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 A B S T R A C T

We present a theoretical investigation of the Ettingshausen effect — the generation of a transverse temperature 
gradient under the action of an applied electric current — in GaAs/AlGaAs superlattices subjected to combined 
dc–ac electric fields and an external magnetic field. Using the Boltzmann transport equation (BTE) in the 
constant relaxation-time approximation, explicit expressions for the longitudinal and transverse Ettingshausen 
coefficients are derived in terms of the miniband width, chemical potential, magnetic field strength, and 
thermal conductivity. Analytical asymptotics reveal that at high temperatures, both coefficients saturate to 
finite plateaus, while at low temperatures, they exhibit strong non-monotonic behaviour and possible sign 
reversals depending on the superlattice parameter values. Numerical analysis demonstrates that increasing 
the miniband width enhances the low-temperature response, higher chemical potentials suppress and may 
invert the effect, and stronger magnetic fields or larger thermal conductivities reduce the net magnitude. 
These results show that the Ettingshausen effect in superlattices is highly tunable through band structure and 
external controls, suggesting opportunities for thermomagnetic cooling, field sensing, and nanoscale energy 
conversion applications.
1. Introduction

The interplay between electric, thermal, and magnetic transport 
in solids gives rise to a rich class of thermomagnetic phenomena. 
Among these, the Ettingshausen effect — the generation of a transverse 
temperature gradient under the action of an applied electric current in a 
magnetic field — provides a powerful probe of charge carrier dynamics, 
scattering processes, and band structure [1,2]. It is intricately linked 
to the Nernst effect and belongs to a classification of galvanomagnetic 
and thermoelectric phenomena that have been studied since the early 
20th century [3,4] popularly known as the Nernst–Ettingshausen effect. 
The Ettingshausen effect, while well-documented in bulk metals and 
semiconductors, has recently attracted renewed attention due to its 
prospective uses in enhanced cooling technologies, thermomagnetic 
sensors, and energy conversion devices [5,6].

The emergence of artificially engineered materials, particularly 
semiconductor superlattices (SSLs), has created new opportunities for 
investigating thermomagnetic transport in lower dimensions. A super-
lattice, initially conceived and experimentally shown by Esaki and 
Tsu [7], comprises alternating thin layers of semiconductors that create 
a periodic potential, resulting in the division of the electronic band 
structure into minibands. The miniband transport regime facilitates 
distinct regulation of charge carrier dynamics, miniband width, and 
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scattering processes, characteristics which are absent in bulk sys-
tems [8,9]. Consequently, SLs have emerged as attractive platforms 
for optimizing thermoelectric and thermomagnetic effects beyond bulk 
limitations [10–12].

Several theoretical and experimental efforts have examined ther-
moelectric and related effects in SLs. For instance, Mensah and co-
workers [13,14] analysed the thermomagnetic effect under crossed 
electric and magnetic fields, demonstrating the sensitivity of transport 
coefficients to miniband parameters and external conditions. Research 
has shown recently how quantum confinement, nonlinear field effects, 
and strong electron–phonon coupling modifies the thermomagnetic 
responses in nanoscale systems [15–17].

However, there has been a significant rise of interest in nanoscale 
and nanostructured thermoelectrics, where better control over scatter-
ing and density of states permits high-efficiency heat management [18,
19]. Nanostructured SLs and quantum wells have been constructed 
to suppress phonon transport while enhancing or improving carrier 
conduction, which results in significant improvements in thermoelec-
tric figures of merit [20,21]. Such results show that the Ettingshausen 
effect, which for long was perceived to be a classical transport metric, 
can be greatly modified and potentially optimized in nanostructured 
systems.
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Despite these developments, full theoretical treatments of the Et-
tingshausen effect in SLs, particularly under mixed dc and ac electric 
fields, are still limited. The existence of both static and time-varying 
fields adds complexity via field-induced miniband modulation, Bessel-
function-dependent dressing factors, and cyclotron frequency effects. 
A comprehensive investigation of the impact of factors like miniband 
width, chemical potential, magnetic field intensity, and thermal con-
ductivity on the Ettingshausen coefficients is essential for both basic 
understanding and practical use.

Unlike a purely static dc bias, the ac component periodically mod-
ulates the carrier quasi-momentum and miniband velocity, thereby 
enabling photon-assisted transport and dynamic renormalization of the 
effective drift response. Within the semiclassical picture, the resulting 
cycle-averaged transport contains Bessel-type factors 𝐽𝑛(𝑒𝑎𝑐𝑑∕ℏ𝜔), al-
lowing suppression, enhancement, or sign control of the Ettingshausen 
response through the field amplitude and frequency. This provides a 
functional advantage of dynamic tunability not accessible under dc 
excitation alone.

In this manuscript, we present a theoretical study of the Etting-
shausen effect in SLs using the BTE under constant relaxation time. We 
derive explicit analytical expressions for both transverse and longitudi-
nal Ettingshausen coefficients and analyse their dependence on temper-
ature, miniband width, chemical potential, magnetic field, and thermal 
conductivity. The results reveal tunable and non-monotonic tempera-
ture behaviour, including high-temperature plateaus, low-temperature 
amplification, and possible sign reversals. These findings not only 
provide insight into the physics of thermomagnetic transport in low-
dimensional systems but also suggest potential applications in nanoscale
cooling, magnetic field sensing, and thermomagnetic energy conver-
sion.

2. Theoretical model and system setup

We consider charge carrier transport in a SSL subjected to a static 
magnetic field and an external electromagnetic wave. The system is de-
scribed within a semiclassical framework, where the carrier dynamics 
are governed by the BTE and quantum effects enter only through the 
miniband energy dispersion relation. In contrast to approaches based 
on Landau-level quantization, the present treatment assumes that the 
magnetic field is sufficiently weak or the temperature sufficiently high 
such that Landau quantization is suppressed and the carrier motion 
remains quasi-continuous in momentum space.

We clarify that the present work considers a SL and does not 
include a carbon nanotube as a physical component. The apparent 
similarity arises because the tight-binding miniband dispersion used in 
this work is mathematically analogous to models employed in quasi-
one-dimensional systems such as carbon nanotubes (see Fig.  1).

We consider a SL structure in which electron motion along the 
growth direction (x-axis) is governed by a single miniband described 
within the tight-binding approximation. The transverse directions (y, 
z) retain free-electron parabolic dispersion. Transport is treated within 
the semiclassical Boltzmann transport framework under the constant 
relaxation-time approximation, assuming that electrons remain con-
fined to the lowest miniband. No explicit external leads are included; 
the model describes intrinsic bulk transport within the superlattice.

The system is subjected to:

• Magnetic field ⃗ ∥ 𝑧
• Electric current density ⃗𝑥
• Transverse temperature gradient ∇𝑦𝑇
• AC electric field orientation
The electromagnetic fields are introduced through the scalar and 

vector potentials, 𝜙(𝐫, 𝑡) and ⃗(𝐫, 𝑡), defined by 

⃗(𝑟, 𝑡) = −∇𝜙(𝑟, 𝑡) − 1
𝑐
𝜕⃗(𝑟, 𝑡)
𝜕𝑡

, ⃗ = ∇ × ⃗(𝑟, 𝑡). (1)
2 
For a uniform static magnetic field ⃗ = 𝑧̂ and a linearly polar-
ized electromagnetic wave propagating along the superlattice axis, a 
convenient choice of gauge is the Landau gauge given as 
⃗(𝑟, 𝑡) =

(

0, 𝑥, ac cos𝜔𝑡
)

, (2)

with 𝜙(𝑟, 𝑡) = 0. This gauge preserves translational invariance along the 
𝑦- and 𝑧-directions and allows the time-dependent field to be incorpo-
rated naturally through the vector potential. It is important to note that 
the physical observables derived below are gauge invariant; the explicit 
gauge choice serves only to simplify the analytical treatment.

In the absence of Landau quantization, the carrier motion is de-
scribed by the semiclassical equations of motion 
̇⃗ = 1

ℏ
∇𝑘⃗𝜗(𝑘⃗), ℏ ̇⃗𝑘 = −𝑒

[

⃗(𝑡) + 1
𝑐
̇⃗𝑟 × ⃗

]

, (3)

where 𝜗(𝑘⃗) is the miniband energy dispersion of the superlattice.
The energy of the carriers in the lowest miniband using the tight-

binding approach for the semiconductor superlattice is given as 

𝜗(𝑝) =
𝑝2𝑦 + 𝑝

2
𝑧

2𝑚∗ + 𝛥[1 − cos(
𝑝𝑥𝑑
ℏ

)], (4)

where 𝑚∗ is the effective mass in the plane of the layers, 𝛥 is the 
miniband width, and 𝑑 is the superlattice period. The carrier velocities 
defined as 𝑣 = ∇𝑝𝜗(𝑝), along the crystallographic directions are given 
as: 

𝑣𝑥 = 𝛥𝑑
ℏ

sin
(

𝑝𝑥𝑑
ℏ

)

, 𝑣𝑦 =
𝑝𝑦
𝑚∗ , 𝑣𝑧 =

𝑝𝑧
𝑚∗ . (5)

Since the magnetic field enters only through the Lorentz force 
in Eq. (3), the transverse dynamics are modified continuously rather 
than discretized into Landau levels. For GaAs/AlGaAs superlattices, the 
weak-field regime corresponds to ℏ𝜔𝑐 ≪ 𝑘𝑇 , 𝛥, 𝛤 . Using 𝑚∗ = 0.067𝑚𝑒, 
this condition is typically satisfied for  ≲ 0.5–2T, depending on 
temperature and scattering broadening, and 𝜔𝑐𝜏 ≲ 1, where 𝜔𝑐 =
𝑒∕(𝑚∗𝑐) is the cyclotron frequency and 𝜏 is the momentum relaxation 
time.

The electromagnetic fields enter the BTE exclusively through the 
gauge-invariant combination of ⃗ and ⃗ appearing in Eq. (3) as
𝜕𝐹 (𝑟, 𝑝, 𝑡)

𝜕𝑡
+ 𝑣(𝑝).∇𝑟𝐹 (𝑟, 𝑝, 𝑡) + 𝑒

{

⃗(𝑡) + ⃗0 +
1
𝑐
[𝑣(𝑝) × ⃗]

}

∇𝑝𝐹 (𝑟, 𝑝, 𝑡)

= −
𝐹 (𝑟, 𝑝, 𝑡) − 𝐹0(𝑝)

𝜏
. (6)

As a result, the transport coefficients derived from the solution of 
BTE depend only on the physical fields and not on the specific choice 
of gauge.

The semiclassical BTE in the presence of an electric field ⃗ , magnetic 
field ⃗, and temperature gradient under steady-state and spatially 
uniform conditions is obtained as, 

𝑣 ⋅ ∇𝑟𝐹0(𝑝) = 𝑣 ⋅
(

𝜕𝐹0(𝑝)
𝜕𝑇

∇𝑇
)

. (7)

Since the equilibrium distribution function depends on position only 
through the local temperature field, i.e. 𝐹0 = 𝐹0(𝜗(𝑝), 𝑇 (𝐫)), its spatial 
derivative follows directly from the chain rule as

∇𝐫𝐹0 =
𝜕𝐹0
𝜕𝑇

∇𝑇 ,

where the carrier energy 𝜗(𝑝) is spatially uniform. The first-order 
correction 𝐹1(𝑝) then satisfies 

𝐹1(𝑝) = −𝜏
[

𝑣 ⋅
(

𝜕𝐹0(𝑝)
𝜕𝑇

∇𝑇
)

+ 𝑒
(

⃗ + 𝑣 × ⃗
𝑐

)

⋅ ∇𝑝𝐹0(𝑝)
]

, (8)

whose tensorial solution may be written as [8,22] 

𝐹1(𝑝) = −𝜏eff (𝜗 − 𝜚)
𝜕𝐹0(𝑝)
𝜕𝜗

(

𝐴𝑖𝑘𝑣𝑘
)

∇𝑖𝑇 . (9)

In this context, 𝐹0(𝑝) represents the equilibrium distribution function, 
𝑣(𝑝) denotes the carrier velocity,  denotes a weak constant applied 
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Fig. 1.  Schematic diagram of the semiconductor superlattice system illustrating the Ettingshausen effect. The superlattice is oriented along the 𝑥-axis, along 
which an electric current density ⃗𝑥 flows under the influence of an applied electric field. A magnetic field ⃗ is applied perpendicular to the plane (along the 
𝑧-axis), resulting in a transverse temperature gradient ∇𝑦𝑇  along the 𝑦-axis. An AC electric field ⃗(𝑡) = ⃗1 cos(𝜔𝑡) is applied in the plane at an angle 𝜑 to the 
superlattice axis.
field, 𝑟 denotes the carrier position, 𝑝 represents the electrodynamical 
momentum, 𝜏 is the relaxation time, and 𝑒 denotes the electronic 
charge.

The constant relaxation-time approximation makes the derivations 
less rigorous and captures the leading transport trends but neglects the 
explicit energy dependence of scattering. If 𝜏 = 𝜏(𝜗), the quantitative 
locations and amplitudes of low-temperature extrema may be modified. 
Nevertheless, the predicted sign reversals primarily originate from 
band-structure asymmetry and magnetic deflection, and are therefore 
expected to remain qualitatively valid.

The collision integral is estimated with the 1∕𝜏 approximation and 
then assumed to be constant. The iterative technique with the initial 
condition 𝐹 (𝑝,−∞) = 𝐹0(𝑝) is used for the linear approximation of 0, 
∇𝑇 , , and ∇𝜚. The resolution of the BTE, the carrier and thermal 
current densities are obtained via periodic averaging by following 
Refs. [12–14,23–26].

Combining Eqs. (7)–(9) and following Mensah and co-workers [13,
14], the full resolution of the BTE via periodic averaging is represented 
as

𝐹 (𝑝) = 𝜔
2𝜋𝜏 ∫

2𝜋∕𝜔

0
𝑑𝑡∫

𝑡

−∞
𝑑𝑡1 ∫

𝑡1

−∞
𝑑𝑡2 exp

(

𝑡 − 𝑡2
𝜏

)

×
∑

𝑝

(

(𝑒𝜗𝑘 − ∇𝑘𝜚) + [𝜗(𝑝) − 𝜚]
∇𝑘𝑇
𝑇

)

𝜕𝐹𝑜(𝑝)
𝜕𝑝𝑘

+ 𝑒𝜔
2𝜋𝜏𝑐 ∫

2𝜋∕𝜔

0
𝑑𝑡∫

𝑡

−∞
𝑑𝑡1 ∫

𝑡1

−∞
𝑑𝑡2 ∫

𝑡2

−∞
𝑑𝑡3 exp

(

𝑡 − 𝑡3
𝜏

)

×
∑

𝑝

(

(𝑒𝜗𝑘 − ∇𝑘𝜚) + [𝜗(𝑝) − 𝜚]
∇𝑘𝑇
𝑇

)

×
[

𝑣𝑖

(

𝑝 + 𝑒∫

𝑡

𝑡2
⃗(𝑡′)𝑑𝑡′

)

× ⃗
]

𝜕2𝐹𝑜(𝑝)
𝜕𝑝𝑘𝜕𝑝𝑗

. (10)

The carrier current density is defined as 
⃗ = 𝑒

∑

𝑝
𝑣(𝑝)𝐹 (𝑟, 𝑝, 𝑡) ⃗ =

∑

𝑝
[𝜗(𝑝) − 𝜚]𝑣(𝑝)𝐹 (𝑟, 𝑝, 𝑡) (11)

Substituting Eq. (10) into Eq. (11) we obtain

𝐽𝑖 =
𝑒𝜔
2𝜋𝜏 ∫

2𝜋∕𝜔

0
𝑑𝑡∫

𝑡

−∞
𝑑𝑡1 ∫

𝑡1

−∞
𝑑𝑡2 exp

(

𝑡 − 𝑡2
𝜏

)

×
∑

(

(𝑒𝜗𝑘 − ∇𝑘𝜚) + [𝜗(𝑝) − 𝜚]
∇𝑘𝑇

)

𝑣𝑖

(

𝑝 + 𝑒∫

𝑡
⃗(𝑡′)𝑑𝑡′

)

𝜕𝐹𝑜(𝑝)
𝑝 𝑇 𝑡2 𝜕𝑝𝑘

3 
+ 𝑒2𝜔
2𝜋𝜏𝑐 ∫

2𝜋∕𝜔

0
𝑑𝑡∫

𝑡

−∞
𝑑𝑡1 ∫

𝑡1

−∞
𝑑𝑡2 ∫

𝑡2

−∞
𝑑𝑡3 exp

(

𝑡 − 𝑡3
𝜏

)

×
∑

𝑝

(

(𝑒𝜗𝑘 − ∇𝑘𝜚) + [𝜗(𝑝) − 𝜚]
∇𝑘𝑇
𝑇

)

𝑣𝑖

(

𝑝 + 𝑒∫

𝑡

𝑡2
⃗(𝑡′)𝑑𝑡′

)

×
[

𝑣𝑖

(

𝑝 + 𝑒∫

𝑡

𝑡2
⃗(𝑡′)𝑑𝑡′

)

, ⃗
]

𝜕2𝐹𝑜(𝑝)
𝜕𝑝𝑘𝜕𝑝𝑗

(12)

Analogously, the carrier thermal-current density is expressed as

𝑄𝑖 =
𝑒𝜔
2𝜋𝜏 ∫

2𝜋∕𝜔

0
𝑑𝑡∫

𝑡

−∞
𝑑𝑡1 ∫

𝑡1

−∞
𝑑𝑡2 exp

(

𝑡 − 𝑡2
𝜏

)

×
∑

𝑝
[𝜗(𝑝) − 𝜚]

(

(𝑒𝜗𝑘 − ∇𝑘𝜚) + [𝜗(𝑝) − 𝜚]
∇𝑘𝑇
𝑇

)

𝑣𝑖

(

𝑝 + 𝑒∫

𝑡

𝑡2
⃗(𝑡′)𝑑𝑡′

)

𝜕𝐹0(𝑝)
𝜕𝑝𝑘

+ 𝑒2𝜔
2𝜋𝜏𝑐 ∫

2𝜋∕𝜔

0
𝑑𝑡∫

𝑡

−∞
𝑑𝑡1 ∫

𝑡1

−∞
𝑑𝑡2 ∫

𝑡2

−∞
𝑑𝑡3 exp

(

𝑡 − 𝑡3
𝜏

)

×
∑

𝑝
[𝜗(𝑝) − 𝜚]

(

(𝑒𝜗𝑘 − ∇𝑘𝜚) + [𝜗(𝑝) − 𝜚]
∇𝑘𝑇
𝑇

)

𝑣𝑖

(

𝑝 + 𝑒∫

𝑡

𝑡2
⃗(𝑡′)𝑑𝑡′

)

×
[

𝑣𝑖

(

𝑝 + 𝑒∫

𝑡

𝑡2
⃗(𝑡′)𝑑𝑡′

)

, ⃗
]

𝜕2𝐹𝑜(𝑝)
𝜕𝑝𝑘𝜕𝑝𝑗

(13)

The outcomes delineated by the linear response relation are as 
follows: 

𝐽𝑖 = 𝜎𝑖𝑘∗
𝑘 − 𝛽𝑖𝑘∇𝑘𝑇 , 𝑄𝑖 = 𝛾𝑖𝑘∗

𝑘 − 𝜒𝑖𝑘∇𝑘𝑇 , (14)

where 𝑖 represents the direction of current and 𝑘 represents the direc-
tion of the driving force. Einstein summation over repeated indices is 
implied.

We substitute Eq. (4) into Eq. (12) and Eq. (13) and solve the 
resultant equations for 𝐽𝑖 and 𝑄𝑖 in the context of a non-degenerate 
electron gas, where ∗

𝑘  is the effective electric field, and is defined as: 

∗
𝑘 = 0𝑘 +

1
𝑒
𝜕𝜚
𝜕𝑥𝑘

, (15)

which includes both the applied electric field and the electrochemical 
potential gradient.

This approach ensures consistency between the microscopic carrier 
dynamics and the macroscopic transport coefficients derived, and pro-
vides a unified framework for analysing laser-assisted thermomagnetic 
and Nernst effects in semiconductor superlattices beyond the Landau-
quantized regime. Since the representation of 𝑄𝑖 in terms of ∗

𝑘  is 
not convenient when comparing theory with experiment, it becomes 
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necessary to express 𝑄𝑖 in terms of 𝐽𝑖 and ∇𝑇 . Hence, 

𝑄𝑖 = 𝛼𝑖𝑘𝑇𝐽𝑘 − 𝜅𝑖𝑘∇𝑘𝑇 , (16)

where 𝛼𝑖𝑘 is the thermomagnetic power tensor, 𝛽𝑖𝑘 is the thermoelectric 
tensor, 𝜅𝑖𝑘 is the thermal conductivity tensor, ∇𝑘𝑇  is the temperature 
gradient, and ∇𝑘𝜚 is the electrochemical potential gradient.

The general component-wise expressions are given as:
𝐽𝑥 = 𝜎𝑥𝑥∗

𝑥 + 𝜎𝑥𝑦∗
𝑦 − 𝛽𝑥𝑥∇𝑥𝑇 − 𝛽𝑥𝑦∇𝑦𝑇 , (17)

𝐽𝑦 = −𝜎𝑥𝑦∗
𝑥 + 𝜎𝑦𝑦∗

𝑦 + 𝛽𝑥𝑦∇𝑥𝑇 − 𝛽𝑦𝑦∇𝑦𝑇 , (18)

𝐽𝑧 = 𝜎𝑧𝑧∗
𝑧 − 𝛽𝑧𝑧∇𝑧𝑇 . (19)

We explicitly solve the tensorial equations and summarize the car-
rier conductivity tensor 𝜎𝑖𝑘 obtained for the SL under photostimulation 
and a perpendicular magnetic field, as follows:

𝜎𝑥𝑥 = 𝜎∥
[

𝐽 2
0 (𝑧 cos𝜙) +

1
2
𝛺𝜏𝑧 sin𝜙𝐽1(𝑧 cos𝜙)

]

(20)

𝜎𝑥𝑦 = −𝜎𝑦𝑥 = 𝜎∥𝛺𝜏𝐽
2
0 (𝑧 cos𝜙) (21)

𝜎𝑦𝑦 = 𝜎⟂ = 𝑛𝑒2𝜏
𝑚∗ (22)

where

𝜎∥ = 𝑒2𝑛𝑑2𝜏𝛥
ℏ

⋅
𝐼1(𝛥∗)
𝐼0(𝛥∗)

, 𝛥∗ = 𝛥
𝑘𝑇

, 𝜔𝑐 =
𝑒
𝑚∗𝑐

.

Thermal averages of velocity-dependent quantities require integrals 
involving the Boltzmann weight exp(𝛥∗ cos 𝑥), which naturally produce 
modified Bessel functions 𝐼0 and 𝐼1. For instance averaging 𝑣𝑥 within 
the first Brillouin zone, 

⟨𝑣2𝑥⟩ =
1

2𝜋𝐼0(𝛥∗) ∫

𝜋

−𝜋
sin2 𝑥 𝑒𝛥

∗ cos 𝑥 𝑑𝑥, (23)

and the well-known identity 

∫ cos 𝑥 𝑒𝛥
∗ cos 𝑥 𝑑𝑥

∫ 𝑒𝛥
∗ cos 𝑥 𝑑𝑥

=
𝐼1(𝛥∗)
𝐼0(𝛥∗)

. (24)

These integrals yield miniband correction terms such as 

2 + 𝛥∗
𝐼0(𝛥∗)
𝐼1(𝛥∗)

+ 𝛥∗2 − 𝛥∗2
(

𝐼0(𝛥∗)
𝐼1(𝛥∗)

)2
, (25)

which encode the non-parabolic nature of superlattice transport.
Inserting 𝐹1(𝑝) into the heat flux expression converts momentum 

sums into conductivity-weighted averages. The electrical conductivity 
in the miniband is 

𝜎𝑥𝑥 = 𝑒2𝜏
𝑘𝑇

∑

𝑝
𝑣2𝑥𝐹0(𝑝)(1 − 𝐹0(𝑝)), (26)

so the thermal conductivity assumes a generalized Wiedemann–Franz 
form : 𝜅𝑖𝑘 =

𝜎𝑖𝑘𝑘2𝑇
𝑒2

× (miniband correction terms).
Multiple scattering processes are included using Matthiessen’s rule

[2]: 
1
𝜏eff

= 1
𝜏0

(1 + 𝜗1 + 𝜗2), (27)

where

𝜗1 =
𝐽 2
𝑜 (2𝑧 cos𝜑)
𝐽 2
𝑜 (𝑧 cos𝜑)

𝜗2 =
[𝐽 2
𝑜 (2𝑧 cos𝜑) +

1
2𝛺𝜏𝑧 sin𝜑𝐽1(2𝑧 cos𝜑)]

[𝐽 2
𝑜 (𝑧 cos𝜑) +

1
2𝛺𝜏𝑧 sin𝜑𝐽1(2𝑧 cos𝜑)]

,

which produces different renormalization factors in the longitudinal 
and transverse transport channels. The parameters 𝜗1 and 𝜗2 arise from 
the Lorentz force contribution and describe magnetic-field-induced 
modulation of scattering processes.

The influence of several independent scattering mechanisms on the 
carrier dynamics is incorporated via Matthiessen’s rule. If 𝜏0 denotes 
a reference relaxation time for example, due to acoustic phonons, 
4 
and additional scattering channels introduce relative modifications 
parametrized by 𝜗1 and 𝜗2, we write Eq. (27) for which small 𝜗𝑖 can be 
linearized as 
𝜏eff ≃ 𝜏0

(

1 − 𝜗1 − 𝜗2
)

. (28)

The choices of which 𝜗𝑖 enter a given transport component reflect the 
physical origin of the scattering for example, processes that preferen-
tially relax momentum along the SL axis contribute to 𝜗2; those that 
produce transverse relaxation or skew scattering contribute to 𝜗1.

The factors 𝜗1 and 𝜗2 represent phenomenological corrections asso-
ciated with additional scattering channels beyond the baseline relax-
ation process. Specifically, 𝜃1 predominantly renormalizes longitudinal 
momentum relaxation, whereas 𝜃2 accounts for the modified transverse 
response under magnetic deflection and anisotropic scattering.

We acknowledge that the constant relaxation time approximation 
assumes weak energy dependence of scattering. While this approx-
imation enables analytical solutions, it may not fully capture low-
temperature effects where energy-dependent scattering becomes signif-
icant: 𝜏(𝜗) ∝ 𝜗𝑟.

The electrical conductivity components follow directly from the lin-
earized Boltzmann solution. The longitudinal (Drude-like) conductivity 
along 𝑥 is 

𝜎𝑥𝑥 = 𝑒2
∑

𝑝
𝑣2𝑥 𝜏eff

(

−
𝜕𝐹0(𝑝)
𝜕𝜗

)

, (29)

where the summation over 𝑝 is the phase-space integral given as: 
∑

𝑝
→ ∫

𝑑3𝑝
(2𝜋ℏ)3

. (30)

which after converting the momentum sum to an energy/angle average 
becomes 

𝜎𝑥𝑥 =
𝑒2𝜏eff
𝑘𝑇

 ⟨𝑣2𝑥⟩, (31)

where   is an appropriate density-of-states factor and ⟨𝑣2𝑥⟩ is the 
miniband average of 𝑣2𝑥. For the cosine miniband these averages are 
expressible in terms of modified Bessel functions 

⟨𝑣2𝑥⟩ ∝
1

𝐼0(𝛥∗) ∫

𝜋

−𝜋
sin2 𝑥 𝑒𝛥

∗ cos 𝑥 𝑑𝑥 ∼ 𝐹𝑥𝑥(𝛥∗), (32)

For the cosine miniband 𝜗(𝑝) = 𝛥
[

1 − cos(𝑝𝑑∕ℏ)
]

, the carrier velocity 
is 𝑣𝑥. Introducing the dimensionless variable 𝑥 = 𝑝𝑑∕ℏ, the squared 
velocity average becomes 

⟨𝑣2𝑥⟩ =
1

2𝜋 𝐼0(𝛥∗)

(𝛥𝑑
ℏ

)2

∫

𝜋

−𝜋
sin2 𝑥 𝑒𝛥

∗ cos 𝑥 𝑑𝑥, (33)

where 𝐼𝑛 denotes the modified Bessel function of the first kind, 𝛥∗ =
𝛥∕(𝑘𝑇 ) and 𝐹𝑥𝑥(𝛥∗) is a compact notation for the resulting combination 
of 𝐼0 and 𝐼1 [7].

Using the identity sin2 𝑥 = 1
2

(

1 − cos 2𝑥
)

, and the standard integrals

∫

𝜋

−𝜋
𝑒𝛥

∗ cos 𝑥 𝑑𝑥 = 2𝜋𝐼0(𝛥∗), ∫

𝜋

−𝜋
cos(2𝑥) 𝑒𝛥

∗ cos 𝑥 𝑑𝑥 = 2𝜋𝐼2(𝛥∗),

we obtain 

∫

𝜋

−𝜋
sin2 𝑥 𝑒𝛥

∗ cos 𝑥 𝑑𝑥 = 𝜋
[

𝐼0(𝛥∗) − 𝐼2(𝛥∗)
]

. (34)

Substituting Eq. (34) into Eq. (33), the longitudinal velocity average 
simplifies to 

⟨𝑣2𝑥⟩ =
(𝛥𝑑
ℏ

)2 𝐼0(𝛥∗) − 𝐼2(𝛥∗)
2 𝐼0(𝛥∗)

. (35)

It is convenient to define the dimensionless function 

𝐹𝑥𝑥(𝛥∗) ≡
𝐼0(𝛥∗) − 𝐼2(𝛥∗)

2 𝐼0(𝛥∗)
, (36)

so that 

⟨𝑣2⟩ =
(𝛥𝑑 )2 𝐹 (𝛥∗). (37)
𝑥 ℏ 𝑥𝑥



D. Sekyi-Arthur et al. Physica B: Condensed Matter 737 (2026) 418742 
When a magnetic field ⃗ is present, the Lorentz force couples 
velocity components and generates off-diagonal (Hall) response. In the 
relaxation-time approximation and for weak fields so that 𝜔𝑐𝜏eff ≪ 1, 
where 𝜔𝑐 is the cyclotron frequency relevant to the miniband motion, 
the transverse conductivity is obtained to leading order as 
𝜎𝑥𝑦 ≃ 𝜎𝑥𝑥 (𝜔𝑐𝜏eff ) + ((𝜔𝑐𝜏)3). (38)

Because 𝜏eff  itself contains the 𝜗𝑖 corrections [Eq. (28)], one sees 
immediately that 𝜎𝑥𝑦 acquires terms proportional to 𝜗1, those pro-
cesses that selectively change the transverse relaxation time or intro-
duce skewness, while 𝜎𝑥𝑥 is renormalized primarily by 𝜗2, longitudinal 
momentum-relaxing channels.

Expanding Eqs. (31)–(38) to first order in 𝜗𝑖 and isolating the pref-
actors that depend on miniband geometry gives the linearized forms. 
Writing the unperturbed (longitudinal) conductivity as 

𝜎(0)𝑥𝑥 ≡
𝑒2𝜏0
𝑘𝑇

 𝐹𝑥𝑥(𝛥∗), (39)

we obtain to first order
𝜎𝑥𝑥 ≃ 𝜎(0)𝑥𝑥

(

1 − 𝜗2
)

, (40)

𝜎𝑥𝑦 ≃ 𝜎(0)𝑥𝑥
(

𝜔𝑐𝜏0
) (

1 − 𝜗1
)

. (41)

The precise numerical combination of modified Bessel functions that 
multiplies 𝜗1 or 𝜗2 in the conductivity and hence in the thermal 
conductivity via the generalized Wiedemann–Franz relation stems from 
carrying out the angular integrals in Eq. (32) and related averages 
such as ⟨𝑣2𝑥(𝜗 − 𝜚)⟩; these produce the characteristic combinations 2 +
𝛥∗
𝐼0(𝛥∗)
𝐼1(𝛥∗)

+ 𝛥∗2 − 𝛥∗2
( 𝐼0(𝛥∗)
𝐼1(𝛥∗)

)2  and its reciprocal forms that appear in 
the final expressions for 𝜅𝑖𝑘.

Thus, Matthiessen’s rule supplies the modified relaxation time, 
which directly renormalizes the longitudinal conductivity and —
through the factor 𝜔𝑐𝜏eff  — the Hall conductivity. The different ways 
the scattering corrections enter longitudinal and transverse channels 
via 𝜗2 and 𝜗1, respectively are what ultimately produce the distinct 𝜗𝑖-
dependent terms multiplying the bracketed Bessel-function factors in 
the thermal-conductivity tensor components.

Similarly, using the BTE within the constant relaxation-time and 
assuming a non-degenerate carrier distribution, the thermoelectric ten-
sor 𝛽𝑖𝑘 components, we first consider the longitudinal and transverse 
in-plane components, 𝛽𝑥𝑥 and 𝛽𝑥𝑦, and rewrite them in a compact 
and systematic form suitable for subsequent tensor inversion. The 
longitudinal thermoelectric coefficient yields 

𝛽𝑥𝑥 = −𝑘
𝑒
𝜎𝑥𝑥

[(

𝛥 − 𝜚
𝑘𝑇

)

− 3 − 𝛥∗
𝐼0(𝛥∗)
𝐼1(𝛥∗)

]

, (42)

where 𝛥 is the miniband width, 𝜚 is the chemical potential measured 
from the miniband bottom, 𝛥∗ = 𝛥∕(𝑘𝑇 ) is the dimensionless miniband 
parameter, and 𝐼0 and 𝐼1 are modified Bessel functions of the first kind.

Similarly, the off-diagonal thermoelectric coefficient is 

𝛽𝑥𝑦 = −𝛽𝑦𝑥 = 𝑘
𝑒
𝜎𝑥𝑦

[(

𝛥 − 𝜚
𝑘𝑇

)

− 3 − 𝛥∗
𝐼0(𝛥∗)
𝐼1(𝛥∗)

]

. (43)

and the transverse component is also given as 

𝛽𝑦𝑦 = −𝑘
𝑒
𝜎𝑦𝑦

[(

𝛥 − 𝜚
𝑘𝑇

)

+ 2 − 𝛥∗
𝐼1(𝛥∗)
𝐼0(𝛥∗)

]

(44)

Eqs. (42)–(44) contain an identical energy–entropy bracket that 
encapsulates the combined effects of the miniband structure, carrier 
filling, and thermal averaging. For compactness and clarity, we define 

𝛤 ≡
(

𝛥 − 𝜚
𝑘𝑇

)

− 3 − 𝛥∗
𝐼0(𝛥∗)
𝐼1(𝛥∗)

. (45)

Using this definition, the thermoelectric tensor components reduce to 
the compact forms 

𝛽𝑥𝑥 = −𝑘
𝑒
𝜎𝑥𝑥 𝛤 , 𝛽𝑥𝑦 =

𝑘
𝑒
𝜎𝑥𝑦 𝛤 , 𝛽𝑦𝑥 = −𝛽𝑥𝑦. (46)
5 
For completeness, Eqs. (42)–(44) and Eq. (46) may also be written 
explicitly in expanded form as 

𝛽𝑥𝑥 = −𝑘
𝑒
𝜎𝑥𝑥

(

𝛥 − 𝜚
𝑘𝑇

)

+ 3𝑘
𝑒
𝜎𝑥𝑥 +

𝑘
𝑒
𝜎𝑥𝑥𝛥

∗ 𝐼0(𝛥
∗)

𝐼1(𝛥∗)
, (47)

𝛽𝑥𝑦 =
𝑘
𝑒
𝜎𝑥𝑦

(

𝛥 − 𝜚
𝑘𝑇

)

− 3𝑘
𝑒
𝜎𝑥𝑦 −

𝑘
𝑒
𝜎𝑥𝑦𝛥

∗ 𝐼0(𝛥
∗)

𝐼1(𝛥∗)
, (48)

which makes explicit the separate contributions arising from the band 
offset, entropy term, and miniband thermal correction.

The antisymmetry 𝛽𝑥𝑦 = −𝛽𝑦𝑥 follows directly from Onsager reci-
procity relations and reflects the magnetic-field-induced Hall deflection 
of carriers. Writing the thermoelectric tensor in the compact form 
is crucial for the analytical evaluation of the thermomagnetic power 
tensor 𝛼𝑖𝑘 under open-circuit conditions. Under open circuit condition 
𝐉 = 0, the thermomagnetic power tensor is defined as 

𝛼𝑖𝑘 = −
∑

𝑗
(𝜎−1)𝑖𝑗 𝛽𝑗𝑘, (49)

which, for the longitudinal component, yields 

𝛼𝑥𝑥 =
𝜎𝑦𝑦𝛽𝑥𝑥 + 𝜎𝑥𝑦𝛽𝑥𝑦
𝜎𝑥𝑥𝜎𝑦𝑦 + 𝜎2𝑥𝑦

. (50)

Substituting Eqs. (47) and (48) into Eq. (50), we obtain

𝛼𝑥𝑥 = 1
𝜎𝑥𝑥𝜎𝑦𝑦 + 𝜎2𝑥𝑦

[

𝜎𝑦𝑦
(

−𝑘
𝑒
𝜎𝑥𝑥𝛤

)

+ 𝜎𝑥𝑦
(𝑘
𝑒
𝜎𝑥𝑦𝛤

)]

= −𝑘
𝑒
𝛤
𝜎𝑥𝑥𝜎𝑦𝑦 − 𝜎2𝑥𝑦
𝜎𝑥𝑥𝜎𝑦𝑦 + 𝜎2𝑥𝑦

. (51)

This expression shows explicitly that the longitudinal thermomag-
netic power is controlled by the competition between longitudinal 
conductivity 𝜎𝑥𝑥 and Hall conductivity 𝜎𝑥𝑦. In the absence of a magnetic 
field (𝜎𝑥𝑦 → 0), the classical Seebeck result is recovered, while finite 𝜎𝑥𝑦
introduces a magnetically induced correction that enables a nonzero 
longitudinal Nernst response.

The compact representation introduced above allows the laser-
induced renormalization of the conductivity tensor to be incorporated 
naturally through dimensionless dressing factors, leading directly to 
the final expressions for 𝛼𝑥𝑥, 𝛼𝑥𝑦, and the associated longitudinal and 
transverse Nernst coefficients.

The thermomagnetic power tensor 𝛼𝑖𝑘, also known as the Seebeck 
coefficient under a magnetic field, describes the link between the tem-
perature gradient and the resulting electric field or current within the 
system. The thermoelectric response becomes anisotropic and nonlinear 
in the presence of external fields, such as magnetic and laser-induced 
electric fields.

The components of the thermomagnetic power tensor were deter-
mined from the BTE by applying the kinetic theory of transport in 
SLs and the semiclassical technique. The expressions depend on several 
material parameters, and the features of the applied laser and magnetic 
fields.

Consequently, the longitudinal element of the coefficient is further 
expressed as:

𝛼𝑥𝑥 = 1
𝜎𝑥𝑥𝜎𝑦𝑦 + 𝜎2𝑥𝑦

(

𝜎𝑦𝑦 ⋅
(

−𝑘
𝑒
𝜎𝑥𝑥

[(

𝛥 − 𝜑
𝑘𝑇

)

− 3 − 𝛥∗
𝐼0(𝛥∗)
𝐼1(𝛥∗)

])

+ 𝜎𝑥𝑦 ⋅
𝑘
𝑒
𝜎𝑥𝑦

[(

𝛥 − 𝜑
𝑘𝑇

)

− 3 − 𝛥∗
𝐼0(𝛥∗)
𝐼1(𝛥∗)

])

=
−(𝑘∕𝑒)

𝜎𝑥𝑥𝜎𝑦𝑦 + 𝜎2𝑥𝑦

[(

𝛥 − 𝜑
𝑘𝑇

)

− 3 − 𝛥∗
𝐼0(𝛥∗)
𝐼1(𝛥∗)

]

(

𝜎𝑥𝑥𝜎𝑦𝑦 − 𝜎2𝑥𝑦
)

(52)

and thus 

𝛼𝑥𝑥 = −𝑘
[(

𝛥 − 𝜑
)

− 3 − 𝛥∗
𝐼0(𝛥∗)

∗

]

⋅

(

𝜎𝑥𝑥𝜎𝑦𝑦 − 𝜎2𝑥𝑦
2

)

. (53)

𝑒 𝑘𝑇 𝐼1(𝛥 ) 𝜎𝑥𝑥𝜎𝑦𝑦 + 𝜎𝑥𝑦
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The conductivity ratio in the above equation is adjusted or
reparametrized with the dimensionless factor 𝜗2 to allow for laser-
induced modulation. The longitudinal component of the thermomag-
netic power tensor (𝛼𝑥𝑥) is calculated as follows: 

𝛼𝑥𝑥 = −𝑘
𝑒

{(

𝛥 − 𝜚
𝑘𝑇

)

+ 1 +
[

2 − 𝛥∗
𝐼0(𝛥∗)
𝐼1(𝛥∗)

]

𝜗2

}

. (54)

This component describes thermomagnetic power along the axis of 
the SL, including contributions from the energy band structure and 
laser-induced stimulation via 𝜗2.

The off-diagonal component of the thermomagnetic power (𝛼𝑥𝑦 =
−𝛼𝑦𝑥) can alternatively be calculated as: 

𝛼𝑥𝑦 = −𝑘
𝑒

{(

𝛥 − 𝜚
𝑘𝑇

)

+ 1 +
[

2 − 𝛥∗
𝐼0(𝛥∗)
𝐼1(𝛥∗)

]

𝜗1

}

. (55)

The transverse component of the thermomagnetic power (𝛼𝑦𝑦) can 
be calculated similarly as 

𝛼𝑦𝑦 = −𝑘
𝑒

{

3
2
⋅
(𝑒1𝜏)2

𝑚∗𝑘𝑇
+
(

𝛥 − 𝜚
𝑘𝑇

)

+ 3 − 𝛥∗
𝐼1(𝛥∗)
𝐼0(𝛥∗)

}

. (56)

The intensity of the laser field, as represented by the (𝑒1𝜏)2 term, 
influences the transverse thermomagnetic power, in addition to the 
energy parameters.

The carrier thermal conductivity tensor 𝜅𝑖𝑘 using the BTE follows 
from the heat flux density as

𝜅𝑥𝑥 =
𝜎𝑥𝑥𝑘2𝑇
𝑒2

{

1 −

[

2 + 𝛥∗
𝐼0(𝛥∗)
𝐼1(𝛥∗)

+ 𝛥∗2 − 𝛥∗2
(

𝐼0(𝛥∗)
𝐼1(𝛥∗)

)2
]

𝜗2

}

, (57)

𝜅𝑥𝑦 = −𝜅𝑦𝑥 =
𝜎𝑥𝑥𝑘2𝑇
𝑒2

{

1 +

[

2 + 𝛥∗
𝐼0(𝛥∗)
𝐼1(𝛥∗)

+ 𝛥∗2 − 𝛥∗2
(

𝐼0(𝛥∗)
𝐼1(𝛥∗)

)2
]

𝜗1

}

,

(58)

𝜅𝑦𝑦 =
𝜎⟂𝑘2𝑇
𝑒2

{

2 − 𝛥∗
𝐼1(𝛥∗)
𝐼0(𝛥∗)

+ 𝛥∗2 − 𝛥∗2
(

𝐼1(𝛥∗)
𝐼0(𝛥∗)

)2
}

. (59)

In addition to the thermoelectric response, the carrier contribution 
to the thermal transport plays a crucial role in determining the overall 
heat flow. Within the semiclassical Boltzmann transport framework 
and under open-circuit conditions, the electronic thermal conductivity 
tensor 𝜅𝑖𝑘 is obtained from the second-order energy moments of the 
nonequilibrium distribution function.

In the presence of an external electromagnetic field, photon-assisted 
transport processes renormalize the carrier dynamics, leading to laser-
dressed thermal conductivity components. The longitudinal carrier 
thermal conductivity is further expanded as 

𝜅(𝐿)𝑥𝑥 = 𝑘2𝑇
𝑒2

𝜎(𝐿)𝑥𝑥

[

(

𝛥 − 𝜚
𝑘𝑇

)2
− 6

(

𝛥 − 𝜚
𝑘𝑇

)

+ 6 + 2𝛥∗
𝐼0(𝛥∗)
𝐼1(𝛥∗)

]

, (60)

where 𝜎(𝐿)𝑥𝑥  is the laser-modified longitudinal electrical conductivity and 
the remaining parameters retain their usual meanings.

Similarly, the off-diagonal component of the carrier thermal con-
ductivity is 

𝜅(𝐿)𝑥𝑦 = −𝜅(𝐿)𝑦𝑥 = −𝑘
2𝑇
𝑒2

𝜎(𝐿)𝑥𝑦

[

(

𝛥 − 𝜚
𝑘𝑇

)2
− 6

(

𝛥 − 𝜚
𝑘𝑇

)

+ 6 + 2𝛥∗
𝐼0(𝛥∗)
𝐼1(𝛥∗)

]

.

(61)

Eqs. (60) and (61) contain an identical quadratic energy-dependent 
bracket, which reflects the second moment of the carrier energy distri-
bution relative to the chemical potential. For compactness, we define 
the dimensionless parameter 

𝛬 ≡
(

𝛥 − 𝜚
𝑘𝑇

)2
− 6

(

𝛥 − 𝜚
𝑘𝑇

)

+ 6 + 2𝛥∗
𝐼0(𝛥∗)
𝐼1(𝛥∗)

. (62)

Using this definition, the carrier thermal conductivity tensor com-
ponents reduce to the compact forms 

𝜅(𝐿) = 𝑘2𝑇 𝜎(𝐿) 𝛬, 𝜅(𝐿) = −𝑘
2𝑇 𝜎(𝐿) 𝛬, 𝜅(𝐿) = −𝜅(𝐿). (63)
𝑥𝑥 𝑒2 𝑥𝑥 𝑥𝑦 𝑒2 𝑥𝑦 𝑦𝑥 𝑥𝑦

6 
For completeness, the fully expanded expressions corresponding to 
Eqs. (60) and (61) are written as

𝜅(𝐿)𝑥𝑥 = 𝑘2𝑇
𝑒2

𝜎(𝐿)𝑥𝑥

(

𝛥 − 𝜚
𝑘𝑇

)2
− 6𝑘2𝑇

𝑒2
𝜎(𝐿)𝑥𝑥

(

𝛥 − 𝜚
𝑘𝑇

)

+ 6𝑘2𝑇
𝑒2

𝜎(𝐿)𝑥𝑥

+ 2𝑘2𝑇
𝑒2

𝜎(𝐿)𝑥𝑥 𝛥
∗ 𝐼0(𝛥

∗)
𝐼1(𝛥∗)

, (64)

𝜅(𝐿)𝑥𝑦 = −𝑘
2𝑇
𝑒2

𝜎(𝐿)𝑥𝑦

(

𝛥 − 𝜚
𝑘𝑇

)2
+ 6𝑘2𝑇

𝑒2
𝜎(𝐿)𝑥𝑦

(

𝛥 − 𝜚
𝑘𝑇

)

− 6𝑘2𝑇
𝑒2

𝜎(𝐿)𝑥𝑦

− 2𝑘2𝑇
𝑒2

𝜎(𝐿)𝑥𝑦 𝛥
∗ 𝐼0(𝛥

∗)
𝐼1(𝛥∗)

, (65)

with 𝜅(𝐿)𝑦𝑥 = −𝜅(𝐿)𝑥𝑦  following directly from Onsager reciprocity relations.
The quadratic dependence on (𝛥 − 𝜚)∕(𝑘𝑇 ) reflects the dominant 

role of energy fluctuations in thermal transport, while the Bessel-
function term encapsulates the influence of miniband dispersion and 
thermal averaging. The antisymmetric transverse component arises 
from magnetic-field-induced carrier deflection and is responsible for 
the transverse heat flow associated with the thermal Hall and Nernst 
effects.

In the limit of vanishing electromagnetic radiation, 𝜎(𝐿)𝑖𝑘 → 𝜎𝑖𝑘, 
the expressions in Eq. (60) reduce smoothly to their field-free coun-
terparts, demonstrating that the laser field acts as an external control 
parameter for tuning both longitudinal and transverse carrier thermal 
conductivities in semiconductor superlattices.

Moreover, the Ettingshausen effect describes the generation of a 
transverse temperature gradient in a conductor when an electric current 
flows in the presence of a magnetic field. The corresponding Etting-
shausen coefficient quantifies this thermal response per unit magnetic 
field and current density.

The Ettingshausen coefficient is defined by: 

∇𝑖𝑇 = 𝑖𝑘𝐽𝑘 ⇒ 𝑖𝑘 =
1


⋅
∇𝑖𝑇
𝐽𝑘

(66)

In the linear thermomagnetic transport regime, from the heat cur-
rent relation: 𝑄𝑖 = 𝛼𝑖𝑘𝑇𝐽𝑘 − 𝜅𝑖𝑘∇𝑘𝑇 . Assuming an adiabatic condition 
(𝑄𝑖 = 0), we solve for ∇𝑘𝑇 : 
∇𝑘𝑇 = 𝜅−1𝑖𝑘 𝛼𝑖𝑚𝑇𝐽𝑚 (67)

Therefore, the Ettingshausen tensor is: 

𝑖𝑘 =
𝑇


(

𝜅−1𝛼
)

𝑖𝑘 (68)

Assuming current along the 𝑥-direction, magnetic field along 𝑧, 
and temperature gradient along 𝑦, defines the transverse Ettingshausen 
coefficient 𝑦 as: 

𝑦 =
𝑇


⋅
𝛼𝑦𝑥
𝜅𝑦𝑦

= − 𝑇


⋅
𝛼𝑥𝑦
𝜅𝑦𝑦

(69)

Using the expression from the theory:

𝛼𝑥𝑦 = −𝑘
𝑒

[(

𝛥 − 𝜚
𝑘𝑇

)

+ 1 +
(

2 − 𝛥∗
𝐼0(𝛥∗)
𝐼1(𝛥∗)

)

𝜗1

]

𝜅𝑦𝑦 =
𝜎⟂𝑘2𝑇
𝑒2

[

2 − 𝛥∗
𝐼1(𝛥∗)
𝐼0(𝛥∗)

+ 𝛥∗2 − 𝛥∗2
(

𝐼1(𝛥∗)
𝐼0(𝛥∗)

)2
]

Hence: 

𝑦 =
𝑇


⋅
𝑘
𝑒𝜅𝑦𝑦

[(

𝛥 − 𝜚
𝑘𝑇

)

+ 1 +
(

2 − 𝛥∗
𝐼0(𝛥∗)
𝐼1(𝛥∗)

)

𝜗1

]

(70)

Similarly, the longitudinal Ettingshausen coefficient 𝑥 becomes: 

𝑥 = 𝑇


⋅
𝛼𝑥𝑦
𝜅𝑥𝑥

(71)

where

𝜅𝑥𝑥 =
𝜎𝑥𝑥𝑘2𝑇
𝑒2

{

1 −

[

2 + 𝛥∗
𝐼0(𝛥∗)
𝐼1(𝛥∗)

+ 𝛥∗2 − 𝛥∗2
(

𝐼0(𝛥∗)
𝐼1(𝛥∗)

)2
]

𝜗2

}

.

Substituting into 𝑥 yields: 

𝑥 = − 𝑇 ⋅
𝛼𝑥𝑦 = 𝑇

⋅
𝑘

[(

𝛥 − 𝜚
)

+ 1 +
(

2 − 𝛥∗
𝐼0(𝛥∗)

)

𝜗1

]

(72)

 𝜅𝑥𝑥  𝑒𝜅𝑥𝑥 𝑘𝑇 𝐼1(𝛥∗)
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Fig. 2. Dependency of transverse Ettingshausen coefficient (𝑦) on temperature (𝑇 ) for varied values of: (a) 𝛥 with 𝑛𝑜 = 1018 cm−3, and 1 = 105 V∕m; (b) 𝜚 with 
𝛥 = 0.10 eV, 𝑛𝑜 = 1018 cm−3, and 1 = 105 V∕m; (c)  with 𝛥 = 0.10 eV, 𝑛𝑜 = 1018 cm−3, 1 = 105 V∕m; (d) 𝜅𝑦𝑦 with 𝛥 = 0.10 eV, 𝑛𝑜 = 1018 cm−3, and 1 = 105 V∕m.
The Ettingshausen and Nernst effects are reciprocal thermomagnetic 
phenomena. In the weak-field linear regime, the two coefficients are 
proportional through the thermal conductivity and temperature, im-
plying that sign reversals predicted for the Ettingshausen coefficient 
should be mirrored in the corresponding Nernst response.

By Onsager reciprocity, 𝛼𝑥𝑦() = 𝛼𝑦𝑥(−), the Nernst coefficient 
is defined as 𝜈 = −

𝑦
(∇𝑥𝑇 )

, while the Ettingshausen coefficient is 

 =
∇𝑦𝑇
𝐽𝑥

.
Under linear response, 

 = 𝑇
𝜅
𝜈, (73)

up to tensor corrections.

3. Results and discussion

It is critical to distinguish the Ettingshausen effect outlined above 
from the similarly related Nernst effect. The Nernst effect uses an 
applied temperature gradient to generate a transverse electric field in a 
magnetic field, whereas the Ettingshausen effect uses an applied elec-
tric current to create a transverse temperature gradient in a magnetic 
field. The two events are thermodynamically conjugate and related by 
Onsager reciprocity connections, although their physical manifestations 
show separate transport paths. This study focusses on the Ettingshausen 
effect in superlattices, demonstrating how the interplay of electronic 
miniband structure, external fields, and thermal transport coefficients 
governs transverse thermal responses induced by electric currents, 
complementing previous studies of the Nernst effect in low-dimensional 
systems.

The non-monotonic temperature dependence arises from the com-
petition between diagonal and off-diagonal transport tensors entering 
the Ettingshausen coefficient. Because 𝜎𝑖𝑗 and 𝑆𝑖𝑗 respond differently 
to temperature, magnetic field, and chemical potential, their relative 
balance can change sign, leading to extrema and zero crossings. Ther-
mal broadening at higher temperature suppresses this sensitivity and 
produces saturation.
7 
Fig.  2 present the dependency of transverse Ettingshausen coeffi-
cient (𝑦) on temperature (𝑇 ) for varied values of: (a) 𝛥 with 𝑛𝑜 =
1018 cm−3, and 1 = 105 V∕m; (b) 𝜚 with 𝛥 = 0.10 eV, 𝑛𝑜 = 1018 cm−3, 
and 1 = 105 V∕m; (c)  with 𝛥 = 0.10 eV, 𝑛𝑜 = 1018 cm−3, 1 =
105 V∕m; and (d) 𝜅𝑦𝑦 with 𝛥 = 0.10 eV, 𝑛𝑜 = 1018 cm−3, and 1 =
105 V∕m.

In Fig.  2a discuss the 𝑦 variation of miniband width 𝛥 on tem-
perature. Increasing 𝛥 raises 𝛥∗ = 𝛥∕(𝑘𝑇 ) at a given temperature. For 
small 𝛥, the curves show a smooth positive plateau. For large 𝛥, the 
denominator 𝐹 (𝛥∗) decreases and may change sign, while  grows. 
This produces the strong growth and a possible sign change at low 
temperatures. Physically, a wider miniband increases electronic energy 
scales and modifies the density of states, producing a stronger low-
temperature response. In particular, 𝑦 is obtained in Eq. (70) where 
𝜗1 = 𝐽 2

0 (2𝑧 cos𝜙)∕𝐽
2
0 (𝑧 cos𝜙) encodes the influence of the ac field. 

Simplifying Eq. (70) yields 
𝑦 =

𝑒
𝜎⟂𝑘𝐹 (𝛥∗)

(𝛥∗, 𝜚, 𝑇 ), (74)

where

𝐹 (𝛥∗) = 2 − 𝛥∗
𝐼1
𝐼0

+ 𝛥∗2 − 𝛥∗2
(

𝐼1(𝛥∗)
𝐼0(𝛥∗)

)2
, (75)

 =
𝛥 − 𝜚
𝑘𝑇

+ 1 +
(

2 − 𝛥∗
𝐼0(𝛥∗)
𝐼1(𝛥∗)

)

𝜗1. (76)

Thus, 
𝑦 ∝ 1

𝜎⟂
⋅
1


⋅


𝐹 (𝛥∗)
. (77)

All the temperature dependence is implicit via 𝛥∗ = 𝛥∕(𝑘𝑇 ) and via 
the explicit 𝜚∕(𝑘𝑇 ) term. In the asymptotic limits, for small 𝛥∗ (high 
temperature), using 𝐼0(𝛥∗) ≈ 1 + 𝛥∗2∕4, 𝐼1(𝛥∗) ≈ 𝛥∗∕2, one finds 
𝐼1(𝛥∗)∕𝐼0(𝛥∗) ≈ 𝛥∗∕2, 𝐼0(𝛥∗)∕𝐼1(𝛥∗) ≈ 2∕𝛥∗. Then

𝐹 (𝛥∗) ≈ 2 + 𝛥∗2

2
, 2 − 𝛥∗

𝐼0(𝛥∗)
𝐼1(𝛥∗)

≈ 0.

Therefore

 ≈ 1 −
𝜚
, 𝑦 ≈

𝑒 (

1 −
𝜚 )

.

𝑘𝑇 2𝜎⟂𝑘 𝑘𝑇
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Fig. 3. Dependency of longitudinal Ettingshausen coefficient (𝑥) on temperature (𝑇 ) for varied values of: (a) 𝛥 with 𝑛𝑜 = 1018 cm−3, and 1 = 105 V∕m; (b) 
𝜚 with 𝛥 = 0.10 eV, 𝑛𝑜 = 1018 cm−3, and 1 = 105 V∕m; (c)  with 𝛥 = 0.10 eV, 𝑛𝑜 = 1018 cm−3, 1 = 105 V∕m; (d) 𝜅𝑥𝑥 with 𝛥 = 0.10 eV, 𝑛𝑜 = 1018 cm−3, and 
1 = 105 V∕m.
At high temperatures, 𝑦 is nearly constant and positive, with a small 
correction from 𝜚∕(𝑘𝑇 ).

However, when large 𝛥∗ (low temperature). For 𝛥∗ ≫ 1, 𝐼1(𝛥∗)∕
𝐼0(𝛥∗) → 1, so
𝐹 (𝛥∗) ≈ 2 − 𝛥∗,

while  ∼
𝛥 − 𝜚
𝑘𝑇

+⋯ = 𝛥∗ −
𝜚
𝑘𝑇

+⋯.
Thus at low temperature,  grows as 𝛥∗, while 𝐹 (𝛥∗) can become 

small or negative. The ratio ∕𝐹  may therefore change sign, leading to 
peaks or zero-crossings in 𝑦.

In Fig.  2b, we display the variation of chemical potential 𝜚 depen-
dence on temperature. 𝜚 enters linearly as −𝜚∕(𝑘𝑇 ) in  and increasing 
𝜚 shifts  downward, making 𝑦 smaller and possibly negative at 
low temperature. At high temperature, 𝜚∕(𝑘𝑇 ) is small and all curves 
converge. Negative low-temperature values occur when 𝜚 is sufficiently 
large compared to 𝛥.

The variation of the magnetic field  on the transverse Etting-
shausen coefficient is displayed in Fig.  2c. From the prefactor, 𝑦 ∝
1∕. Thus, higher fields reduce the magnitude of 𝑦. In this formula-
tion, 𝜗1 is field-independent, so the 1∕ scaling is the dominant effect. 
Physically, a larger  suppresses the transverse temperature gradient 
per current density.

Moreover, Fig.  2d describes the variation of thermal conductivity 
𝜅𝑦𝑦. Since 𝑦 = (𝑇 ∕)(𝛼𝑦𝑥∕𝜅𝑦𝑦), increasing 𝜅𝑦𝑦 directly decreases 𝑦. A 
larger thermal conductivity diffuses heat more efficiently, reducing the 
measurable temperature gradient per unit current and field.

𝑦 scales inversely with 𝜎⟂, , and 𝜅𝑦𝑦. Temperature dependence 
arises from the competition between the numerator (𝛥∗, 𝜚, 𝑇 ) and 
denominator 𝐹 (𝛥∗). At high temperature, 𝑦 is positive and weakly 
dependent on parameters, and at low temperature, non-monotonic 
behaviour and sign changes appear due to 𝛥∗ dependence and the 
𝜚∕(𝑘𝑇 ) shift.

We present in Fig.  3 the dependency of longitudinal Ettingshausen 
coefficient (𝑥) on temperature (𝑇 ) for varied values of: (a) 𝛥 with 𝑛𝑜 =
1018 cm−3, and  = 105 V∕m; (b) 𝜚 with 𝛥 = 0.10 eV, 𝑛 = 1018 cm−3, 
1 𝑜
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and 1 = 105 V∕m; (c)  with 𝛥 = 0.10 eV, 𝑛𝑜 = 1018 cm−3, 1 =
105 V∕m; (d) 𝜅𝑥𝑥 with 𝛥 = 0.10 eV, 𝑛𝑜 = 1018 cm−3, and 1 = 105 V∕m.

From Eq. (72), the explicit temperature cancels, leaving 

𝑥 = 𝑒
𝜎𝑥𝑥𝑘 𝐺(𝛥∗, 𝜗2)

 (𝛥∗, 𝜚, 𝜗1), (78)

where

𝐺(𝛥∗, 𝜗2) = 1 −
[

2 + 𝛥∗
𝐼0(𝛥∗)
𝐼1(𝛥∗)

+ 𝛥∗2 − 𝛥∗2
( 𝐼0(𝛥∗)
𝐼1(𝛥∗)

)2
]

𝜗2, (79)

 (𝛥∗, 𝜚, 𝜗1) =
𝛥 − 𝜚
𝑘𝑇

+ 1 +
(

2 − 𝛥∗
𝐼0(𝛥∗)
𝐼1(𝛥∗)

)

𝜗1. (80)

Thus,

𝑥 ∝ 1
𝜎𝑥𝑥

⋅
1


⋅

𝐺
.

Asymptotically for high temperature (𝛥∗ ≪ 1), then 𝐼0 ≈ 1 + 𝛥∗2∕4, 
𝐼1 ≈ 𝛥∗∕2, one finds 𝐼0(𝛥∗)∕𝐼1(𝛥∗) ≈ 2∕𝛥∗. Hence

2 − 𝛥∗
𝐼0(𝛥∗)
𝐼1(𝛥∗)

≈ 0, 𝐺 ≈ 1 − 2𝜗2,  ≈ 1 −
𝜚
𝑘𝑇

.

Therefore, 𝑥 approaches a constant plateau, positive provided 𝜚 < 𝑘𝑇 .
At low temperature (𝛥∗ ≫ 1), as 𝐼1(𝛥∗)∕𝐼0(𝛥∗) → 1, 𝐼0(𝛥∗)∕𝐼1(𝛥∗) →

1, we have

 ∼ 𝛥∗ −
𝜚
𝑘𝑇

, 𝐺 ∼ 1 − (2 + 𝛥∗)𝜗2.

Thus, the numerator grows with 𝛥∗ while the denominator may pass 
through zero. This competition yields strong low-temperature peaks 
and possible sign reversals in 𝑥.

Fig.  3a shows the variation of the carrier miniband width 𝛥. Larger 
𝛥 increases 𝛥∗ at fixed temperature, pushing the system into the low-
temperature asymptotic regime. This enhances the numerator   while 
potentially driving 𝐺 negative. The result is amplified response and 
possible sign changes at low temperature, whereas all curves converge 
at high temperature.
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In Fig.  3b, we display the variation of the chemical potential 𝜚. 𝜚
enters linearly as −𝜚∕(𝑘𝑇 ) in  , and increasing 𝜚 depresses  , pro-
ducing downward shifts of 𝑥. At low temperature this term dominates, 
leading to negative 𝑥 for sufficiently large 𝜚. At high temperature, the 
effect vanishes and curves collapse. The observed anomalies arise from 
the combined effects of:

• Miniband nonlinearity: 𝑣𝑥 ∝ sin(
𝑝𝑥𝑑
ℏ

),

• AC field modulation: 𝛥eff = 𝛥𝐽0(𝑧), 𝑧 =
𝑒1𝑑
ℏ𝜔

,

• Low-temperature limit: 𝜕𝐹0
𝜕𝜗

→ 𝛿(𝜗 − 𝜚).

These effects lead to sharp features and non-monotonic behaviour in 
the Ettingshausen coefficient.

The variation with the magnetic field  is discussed in Fig.  3c. 
𝑥 contains an explicit 1∕ factor. Larger  therefore suppresses the 
amplitude. Additionally, 𝜗2 contains 𝛺𝜏 ∝ , altering 𝐺(𝛥∗, 𝜗2). This 
introduces nonlinear -dependence beyond the simple inverse scaling, 
modifying both shape and magnitude of the curves.

In Fig.  3d, we show the variation of the longitudinal thermal con-
ductivity 𝜅𝑥𝑥. Since 𝑥 ∝ 1∕𝜅𝑥𝑥, increasing 𝜅𝑥𝑥 reduces the coefficient. 
Physically, greater thermal conductivity enhances heat diffusion and 
diminishes the measurable transverse temperature gradient per unit 
current and field.

Thus, 𝑥 is controlled by the ratio ∕𝐺, both strongly temperature-
dependent via 𝛥∗ = 𝛥∕(𝑘𝑇 ), at high temperature, 𝑥 saturates to a 
positive plateau, weakly dependent on parameters, at low temperature, 
non-monotonicity and sign changes occur due to competition between 
  and 𝐺, and Increasing 𝛥 amplifies the low-temperature effect, in-
creasing 𝜚 shifts curves downward, raising 𝐻 suppresses the magnitude 
while modifying the shape, and increasing 𝜆𝑥𝑥 reduces 𝑥 inversely.

In practical superlattices, the total thermal conductivity contains 
both electronic and phononic parts, 𝜅 = 𝜅𝑒 + 𝜅𝑝ℎ. Therefore, the 
inverse scaling of the Ettingshausen coefficient should be interpreted 
with respect to the total thermal conductivity. Neglecting 𝜅𝑝ℎ may 
overestimate the absolute magnitude of the effect, although the qualita-
tive dependencies on field, temperature, and chemical potential remain 
unchanged.

3.1. Comparison with other models:

First-principles (DFT-based) methods compute band structures and 
scattering inputs from 
𝐻𝜓𝑛 = 𝜗𝑛(𝐤)𝜓𝑛, (81)

and are typically used to obtain:

• miniband widths,
• effective masses,
• density of states,
• electron–phonon coupling strengths.
In contrast, our model uses a parametrized miniband dispersion of 

the form 𝜗(𝑘𝑧) = 𝛥
2
[

1 − cos(𝑘𝑧𝑑)
]

, which is consistent with tight-binding 
descriptions of GaAs/AlGaAs superlattices.

The key advantage of the present approach is that it allows: closed-
form expressions for thermomagnetic coefficients, explicit dependence 
on magnetic field and AC driving, and efficient parametric studies over 
wide phase space.

We now clarify that our results are in qualitative agreement with 
first-principles trends reported in low-dimensional semiconductor sys-
tems, particularly regarding: miniband narrowing effects, enhancement 
of thermoelectric response in reduced dimensions, and sensitivity of 
transport coefficients to band curvature.

In summary, while first-principles (DFT-based) methods provide ac-
curate electronic structure information, including miniband widths and 
9 
effective masses, the present study adopts a semiclassical Boltzmann 
transport framework with a tight-binding miniband dispersion. This 
approach enables analytical insight into thermomagnetic transport and 
efficient exploration of field-dependent behaviour. The resulting trends 
are consistent with first-principles predictions for low-dimensional 
semiconductor superlattices, particularly regarding enhanced transport 
anisotropy and miniband-controlled thermoelectric response.

4. Conclusion

This study has developed a theoretical framework for the Etting-
shausen effect in semiconductor superlattices subjected to combined 
dc–ac electric fields and a magnetic field, using the Boltzmann transport 
equation. Explicit forms of the longitudinal and transverse Etting-
shausen coefficients were obtained, showing that their behaviour is 
strongly governed by the miniband width, chemical potential, magnetic 
field, and thermal conductivity.

Our findings demonstrate that both 𝑥 and 𝑦 have a strong temper-
ature dependence: at high temperatures, they saturate to finite positive 
values, whereas at low temperatures, they exhibit amplified responses 
and even sign reversals depending on the parameter regime. Wider 
miniband widths increase the low-temperature coefficient, whereas 
greater chemical potentials decrease it, and stronger magnetic fields 
and thermal conductivities reduce its total magnitude. These findings 
emphasize the delicate balance between band structure effects and 
external control parameters in thermomagnetic transfer.

Thus, the Ettingshausen effect in superlattices is highly adjustable, 
providing potential to create thermomagnetic responses in nanoscale 
systems. The findings suggest potential applications in heat manage-
ment, magnetic field sensing, and energy conversion, as well as motiva-
tion for future research involving quantum confinement, nonparabolic 
dispersion, and experimental verification.

The present analysis focuses on the lowest miniband with isotropic 
in-plane mass. Occupation of higher minibands or anisotropic trans-
verse masses would quantitatively alter the transport coefficients, par-
ticularly at elevated temperatures, but the main mechanism of field-
tunable thermomagnetic response remains unchanged.
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Appendix. Derivation of the Ettingshausen coefficient in GaAs/
AlGaAs superlattices under DC–AC fields

This Appendix presents the detailed derivation of the analytical 
expressions used in the main text for the Ettingshausen coefficient of a 
semiconductor superlattice subjected to crossed electric and magnetic 
fields. The treatment is based on the semiclassical Boltzmann transport 
equation within the relaxation-time approximation.
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A.1. Miniband dispersion relation

For electron motion along the growth direction 𝑧, the lowest mini-
band in a GaAs/AlGaAs superlattice is described by the tight-binding 
form 

𝜗(𝐤) = 𝛥
2
[

1 − cos(𝑘𝑧𝑑)
]

+
ℏ2𝑘2𝑥
2𝑚∗ +

ℏ2𝑘2𝑦
2𝑚∗ , (A.1)

where:

• 𝛥 is the miniband width,
• 𝑑 is the superlattice period,
• 𝑚∗ is the in-plane effective mass.

The carrier velocity components are 

𝑣𝑥 =
ℏ𝑘𝑥
𝑚∗ , 𝑣𝑦 =

ℏ𝑘𝑦
𝑚∗ , (A.2)

and 
𝑣𝑧 =

1
ℏ
𝜕𝜗
𝜕𝑘𝑧

= 𝛥𝑑
2ℏ

sin(𝑘𝑧𝑑). (A.3)

A.2. Semiclassical equation of motion

Under an electric field
(𝑡) = 𝑑𝑐 𝑧̂ + 𝑎𝑐 cos(𝜔𝑡)𝑧̂,

and magnetic field
𝐇 = 𝐻𝑥̂,

the crystal momentum obeys 

ℏ𝑑𝐤
𝑑𝑡

= −𝑒 [𝐄(𝑡) + 𝐯 ×𝐇] . (A.4)

For the longitudinal component, 

ℏ
𝑑𝑘𝑧
𝑑𝑡

= −𝑒
[

𝑑𝑐 + 𝑎𝑐 cos(𝜔𝑡)
]

. (A.5)

Integrating gives 

𝑘𝑧(𝑡) = 𝑘𝑧0 −
𝑒𝑑𝑐
ℏ

𝑡 −
𝑒𝑎𝑐
ℏ𝜔

sin(𝜔𝑡). (A.6)

A.3. Boltzmann transport equation

The nonequilibrium distribution function 𝑓 (𝐤, 𝑡) satisfies 
𝜕𝐹
𝜕𝑡

+ 𝐯 ⋅ ∇𝐫𝐹 + 𝑒
ℏ
(𝐄 + 𝐯 × 𝐁) ⋅ ∇𝐤𝐹 = −

𝐹 − 𝐹0
𝜏

, (A.7)

where 𝐹0 is the Fermi–Dirac equilibrium distribution and 𝜏 is the 
relaxation time.

For weak perturbations, write 
𝐹 = 𝐹0 + 𝐹1, |𝐹1|≪ 𝐹0. (A.8)

Linearization gives 

𝐹1 = −𝜏
[

𝐯 ⋅ ∇𝐫𝐹0 +
𝑒
ℏ
(𝐄 + 𝐯 × 𝐁) ⋅ ∇𝐤𝐹0

]

. (A.9)

A.4. Current density and heat flux

The electric current density is 

𝐉 = −𝑒∫
𝑑3𝑘
(2𝜋)3

𝐯𝐹1. (A.10)

The heat current density is 

𝐐 = ∫
𝑑3𝑘
(2𝜋)3

(𝜗 − 𝜚)𝐯𝐹1. (A.11)
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These lead to the coupled transport equations 
𝐽𝑖 =

∑

𝑗
𝜎𝑖𝑗𝑗 −

∑

𝑗
𝛼𝑖𝑗∇𝑗𝑇 , (A.12)

𝑄𝑖 =
∑

𝑗
𝛱𝑖𝑗𝐽𝑗 −

∑

𝑗
𝜅𝑖𝑗∇𝑗𝑇 . (A.13)

A.5. Conductivity tensor in weak magnetic field

For weak magnetic field (𝜔𝑐𝜏 ≪ 1), 

𝜎𝑥𝑥 =
𝜎0

1 + (𝜔𝑐𝜏)2
, (A.14)

𝜎𝑥𝑦 =
𝜎0𝜔𝑐𝜏

1 + (𝜔𝑐𝜏)2
, (A.15)

where 
𝜔𝑐 =

𝑒𝐵
𝑚∗ . (A.16)

A.6. Thermoelectric tensor

Using transport moments, 

𝑛 = ∫ 𝑑𝜗 (𝜗 − 𝜚)𝑛
(

−
𝜕𝐹0
𝜕𝜗

)

𝛴(𝜗), (A.17)

the Seebeck tensor is 

𝑆𝑖𝑗 =
1
𝑒𝑇

1,𝑖𝑗

0,𝑖𝑗
. (A.18)

The electronic thermal conductivity is 

𝜅𝑖𝑗 =
1
𝑒2𝑇

(

2,𝑖𝑗 −
2
1,𝑖𝑗

0,𝑖𝑗

)

. (A.19)

A.7. Ettingshausen coefficient

The Ettingshausen effect describes a transverse temperature gradi-
ent generated by electric current in a magnetic field: 

𝑃 =
∇𝑦𝑇
𝐽𝑥

. (A.20)

Under open-circuit transverse conditions, one obtains 

𝑃 =
𝜎𝑥𝑦𝑆𝑥𝑥 − 𝜎𝑥𝑥𝑆𝑥𝑦

𝜅
. (A.21)

This is the working expression used in the manuscript.

A.8. High-temperature limit

When 𝑘𝑇 ≫ 𝛥, 𝜚, the derivative of the Fermi function broadens 
strongly and the transport moments scale as 
𝑛 ∝ 𝑇 𝑛. (A.22)

Hence, 
𝑃 (𝑇 ) → constant, (A.23)

which explains the saturation reported in the main text.

A.9. Low-temperature sign reversal

At low temperature, only states near the Fermi level contribute: 

−
𝜕𝐹0
𝜕𝜗

≈ 𝛿(𝜗 − 𝜚). (A.24)

Therefore, 

𝑃 ∝
𝑑 ln𝛴(𝜗)
𝑑𝜗

|

|

|

|𝜀=𝜇
. (A.25)

Changes in miniband curvature or chemical potential can reverse 
the sign of this derivative, leading to the observed sign reversals.
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A.10. Effect of AC field

Using the Jacobi–Anger expansion, 

𝑒𝑖𝑧 sin𝜔𝑡 =
∞
∑

𝑛=−∞
𝐽𝑛(𝑧)𝑒𝑖𝑛𝜔𝑡, (A.26)

the time-averaged current contains photon-assisted sidebands weighted 
by 𝐽 2

𝑛 (𝑧), where 

𝑧 =
𝑒𝑎𝑐𝑑
ℏ𝜔

. (A.27)

Thus, the ac field dynamically renormalizes the Ettingshausen re-
sponse.

A.11. Total thermal conductivity

If phonons are included, 
𝜅 = 𝜅𝑒 + 𝜅𝑝ℎ. (A.28)

Hence, 

𝑃 ∝ 1
𝜅𝑒 + 𝜅𝑝ℎ

, (A.29)

so neglecting 𝜅𝑝ℎ overestimates the absolute magnitude of the effect.

Data availability

Data will be made available on request.
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