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1. Introduction

We recall that the polydisc of C™ is the set D™ =D x --- x D (n times). We denote by H(D") the space
of all analytic functions on D™.
For 0 < p < 00, the Bergman space AP(D™) consists of analytic functions f in the polydisc D™ such that

12 = / FEPdu(z) < oo, (1)
Dn

Here dv(z) = dvi(z1)---dvn(zy) for z = (z1,...,2,), where dv; is the normalized Lebesgue measure
on the unit disk D of the complex plane C. That is AP(D"™) is the subspace of the Lebesgue space LP =
LP(D", dv) consisting of analytic functions. In particular the space A%2(D") is a reproducing kernel Hilbert
space, that is any f € A%(D") admits the representation

f(z) = P()(z) = {f, B(-,2)) = /f(W)B(wvz)dV(Z), for any z € D™, (2)

Dn
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where the (weighted Bergman) kernel B(:,-) is given by

1
n —\2°
Hj:l (1 —w;z)

B(z,w) == (3)

The operator P is in fact the orthogonal projection from the Hilbert space L?(ID™) onto its closed subspace
A%(D™) and it is called the Bergman projection.
The space H>(D") is the set of all bounded analytic functions in D™, and for f € H>(D"), we write

[flloe := sup [f(2)] < oo.
zeDn

Let f € H(D™). For j € {1,...,n}, we put R; f(z) = zjaa—zfj(z), and we consider the operator D; defined
by

D;f(z) = 2f(2) + zjg—jjw) — 20+ R))()),

where [ stands for the identity operator. We put D = Dy ... D,,.
The product Bloch space of the polydisc D™ is denoted B(D™) and consists of all analytic functions f
such that

n

1flls == [£(0)] + Sup [TQ 1= | IDf(2)] < oo (4)

Jj=1

The product Bloch space can be identified with the dual space of the Bergman space A'(D") (see [5]).
We recall that given b € H>°(D"), the (small) Hankel operator with symbol b, h; is the operator defined
for f € A%2(D") by

The following equivalent characterizations of the Bloch space were obtained in [5,13]. For the correspond-
ing result in the one parameter case, we refer the reader to [7,14].

Lemma 1.1. Let f be holomorphic in D™. Then the following assertions are equivalent.

(i) be B(D™).
(ii) There exists a function g € L*°(D™) such that b = Pg. Moreover, ||b|lg == ||¢]/co-
(iii) b belongs to the topological dual space (Al (]D)"))* of AY(D™) under the duality pairing

r—1

(f,b) := lim /f(z)Wdy(z),g e AY(D™),b € B(D"). (5)
D"

(iv) For 1 < p < oo, the Hankel operator hy, extends into a bounded operator on AP(D™).

The next space is called by several authors the Bloch space but here we name it the pointwise Bloch
space to avoid any confusion with the Bloch space defined above. A function f analytic in D™ belongs to
the pointwise Bloch space B(D™) if
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1718 = 70+ p 301 1si) g—jj<z>' < . ©

The pointwise Bloch space can be obtained using the definition of a Bloch space in several complex variables
by R. Timoney [11]. We recall that the definition by R. Timoney was given in the more general setting of
bounded homogeneous domains in C".

If in (6), we let n = 1, we recover, the definition of the one parameter Bloch space B(D). Note that a
function is in the pointwise Bloch space if and only if it is a one parameter Bloch function in each variable
(see [11]). This justifies our choice of the name for this space.

It was proved in [3, Theorem C] that B(D™) coincides with the space of holomorphic functions f such
that the big Hankel operator associated to the symbol f is bounded on A?(D").

Let us introduce some other analytic function spaces in D™. First the logarithmic Bloch space Br(D")
which consists of analytic functions f in D™ such that

n

4
£, == [£(0)| + sup |JT(L —1z*)log T—5
J

zeDn j=1

[Df(2)] < oo (7)

The above notion extends the notion of logarithmic Bloch space of the unit disk.
When it comes to the pointwise Bloch space, we also have a notion of logarithmic Bloch space, By, (D").
An analytic function f belongs to By (D™) if

n n 4
I£llg, == 1£(0)+ sup [[](1 =12 Zlogm [Df(2)] < oo. (8)
= = y

zeDn

If we take n = 1 in (7) or (8), we obtain the definition of the logarithmic Bloch space of the unit disk By, (D).
Our last space is the space B (D™) defined as the space of all analytic functions f in D™ for which there
is a constant C' > 0 such that for any K = {kq,...,k} C {1,--- ,n},

|£(0)] + sup H(l — |2j|*) log TP |Dg, ... Dy, f(2)| < C.

JEK |

The smallest constant in the above definition is denoted ||f||5,, -

Note that a function f belongs to Brz(D") if and only if f € Br(D") and for any w € DF fixed
(1 < k < n), the function f(-,w) which is a function of n — k variables, is uniformly in B, (D"~F).

Let us observe that Brr(ID™) is a strict subspace of B (D™). Indeed, consider the function

- 16
fi(zr,e - 7,zn)+—>1_[log;log<1_zj>.

j=1

Then f € Br(D™), but f ¢ Br,(D™).

In this note, for each of the above logarithmic Bloch spaces, we provide an equivalent definition in terms
of a set of symbols of bounded Hankel operators. We also characterize the multiplier algebra of the product
Bloch space, and the bounded pointwise multipliers from the pointwise Bloch space to the product Bloch
space.

In the next section, we state our endpoints results on Hankel operators, and pointwise multipliers between
Bloch spaces in the polydisc. Some useful results and observations on the spaces in consideration are provided
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in Section 3. The results on Hankel operators are proved in Section 4 while in Section 5, we prove our results
on pointwise multipliers.

Finally, all over the text, C' will be a constant not necessarily the same at each occurrence. We will also
use the notation C} to express the fact that the constant depends on the underlined parameter. Given two
positive quantities A and B, the notation A < B means that A < CB for some positive constant C. When
A< Band B< A, we write A ~ B.

2. Statement of the results

Our first result is the following (see [4] for the case of the unit ball).

Theorem 2.1. Let b € H(D™). Then the Hankel operator hy, extends as a bounded operator on A*(D™) if and
only if b € Br(D™).

We also obtain that Bz (D™) is the exact range of symbols of bounded Hankel operators from B(D") to
B(D™).

Theorem 2.2. Let b € H(D™). Then the Hankel operator hy extends as a bounded operator from B(D™) to
B(D™) if and only if b € B (D™).

Given two Banach spaces X and Y of analytic functions in D", the set of pointwise multipliers from X
to Y is defined by

M(X,Y):={gec H(D"): fgeY, forany f € X}.
When X =Y, we just write M(X) for M(X,X). The norm of the multiplication operator My by ¢ from
X toY is denoted ||My||x—y or ||@]|x—y-
The multiplier algebra M (B(D™)) of B(D™) was characterized by R. F. Allen and F. Colonna in [1].

They proved that the only members of M (B(D™)) are constants.
Our first main result on pointwise multipliers is the following.

Theorem 2.3. Let ¢ € H>®(D"™). Then ¢ is a multiplier from B(D™) to B(D™) if and only if ¢ € B (D™).
Moreover,

16llB-5 < 4]l + [|llB, -

Here is our characterization of the pointwise multipliers of B(D™).
Theorem 2.4. Let ¢ € H(D™). Then ¢ is a multiplier of B(D™) if and only if
¢ € H*(D")NBrL(D™).
Moreover,

[0ll5-5 = 1¢llec + 19l5e-

In the unit disk D of the complex plane C, Theorem 2.4 was proved by J. Arazy in [2]. For the unit ball
of C”, we refer the reader to [12].
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Remark 2.5. The last two results are stated differently. This comes from the fact that we do not know
whether or not M(B(D"), B(D™)) C H>(D™). In fact, more generally, when X and Y two Banach spaces of
analytic functions with Y ¢ X, it is not always the case that M(X,Y) C H>(D"). The question of finding
appropriate conditions on the spaces X and Y so that every element of M(X,Y) is a bounded function was
recently considered in the case of the unit disk D by D. Girela and N. Merchén in [6], but our case is far
from the scope of their work.

3. Some useful results

3.1. A useful estimate

The following useful result is extracted from [10, Proposition 1.4.10].

Lemma 3.1. For z € D, ¢ real, and t > —1, define

— |w]
/1—wz|2+c+t v(w).

Then

(i) when ¢ <0, J ¢ is bounded on D;
(ii) when ¢ >0, Jeu(2) ~ (1 —|2]?)~¢
(iii) Jo(2) =~ log (ﬁ)

3.2. The product Bloch space and its logarithmic counterpart
For K = (ki,...,kn), kj € N, we define on H(D") the operator D¥ given by
DX =Dyt ... Dk

where DV f(2) = [(1+ k)T + R, ... [2] + R;).
As in the one parameter setting (see [4]), we obtain equivalent norms on B(D™) by using higher order

derivatives in each variable. More precisely, for a vector K = (kq,--- ,k,) € N™ we have
[flls >~ |f(0)] + Sup [T =1z | 1D f(=)] (9)
zeDm™ j=1
Also,
[fllse = (0 |Jr Su H (1= 7)™ logm D™ f(2)] (10)
=1 !

(see also [8,9]).
Let us observe the following formula that can be proved as in the one parameter situation.

Lemma 3.2. Let f and g be two analytic polynomials in D™. Then for any K = (ki,--- ,kn) € N, there
exists a constant C' = Cg ,, such that the following formula holds
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/ F(2)g(@du(z) = C / 7) [T = 1212 | DRg)dv(2). (11)
D~

Dn

The following pointwise estimate of functions in B(D™) will be useful, it is obtained from the represen-
tation of Bloch functions in Lemma 1.1.

Lemma 3.3. There exists a constant C' > 0 such that for any f € B(D™) and any z € D™,

= 4
z)| <C Hlogm [ flls. (12)
j=1 - ZJ|

8.8. The pointwise Bloch space

Let us start by considering some observations.

Lemma 3.4. The following assertions hold

(1) The function f(z) = 3°7_, fi(2), with f; € B(D) belongs to B(D™) and

£l <D I1f5ll5m)-

Jj=1

(2) There is a constant C > 0 such that for any f € B(D™) and any z € D™,

- 4
2 <C|> log [ppap | fllB(D) (13)
j=1 ’

and this is sharp.

Proof. Assertion (1) is direct from the definition of B(D™). Let us prove (2). We have for any z =
(21, Cey Z”) € Dn7

3

Zj

1
/z] ﬁ(sz)ds
0

j=1

It easily follows using the definition of B(D™) that

£)] < |f(0)|+Z/IZj\ o

<150 |+||f\|w>2/ s
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= 4
<C | log——— | IfllBo-
= 11—zl

Sharpness follows by testing (13) with the function f(z Z log (1 —-a;z;). O

Remark 3.5. Let us observe that B(D™) is a strict subspace of B(ID™). To see this, one only needs to observe
that for f; € B(D), j =1,--- ,n, the tensor product

(h©f@- @ f) (21, 20) = [] fil%)
j=1
belongs to B(D™) with
Ili®f® @ fallsory < H I £l 8Dy

Jj=1

while f1 ® fo ® --- ® f,, belongs to B(D™) only if each f; belongs to H*(D), j =1,2,--- ,n
A nontrivial example is the function f(z1,- -, 2,) = [[j_, log (1 — @jz;) which belongs to B(D")\B(D").

To j = (ji,...,51), 1 <1< n, we associate the set J = {j1,...,51} C {1,...,n}. We denote by D> the
differential operator defined by

D;f(z) = Djl - DJLf(Z)
We observe the following.

Lemma 3.6. Let j = (j1,....5), 1 <1<n,J={j1,...,5} C{1,...,n} be given. Then for any f € B(D"),

sup lH(l - |zk|2>] D;7(2)] £ I £1ls- (14)

zeDn keJ

Proof. We can suppose without loss of generality that j = (1,...,0), 1 <1 < mn,sothat J = {1,...,1}.
For z = (21,...,2,), we set w = (2j41,...,2,) € D""L. We observe that for w € D"~ fixed, the function
g = f(-,w) is uniformly in B(D') whenever f € B(D") with ||g/lgpt) < [|f]BD~). Hence, g = f(-,w) is
uniformly in B(D') with

l
sup [H(l - |ak|2)] |D7f(a, w)| < llgllBmt) < [IfIBED")-

acD! | L5
This proves that (14) holds. O

Let us observe that as for the space By, (D"), we have the following equivalent definition of the logarithmic
Bloch-type space B (D"™).

Lemma 3.7. For any function f in the space By (D™), we have

[fllB, = f(0 |+ SU H 1— |z%)k Zlogm DX f(2)] < oo,
j=1 j=1 J
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K = (ky, -+ ,k,) € N™.
4. Endpoint results for Hankel operators
In this section, we prove our results on the boundedness of the Hankel operators.
Proof of Theorem 2.1. We start by the easy part which is the sufficiency. What we would like to prove is

that under the condition that b € Br(D™), there is a positive constant C' such that for all f € AY(D"), we
have

7 ()l < CIlf [l

To prove this, we observe with the help of Lemma 3.2 that we have in particular that

- / (- )
]D)n

[T (1 = ) | Do) Fw)
= n,K/ dv(w),

[[j=, (1 —w52)
Dn

for any K = (k1,--- ,kn) € N™. Put

(1 =[] = | T~ luyl)™

j=1

It follows using the above observation and Lemma 3.1 that

(Pl = [ ()l

]Dn
<an/ 1* ‘U)H )K‘DKb Hf (D/ H] 1|1 ’LUJZJ|2 dl/(’w)
Dn
< Con / (1= flw]?) Hlog o | 1Dl )l

< Coplblls, / | () dv(w)

Dn
= Ch k[0l 1F 11

From the duality (A%, B), we have that the converse is equivalent to saying that if b is such that there
exists a constant C' > 0 so that for any f € AY(D") and any g € B(D"),

(b fg)| < Cllfllnllgls (15)

then b € B (D™).
We will need the following lemma.
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Lemma 4.1. Let wj,z; €D, j =1,...,n be given. The following formula holds.

1-— wizy ___ -
H log(1 — Wyz;) Z yE+ (Hl L | l|2> (H log(1 — wm)) + H log(1 — |w;]?) (16)
n} lEL lecL j=1

[L] being the cardinality of the set L and °L its complementary in {1,...,n}.

Proof. One easily checks that for n = 2, we have

w1z 1-—
H log(1 —wjz;) = log ﬁ log(1 — w322) + log m log(1 — wyz1)
w
1 —wiz1 1 —woze

1
1— o2 81— |w

—log NE +log(1 — |w1]?) log(1 — |wa?).
Next we suppose that (16) holds for n > 2 and prove that it then also holds for n + 1. We first write

n+1

H log(1 —wjz;) = H log(1 —wjz;) | log(1 — Whi12n+1)- (17)
Applying our hypothesis on the first factor on the right hand side of (17), we obtain

n+1 n
H 10g wjzj Tl + H IOg(l - |wj|2) log(l - wn+1zn+1), (18)
j=1
where
1 —wz
T = Z (Hlo - l|12> (H log(1 — Wiz ) log(1 — Wny12n+1)
LC{l,n } leL wi le°L

Before going ahead, let us deal with the second term in the sum on the right hand side of (18). We clearly

have that

n
M = H log(1 — |w;|?) | log(1 — Wpi12n+1)

= [ Toe (1 = 1wy ) (log(%>+log(l—|wn+12)>
j=1 n

n __ n+1
1—w 12 1
= H log (1 - |wj\2) log (ﬁ) + H log(1 — [w;[?).

j=1
Hence applying our hypothesis, we obtain
n+1
M=T+Ts+ H log(1 — w;[?),
j=1

where
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1—w +12n+1
Hlog — W, 2;) log(i1 — |T1Lu +1n|2 )
n

and

| —o—
T; = Z [L (H log wzzl> (H log(1 — Wiz ) log(w"—HZ";l)
}

LC{l,n leL lecL 1= fwn41]

Taking this into (18), we obtain

n+1 n+1
H log(1 —wjz) =T1+To+T5+ H log(1 — |w,|?)
. =1
= Z <Hlog1_wlzl><Hlog 1—wlzl>
Lg{l,.“,n—&-l} er LT Jwn? lecL
n+1
+ [ log(1 — Jw; ).
j=1

The proof of the lemma is complete. O

Coming back to the proof of the necessity part of the theorem, we test (15) with

n

(1 — [wy[?)
f( | I 2+k kj €N,
e 17w]z]

and
9(2) = guw(z Hlog (1 7“’]2])
Jj=1

Clearly f and g are uniformly in A'(D") and B(D") respectively.
Next, we take f,, and the expansion of g,, obtained in Lemma 4.1 into (15) to obtain using Lemma 1.1
(iii), that

(1—w
C >, fg)| = Hlog 1 — |w;|?) hm/H Ul;|2+k b(rz)dv(z) + T (19)
]D)nj 1 J j

where writing

(H log wlzl) (H log(1 — w2z >
leL lecL

— i g 3 S 2 I ey
T = lim ch (—)HHGL(2) U 1 e b(rz)dv(z)
Dn {1,--,n} j=1 Mkl

D NG i / FE9E v (2)

r—1
LC{1,-,n}
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where
n .
1-— |w'|2)k1 1-— w2y
L(z) — H ( J H]O
W s )2 1— w2
j=1 (1 — ijj) T el 1 |wl\
_ (1 = Jwy|*)*s I (1= |w|2)™ log L= T
jeerp (1= w_jzj)2+kj ier (1— Wz ) 1 — fwy|?
and

= H log(1 — wiz).

lecL

ks
Clearly, g% is uniformly in B(D"). Observing that in the unit disk of C, the function (§1}?|;2+i, log
—w;Zj ’

1-wjz;
1—|w;[?

is uniformly in A(D) (see [4]), we conclude that fZ is also uniformly in A'(D"). Hence, applying (15) to
fL and g%, we obtain that

TI< > b fhab|<C

LC{1, n}

We deduce from (19) using b = Pb, that

TT0 s flog(1 — s ] | |1y /
j=1 IT5-
That is
H(l — Jw;|*)* [log(1 — |w;[?)| | IDKb(w)| < C < oo, for any w € D™,
=1

By (10), we conclude that b € By, (D™). The proof is complete. O

Let us now prove Theorem 2.2 that provides an equivalent definition of By (D) in terms of symbols of
bounded Hankel operators.

Proof of Theorem 2.2. Let us start by the sufficiency. Assume b € Bz (D™). Then for any f € B(D™) and
any g € AL(D"), and for K = (ky,--- ,k,) € N, using Lemma 3.2, (13) and Lemma 3.7, we obtain
[(ho(£): 9)| = [$b, fa)l
< Climsup /(1 = [lwl*)* IDFb(w)]| f (rw)||g(rw)dy (w)
r—1

Dn

< Ol linsup [ (1 lw]?)" Zlog o | 1D b)) v (w)

Dn

< Clflsm ¥, ) [ lo(wldv(e)
Dn

= Ol fllBo=)lI6llB, @™ ll9ll1-
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Thus

1ho(f)llBDn) = sup [(he (f), 9)] < Cll fllBn) lIb]IB, (D7)
geAL(Dn),|lgll1 <1

That is hy is bounded from B(D™) to B(D™) for any b € Bz (D™).
For the converse, we have to prove that if b is such that there exists a constant C' > 0 so that for any
f € B(D"), and any g € A}(D"),

(0, f9)| < Clf B NI, (20)

then b € B, (D™). For this, we test (20) with

Zlog , a=(ay,ag, - ,a,) €D a; #0,j=1,2,--- n,
1—a] i

and

S (1= a Pk
ga(z)zn(—”);rkj kj € N.

(1 —aj2

We obtain at the first step using that both f, and g, are uniformly in B(D") and A'(D") respectively,

C>b fg)| = 2": lim /log <L> ﬁ lez)kjb(rz)dz/(z) . (21)
= — r—»lD 1—az e - (1—a;2) 2+k;
Next we observe that
L\ -l
log( — ) — 1 b(rz)dv(z
D[ 1 —az JI;II (1—az)*th (r2)du(z)
1—|az2> (L= a[H)*
= log( H 5 b(rz)dv(2)
4N\ 0laP)s
+ / log< )H L —b(rz)dv(z)
Jree ) e
and observing that as log( I | -) € B(D") and % € Al(D) both uniformly, we have by (20) that
ajzj

lim [ log |al|2 ﬁ G ‘aj| b(rz)dz/(z) <C
r—1 — a1z 2+k7 -

Dn j=1, (1 =5z

I1=1,...,n. It follows from the latter and (21) that

n

>

j=1

< (O < oo.

)
I

ot (=1 )| (TT0 =t ) iy [ (1T 7 | F0h

j=1 Dr \J=1 (1- ajzj
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That is for any K = (ky,--- ,k,) € N,

sup | Y (log——— [T =122% | IDXb(z)] < oo.
zeDn 1 ‘Zj|

j=1 j=1
Thus by Lemma 3.7, b € Br,(D™). The proof is complete. O
5. Pointwise multipliers of Bloch spaces

We prove Theorem 2.3 and Theorem 2.4 in this section. We start with the following observation.

Lemma 5.1. Let ¢ € H(D"™). If ¢ € M((B(D™),B(D™)) (resp. ¢ € M(B(D™))), then the multiplication
operator My is bounded from B(D™) to B(D™) (resp. from B(D™) to itself).

Proof. We apply the closed graph theorem. We need to show the following implication. Assume that {f,} —
fin B(D") (resp. {fp} — ¢ in B(D™)), and {¢f,} — ¢ in B(D"); then we have the equality ¢f = g. Indeed,
since the Banach space B(D") is continuously embedded in the Banach space B(D™), which is continuously
embedded in the Bergman space A?(D™), the first assumption implies that {f,} — f uniformly on compact
sets of D™ and this implies that {¢f,} — ¢f uniformly on compact sets of D™. Comparing with the second
assumption, in view of the unicity of the limit, we conclude that ¢f =g. O

Proof of Theorem 2.3. We have from Lemma 5.1 that if ¢ € M (B(D™),B(D")), then the multiplication
operator My is bounded from B(D") to B(D").

We would like to prove that ¢ € H*°(ID™) is so that there is a constant C' > 0 such that for any f € B(D™)
and any z = (21, ,2n) € D",

[Ta-1uP| D@ @l <o

if and only if ¢ € B (D"™).
We observe the following.

D(¢f) = ¢Df + fDé + > D;¢Dy.f (22)

P£IC{1,...,n},K=cJ

where j = (J1,---,71) is the vector associated to the set J = {ji, ..., i} and the same for k and the set K the
complement of J in {1,...,n}. We also observe that if JNK =0, JUK = {1,...,n} with J, K # {1,...,n},
we have using (14) and the continuous embedding H*°(D") — B(D"), that

=
li

H (1= 1[2*) | ID;9(2) Dy f(2)]

< [ sw [TJ =12 1Ds)] <sup [Ha—mﬁ] |D,gf(2)|>

zeD” |5y 2€D" | f g

A

< [l¢lsllflls-



14 B.F. Sehba / J. Math. Anal. Appl. 546 (2025) 12924/

Remark that if ¢ € H>(D™), then for any z € D",

n

[T =1z 16D FE)] < 10llosllf B Dn)-

j=1

All the above observations amount to saying that a bounded function ¢ is a multiplier from B(D™) to
B(D™) if and only if there is a constant C' > 0 such that for any f € B(D™) and any z € D",

n

[1 =1z 1f(2)Dé(=)| < C. (23)

Jj=1

Let us suppose that ¢ € B (D™) and prove that in this case, (23) holds. Using the pointwise estimate of
functions in B(D™) given by Lemma 3.4, we obtain

n

I114W%| 1F(z)D(=)] < |Iflls | TT(1 = 121 Ejbgl_iﬂ2|D¢@N

j=1

< IflslllB, -

Conversely, if (23) holds, then testing with the function f(z) = fu(2) = >_7_, log (%) with a € D"
fixed, a; #0, j =1,2,--- ,n (note that by Lemma 3.4, f € B(D")), we obtain

f[<1|2j Zlog( ) |De(2)| < C.

Taking z; = aj, j = 1,...,n in the latter inequality, we obtain that for any z € D",

n

= 4
H(l — %) Zlog m |Do(2)| < C
j=1

j=1
which proves that ¢ € B, (D™) O

Let us now characterize the multiplier algebra of the product Bloch space. We start with the following
elementary result.

Lemma 5.2. Let j = (j1,...,71), 1 <1< n, and the associated set J = {j1,...,51} C{1,...,n}. Then there
is a constant C > 0 such that for any f € B(D™) and any z = (z1,...,2,) € D,

n

[T 1P| 1058 < C | T - 121*) log

j=1 i¢J

4
T 5P 115

Proof. The proof uses the representation formula of f € B(D™) in assertion (ii) of Lemma 1.1. Indeed, by
this assertion, b = Pg with g € L°°(D™). Using this and Lemma 3.1, we obtain

23012 || | |1 e )

n | J€J j¢J
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1 1
<l ||| T = ||| T =y | | )

Dn jEJ ]%J

<c|[[a-1=P»" Hlog vg) £l

jeJ Jj¢J
The proof is complete. O
As a consequence of the above lemma, we have the following result.

Proposition 5.3. Letf and k be two vectors such that their respective associated sets J and K are comple-
mentary in {1,...,n}, with none of them empty. Suppose that f € B(D™) and ¢ € Brr(D™). Then for any
zeD”,

H (1= 12" | D7 f () Dge() S 1 fI5l 0115,

Proof of Theorem 2.4. We note again with Lemma 5.1 that if ¢ € M (B(D™)), then the multiplication
operator M, is bounded from B(D™) to itself.

Let us start by proving the sufficiency. Let ¢ € H>°(D™) N B (D™). We would like to prove that for any
f € B(D™), the analytic function ¢f belongs to B(D™). From the formula (22), one sees that we only have
to estimate the following three terms.

n

M= | [T =12 | 16()Df(2)];

j=1

My =[]0 = 121" | ID36(2)Dif(2)], B#J, K C{l,....,n} =JUK, JNK =
j=1

H (1= |2 | 1f(2)Dé(2)|.

From that ¢ € H*>(D"), we obtain

n

M= | TTA =12 [ 16)Df ()] < l1g]locllfls-

=1

The estimate of the term M, is given by Proposition 5.3. For the last term, we use the pointwise estimate
of f € B(D™) to get

Ms = H 1—12*) | 1f(2)Do(2)]

n

4
< C|flls H(l - \Zj|2)10g1_7|zj|2 |Do(2)]

Jj=1

AN

< Cliflsldlls, -
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We conclude that for ¢ € H>(D™) N Brr(D"),

oflls < C([10lleo + lQllBL) 1f 13-

We now prove the necessity part in Theorem 2.4. We suppose that ¢ is such that for any f € B(D"), the
function ¢f belongs to B(D™). That is there is a constant C' > 0 such that for any z € D",

(L= 2PID (¢f) ()] = (1 = [|2]*) > D;0(2) Dy f(2)| < C, (24)
JC{1,...,n},K=cJ
with (1 —[[2]*) = (1 = [21]%) ... (1 = [2n[?) and for J =0, D;f = f.
We first prove that this necessarily provides that ¢ is bounded. Clearly, if ¢ € M(B(D™)), then the

pointwise estimate of functions in B(D™) gives that there exists a constant C' > 0 such that for any
feBD") and z € D,

- 4
129:) < € | [Tog 7= | I79lle < Cllélls@r)-zn) Hlog I£ls (25)
j=1 J il

We test (25) with the function

1z ﬁ (1—a]zj>’

a=(aj,...,an) given in D™ with a; # 0 for each j. We obtain that for any z € D",

- 4
H log [ ——— | | #(2)| < Cl9llsmn)—~BD™) H log B 15
=1 1 —ajz; zj]

Taking in particular z; = a; (j = 1,...,n) in the above inequality, we obtain that for any z € D",

lp(2)] < C|9llBmr)—BMD) < 00,

that is ¢ € H>(D").
We next prove that ¢ € Br(D"™). For this, we first observe the following fact.

Lemma 5.4. If ¢ € H(D™) is a multiplier of B(D™), then for any fized a; € D, the function ¢(ai,-) is a
multiplier of B(D"~1). Moreover,

9(a1, )| or-1)=BD"1) S I8lBD)—BD")-
Here the constant in < does not depend on a;.

Proof. We first prove that for any w,, € D fixed, for any b € B(D"), the function b(-, w,,) which is a function
of n — 1 variables, is in B(D"~!) with

4
[6(-; wn ) Bn-1) < log m”b||8(D")~ (26)
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Let z = (21,...,2,-1) € D" 1. From the integral representation of elements of B(D™), we have that for

some g € L>(D"),

b, ) = / ) 9@ )
’ D= (]- - 2151)2(1 - 2252)2 cee (]- - anlfn)2(]- - ’wngn)z7
hence
n—1
H (1- |z]| |Dy...Dp_1b(z,w,)|
j=1
n—1
2"g(§)dv(§)
— 1 — |2:]? _ _ _ —
]1;[1( =) [ (1 =226)3(1 = 2262)% -+ (1 = 20 -1860)* (1 — wn&n)?
n—1
n L2 9()[dv(§)
= j[[l(l =0 D[ 11— 21631 — 2262 -+ |1 — 201631 — wn&n|?
n—1
2 dv(§)
N ]1;[1(1 |Z_]| ) ||9||L°°(D”)D[ 11— Z1é|3|1 _ 225’2|3 1= Zn—1§;|3|1 _ wn{n|2

4
< [0l sy log m

Now let ¢ be a multiplier of B(D™). Then from (26) we obtain that for any b € B(D") and any w,, € D

fixed, for every z = (21, ,2,_1) € D71
n—1 4
TT0 - 152 | 11 Dacs(0)en)| € (08 1o ) bl
i=1 n
and so
n—1 4
H(1 —121*) | ID1 .. Dy (b)) (2, wn)| S <log m) 9l By —BMD) |16l BD™)
j=1 "

Let us take in (27), b(z,§) = g(z) log (%)v g€ B(D" 1), z e D" ! and £ € D. We obtain

n—1

Se= [ JI@=1%

Jj=1

log <%> ‘ |D1 ... Dn_1(¢g)(2,8)|

— (TTa =15 | 1Dr ... Dacsiob)(=€))

j=1

4
< log [ESTE ol Bm)—BDl9llBMD1)-

Taking & = w,, in the above inequalities, we obtain that for any g € B(D"~!), and any z € D"1,

(27)
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n—1

[T@ =1z ) ID1... Dai(¢9)] £ 16l s@n)—BmDm)
j=1

gHB(D"—l)'

Thus for any w,, € D fixed, ¢(-, w,) is a multiplier of B(D"~1). The proof of the lemma is complete. O

We next proceed by induction on the number of parameters n > 2 to prove that if ¢ is a multiplier of
B(D™), then ¢ € Brr(D™). We start with the case n = 2. Let ¢ be a multiplier of B(D?). Then there exists
a constant C' > 0 such that for any f € B(D?) and any z = (21, 22),

(1= 12)(1 = |22*) ID(¢ ) (2)] < CllfllBD2)- (28)
Recall that in this case, D = D1D5 and
D(9f)(z) = [(2)Do(2) + ¢(2) D f(2) + D1¢(2) D2 f(2) + D1f(2)D2¢(2).

But by Lemma 5.4 and the characterization of multipliers of B(ID) (see [2]), ¢(:, z2) and ¢(z1, -) are uniformly
in B (D), that is there is a constant C' > 0 such that for any z = (21, 22) € D2,

(1= | (tog =z ) 10102 < € (20)
and
(1 [2a?) (1o = ) IPao(2)| < € (30)

Hence for any z = (21, 29) € D2, we obtain using Lemma 5.2,

(1= [P0 = PP 5 (= ) (108 1= 3 ) D10 o

|21]

and consequently, using (29), we obtain

(1 =121 (@ = |22 D19(2)[|D2£ ()] < Cllflls2)- (31)
In the same way, using (30), we obtain for any z = (21, 22) € D?,

(1 =121 = |22[)|D2¢(2)[|D1 £ (2)] < Clflls2)- (32)
Also, note that as ¢ € H>(D?), we have that for any z = (21, z2) € D2,

(1 =1z = 22D (2)] < 1lloclf | 32)- (33)

From (28), (31), (32) and (33), we deduce that there exists a constant C' > 0 such that for any f € B(D?)
and any z = (z1, 22) € D2,

(1= 21 = |2/ f(2)|Do(2)] < CllflI52). (34)

For a = (a1, az) € D? given, a; # 0, j = 1,2, we test (34) with

f(2) = fa(2) = log (1 _4) log (1 _4>
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which is uniformly in B(D?) and obtain for any z = (21, 29) € D?,

(1= |2l (1 = |22]*)

g (1= )\ \ e(1n >| 1D6(2)] < Clf s, (35)

Taking in particular z; = a; and z3 = ag in (35), we conclude that there is a constant C' > 0 such that for
any z = (Z17Z2) € ]D)27

4 4
(1= )0 = aaP) (1o 1= ) (low = ) 162 < .

that is ¢ € Br(D?). Combining this with (29) and (30), we conclude that ¢ € By, (D?). This completes the
proof for the case n = 2.

Now for n > 2, we suppose that ¢ is a multiplier of B(D") implies that ¢ € By, (D™). We prove that this
implies that if ¢ is a multiplier of B(D"*1), then ¢ € B (D"H1).

Let ¢ be a multiplier of B(D"*1). Then by Lemma 5.4, for any w,, 1 € D fixed, ¢(-, w, 1) is a multiplier of
B(D™) with uniformly bounded multiplier norm. Hence by our hypothesis, ¢(-, w,+1) € Brr(D™) uniformly.
It follows in particular that there is a constant C > 0 such that for any j = (J1,---,J1), I < n, with
associated set J = {j1,...,51} C {1,2,...,n+ 1}, and any 2z = (21,...,2p41) € D",

4
H(l —|*) log TP |D3¢(2)] < C. (36)
jeJ J
For the vector k whose associated set K is the complement of J in {1,2,...,n+ 1}, we obtain from (36)

and Lemma 5.2 that for any f € B(D"*!), and any 2z = (21,...,2,41) € D",

n+1 4
Hl(l — 12 | IDjo(2)[|Dgf(2)] < ClIfllsmn+1y H;(l — |2;]*) log [P [D;¢(2)]-
J= JE

Hence applying (36) to the above, we obtain

n+1
[T =121 | ID;6(2)[ID;f(2)] < Cllfll3mns)- (37)
j=1

Also we have since ¢ € H>(D"+1), that for any z = (21, -+, 2p41) € D",
n+1
110 =12P) | e@IDfE)] < 6]l fllsme)- (38)
j=1

From (37), (38) and the fact that we have a constant C' > 0 such that for any f € B(D"*!) and any
2= (21,...,2n41) € DT

n+1
[Ta =121 ) 1D @f) (2)] < Cllf s, (39)
j=1

we obtain that there exists a constant C' > 0 such that for any f € B(D"*!) and for any z = (21,...,2,41) €

1
Dt
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n+1

[T =125 | 1F @D < Clif lsmnss)- (40)

j=1

Testing (40) with a product of logarithmic functions as in (34), we obtain that there exists a constant C' > 0
such that for any z = (21, ,2p,41) € D*HL,

n+1

2 4 ~
I10 - 15 (1o =12 ) | 1Dt < c.

Jj=1

That is ¢ € Br(D"*!). The latter and (36) allow us to conclude that ¢ € Brp(D"*!). The proof is
complete. 0O
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