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ABSTRACT

Most No-Claim Discount (NCD) systems are unfair to either one or both parties. Most systems
are the simple random walk model, whereby in case of a claim, the policyholder moves down
a discount level and vice versa. Modelling of data of claim amount is of paramount importance
to manage risk reserve for payment of claims. Actuaries model uncertainty using probability
distributions. The movements within the NCD systems are those of the in-between cases, and
a fair NCD system, should take into consideration the frequency of claims and the non-
homogeneity factor. In this study, the Markov chains have been employed to explain the
movement between levels in the NCD system and mixed Poisson distribution to calculate the
probabilities, with the mixing distributions been the exponential and the gamma, and Poisson
models. The motor insurance claim data from Sweden was used in this study. The study found
that the Geometric distribution model was better fitted to the observed claim frequencies in
both the maximum likelihood estimation and method moments than the Poisson model. The
results for the 3-Level NCD systems showed that the policyholders were rewarded with
approximately 95% chances of moving to the next higher level towards attaining a no premium
zone if a claim is not made in the cycle and were punished if a claim is made by dropping to
the lower level with approximate probability of 0.048 and it was generally observed. The study
found that due to the fairness of the system, policyholders who make claims are equally
punished by dropping from their current level to the lower one or are made to stay in their
current level in the next cycle. In conclusion, the multi-level NCD system was designed to
reward policyholders who are extra vigilant on the road in terms of avoiding road accidents
and penalized bad road users. The descriptive statistics of the claim frequency revealed that
the number of claims by policyholders was right or positively skewed with a mean number of

claims approximately zero (0.053).
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CHAPTER ONE

INTRODUCTION
1.1 Background of the Study
The no-claims discount (NCD) system is a means of rewarding insured motorists who have not
made a claim within a period for which premiums were paid, by reducing the premiums, or
awarding discounts on premiums payable in the subsequent insurance period. In this system, the
movement of insured motorists across discount levels is governed by the frequency of the claims;
it ignores the severity information, this implies that the future loss of insureds can be modeled with
the claims frequency alone, (Kiprotich et al., 2020).
This reduction is a much sought-after discount by all motorists. Just as discounts are a common
incentive in this system, penalties are equally popular. Motorists who made claims within a period
of insurance for which premiums were paid, would be liable for an increase in their next payment
of premiums, (Azaare & Wu, 2020). This incurred increment, known as loading in the context of
auto insurance, could be a bane in the pockets of motor insurance policyholders. In effect, the NCD
system as described by Anyango (2015), is a multi-layer premium policy which assigns a variable
premium class to a policyholder depending on their most recent claim history.
Ideally, it is suggested by Ogeno (2015) that variables such as age; occupation; gender; number of
years in driving; number of claims per policy (past claims history); type and use of car and even
the place of garage, be used in classifying various automobile risks into homogeneous groups. This
is done by a method known as priori rating. Ogeno (2015) goes further to state that NCD systems
are either set up by free markets or imposed by state institutions, which more often, than not, treat

all policyholders as a homogeneous group, thereby disregarding their individual characteristics.



Additionally, drivers at the time of a road traffic accident may not agree on who is at fault of
causing the collision; it is the duty of the insurers of both drivers to find out the driver-at-fault of
the claim. The Competition Commission, the statutory body responsible for investigating regulated
industries under competition law in the United Kingdom cites the establishment of fault, at the
time of a collision between two driving parties, as a factor in determining which driver is penalised
by an increment in payable premiums. In situations where fault is not properly established, or
where fault is failed to be established, penalties may be wrongly or unfairly meted out to
policyholders. Such instances have often led drivers to not only doubt the effectiveness of NCD
systems, but refrain from purchasing motor insurance, entirely (Competition Commission, 2012).
In Portugal, policyholders terminate their motor insurance policies, once claims have been paid to
them by their motor insurer, and move on to purchase new motor polices from a competitor of
their former insurers (Gueirrero & Mexia, 2002). This behaviour is not exclusive of policyholders

in Portugal, but pertains to policyholders elsewhere, including Ghana.

1.2 Problem Statement

Models are usually employed to decide when a claim be made and how much be paid (Burney et
al. 2022). Therefore, modeling of claim amount is an important technique for actuaries to estimate
parameters of the data foe the proposed model and making decision for loses and premium
calculations (Rafal, 2010). Though an ideal NCD system should be efficient and competitive,
seeking to relate an insured’s driving experience to the premium chargeable, however, this is far
from the case in the real context of most countries, including Ghana. As identified by Azaare and
Wu (2020), the No-Claims Discount systems used in Ghana fails to acknowledge both the

frequency and severity of policyholders’ claims in their designs. There have been extreme cases



where policyholders who made claims had to lose all their levels of discount, earned over their
incredible years of driving experience, and begin from the no-discount premium level. The
treatment of all policyholders in an insurer’s portfolio as a homogeneous group without regarding
the individuals’ peculiarities for the drivers insured (in the case of motor insurance), usually results

in this problem.

Also, there is an ineffective movement of information on policyholders amongst insurance
companies in the case that a policyholder makes a claim and is liable for a premium load in their
subsequent insurance coverage. This implies that, presently, the model allows a policyholder, after
claiming during their insurance coverage with one insurer, to move to different insurer
(competitor) for renewal, thus enabling avoiding the premium increment. Due to these challenges
with the current system, this study examines the desirability of this multi-layer premium system
(NCD system). Nath and Sinha (2014) argue that the basic framework should consider a discrete
time parameter Markov chain, where the state space should be of different levels of the premium,
and the state of a particular insured shifts randomly a year to the next. The randomness of the
transitions would follow a probability law of causing accidents each year, hence the percentage of
good drivers can be obtained to receive the fully discounted rate in the long run (Nath & Sinha,
2014). The European Federation of Road Traffic Victims (FEVR) is an association of road victim
support and advocacy groups from 11 countries with associate numbers from low income countries
including Argentina, Ghana etc. In 1997, FEVR produced Impact of Road Death and Injury, a
report which included surveys from over 1300 victims, collected by sixteen organizations in nine
European countries. Bereaved families and the injured were asked about their level of satisfaction

with the various authorities including coroners, police and insurers.



In general, respondents were unsatisfied with the damages offered, the medical examination
process, lack of financial justices and the time involved in civil proceedings. Road traffic victims
in Switzerland reported the highest rate of satisfaction with insurance companies but even there 60
percent were dissatisfied. UK victims reported considerable dissatisfaction with insurance
companies. Overall, 86 percent of bereaved families and 90 percent of the families with a member
disabled from a crash expressed dissatisfaction with the UK insurance companies and their reasons
included delays in payments of compensation and inadequate amounts involved. Lack of trust in
the compensation process will encourage abuse of the system. The insurance companies in Ghana
have complained of inflated disability claims reported by doctors. From the insurer’s side, both
Ghana and South Africa insurers have expressed concern over the liability of having unlimited
benefits for road casualties. There is also a problem with the lump sum payment as these are often
spent within several years and the victim returns to the state for benefits. The FEVR study
estimated the average time taken to settle the claim of a road fatality at 2.6 years and even longer
for claims to be paid involving the disabled and these delays will definitely put burden on the

affected families financially.

1.3 Objectives of the Study
This study aims at modeling a multi-level discount system that analyses the problem of
homogeneity in the treatment of motor insurance policyholders in a typical No-Claims Discount

system.



1.3.2 Specific Objectives

1. To analyse the various levels of discount in 3, 4 and 5 premium NCD systems using
Markov chains.

2. To model frequency distribution of motor insurance claims using the mixed Poisson
distribution and compute the respective transition probabilities of policyholders in the
corresponding 3,4 and 5 discount levels NCD systems.

3. To evaluate the hypothetical cases considered in the 3,4 and 5 discount levels for NCD

systems.

1.4 Brief Methodology

This study, will employ Markov chains techniques to determine the transition states of insured
drivers (policyholders) from one premium discount level to the other. Mixed Poisson distributions
involving one-and-two-parameter gamma and exponential distributions will also be used in

describing the claims frequency within a period of insurance coverage.

In this work, the method of moments as well as the maximum likelihood estimation (MLE) method
would be used to estimate the population parameters of interest, that is the expected values. The
data on the Motor Insurance Claims in Sweden, used in this study are predominantly secondary,
cross-sectional and describes third party automobile claims for the year 1977. The data lists the
number of claims (frequency) and the sum of payments (severity) in Swedish kroners based on 5
categories of distance driven by vehicle, which have further been divided into 7 geographic zones,
7 subgroups of driver claims history and 9 groups of automobiles. They were obtained from an

open source: Kaggle, a data science company and a subsidiary of Google.



1.5 Relevance of the Study

This study is a representative illustration of the applications of Markov chains and mixed Poisson
distribution in the insurance and finance sectors. It serves as a model for auto insurers, and other
risk enterprises that deal with premium discounts, in running a No-Claims Discount that is fair to
insurers and their policyholders as well as competitors.

Also, it ensures a hunger for bonus (discount) among drivers that would spur on insureds to make
fewer claims thereby encouraging safe driving on our roads. This will be the surest bet on reducing

the cost of motor insurance.

1.6 Limitations of the Study

Though the study intends for the best, it is still liable to flaws and constraints; most of which have
got to do with implementation of and compliance to insurance regulations. Below are the major
constraints worth giving attention:

Policyholders are regarded by insurers to be a homogeneous group; though policyholders are a
diverse group of drivers belonging to different risk classes depending on their driving experience,
claims experience and age bracket, or even gender.

Motor insurers in their quest to dominate the auto insurance market offer unreasonable discounts
to new clients signing onto their policies even to the point of disregarding NIC and GIA regulations
on discount limits.

Data on auto insurance claims frequency on Ghanaian insured motorists are not readily available

and in cases when they are, they are not readily accessible. Whether this is as a result of motor



insurance being unpopular among Ghanaian motorists or due to the NIC and GIA’s inability to

retrieve data from auto insurers, it is time we compiled an accessible insurance database.

Justification for the Use of the Foreign Data.

It is always a great swish and desire for every researcher to use the data in the country that he is
doing the research work, however there are certain compelling reasons why the researcher uses
another country’s data to do his analysis in his country. My thesis is not an exception, this is,
because the data on auto insurance claims frequency on Ghanaian insured motorists are not readily
available and in cases when they are, they are not readily accessible. Whether this is as a result of
motor insurance being unpopular among Ghanaian motorists or due to the NIC and GIA’s inability
to retrieve data from auto insurers. Not being able to access data on auto insurance in Ghana and |
therefore decided to search for data on the topic and | got access to data available in Sweden and
very good data suitable for my research work analysis. Therefore data used for the analysis was
readily available and readily accessible in Sweden.

1.7 Organisation of the Study

The outline of this study, on the application of Markov chains and mixed Poisson distribution on
No-Claims Discount systems in Ghana, is given below.

This section provides brief descriptions on the Literature Review, Methodology; Results and
Discussions and Conclusion and Recommendations.

A review of past and contemporary works, as well as brief explanations of keywords relevant to
this study, can be found in the Literature Review.

The Methodology involves a detailed look at the statistical methods, tools and motor insurance

data used to solve the problem of homogeneity mentioned in section 1.3.1 in the form of multiple



case studies. Here, hypothetical NCD systems are described under 3,4 and 5 discount-levels. The
Maximum Likelihood Estimation (MLE) and Method of Moments are the main statistical methods
used in estimating the parameters of the Poisson and mixed Poisson-exponential distributions. The
resulting estimators and probability functions from the Methodology are then used, together with
the descriptive statistics of the secondary data on Swedish Motor Insurance claims, to compute the
transition probabilities for the Markov chain models in the multiple NCD systems considered in
the case study. The final transition matrices for all hypothetical cases, under the 3,4 and 5 discount-
level NCD systems, are then assessed and used to determine which systems are strict, fair and
ideal. Finally, the Conclusion and Recommendations gives a concise summary of the entire work
and the salient findings, as well as limitations, identified in the course of the work that need

attention by scholars considering this field of study.



CHAPTER TWO
LITERATURE REVIEW

2.1 Introduction

The rules applied in a particular NCD system depend on the regulations. There is the free market, where
there is total freedom and insurance companies design their own NCD systems using their own rules. Then
there are the government imposed systems, where the rules that are applied in the NCD systems are
governed by government and every insurer has to apply these rules. What follows is the literature review
on different rules applied in both types of systems used by different countries.

This part of the study consists of a body of existing works undertaken by both past and
contemporary scholars on the NCD systems. It shows the links and contrasts in the methods,
statistical tools and objectives in the various works and the most favourable methods are
determined.

Works on the general applications of Markov chains and mixed Poisson distributions related to
this study are briefly discussed. It also highlights on the keywords that are mentioned in core

sections of the study that are worth defining.

2.2 Overview of Motor Insurance in Ghana.
In Ghana, the National Insurance Commission (NIC) is the major body responsible for regulating
and supervising all insurers in the industry as stipulated by the Insurance Act, 2006 (Act 724). The
NIC, in accordance with the Act, has the legal right to enlist all insurance companies, together with
their products and intermediaries, fit for operation in the Ghanaian insurance market. Thus, these
are the only motor insurance policies permitted by the NIC in Ghana:

1) Third Party Liability Policy

2) Third Party Fire and Theft Policy



3) Comprehensive Motor Insurance Policy.
However, the two main motor insurance policies highly purchased by policyholders on the
Ghanaian insurance market are the Third Party Liability and the Comprehensive Motor Insurance
Policies.
Third Party Liability Policy, as stated by Gonulal (2010) uses actuarial models to ensure that
damage to third party health and property caused by an accident for which driver and/or owner of
the car were responsible is covered.” A policy may be taken out by the owner of a vehicle or by a
lawful possessor authorized by the owner on behalf of the owner.
Compulsory Insurance, under the Third Party Liability Policy, is a financial protection system built
to prevent any grievance that third parties could face, due to lack of solvency of
first party who caused bodily injury or property damage following any event related to a car
accident. What Géniilal (2010) failed to look at in his study is the First and Second Party Policyholders
who form the majority of the population. His study did not also look at the number of no at-fault claims.
According to him the number of at-fault claims is assumed to follow Poisson distribution. This study will
look at both First and Second Party Policyholders and the number of no at-fault claims and the distributions
they follow.
On the contrary, a Comprehensive Policy provides the benefits available under the third party
insurance cover and in addition, it protects the insured’s own vehicle against the risk of fire
(explosion and lightning), flood, earthquake, malicious damage, theft or attempted theft and
damage to the insured’s vehicle in use by collision and overturning (Kumaga, 2016).
Kumaga (2016) further mentions that insurance companies focus more on selling comprehensive
motor insurance than third party policies because it generates higher revenue.
Lemaine and Zi (1940}, compare the merit rating systems of different countries in the third party

automobile insurance rating. They simulate and compare systems of different countries with

10



different stages, levels and rules, using Stationary Average Premium level, the variability of the
policyholder payments, their elasticity with respect to the claim frequency and the magnitude of
the hunger for bonus. The number of at-fault claims for a particular driver is assumed to conform
to a Poisson distribution. Their study failed to look at what happens to no at-fault claims for a
particular driver and what distribution is assumed to conform to the number of no at-fault claims
for a particular driver. This study will look at number of no at-fault claims and the distribution that
is assumed to follow it.

Emmamverdi et al (2013), compare the system being conducted by the Iranian insurance
companies. The system is a 5 by 5 stage NCD system and is assumed to follow the Poisson
distribution. They present a technique for coming up with optimal scales in automobile insurance
that can be commercially implemented and have reasonable penalties. The challenge of their study
is that they failed to give suggested penalties that they talk about in their study even though they
also use Poisson distribution in their study and their study did look at 3 by 3 stage NCD system
and 4 by 4 stage NCD system, therefore this study covers stages 3, 4 and 5 in NCD system.

Nath and Sinha (2014), inspect the desirability of the multi-layer premium system of the Insurance
and Regulatory and Development Authority of India, with six levels. They discover that though
bad drivers are twice as likely to claim as good drivers, the premium they are charged is only on
average marginally higher. They suggested that the levels of the NCD should be adjusted so that

bad drivers pay double premium that of good drivers.

2.3 Class-Based Premium Rating in NCD Systems in Ghana
Automobiles under insurance coverage are assigned classes on the basis of their use. These classes

then serve as determinants or factors in the primary rating of the insurer’s risk analysis. Azaare

11



and Wu (2020) mention that the No-Claims Discount system in Ghana, officially recognises three
classes of cars. Among the existing classes, and other emerging ones, are the following: ‘driving
to work’, ‘pleasure use’, ‘farm use’, and ‘business use’.

‘Pleasure use’ is so-called if a car is used leisurely or occasionally.

Automobiles assigned to the ‘pleasure use’ class pay lesser in premiums as compared to vehicles
allocated to the class for ‘business use’. Since pleasure use cars are driven fewer times in a given
period as opposed to business use vehicles which may be driven on a daily; the claims exposure is
lower for the former than the latter. They applied the Kullback-Leibler divergence, Kolmogorov
Smirnov, Anderson-Darling statistical tests and maximum likelihood estimation (MLE) to estimate
policyholder’s claims. The results suggest that Ghana’s auto policyholder’s claims are better approximated
using lognormal distribution, the industry can adequately evaluate policyholders’ claims to minimize
potential loss. Additionally, this distribution could enable the market reach decisions on premiums and
expected profits theoretically. Their study ignored the benefits of the policyholders whose contributions
that the insurance companies rely on to make their profits. They did also consider the levels of policyholders
in their study because the models used can not do proper analysis on the stages or levels. This study
therefore considers the various levels 3, 4 and 5. Azaare and Wu looked only at the frequency of claims
and severity of the claims and not the frequency and severity of the damages to the policyholders. They did
not also consider specificities in their study such as at-fault claims or no at-fault claims, they only
considered the generality of claims in their study. This study will look at all these gaps in their study and
address them.

Insurers are in the business of servicing claims of their policyholders whenever they duly arise.
But they can only do this if premiums are paid by the insureds. Premiums are regular payments

made by a policyholder, in this case a car owner, to an insurer in exchange for a claim amount

12



whenever a loss arises as stated in the insurance contract. Premiums charged by insurers vary from

one car to the other, depending mainly on the use classification.

2.4 NCD Systems: A Chronological Review of Relevant Existing Works.

Walhin and Paris (1999) constructed a bonus-malus model using the parametric method
encompassing the mixed Poisson distribution, which they claim is more general than the traditional
Negative Binomial or Poisson Inverse Gaussian distributions. They further justify their preference
for the parametric approach, to the non-parametric case, by citing its continuity. They however
admitted in their conclusion, that the non-parametric method is a better method, in terms of
goodness-of-fit, than their three-parameter model.

Prior to Frangos and Vrontos ( 2001), a chunk of the actuarial literature covering the optimal
Bonus-Malus (NCD) system shows that premiums were assigned to each policyholder based on
the numbers of accidents recorded in their driving history. Motivated by this unfair both the
frequency and severity of claims in calculating the premiums of insured motorists. This helped to
cater for the unfairness, of equal premiums, dealt to policyholders who had a relatively small loss
resulting from an accident in relation to those who reported huge losses.

Walhin and Paris again, this time in 2001, conducted a more practical study on Bonus-Malus
systems using both parametric and non-parametric mixed Poisson distributions. At the end of this
improved study, Walhin and Paris (2001) derived an iterative algorithm based on Lemaire’s
algorithm to compute corresponding premium levels.

Apparently, Lemaire was an actuarial scholar who had come up with an earlier algorithm in 1977.
Basing their work on Lemaire (1995) and Baione et al. (2002) identified a progressive reduction

of the average premium which causes financial imbalance in the context of the Italian auto
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insurance market. In that vein, their study is focused on designing an optimal tariff structure that
satisfies both transparency and financial balance conditions. They employed the first order Markov
chain in this work.

Kliger and Levikson (2002) completed a project on the pricing of no-claims discount systems using
in conjunction with Markov decision processes, game theory. Their final paper comes with the
novelty of introducing and analysing the interplay between the motor insurer and the insured
motorist, providing a pricing tool that considers the policyholder’s best response. It is also worthy
of notice that Kliger and Levikson consulted Lemaire (1985), Lemaire (1988) and Lemaire (1995)
in the construction of their work.

Entirely utilising linear programming in their paper, Heras et. al. (2004) designed Bonus-Malus
premium scales with interesting applications in motor insurance. Similar, in objective, to past
actuarial scholars such as Baione et al. (2002) and Frangos and Vrontos (2001), they addressed the
problem of inequality of premiums payable by policyholders, regardless of severity of claims.
Additionally, they look at the monotonicity and proper variability of the premium scale and the
improvement of the certain efficiency measure including RSAL and the elasticity of the whole
NCD system.

The RSAL, or relative stationary average level, is an adequacy measure that measures the severity
of the NCD system by expressing the relative premium paid by an arbitrary policyholder as a
percentage, when the stationary state has been approached. Like an indispensable force of NCD,
Lemaire (1985), Lemaire (1988) and Lemaire (1995) had to be credited in their work.

Pitrebois et al. (2005) observed that the Bonus-Malus System often leads to high ‘maluses’ any
time claims at fault are made. In practice, these maluses are quite difficult, if not impossible, to

implement. They therefore illustrate, in their dissertation, how to avoid this drawback by
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combining a posteriori premiums correction with deductibles depending on a policyholder’s level
occupied on the premium scale. In the case of claim frequency, the insurance portfolio is assumed
to be non-homogeneous whereas homogeneity is assumed for claim severity. Also, the claim
frequency is assumed to follow a mixed Poisson distribution and the motor insurance portfolio is
closed to incoming and outgoing policyholders.

Detailed micro-level automobile insurance records refer to experience at the individual vehicle
level, which consists of vehicle and driver characteristics, insurance coverage, and claims
experience. Frees and Valdez (2008), in their quest to model the micro-level records of a major
Singaporean insurance company, proposed a hierarchical model for three components
corresponding to the type, frequency and severity of claims. They came up with the negative
binomial distribution for assessing claims frequency. For the type of claim, they suggested the
multinomial logit model that is, whether it is third party property damage, third-party injury,
insured’s own damage or some combination. The third model suggested by Frees and Valdez
(2008) is however, the generalised beta distribution.

Applying AHP, Analytic Hierarchy Process, an expert risk scoring method, Chehui et. al. (2011)
determine the weights of the various risks factors that influence the incidence of road accidents.
They considered risk factors such as the nature of roads, weather conditions, driving time and
driver fatigue. They conclude that people, vehicle and environmental factors should be included
in the auto insurance underwriting process in China.

However, in Malaysia, the NCD system in force prior to 2013 was claimed to be the simplest
system in the world. In all of its simplicity though, Manan et al. (2013) report that the NCD system
does not treat policyholders fairly. Good drivers, who are at the highest discount level, are

penalised to a larger extent than drivers at the zero percent discount level of the premium scale. In
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that, if a good driver makes a claim, he/she is reverted to the zero-discount premium level. Manan
et al. (2013) therefore proposed for a multiple discount level Markovian NCD system to be
implemented to treat policyholders more instead of the abusive one imposed by the Malaysian
government.

Questing for the likelihood of claims by different categories of insured motorists, (Nath & Sinha,
2014) divided the policyholders in the Karimganj, North Tripura and West Tripura districts of
Thailand into two groups: ‘good drivers’ and ‘bad drivers’. This classification was done purely on
a two-year driving experience and accident records of the policyholders. A transition probability
matrix was generated for different discount levels to calculate the respective amount of premiums
payable in the long term by policyholders in the districts. And not in the least surprising, Nath and
Sinha, (2014) was made possible by referring, in no small way, to the works of Lemaire (1985),
Lemaire (1988) and Lemaire (1995).

Limiting their work to a three-level-discount premium NCD system, Wu et al. (2015), developed
a discrete-time risk model to correlate claims by insured motorists to the payable premiums. For
simplicity, only three premium levels were considered. However, recursive formulae are derived
to compute the ruin probabilities of policies. In actuarial science literature, ruin probability refers
to the likelihood that at a future time the total claims payable by an insurer exceeds the sum of the
initial surplus and the total premiums collected up to that time. The correlation between claims
and premiums payable therefore allow their impact on ruin probability to be easily determined.
Taking a recap at this point, it needs no say that most of the relevant works on NCD systems are
highly based on the pioneering works of Lemaire (1985), Lemaire (1988) and Lemaire (1995).
Aside that, these two observations are rather more obvious. In that, from Walhin and Paris (1999)

through Kliger and Levikson (2002) to Wu et al. (2015), most of the scholars whose works have
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been cited are Western or oriental scholars. This shows why more work on NCD systems is needed
in an African, and for that matter in the Ghanaian context.

Quite recently in Kenya, Anyango (2015) constructed an NCD system using Markov chains to
explain the movements between discount levels of premiums and calculating the probability
entries for the transition matrix using mixed Poisson distributions. 3, 4, 5, 6, up to 10 discount
levels of premiums were considered in the study, with multiple cases for each premium level. In
the second part of the methodology, the Geometric, Negative Binomial, with both one and two
parameters estimated by the MLE and method of moments, and the mixed Poisson Lindley
distributions were used to fit the claims frequency data. They found that the Geometric and Poisson
Lindley distributions compare well with the observed claims frequency data, and therefore
recommend that data on current claims experience be used in subsequent works.

To crown it all up, is Azaare and Wu (2020). This study examines that the most current No-Claims
Discount (NCD) system used in Ghana’s motor insurance market. It finds the Ghanaian system
outdated and ineffective, and therefore puts forward an alternative Bonus-Malus System (BMS)
that suits the present Ghanaian motor insurance market. The model constructed in this work
acknowledges both the frequency and severity of claims in its design, which checks the problem
of good drivers being unfairly penalised for making claims. In all, it is a model worth
implementing, and should the NIC, GIA and all insurance stakeholders play their part, motor
insurance in Ghana would be much more patronised and beneficial to all.

Institute and Faculty of Actuaries Examination CT4(2009), over the years has several questions
with the NCD systems with different rules applied within these systems. From 3 by 3 stage NCD
systems to 4 by 4 stage NCD systems, most of which are assumed to follow a Poisson distribution.

Most scholars in this literature review use both lognormal and Poisson distribution in their analysis,
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however the challenge is that most NCD systems are that of the simple random walk model,
whereby in case of a claim, the policyholder moves down a discount level and vice versa. Then
there are extreme cases, whereby if a driver makes claim(s), he loses all the discounts accumulated
over the years and goes to the level of full premium payment so therefore lognormal and Poisson
distributions may not give fair calculations on the claim(s).  In line with this, this study will
employ different techniques and models which includes, Mixed Poisson distributions involving
one -and-two parameter gamma and exponential distributions will also be used in describing the

claims frequency within a period of insurance coverage.

2.5 Terminologies used in the Study

2.5.1 Markov Chains

A stochastic process is a mathematical model that evolves over time in a probabilistic manner.
Samaniego (2003). And probably the most common and highly applied kind of all stochastic
processes, the Markov chain is described by statisticians in a number of interesting ways.

Be it the simple explanation that, “a Markov chain is a mathematical system that experiences
transitions from one state to another according to certain probabilistic rules. The defining
characteristic of a Markov chain is that no matter how the process arrived at its present state, the
possible future states are fixed.”

Or Samaniego (2003) who stipulates that a sequence of trials of an experiment constitute a Markov
chain if the outcome of an experiment belongs to a set of discrete states; and the outcome of an
experiment depends solely on the present state, and not on the past states.

Or Myers et. al. (2010), who infer, that a Markov chain is a stochastic process whose past and

future states are independent when the present is known.
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It can therefore be noted from the assertions cited above that all Markov chains have an underlining
requirement. This can be stated loosely as: the future is not dependent on the
past, but the present. This fundamental condition, which distinguishes Markov chains from all

other stochastic processes, is called the Markov property.

2.5.2 The Markov Property.
Deducing from the work of Levin et. al. (2009), the Markov property can be informally explained
as the conditional probability of moving from one state, say X, to another, say y, ho matter what

sequence say,  X;, X,,---, X,_,, of states precede X .

2.5.3 Mixed Probability Distributions.

Mixed type distributions are usually grossly cited with respect to zero-inflated data. Zero-inflated
data, as an expression was initiated in the early 1990s mainly in conjunction with discrete
parametric distributions such as the zero-inflated Poisson or ZIP distribution, for short. It has now
been tied to continuous distributions, (Lambert, 1992) and (Tu & Liu, 2002) Mixed type
distributions, having both continuous and discrete components to their probability distribution, are
intrinsic components of numerous diverse and vital models. Queuing is a typical case in point.
Several meteorological models including instantaneous wind speed supporting turbine placement
and daily rainfall supporting hydrological models (NCEI, 2017).

Given the affirmations provided above, it is evident that mixed probability distributions have a
countless list of applications across various fields of endeavour. However, this study would exploit

the mixed Poisson distribution in conjunction with Markov chains.
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2.5.4 Mixed Poisson Distributions

Mixed Poisson distributions have been applied in a large range of science fields to model non-
homogeneous populations. They have been broadly used to model observed situations where
characteristics reflected by the given data have differed from the anticipated characteristics under
a simple component distribution. They can be formed when the Poisson distribution is merged
with the exponential, one and two parameter gamma distributions, the Lindley distribution among
others. The distribution of the number of car accidents in an automobile insurance portfolio is

known to be well fitted by mixed Poisson distribution (Walhin & Paris, 1999).

2.5.5 Claims Experience and Loss Distributions

Claim frequency refers to the total count of claims that occur on a block of policies. The claims
experience random variables are often assumed to follow certain probability distributions, referred
to as loss distributions (Omari et al., 2018). Loss distributions are typically skewed to the right
with relatively high right-tail probabilities.

2.5.6 Severity of Claims

Severity of claims, in motor insurance, can either be the amount paid due to a loss or the size of
the loss event. For insurer’s to be in a position to pay claims resulting from existing portfolios of
policies in future, it is required that the insurer sufficiently models past and current data on claim
experience then use the models to forecast the expected future experience in claim amounts
(Kiprotich et. al., 2020) Similarly, Omari et al. (2018) define it as the monetary amount of loss on

each policy or on the portfolio as a whole.
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2.5.7 Premium Rating
Premiums are regular payments made by a policyholder, in this case a car owner, to an insurer in
exchange for a claim amount whenever a loss arises as stated in the insurance contract. In the

business of insurance, pricing insurance coverage is referred to as premium rating.

2.6 Establishing Fault in NCD Systems

The Road Traffic Act is a regulation set to check the movements and general conduct of motorists
on our roads and ensure that they meet enforceable standards that should be complied with. The
Road Traffic Act, 2004 (Act 683) Ghana and the Road Traffic Act 1988 (RTA, 1988) UK are a
few of the many strict regulations that have been enacted by Acts of Parliaments.

The drivers, at the time of a motor collision, may or may not know which driver is at fault. And
should they know which party is at fault, the party at fault may not readily admit in the heat of the
incident. It is therefore the insurers’ obligation to identify which party is at fault and decide on the
insurer responsible for the claims that may arise. That said, the drivers are also obliged to report
to their insurers or the broker who sold them their policies for due process to follow. The act of
immediately notifying the insurer of the accident is known as first notification of loss (FNOL).

In the event of a road traffic accident (RTA), the fault driver is legally entitled to some

amount of compensation, which have been stated in the private motor insurance (PMI) policy.
Should a collision of automobiles occur, the fault driver would need to take on a temporary
replacement vehicle (TRV) given that affected vehicle may require repair and would be unavailable
for some period. Provided a comprehensive policy is in place, he is covered for repairs to his

vehicle up to and agreed excess. Otherwise, only the affected third party is compensated.
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In the case of a non-fault claim, the non-fault driver is indemnified at the entire expense of the
fault driver. This implies that the insurance Law of Indemnity is applied to the letter. The non-fault
driver is legally entitled to be reinstated to the financial position he held prior to the collision or
accident. And the fault driver (party) is largely responsible for the associated costs. Multiple parties
may also be involved in the claims process regarding the non-fault driver’s loss. These include:
the non-fault broker, the non-fault insurer, the fault insurer, CMC (claims management company),

a TRV provider, such as a car hire company and an auto-repairer.

2.7 Applications of Markov Chains Related to the Study of NCD Systems

2.7.1 Measurement of Credit Risk

Markov chains, as shown in a study by Myers et al. (2010), are applied to measure the credit
risk of firms and business enterprises. They found that the transition matrix derived from the
credit data of firms represent the future evolution of their crediting ratings or scores. This, they
claim, will describe the probability that a particular firm, corporation or even country will
either remain in a current credit rating or move to a better or worse credit rating.

The main challenge with this application is how to generate the transition matrix from the
credit data. The most common way out for most researchers is by estimating credit rates by
analysing data from credit rating agencies like Moody’s and Fitch and Standard & Poor’s 500
(S&P). This method is not very reliable since the future might not develop smoothly as in the

past.
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2.7.2 Forecasting of Stock and Alternative Asset Trends
Markov chains, in conjunction with their corresponding diagrams (transition graphs), can be
used to model the probabilities of stock trends and the patterns of other financial instruments

such as treasury bills, government bonds, and crude oil prices.

2.7.3 Customer Relationship Models (CRM)

The customer’s lifetime value is a needful concept in the context of interactive marketing.
Dwyer (1989), in (Pfeifer & Carraway, 2000), assisted in publicising the lifetime value concept
(LTV) by illustrating the computation of LTV for both customer migration and customer
retention situations. Here, customer retention refers to situations where customers who no
longer patronise a business party are considered as ‘lost for good’.

While Dwyer (1989) illustrated his calculations of the LTV model using only two situations
of the customer’s relationship behaviour, (Berger & Nasr, 1998) show an improved model
involving five customer behaviour patterns: four involving customer retention and one
involving customer migration. Perhaps, this is a statistical tale of ‘two heads are better than

one’.

2.7.4 Operations Research in Airline Switching

Operations research, or simply OR, is explained by Hillier and Liebermann, as “research on
operations” applied to problems that concern how to conduct and coordinate the activities
within an organisation.

In aviation, Markov chains have been used by airlines such as British Airways to analyse

switching by their clients. For instance, what are the chances that a current Business Class
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customer would switch to: Economy Class on their next flight booking; or switch from
Economy Class to Premium Economy Class; or even make two or more flight bookings from
now; or stay with the Business Class on their next flight; or even switch from one airline to a
different airline, altogether?

These probabilities of airline switching help the management of the airline to make decisions
concerning what capacity of passengers to expect on a particular class of flight during specified

periods. It goes a very long way in estimating their costs, profits and other financial variables.

2.7.5 Brand Loyalty

Mutiu & Dotun (2015), in their study to examine customers’ brand loyalty for mobile phones using
Markov chains, asserted that, “Markov chains method comes out as the primary and most powerful
technique in predicting the market share a product will achieve in the long term especially in an
oligopolistic environment and in finding out the brand loyalty for a product. The concepts of
marketing studies are thought as discrete from the time and place viewpoint and so finite Markov

chains are applicable for this kind of process.”

2.7.6 Queuing Theory

A series of linked stations for serving in which each user, after departing from a particular station,
can pass into another one or exit from the whole system is called the networked queuing system.
The general assumption is that one station cannot at the same time serve two or more arrival
entities. If the station is busy, the user has to wait for service. At the very moment when the station
becomes free, the entity is taken over from the queuing according to the pre-defined rules (Petrovic¢

et al., 2008).
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CHAPTER THREE

METHODOLOGY
3.1 Introduction
This chapter presents detailed statistical methodology of the study and comes in two parts. The
first part entails three different level-discount premiums with varied conditions under separate
situations. Here, the 3-Levels-Discount, 4-Levels-Discount, and 5-Levels-Discount premium
scales of the NCD systems are considered with transition graphs and transition matrices for
illustration. In the second part, the claims frequency distribution is studied using a mixed Poisson
distribution. The Poisson-Exponential distribution is chosen, and its parameter is estimated by the

maximum likelihood estimation and method of moments.

3.2 Hypothetical NCD Systems with Multiple Levels of Discount
Three hypothetical cases are considered for each of the three multiple level-discount NCD systems,

namely: the 3-Levels, 4-Levels, and 5-Levels NCD systems.

3.2.1 A 3-Levels-Discount NCD Systems

Under this level-discount system, three situations are considered: each involving three levels of
discounts.

CASE 1: If a claim is made, one’s discount level is reduced to the next lower level of discount or
remains at the 0% level. Otherwise, one moves to the next discount level of premium, or stays at
the highest discount level. Here the levels of discount are Level 1, Level 2 and Level 3; represented

by L4, L, and L3, respectively.
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CASE 2: If a claim is made, one’s discount level is reduced to 0%, regardless of the discount level
held by one prior to the claim; otherwise, one moves to the next discount level or remains at the
highest discount level. Just like levels of discount in CASE 1, the three levels of discount in this
case are also represented as L4, L, and L3, respectively.

CASE 3: Here, the discount level a policyholder enjoys is reliant on both claims and whether the
policyholder was at fault in the events that led to those claims. If one makes a claim at fault, he
moves to the next lower level or stays at 0%; otherwise, one stays at the same level prior to the
claim if one is not at fault. However, one moves to the next discount level if he does not make any
claim. If one is at the highest level of discount and does not make any claim each year, one is given
a year’s worth of premium waiver, only to return to the highest discount level after a year. Unlike
CASE 1 and CASE 2, CASE 3 involves a temporary additional level of discount, the No-Premium

Level which will be denoted as N,, whereas Level 1, Level 2 and Level 3 will still be represented

by L4, L, and L3 , respectively.

3.2.2 A 4-Levels-Discount NCD Systems

CASE 1: As in the 3-level-discount premium scale, if a claim is made, one’s discount level is
reduced to the next lower level of discount or remains at the 0% level. Otherwise, one moves to
the next discount level of premium, or stays at the highest discount level. Here the levels of
discount are Level 1, Level 2, Level 3 and Level 4, represented as L4, Ly, L3 and Ly, respectively.
CASE 2: Here, one moves to the next lower discount level if a claim is made but not at-fault; and
moves down to the next two available discount levels lower than the level prior to the claim if one

is at fault. In the case of no claims however, one moves to the next level of discount; or remains at
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the highest level. As in CASE 1, the three levels of discount in this case are also represented by
L;, Ly, L3 and Ly, respectively.

CASE 3: This is an extension of CASE 2. In that, a policyholder is given a premium waiver (100%
discount) for a year provided no claim is made when he attains the highest discount level (Level
4). However, the policyholder would return to Level 4 after a year of free motor insurance
coverage. Under this case, Levels 1, 2, 3 and 4 are denoted by L4, L,, L3 and L4, respectively

whereas the No-Premium Level is represented as N,,.

3.2.3 A 5-Levels-Discount NCD Systems

CASE 1: As has been the case in CASE 1 of the 4-level-discount case, so is this case. If a claim is
made, one’s discount level is reduced to the next lower level or remains at the 0% level. Otherwise,
one moves to the next level of premium, or stays at the highest discount level. The Levels 1,2,3,4
and 5 of this no-claims discount system are represented by L4, L,, L3, Ly and L.

CASE 2: CASE 2 in the 4-level-discount premium scale applies here, as well, however this system
involves five levels of discount instead of four. These levels of discount include Level 1, Level 2,
Level 3, Level 4 and Level 5 denoted by L4, L, L3, Ly and Ls.

CASE 3: CASE 3 in the 4-level-discount premium scale applies here too. Here, one who attains
the highest-level-of-discount receives a premium waiver for one year if no claim is made. The
winner of the premium waiver, however, returns to the highest level of premium discount after one
year. In addition to Ly, Ly, L3, Ly and L denoting Levels 1,2,3,4 and 5, N, is used to represent

the No-Premium Level in the case.
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3.3 Transition Matrices and Graphs for the Multi-Level NCD Systems

The transition matrices, together with their corresponding transition graphs, for the 3-Levels, 4-
Levels and 5-Levels are shown in Figure 3.1, Figure 3.2, and Figure 3.3, respectively. T;; is the
transition matrices of the i-Level NCD systems in j cases. P;; is the probability of no claim in i-
level of NCD systems in j cases and 1 — P;; is the probability of claim in i-level NCD systems in

J cases.

3.3.1 The 3-Level NCD Systems’ Transition Matrices and Graphs
The transition matrices that correspond to the hypothetical NCD systems  described in CASE 1,
CASE 2 and CASE 3 of the 3-Level-Discount NCD systems in section 3.2 are presented in

Equations (1, 2 and 3), respectively.

L1 Pi 1- Py 0
T3,1 = Lz P2 0 1 P2 (1)
L3 0 P, 1 Ps

Lyl Pg 1Py O

T3p=Ly| Py 0 1-py (2)
Lyl P33 0 1-pgy
L P % %
- IS Poialon 1-( Py + Pyp) ¢ @)
33
RN & P33 1-(pgy + Pag)
M. G 1 iy

Figure 3.1 presents the transition graphs for the 3-Levels NCD system corresponding to the three
transition matrices in Equations (1-3), respectively. CASE 1 denotes the transition graph for
Equation (1), CASE 2 denotes the transition graph for Equation (2) and CASE 3 denotes the

transition graph for Equation (3).
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Figure 3. 1: Transition Matrices Graphs for the 3-Level NCD Systems.

3.3.2 The 4-Level-Discount NCD System’s Transition Matrices and Graphs
The matrices under the 4-Level-Discount NCD System with the corresponding transition graphs
are presented in Equations (4, 5, and 6) and Figure 3.2, respectively. The T,,, Ty, and T, 3

represent the transition matrices of CASE 1, CASE 2 and CASE 3, respectively.



L1 p11 1- p11 0 0
L 0 1- 0
T4’1 — 2 p21 le (4)
L3 0 p32 0 1_ p32
L4 0 0 p43 1- p43
L1 p11 1- p11 0 0
L 0 1- 0
T4’2 — 2 p21 Op21 1_ (5)
L| Py Py (Pa + Pss )
I-4 0 Ps2 Pas 1_( Pz + p43)
Ly [P11 1-p1 0 0 0 ]
Lz | P24 0 1-=p2n 0 0 |
Ty = L3 |P31 P32 0 1—(p31 +p32) 0 | (6)
Lyf o P42 Pa3 0 (P42 + P43)J
Nyl o 0 0 1

Figure 3.2 presents the transition graphs for the 4-Level NCD system corresponding to the three
transition matrices in Equations (4-6), respectively. CASE 1 denotes the transition graph for
Equation (4), CASE 2 denotes the transition graph for Equation (5) and CASE 3 denotes the

transition graph for Equation (6)

Tk ' ' b. CASE2
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Figure 3. 2: Transition Matrices and Graphs of the 4-Level NCD Systems

c. CASE3

3.3.3 The 5-Level-Discount NCD System’s Transition Matrices and Graphs
Finally, the 5-Level-Discount NCD Systems transition matrices with their corresponding transition
graphs are presented in Equations (6-9) and Figure 3.3. Here, Tsq,Ts, and Ts3 denote the

transition matrices described in CASE 1, CASE 2 and CASE 3 of the Level-Discount NCD

systems.
L1 i Py 1- Piy 0 0 0 ]
Lz P2y 0 i P2y 0 0
T,=L| 0 Ps, 0 1-py 0 (7)
I—4 0 0 Pas 0 = Pus
Lo 0 0 Pss  1-Ps
L1 i Py 1- Pry 0 0 0 |
L,| Py 0 1-py 0 0
T5 2 = Ls Pay P32 0 1_( Py + psz) 0 (8)
L4 0 Pay Paz 0 1_( Psp + p43)
L5 L 0 0 p53 p54 1_( psa + p54 )_
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L1 Pu 1- P 0 0 0 0
Lz Pa1 0 1- Pz 0 0 0
To| P P O 1= (Pay + Pz) 0 0 (9)
’ L4 0 P, Pas 0 1_( Py + p43) 0
Ls 0 0 Ps3 Pss 0 1_( Psz + p54)
N, O 0 0 0 1 o |

Figure 3.3 presents the transition graphs for the 5-Level NCD systems corresponding to the three
transition matrices in Equations (7-9), respectively. CASE 1 denotes the transition graph for
Equation (7), CASE 2 denotes the transition graph for Equation (8) and CASE 3 denotes the

transition graph for Equation (9).

b. CASE 2

c. CASE3
Figure 3. 3: Transition matrices and graphs for the 5-Level NCD Systems.
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3.4 Frequency Distribution of Claims

This section presents the frequency distribution of claim amounts. Studies by Lemaire (1985,1988
& 1995) on No-Claims Discount systems, have involved the use of the Poisson distribution to
describe the frequency of claims by insured motorists within a year of insurance coverage.
However, the mixed Poisson distribution is used lately since it has been observed to factor in the
non-homogeneity of policyholders and the claims occurrence. The mixed Poisson distribution is
more realistic than the simple Poisson distribution which treats the policyholders as a
homogeneous group. The mixed Poisson distribution consists of the Poisson and exponential
distribution. Alternatively, the Poisson distribution could have been mixed with the one- and-two-

parameter gamma or the Lindley distributions, as is the case in Anyango (2015).

3.4.1 Mixed Poisson-Exponential Distribution

Suppose that the number of claim amount, denoted by X, follows the Poisson distribution with
parameter A >0, where A is also a random variable that follows the exponential distribution

with parameter ... Then the probability distributions are defined as follows:

XAa—A

P(X:x|ﬂ)=%, X=0,12,-- (10)

f (A)= e A>0 (12)

Now, using the Total Probability Rule, we have the following
P(X=x)=[" P(X|2)f(4)dA (12)

Substituting Equations (10) and (11) into Equation (12) and applying the integration to the

function, yield the result
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] 1Y
P(X=X)=—]—|, x=0,1,2,3,--- 13
( X) 1+,u[1+uj X ( )

The probability distribution function of Equation (13) is a Geometric distribution with the X

number of claims.

3.4.2 The Probability Generating Function of the Claim Frequency

In this subsection, the probability generating function for the claim frequency is derived to enable
the moments computation theoretically. By definitions, the probability generating function for the
number of claims X is given as

Gy (t)= E(tx):itxi(ijx (14)

x=0 1+,u 1+,Ll

< 1+
Gy (t)=—£ L £ a
1+ o\ 1+ p 1+ \ 14+ pu—t

=( - J t<(1+p) (15)

e

Now using Equation (15), we can easily obtain the expectation and variance for number of claims,
X as

e(x)-6, -2 -2 (16)

i
Therefore, the expectation of X is E(X ) =—, and the variance is given Equation (17) as
U

var (x) =6 (1) -[6 ()] = £ (17)
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The results of Equations (16) and (17) confirmed that the number of claims frequency follows
geometric distribution with parameter % where . is the parameter of the exponential
U

distribution.

3.4.3 Parameter Estimation of the Geometric and Poisson Distributions
The parameters of the theoretical distributions of the number of claims amount would be estimated
based on two methods namely, Method of Moments and Maximum Likelihood Estimation (MLE).
This subsection presents the two techniques for driving the parameters of the Geometric and the
Poisson distributions.
a. The Method of Moments:
The method of moments involves equating the sample moments with the theoretical moments.
Hence to estimate unknown parameter (e.g. Mean), an equation is set up by equating the first non-
central moment of the population to the sample mean.
Therefore, we have

E(X)=X, (18)

1 N 1d
where E(X)==, from Equation (16) and X :HZXi .
U

i=1

Hence
1
Ty 19
. (19)
where /1 is the estimated value or parameter from the sample.
The moment generating function of the Poisson distribution is given as
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M, (1) =E(e")= 3 e 28 (20)

vrc x!

Now summing from zero to infinity using Taylor’s series identity, we have
M, (t):exp{;t(et—l)}. (21)

Suppose there is a random sample of size n, where x's; 1=12,3,---,n, then the

n

MZX (t)=E|e™

X

= exp{n/”t(et —1)} (22)

By the method of moments, the estimator £ for the parameter . , is estimated by solving the

equation:

exp {tlznll xi}z exp{nﬂ(et —1)} (23)

After some manipulations, we have

A Xt
lzm,tio (24)

b. The Maximum Likelihood Estimation:

The method of moments is a simple method of estimating population parameters as compared to
the maximum likelihood estimation. However, it may sometimes result in invalid of infinite
estimates. A robust but more complicated alternative to the method of moments is the maximum
likelihood estimation method. Under this method, the likelihood (or chance) of obtaining the
sample, assuming independence among the sample observations is given by

L =[Te0e =) 2] ()

i\ 1+ u )\ 1+ p
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Now, taking log on both sides of Equation (26), we have

In L(y):nln(li]fzn:xi In[lij. (27)

m_w(l ! jz_ (28)

u l+up
n :iz_l“xi
u(1+y) 1+ u
n il
= == 29
fant )

Therefore, the estimate £ for the geometric distribution produced the same in both cases.

The maximum likelihood estimation method for the Poisson distribution is given as

L(a)=TTP(x =x)-T [ A5 (20)

i X!

X
e‘“%é

f[ X!
i=1

Taking the natural logarithm on both sides of Equation (30), yields the results in Equation (31)
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n

1(2)=InL(2)=-na+Y % In(2)-YIn(x) (31)

i=1 i=1
Now, taking the derivative on both sides with respect to 2 , and equating the results to zero yield

the required result as:

I’(/l)z—n+%
n X =X (32)

i=1

e

S

Therefore, the maximum likelihood estimator of the Poisson distribution is the sample mean x .
The study further discusses the expected claim frequency for both the Poisson and the Geometric
distributions. Based on the above resultant formulae, the expected claim frequencies are fitted to
the observed claims frequencies under the MLE and Method of Moments methods, for both the
Geometric and Poisson distributions.
Suppose O denote the expected number of the claim’s frequencies under the Poisson and
Geometric distributions. Then [ can be estimated as

0 =N[P(X =x), (33)
where N is the sum of all observed claim frequencies.
Therefore, the expected number of claims, 0 under the Geometric and Poisson distributions are

given in Equations (33 and 34), respectively.

g
V=N (34)
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CHAPTER FOUR
RESULTS AND DISCUSSIONS

4.1 Introduction

This chapter presents results and discussions of sampled data from the motor insurance claims
database. The chapter begins with descriptive statistics of the data where the frequency distribution
of the claim count, the mean, mode, standard deviation, and kurtosis were presented. The
population estimates of the motor insurance claims were computed based on the MLE and method
of moments with reference to frequency distribution of the claim count. The chapter further fitted
the observed frequency claims count data to the Poisson and mixed Poisson-exponential
(Geometric) distributions separately and their expected claims distributions compared. The chapter
concluded with computation of the transition probabilities for the Markov chain of NCD Systems

based on the two probability distributions.

4.2 Preliminary Analysis

This section presents preliminary analysis of the sampled dataset employed. The frequency
distribution and the descriptive statistics of the number of claim count are presented. Table 4.1
displays the frequency distribution of the number of claims per a policy. It is observed from Table
4.1 that almost 95 percent of the policies recorded zero claims and a little less than five percent
recorded one claim. The policies that recorded more than one claims were approximately less than
one percent of the total of the total number of policies considered. This result shows the impact of

no claim discount in the behaviour of the policyholders.
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Table 4. 1: Frequency distribution of number of claim count per policy

Number of Claims per Policy (X) Claims Frequency Percentage
0 643953 94.9772
1 32178 4.7460
2 1784 0.2631
3 82 0.0121
4 7 0.0010
5 2 0.0003
6 1 0.0001
8 1 0.0001
Total 678008 100

Table 4.2 presents the summary descriptive statistics for the number of claims per policy. It is
observed that the average number of claims was 0.053 per a policyholder. The modal number of
claims per a policyholder was 0.00 with a kurtosis of 181393.490, which indicates a very large

measure of outliers in the number of claims. A large value of kurtosis suggests a possible evident

of heavy tails for the distribution of the dataset.

Table 4. 2: Descriptive statistics for the number of claims

Statistics Values
Mean 0.053
Mode 0.00
Standard deviation 0.015
Kurtosis 181393.49
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In addition, a pictorial view of the distribution for the number of claims per policy against the
claims frequencies is displayed in Figure 4.1. The bar graph depicts graphically the distribution of
the dataset used in the analysis of this study. The graph showed a right-tailed distribution which

suggests that the motor insurance claims are positively skewed.
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Figure 4. 1: A bar graph showing the distribution of the dataset.

4.3 Fitting Observed Claim Frequencies to Poisson and Geometric Distributions

This section presents number of claims frequencies fit to the Poisson and Geometric distributions
using maximum likelihood estimation and the method of moments. Table 4.3 shows the observed
number of claims and the expected number of claims for Poisson and Geometric distributions using
the maximum likelihood estimation method. It is observed from the Table 4.3 that the expected

claim frequencies under the Geometric distribution fit are closer to the observed number of claim
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frequencies than the Poisson distribution fit. Table 4.4 presents the absolute deviations of the
expected claim frequencies of Poisson and Geometric fits under the MLE from the observed
number of claim frequencies. It is found that the Geometric distribution fit recorded the smallest
absolute mean deviation of 91.312 whilst the Poisson distribution fit recorded a larger value of
517.33. This revealed that the Geometric distribution is best fit to the observed claim frequencies
using the maximum likelihood estimation method than the Poisson distribution fit.

Table 4. 3: The number of Claims Frequency distribution under Poisson & Geometric

distributions of MLE

No. of Observed Expected Frequency Expected Frequency
Claims Frequency (Poisson) (Geometric)

0 643953 642905 643783

1 32178 34178.1 32497.2

2 1784 908.489 1640.41

3 82 16.1 82.805

4 7 0.214 4.18

5 2 0.002 0.211

6 1 2.015 0.011

Total 678007 678008 678008

Table 4. 4: Comparison of absolute deviations of the Poisson & Geometric fit from

observed frequencies

Expected Number of

Ol?served Claims Absolute Deviations
Number Claim Bl Poisson Geometric  Poisson Geometric
0 643953 642905 643783 1048 170
1 32178 34178.1 32497.2 2000.1 319.2
2 1784 908.489 1640.41 875.511 143.59
3 82 16.1 82.805 65.9 0.805
4 " 0.214 4.18 6.786 2.82
5 2 0.002 0.211 1.998 1.789
6 1 2.015 0.011 1.015 0.989
Total 678007 678008 678008 3999.31 639.193
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Mean Deviations 571.33 91.312
Table 4.5 shows the observed number of claims and the expected number of claims for Poisson

and Geometric distributions using the method of moments. It is observed that the results of the
expected number of claim frequencies based on the method of moments are not different from
those observed under the MLE. Thus, the expected claim frequencies under the Geometric
distribution fit are closer to the observed number of claim frequencies than the Poisson distribution
fit. Furthermore, Table 4.6 shows that the Geometric distribution fit recorded the smallest absolute
mean deviation of 91.257 whilst the Poisson distribution fit recorded a larger value of 579.457.
This also revealed that the Geometric distribution provides a better fit to the observed claim
frequencies based on the method of moments.

Table 4. 5: The number of Claims Frequency distribution under Poisson & Geometric

distributions of method of moment

No. of Observed Expected Freq. Expected Freq.
Claims Freq. (Poisson) (Geometric)
0 643953 642907 643783
1 32178 34176.3 32497.2
2 1784 908.389 1640.41
3 82 16.096 82.8
4 7 0.214 4.18
5 2 0.002 0.211
6 1 2.015 0.011
Total 678007 678008 678008
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Table 4. 6: Comparison of absolute deviations of the Poisson & Geometric fit from

observed frequencies (Method of Moments)

Expected Number of

Observed Absolute Deviations
) Claims
Number Claim Freq. Poisson Geometric  Poisson Geometric
0 643953 642907 643783 1046 169.82
1 32178 34176.3 32497.2 1998.3 319.187
2 1784 908.389 1640.41 875.611  143.592
3 82 16.096 82.8 65.904 0.805
4 7 0.214 4.18 65.904 2.82
5 2 0.002 0.211 2.82 1.789
6 1 2.015 0.011 1.789 0.789
Total 678007 678008 678008 4056.33  638.802
Mean Deviations 579.475 91.257

It can be inferred from the above results that the two methods of estimating the parameters of the

Poisson and Geometric distributions produced approximately the same results. However, the

Geometric distribution is found to produce the best fit to the observed number of claim frequencies.

4.4 Analysis on Transition Matrices for NCD Systems

In this section, analysis on the transition matrices and graphs for the hypothetical cases on 3-Level,

4-Level and 5-Level NCD systems are presented. The previous section revealed that Geometric

distribution produced the best fit to the claim frequency data. Therefore, the transitional

probabilities for the matrices of three hypothetical cases for each 3-Level, 4-Level and 5-Level

NCD systems will be computed using the Geometric distribution. The estimated mean parameter
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for the fitted Geometric distribution was computed as 18.87 under the maximum likelihood
estimation method.

The transition matrices for the various hypothetical cases in the 3-Level, 4-Level and 5-Level NCD
systems are presented. The transitional probabilities known as the movements of policyholders

across the various discount levels are estimated and analysed based on the Geometric distribution.

4.5.1 Results on the 3-Level NCD Systems

The results and discussion on the three cases of the 3-Level discount systems for the movement of
policyholders across the discount levels. Figure 4.2 displays the transition matrix and graph for the
Case 1, (T34) of 3-Level discount system. The transition matrix (T3,) shows that there is the
likelihood that a policyholder who made claimant at a level would drop to the immediate next level
with a probability of 0.048 in the next cycle or year. Alternatively, a policyholder who make
claimant at Level 3 or Level 2 will drop to Level 2 or Level 1, respectively with an equal chance
of 0.048. However, the chances that a policyholder who do not make any claimant at Level 1 or
Level 2 would move to the next level with a probability of 0.952 (i.e. from Level 1 to Level 2 or
from Level 2 to Level 3). Itis also observed that the likelihood that a policyholder at Level 1, will
remain at Level 1 is 0.048 in the next cycle and the likelihood that a policyholder at Level 3 who
does not make claim, would remain at the same Level 3 is 0.952. There is no chance that a

policyholder not making claim at level 2 will remained at level 2.
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Figure 4. 2: Transition matrix and graph for case 1of 3-Level NCD system (T3 ,) .

Figure 4.3 presents the transition matrix and graph for the Case 2, (T3) of the 3-Level discount
system. The transition matrix (T3 ») and graph show that there is the likelihood that a policyholder
who do not make claim would move one level upward with an equal probability of 0.952.
However, the chances that a policyholder who make claim at Level 3, may dropped to Level 1
with a probability of 0.05 and the likelihood that a policyholder who make claim at Level 2 will
drop to level 1 is 0.048. It is also observed that the likelihood that a policyholder at Level 1 and
will remain at the same Level 1 without making claim is 0.048. However, the likelihood that a
policyholder at Level 3 who do not make a claim and will remain at the same Level 3 is 0.95. It is
observed that there is no chance that a policyholder at Level 2 and will remained at the same Level

2 in the next cycle (Figure 3).
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Figure 4. 3: Transition matrix and graph for case 2 of 3-Level NCD system(T3 ;).

The Case 3 of 3-Level NCD system has an additional level known as No Premium level and its
transition matrix and graph are displayed in Figure 4.4. It is observed that, Case 3 of 3-Level
discount system have a similar movement pattern to that of the Case 1. The only difference is the
No Premium level. However, at Level 3, a policyholder who do not make claim would move to
the No Premium level for one year before returning to Level 3 again if no claim is made during
that one-year period. The probability that a policyholder without making claim at Level 1 or Level
3 will remain in that level in the next cycle are 0.048 and 0.002, respectively.

However, a policyholder who does not made a claim at Level 1 has 0.952 chances of moving up
to level 2 and 0.048 likelihood of moving from Level 2 to Level 1 if a claim is made. Again, a
policyholder without claim at Level 2 has 0.950 chances of moving up to Level 3 and 0.048

likelihood of dropping from Level 3 to Level 2 if a claim is made.

47



0.048 0.952
0.048 0.002
0.000 0.048
0.000 0.000

0.000
0.950
0.002
1.000

0.000
0.000
0.950
0.000

0.048

0.048

0.950

b 0.002

Figure 4. 4: Transition matrix and graph for case 3 of 3-Level NCD system(T33) .

4.5.2 Results on the 4-Level Discount Systems

In this subsection the results, and discussions on the three cases of the 4-Level discount systems

for the movement of policyholders across the discount levels are presented. Figure 4.5 displays the

transition matrix and graph for the Case 1, (T4,,) of 4-Level discount system. The transition matrix

(T44) shows that there is equal probability of a policyholder moving one step upward to the next

level if no claim is made at that level and one step downward if a claim is made. It is found that

the probability of a policyholder moving one level step upward is 0.952 and the probability of

moving one level step downward is 0.048. However, the likelihood that a policyholder without

making a claim at Level 1 or Level 4 would remain in that same Level next cycle are 0.048 and

0.952, respectively. There is no likelihood that a policyholder not making claim in Level 2 or

Level 3 will remain at that same level the next cycle.
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Figure 4. 5: Transition matrix and graph for case 1 of 4-Level NCD System (T4 4).

Furthermore, Figure 4.6 presents the transition matrix and graph for the Case 2, (T4 ) of 4-Level
discount system. The transition matrix (T4) and graph show that there is the likelihood that a
policyholder may move one level step upward with an equal probability of 0.952 in the preceding
year if no claim is made and a one level step downward with an equal probability of 0.048 in the
preceding year if a claim is made. It is observed that a policyholder making a claim at Level 3 may
move to Level 1 with a probability of 0.002 and a policyholder making a claim at Level 4 will
move to Level 2 with a probability of 0.002 in the preceding year. However, Case 2 of 4-Level
NCD system, has the same chances for movement of policyholders in Case 1 of 4-level NCD
system, where a policyholder at Level 1 or Level 4 may remain in that same level in the preceding
year with a probability of 0.048 or 0.952, respectively for not making a claim in the current year.
It is interesting to note that, there is zero chance that a policyholder not making claim at Level 2

or Level 3 would remain at the same level in the preceding year (Figure 4.6).
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Figure 4. 6: Transition matrix and graph for Case 2 of 4-Level NCD system (T4 ).

The Case 3 of 4-Level no claim discount system has an additional level known as No Premium
level like the third case of 3-Level NCD system. The transition matrix and graph for this case are
displayed in Figure 4.7. It is observed that, Case 3 of 4-Level discount system have a similar
movement pattern to that of the Case 2 of 4-Level. The only difference is the No Premium level.
However, at Level 4 a policyholder who do not make claim would move to the No Premium level
for one year before returning to Level 4 again if no claim is made during that one-year period of
no premium payment. The probability that a policyholder at Level 4 without claimant will move
to No Premium level is 0.950. Secondly, the probability that a policyholder with no claim at Level
1 will remain in that level in the next cycle is 0.048.

Furthermore, a policyholder who does not make a claim at Level 1, Level 2 or Level 3 has 0.952,
0.952 and 0.950 chances of moving up to Level 2, Level 3 or Level 4, respectively in the next
cycle. It is observed that a policyholder making a claim at Level 3 may move to Level 1 with a
probability of 0.002 and a policyholder making a claim at Level 4 will move to Level 2 with a
probability of 0.002 in the preceding year. Finally, a policyholder with claimant at Level 2, Level
3 or Level 4 will drop to the next level with a probability of 0.048.
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Figure 4. 7: Transition matrix and graph for Case 2 of 4-Level NCD system (T4 3).

4.5.3 Results on the 5-Level NCD Systems

This subsection presents the results discussions on the three cases of the 5-Level discount systems
for the movement of policyholders across the discount levels. The Markov chain transition
matrices and diagrams are presented in Figures 4.8-4.10.

Figure 4.8 displays the transition matrix and graph for the Case 1, (T'5;) of 5-Level discount
system. The transition matrix (T's ;) shows that there are equal probabilities of a policyholder with
no claim at a particular moving one step upward to the next level and one step downward to the
next level if a claim is made. It is found that the probability of a policyholder moving one level
step upward is 0.952 and the probability of moving one level step downward is 0.048. However,
the likelihood that a policyholder with no claim at Level 1 or Level 4 would remain in that same
Level the next cycle are 0.048 and 0.952, respectively. There is no likelihood that a policyholder

not making claim in Level 2 or Level 3 will remain at that same level the next cycle.
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Figure 4. 8: Transition matrix and graph for Case 1 of 5-Level NCD system (T ;).

The results and discussions for the Case 2 of the 5-Level no claim discount system are presented.

Figure 4.9 displays the transition matrix and graph for the Case 2 of 5-Level discount system. The

transition matrix (T's,) shows that there is an equal probability (0.952) of a policyholder with no

claim at Level 1 and Level 2 moving one step upward to the next level (Level 2 and Level 3,

respectively) and 0.950 probability of moving from Level 3 to Level 4 and from Level 4 to Level

5 if the policyholder make no claim. However, a policyholder will drop one step to the next level

if a claim is made with a probability of 0.048. Furthermore, the likelihood that a policyholder

would drop two steps or Levels is 0.002 if a claimant is made (Figure 4.9).
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Figure 4. 9: Transition matrix and graph for Case 2 of 5-Level NCD system (T's »)
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The final case of 5-Level no claim discount system has an additional level known as No Premium
level like the third cases of 3-Level and 4-Level NCD systems. The transition matrix and graph
for this system are displayed in Figure 4.10. It is observed that, Case 3 of 5-Level discount system
have a similar movement pattern to that of the Case 2 of 5-Level. The only difference is the No
Premium level. However, at Level 5 a policyholder who do not make claim would move to the No
Premium level the next discount cycle for one year before returning to Level 5 again if no claim
is made during that one-year period of no premium payment. The probability that a policyholder
at Level 5 without claimant will move to No Premium level is 0.950. The transition matrix (T's 3)
shows that there is an equal probability (0.952) of a policyholder with no claim at Level 1 and
Level 2 moving one step upward to the next level (Level 2 and Level 3, respectively) and 0.950
probability of moving from Level 3 to Level 4 and from Level 4 to Level 5 if the policyholder
makes no claim. However, a policyholder will drop one step to the next level if a claim is made
with a probability of 0.048. Furthermore, the likelihood that a policyholder would drop two steps

or Levels is 0.002 if a claimant is made (Figure 4.10).
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Figure 4. 10: Transition matrix and graph for Case 1 of 5-Level NCD system (T's 3).
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The results observed from Figures 4.2, 4.5 and 4.8 show that the system treats policyholders fairly.
It is generally observed that, policyholders have a higher chance of moving up to the next level if
claims are not made and the probability of dropping one level if claims are made is very small.
The system penalizes claimants by reducing their discount one level at a time or maintaining their
discount level if they are already at the least level of discount. Non-claimants are equally rewarded
one level at a time.

The cases 2 of the three NCD systems showed a more penalized and strict system. For instant,
Case 2 of 3-Level discount system penalized policyholders with a probability of 0.05 of losing the
highest discount-level and back to Level 1 to pay full premiums and that can also be seen 4-Level
and 5-Level at a probability of 0.002. On the contrary, the event of losing more than one discount-
level at a time, was impossible in the other NCD systems.

Finally, the third case of the three NCD systems are however ideal systems. There are high chances
of 0.950 moving to the no premium level if claims are not made. This encourages policyholders
not to make claims when minor accidents occur. Generally, the no claim systems are designed to
reward policyholders who are extra vigilant on the road in terms of avoiding road accidents and
penalized bad road users. Therefore, claimants are grouped into 2: those at-fault and those not-at-
fault. Those at-fault depending upon the magnitude of the accident and claim are moved one or
two discount-level down and those who are not-at-fault are saved or spared any penalties; they are

retained at their discount-level just before the claim.
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CHAPTER FIVE
SUMMARY, CONCLUSION AND RECOMMENDATIONS
5.1 Introduction
This chapter presents summary, conclusion and recommendations of the study based on the
findings of the study. The study employed maximum likelihood and moment methods of
estimation to fit the mixed Poisson-exponential model and the Markov Chains technique was

applied to calculate the probabilities for the three hypothetical No-Claims Discount model systems.

5.2 Summary
The study seeks to model a multi-level discount system that analyses the problem of homogeneity
in the treatment of motor insurance policyholders in a typical No-Claims Discount system. The

summary of the findings based on the set objectives are as follows.

The descriptive statistics of the claim frequency revealed that the number of claims by
policyholders was right or positively skewed with a mean number of claims approximately zero
(0.053). The results revealed that the Geometric distribution was better fitted to the observed claim
frequencies based on the maximum likelihood estimation method than the Poisson distribution.
Also, under the method of moment estimation, the Geometric distribution provides a much better
fit to the observed claim frequencies than the Poisson distribution. It was observed that the
geometric model performed approximately the same under both methods of estimating the
parameters.

The transition matrices for the various hypothetical cases in the 3-Level, 4-Level and 5-Level NCD

systems were estimated using the geometric probability model based on the maximum likelihood

55



estimation method. the results for the 3-Level NCD systems showed that the policyholders were
rewarded with approximately 95% chances of moving to the next higher level towards attaining a
no premium zone if a claim is not made in the cycle and were punished if a claim is made by
dropping to the lower level with approximate probability of 0.048.

For the 4-Level and 5-Level NCD systems, there was not much difference with the 3-Level NCD
systems. With the 4-Level and 5-Level NCD systems, a policyholder maybe punished with one-
two levels drop from the current level if a claim is made and one step upward if no claim is made
as a reward. Generally, there was approximately 0.950 probability of a policyholder moving to a
higher level if a no claim is made during that period and 0.048 probability of dropping to a lower

level if a claim is made.

5.3 Conclusion

The study’s aim was to model motor insurance claims of policyholders using Markov chains and
mixed Poisson-exponential model. The claim count distribution was found to follow a Geometric
distribution and the maximum likelihood estimation and method of moments produced

approximation same results for estimating the parameters of the Geometric model (distribution).

The results revealed that the system treats the policyholders fairly with higher chances rewards for
not making claims in any given level. However, due to the fairness of the system, policyholders
who make claims are equally punished by dropping from their current level to the lower one or are
made to stay in their current level in the next cycle. The second cases of the three systems were
considered strict and the third cases were considered ideal systems. This because policyholders

were given high chances of moving to the no premium level if claims are not made. Therefore,
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policyholders are encouraged not to make claims when minor accidents occur when they are at the
third case system. In conclusion, the multi-level NCD system was designed to reward
policyholders who are extra vigilant on the road in terms of avoiding road accidents and penalized

bad road users.

5.4 Recommendations
The study presents the following recommendations to stakeholders in the insurance industry and
researchers based on the findings of the study.
1. The motor insurance institutions in Ghana should incorporate No-Claims Discount systems
in pricing insurance premiums in Ghana, especially comprehensive insurance.
2. Further work should be done on multi-level systems: 6-Level, 7-Level, 8-Level and 9-
Level NCD systems to unravel the policyholders’ behaviours on road usage.
3. This study considered only the Poisson and exponential mixed distribution as an alternative
to the Poisson distribution. Future studies could consider the Poisson-Lindley, negative
Binomial and the one-parameter or two-parameter Gamma distributions and Geometric and

two parameter gamma distributions.
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