 1% = cosyE — isinE.

Thus, the solution is
X (&) = A cosv€ + B sinA€.

Applying Egs.(A.25) and Eq.(A.26) to Eq.(A.30)
X0)=0 = A=0.
Substituting A = 0 into Eq.(A.30)
X(§) = Bsing,

X(A\)=0 = BsinyA=0.

For nontrivial solution, B # 0. Thus,

B ). S )\ 7:%.
The general solution for X (&) is given as
X,.(€) = Bypsin (ﬁ%) :
But
n)? nem>
V==l = @)= ()\2 — =5+l

Substituting Eq.(A.33) into Eq.(A.29) gives

revmem{e (1022 ]

By the superposition principle
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(A.30)

(A.31)

(A.32)

(A.33)

(A.34)
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<0,

Again, if (p* —1 then the characteristic equation
r= :I:W = r=d=4v.
The solution for X (¢) is
X (&) = A cosh~v€é + B sinh €. (A.35)
Applying Eq.(A.25) to Eq.(A.35)
X (&) = Bsinh~¢. (A.36)

Again, putting Eq.(A.26) into Eq.(A.35)

X(A)=0 = BsinhyA=0.

Either B =0

If

But v # 0 an . Thus \ 7 : ,only B=0.

(A.37)

Also; if (u? —

The solution fo ‘
(A.38)

Applying

X(E) =0 = ¢(&7)=0.
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Applying Eq.(A.27) to Eq.(A.34);

$1,(€,0) = > Bysin (%5) (A.39)

which is a Fourier sine series where the coefficient

A
= —;/ Pss SN (nTﬂg)df
0

The required solution for ¢(&, 7) is

= i B, sin (nTﬂﬁ) exp {— (1 + nj;rQ) T} + % (A.40)
n=1

where the coefficients B,, are given as,

A
2 [sinh(A=¢&) . [nm€
B”__X/ Stk A Sm( A\ )dg

0
n

e, o i
nem
)\2(1—1— /\2)

7;2%2) sin (nz\rf) exp { (1 + %) T} .

A2

Eq.(A.40) may now be written as

sinh(A =€)  2me
6T =~ —ma A (

B

In terms of the Peclet number, Pe, the solution may be written as:

P sinh {%(1 - X)} gr &
e FX)= -
e (%) (D) ( )

P
<o) epd (14 55 )7h. )
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Repalcing ® with —
Co

G <7X) - il (pe) B P_gn; (1+ 4n27r2>
2 P?
n?m?
x sin(nmX) exp {— (1 + ) T} . (A.43)
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Appendix B

An analytical Solution of the 1D
Advection-Diffusion Equation by
Davis (1985).

The equation to be solved is:

dc de d%c
hud iy N B.1
B (B-1)
with two boundary conditions

A0, A cilie "N

e(L,£) = 0.(t >0)

and initial condition,
c(zil) =i

where:

D diffusion coefficient, [L?/T]

¢ c(z,t) = concentration of diffusing species, [M/L?]
x space coordinate, [L]

V' convection field, [L/T]

t  time, [T7.

Using the dimensionless quantities defined below,
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Rep T=f X1
We rewrite Eq.(B.1) as
Jdc P.D Oc 9
N T =D d
(TL > L 9(XL) =~ 9(XL)
‘\D

D86+D 8C_D oc
L2907 L2 90X L2 0X2%

Multiplying through by L?/D we get
(B.2)

The corresponding 1 quation (B.2) are:

and the initial

The Laplace t1

(B.3)

Applying Eq.( ‘
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The boundary conditions are:
Llc(1,T)] =L(0) = ¢&(1,s) =0, (B.4)
Llc(X,0)] =L(0) = ¢&X,0)=0. (B.5)
The transformed equation of (B.2) is

e di

W_PedX_SCZO (B6)

which is a second order ordinary differential equation.

The characteristic equation is

P —Por—s=0 =— r= ,

where a =

Using the expa
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Eq.(B.7) is rewritten as

P, . :
c(X,s) = exp <?X> [A(cosh aX + sinhaX) + B(coshaX — sinh aX)]

Pe .

= exp <7X> (AcoshaX + BsinhaX) (B.8)

P . P
= AcoshaX exp (7)() + BsinhaX exp <?X> :
Applying Eq.(B.4) to Eq.(B.8)
Co Co

c(0,s) = s A= < (B.9)

Substituting A = “ into Eq.(B.8);
s

P, P,
(X, s) = coshaX exp [ —X | + BsinhaX —X> . (B.10)

(%)= @y

(B.12)

(B.13)
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Cp cosha
Substituting B = St
s sinh a

back into Eq.(B.10) yields

Sin a

P, h
c(X,s) = Dexp (=X ) |coshaX — 2 inhax
s 2 h

o (Pe ) {sinha cosh aX — cosha sinh aX }
= —exp| =X ha
s sin
B.14
o P, sinh(a — aX) ( )
S 2 sinh a
Co ; sinh [a(1 — X)]
= — —X .
s O ( 2 ) sinh a
P2 1/2
We now put a = (Z‘" + s> into Eq.(B.14) to obtain
P2 1/2
sinh (—6+3> (1-X)
Co Pe 4
c(X,s) = —exp 7X 5 7 : (B.15)
sinh (f + s)
To obtain the solution for ¢(X,T),we apply the inverse Laplace transform:
Le(X,s)] =c(X,T). (B.16)
2
Let b = i, then
4
6 (B s |@+8) 0= X)
c(X,s)=—exp| —X 72 (B.17)
S 2 sinh (b + s)
From the first translation theorem, we have
L [exp(bT) c(X, T)] = [c(X, s*)|s — s* = b], (B.18)
exp(bT) c(X,T) = L' [e(X, s%)|s > 8% = 1] (B.19)
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Applying Eq.(B.19)'¥)Eq.(B.15),0ne o‘l)atainsg P 9 9

Co exp (%X) sinh [(s)"/2(1 — X)]

exp(bT) (X, T) = L! b (e , (B.20)
sinh [(s)Y/2(1 —
c(X,T) = cyexp (%X — bT> L l (;—[(bi Sin(ﬁ (8)3(/2)]] : (B.21)

The inverse Laplace transform can be solved by adopting a complex integral approach.

The poles occurs at

s—b=0 =— s=0 (B.22)

(B.23)

(B.24)
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