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ABSTRACT

Given a Lie algebra g and its complexification gc, the representations of g¢ are iso-
morphic to those of g. Moreover, if g is the corresponding Lie algebra of a connected
and simply connected Lie group G then the representations of the Lie group in ques-
tion are isomorphic to those of gc. This thesis explains the basic concepts of Lie
groups and Lie algebras. Further, the basic representation theory of Lie groups and
Lie algebras, particularly those of semisimple Lie algebras is discussed. In addition,
an exposition of a method of constructing induced representations, with the particu-
lar case of the Poincaré group and an application in Physics is given. Finally, some

physical applications of Lie groups and Lie algebras are outlined and discussed.
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Chapter 1

Introduction

Of a truth, the emergence of Lie groups and Lie algebras in times past and their devel-
opment in current years has been a great feat to Mathematics and Physics. Although
Lie groups may possess a global structure with nonlinear features, Lie algebras are
linear in nature and thus are often much more accessible or rather easier to work with.
Again, Lie groups can be viewed as global objects and Lie algebras as local objects
[1]. Consequently, a number of features of Lie groups are realized by the properties
of the Lie algebras that correspond to them [2]. For example, given two connected
and simply connected Lie groups G, G2, and their corresponding Lie algebras g1, go,

any homomorphism ¢ : G; — G5 is isomorphic to the corresponding homomorphism

g1 — g2 [3].

In addition, representations can be attributed to homomorphisms in themselves. The
Lie theory is characterized by a variety of beautiful and interesting theories. One
of such is the theory of representations of Lie groups and Lie algebras. Generally, a
number of Lie group and Lie algebra applications are centered on their representa-
tions. Given a Lie algebra g and its complexification gg, the representations of g¢
are isomorphic to those of g [4]. Moreover, if g is the corresponding Lie algebra of
a connected and simply connected Lie group G then the representations of the Lie
group in question are isomorphic to those of gc. Thus, the representations of Lie

algebras are of great relevance in the study of Lie group representations.

Lie groups arise most often in physics as symmetry groups of dynamical systems, with

such symmetries being associated with laws of conservation [5]. Though Lie groups



found their way into Physics even before the development of the quantum theory
and were relevant for the description of some homogeneous symmetric spaces being
used in geometric theories of gravitation, they were virtually “forced” into physics by
the development of the modern quantum theory in 1925 — 1926 [6]. Over the years,
Lie groups and Lie algebras have been widely used in Spectroscopy, Nuclear Physics,
Particle Physics, Gauge theories and in the structure of space time. This work will
attempt to mention a few applications with regards to these areas after touching on
basic concepts in Lie groups, Lie algebras and their representations with some focus
on the induced representations of the Poincaré group. For more details on induced

representations of locally compact groups the reader may refer to |7, 8|

In a bid to gain a better understanding and have a substantial knowledge of the
theory of Lie groups and Lie algebras, particularly how it is applied to various fields

I was motivated to carry out this work.

1.1 Organization of Studies

This work is structured as follows:

e Chapter 1 gives a brief introduction of how Lie groups are linked to Lie algebras

and their relevance in Physics.

e Chapter 2 discusses basic concepts in Lie groups and that of Lie algebras.
Among these concepts are some definitions, theorems and examples regard-
ing Lie groups as well as Lie algebras, Linear Lie groups and the concept of

nilpotency, solvability and semisimplicity of Lie algebras.

e Chapter 3 focuses on representation theory, specifically the representations of
Lie algebras that are semisimple and explains a method of constructing induced

representations of topological locally compact group.

e Chapter 4 outlines the application of induced representations of the Poincaré
group in Physics and explains how Lie groups as well as Lie algebras are applied

in physics.



Chapter 2

Basic Concepts

This chapter serves as an opening into elementary concepts in Lie groups and Lie

algebras.

2.1 Lie algebras

For a general understanding of Lie algebras and Linear Lie groups we make reference
to [9, 3]

Definition 2.1.1. A Lie algebra g is a vector space over a field K(R or C) endowed

with a bilinear map (Lie bracket)

[ ]gxg—g

(z,y) = [z,y] zy€eg
which satisfies the following conditions:
(i) [z,2] =0,Vz e g

(i) [z, [y, 2]] + [y, [z, 2]] + [2, [z, y]] =0,Vz,y,2 € g (Jacobi Identity)

g is bilinear < for all k1, ks € K and z,y,2 € g

3



(a) [k1x + koy, 2] = k1lx, 2] + kaly, 2]

(b) [z, k1y + koz] = ki[x, y] + kolx, 2]

The set of linearly independent vectors that spans a finite dimensional Lie algebra g

is termed basis.

Definition 2.1.2. Let {Xj,---,X,} be the basis of the Lie algebra g. For each
X;, X in the basis we have

(X0, Xj] =) Xy
k=1

where the cfj are referred to as structure constants of g.

With regards to the structure constants, the two conditions in Definition 2.1.1 can be

written as:

(ii) for any m, Z(céjcf,j + cé-kcﬁ + cfkic?;) =0 Vijk=1,---n.

=1

Corollary 2.1.3. The first condition in Definition 2.1.1 connotes anticommutativity.
This means, [x,y] = —[y,z] for all x,y in g. Consequently, this anticommutativity

ensures that g is abelian if and only if [x,y] =0 V z,y € g.

Proof. From the definition of a Lie algebra we know that,

[t+y,z+yl=0

= [z, z] + [z,y] + [y, 2] + [y,y] = 0 (Bilinearity)

[z,y] + [y, 2] =0 (2.1)
[lL‘,y] = _[ya ZL‘]
Suppose g is abelian then,
[z, y] = [y, 2] (2.2)



From Equations 2.1 and 2.2,
[2,9] + [z, y] = 2[z,y] = 0= [z,y] =0
Conversely, suppose [z,y] = 0 then

[y, 2] =0=[y,2] = [z,4] =0

We give two examples of Lie algebras.

Example 2.1.4. Consider the space of n x n matrices M(n,R). Let S,T € M(n,R)
with [S,T] = ST —TS. M(n,R) equipped with this bracket is a Lie algebra. This
Lie algebra is denoted by gl(n,R).

Example 2.1.5. Consider the vector space R3. For vectors a, b € R? define [a, b] =
a X b such that,
azbz — azbs
axb=|asb —abs | Va,b € R%.

a1by — asbhy

R3 endowed with the Lie bracket as defined in this example is a Lie algebra. To show

this, let a, b, c € R3.

(i) Now, Va € R3
Q203 — A3a2
axa=|aga; —ajaz | =0

102 — Q207

since aq, as, ag, by, bs, b3 € R and multiplication in R is commutative.



(ii) Also we know from vectors that,

ax (bxc)=(ac)b—(ab)c

b x (¢ x a) = (b.a)c — (b.c)a

c X (axb)=(c.b)a—(c.a)b
The dot product is commutative hence
ax(bxc)+bx(cxa)+cx(axb)=0

We consider another example in terms of structure constants.

Example 2.1.6. Consider a basis of su(2) given by the matrices,

01 = 3 09 = ) ) 03 =

We calculate the structure constants below considering [o;, 0;] = cfjak. Now,

k
[UZ‘,O'Z'] =o0;0; — 0,0, =0 — Cii = 0.

Also,
0 1 [0 —2 0 —2f [0 1 2t 0 ) 3 »
01,02] = - = = 2103 o = 21
(01, 0] 2ioy = Cjp =2
1 0] 1]z O ¢t 0 10 0 —i
o 1|t o |1 offo1] [o -2 )
(o1, 03] = - = = —2i0y = 3= —2i
1 010 -1 0 =11 11 0 2 0
0 —i| |1 0 1 0] |0 —i 0 2| o
(09, 03] = - = = 2i0) => Cy3 = 2i
v 0 0 -1 0 =11z O 21 0

From these results,

o Cih + caaClt 4 2 by = 2i(0) 4 2i(0) — 2i(0) = 0



for any m.

Proposition 2.1.7. Let V' be a finite dimensional vector space. Consider the space

End(V') of endomorphisms of V', with Lie bracket defined as follows:

Vf.g € EndV), [f,g]=feg—golf.
Then End(V') equipped with the Lie bracket [-,-] is a Lie algebra.

Proof. Let f,g,h € End(V).

W) [f,fl=fof—fof=0

(ii) [f,[g,hﬂ =fogoh—fohog—gohof+hogof
l9,[h, f]] =gohof—gofoh—hofog+fohog
,g]] =hofog—hogof—fogoh+gofoh

Hence [f,[g,h]] + [g. [, f]] + [h.[f,9]] =0

]

Definition 2.1.8. (Lie subalgebra) Let g be a Lie algebra. b is a Lie subalgebra of g
if b is a vector subspace of g closed under the Lie bracket that is V a,b € b, [a,b] € b.

Furthermore, J is an ideal of g if J is a vector subspace of g and [a,b] € J,Va € J,b € g.

Definition 2.1.9. (Derivation) Let g be a Lie algebra. A derivation is an endomor-
phism D : g — g such that D[X,Y]| = [DX,Y] + [X,DY],V X, Y € g. Denote the
vector space of derivations of g by Der(g). For Dy, Dy € Der(g), define

[Dl, DQ] = Dl 9] DQ - DQ o} Dl'

We state and prove a corollary that illustrates an example of a Lie subalgebra.

Corollary 2.1.10. The space of derivations of g (Der(g)) is a Lie subalgebra of gl(g),
where gl(g) is the Lie algebra of endomorphisms of g.



Proof. We will show that Der(g) satisfies the following conditions.
(i) aDy 4+ 8Dy € Der(g) VD1, Dy € Der(g), a, 5 € R

(11) [Dl, DQ] VD¢, D, € @6’/“(9)
For (i),

aDy[X, Y]+ BDy[X,Y] = a([D:X,Y] + [X, DiY]) + B ([D:X, Y] + [X, D;Y])
= [aD1 X, Y] + [X,aD, Y] + [BD,X, Y] 4 [X, BD,Y]
= [aD X, Y]+ [BD X, Y]+ [X,aD, Y] + [X, SD;Y]
= [(aDy + BD2) X, Y]+ [X, (D1 + 8D9)Y]
= (aD; + 8Dy)[X,Y]

Again, for (ii)

[Dy, Do][X,Y] = Dy o Dy[X,Y] — Dyo Dy[X,Y]
= D1 (D[ X, Y]) = Dy (D[ X, Y])
= Dy ([D:2X, Y]+ [X, DoY]) — Do ([Di X, Y] + [X, DiY])
= [D1DyX, Y] + [D2X, D\Y] + [D1 X, D,Y] + [X, D1 DyY]
— [DyDy X, Y] = [Dy X, DyY] — [DyX, DyY] — [X, DyDyY]
= [D1DyX,Y] — [X,D;D\Y] + [X, D, D;Y] — [D:D; X, Y]

= [[Dy1, Do) X, Y] + [X, [D1, Dy]Y]

]

Definition 2.1.11. (Lie algebra homomorphism) A map V¥ : g; — go where g; and

g2 are Lie algebras, is a Lie algebra homomorphism if VX, Y € g,

(i) W(BX +7Y) = BU(X) +7U(Y),Y 5,7 €R

(i) WX, Y] = [U(X), ¥(Y)]



Proposition 2.1.12. The adjoint map ad : g — gl(g) defined by adX (V) = [X,Y]

s a homomorphism of Lie algebras.
Proof. Let XY, Z € g. We want to show that,

(i) ad(aX + BY) = aadX + BadY

(i) ad[X,Y] = [adX,adY]

With respect to (i),

ad(aX + BY)(Z) = [azx + BY, Z]
= [aX, Z] + [BY, Z]
= a[X, Z] + BY, Z]
= (cadX + BadY)Z
— 0adX(Z) + BadY (2)

Also, for (ii) by the definition of ad,
ad[X, Y](Z) = [[X,Y],Z]
Using the Jacobi Identity,

(X, Y], Z] = [X, [y, Z]] - [V.[X, Z]]
oo ad[X,Y)(Z) = adX[Y, Z] — adY[X, Z]
— adX oadY (Z) — adY o adX(2)
= (adXadY — adYadX)(Z)
= [adX,adY](2)



Corollary 2.1.13. The adjoint of the Lie algebra g is an ideal of the space of deriva-
tions of g.

Proof. We have already established in the previous proposition that ad(aX + gY) =
aadX +pfadY Va,f € Rand X,Y € G. Thus, cadX + padY € ad(g). We now show
that VX € ad(g), D € Der(g) and [adX, D] € ad(g)

We have,
[adX, D](Y) = (adX o D — D oadX) (V)
=adX(D(Y)) — D(adX(Y))
— [X,DY] - D[X,Y]
— [X,DY] — [DX,Y] - [X, DY]
— —[DX,Y]
— —adDX(Y)
=ad(—DX)(Y)
So, [adX, D] = ad(—DX) € ad(g) and hence ad(g) is an ideal of Der(g). O

2.2 Lie algebra of a Lie group

Given a Lie group, it is important to know its Lie algebra because of the relationship
between the representation of the Lie group and its corresponding Lie algebra. Here,
we give the definition of Lie groups via smooth manifolds, define Linear Lie groups,
define the Lie algebra for a certain class of Lie groups and compute the Lie algebras

for these Lie groups.

For preliminaries on manifolds and Lie groups we make reference to [10].

Definition 2.2.1. (Manifold)[11] A topological manifold is a Hausdorff topological
space M such that for any x € M there exists some open neighbourhood U of x which

is homeomorphic to R™ for some integer n > 0. In other words, a topological manifold

10



is a locally Euclidean space. In addition, if ¢ is the homeomorphism in question, then
(U, ¢ : U — R") is referred to as a chart. A collection of these charts that cover M
is an atlas. As such if the atlas is not contained in a larger atlas then it is a maximal

atlas. Furthermore, M is a smooth manifold if M has a maximal atlas.

Definition 2.2.2. (Tangent space) Let us suppose M is a manifold contained in some
ambient space R™ where M is a smooth manifold and x € M. The tangent space of

M at the point z is given by,
To(M) ={v € R"[v = ¢'(0)}

where ¢ : R — M is a smooth curve that passes through = and ¢(0) = .

Next, we define a Lie group and its subgroup.

Definition 2.2.3. (Lie Group) A smooth manifold G with a group structure such
that the map,

a:G@GxG =G
(9,h) = gh™" g,heG

is smooth is called a Lie group. Moreover, if H C G is a closed subgroup of G and H

is a submanifold of GG, then H is a Lie subgroup of G.

Some examples of Lie groups (linear Lie groups) have been stated earlier. We outline

some other examples of Lie groups.
Example 2.2.4. (R",+) and (RT\{0}, x) are Lie groups.
Example 2.2.5. The quotient group (R"/Z",+) is a Lie group.

Example 2.2.6. The group of n x n invertible matrices whose entries are in K,
GL(n,K) is a Lie group. M(n,K) = K" is a differentiable manifold. GL(n,K) =
FYR\{0}), where f : M(n,K) — R that is f(A) = det(A), for A € M(n,K).
GL(n,K) is an open submanifold of M(n, K) and its multiplication and inverse maps

are polynomials hence smooth. Thus it is a Lie group.

11



Example 2.2.7. The unit circle S* is a Lie group. S' c GL(1,C) is a subgroup
and a smoothly imbedded submanifold of GL(1, C), thus it is a Lie group. Again, we
know, S* = {x € R|(z1)? + (22)? = 1}. We consider the following coordinate charts.

These are,

Vi{z € S'|zs > 0}, vy ()
Va{w € S'|wp < 0}, ¢y, ()
(z)
(z)

x1
T1
Wi{z € S'z; > 0}, dw, (z) = 22
X2

WQ{ZL‘ < SI|ZL‘1 < 0}7¢W2 X

These charts cover S'. Also, with respect to V; N W, we notice that

x1:\/1—(x2)2>0, x2:\/1—(x1)2>0.

These are C* functions, so (Vi, ¢y, ) and (Ws, ¢w,) are C*° compatible. These charts
are enough to make S a one dimensional smooth manifold. The group S* has its

multiplicative and inverse operations smooth as well. Thus it is a Lie group.

Example 2.2.8. The torus 7% = S! x S! is a Lie group. If G and H are Lie groups,
then G x H is a Lie group under the usual Cartesian group operations and the smooth

product structure [12]. Thus T2 is a Lie group.

Example 2.2.9. The Heisenberg group is a Lie group.
In addition, we define a Linear Lie group and state some examples.For information

regarding Linear Lie groups we make use of the reference Hall [3].

2.2.10 Linear Lie groups

Definition 2.2.11. A closed subgroup of GL(n,K) is called a linear Lie group.

We state examples of linear Lie groups.

12



Example 2.2.12. The special linear group, SL(n,K) := {B € GL(n,K) : detB = 1},
is a closed subgroup of GL(n,K) because its determinant function is continuous and

SL(n,K) = det (1), which is closed in GL(n, K).

Example 2.2.13. The orthogonal group, O(n) := {B € GL(n,R) : BTB = BBT =
I} and the special orthogonal group, SO(n) := {B € GL(n,R) : BYB = BBT =
I,detB = 1} are linear Lie groups. O(n) is closed in GL(n,R). It is the pre-image
of the map f(B) = BBT — I. In addition, det(O(n)) = £1. Thus O(n) has two

connected components and SO(n) is the connected component of the identity.

Example 2.2.14. The unitary group, U(n) := {B € GL(n,C) : B*B = BB* = I}
and the special unitary group, SU(n) := {B € GL(n,C) : B*B = BB* = [,detB =
1}, where B* is the conjugate transpose of B are linear Lie groups. U(n) and SU(n)
can be defined analogously to O(n) and SO(n).

Example 2.2.15. The symplectic group denoted by, Sp(2n,K) := {B € GL(2n,K) :

0 I,
BTJB = J}, where J = is a closed subgroup of GL(2n,K) thus it is a

-1, 0
linear Lie group.

We give the general definition of a representation of a linear Lie group G on a finite

dimensional vector space V.

Definition 2.2.16. A representation, II of a linear Lie group G on a finite dimensional
vector space V' is a homomorphism of G into GL(V'). This map 1T : G — GL(V)

satisfies,

(a) I, =1L,  Vr,yed

(b) II, = Idy
where 11, := II(x) € GL(V).

The adjoint representation of a Lie group G is the homomorphism Ad : G — GL(g).
We would discuss a little bit more about representations in the next chapter. Here,

we provide the adjoint representation of the Lie group, SU(2).

13



Example 2.2.17. (The adjoint representation of SU(2)) Earlier we defined the Lie

group, SU(n) in Example 2.2.14. Similarly,

SU(2) ={Y € GL(2,C) : Y'Y = YY* =T ,detY = 1}

First, we find matrices that take the above form. Now, for R € SU(2) such that,

m n m n m T 10
R = and = sms—nr=1Vm,n,r,se€C

<
VA
3
VA
S
VAl
o
—_

The following equations are derived.

b
o

mf? + |nf? = 1

N
=~

2+ Jsf* =1

.[\D
Ot
e N N N

mr+ns =20

Y
=)

rm+sn =20

N/~

in addition to

ms —nr = 1. (2.7)
From Equation 2.5 and 2.6,
mr = —ns and rm = —sn
Multiplying these equations yield,
m[*[r?] = [s]*|n|

14



Also,

[ ?[r*] = [s[*(1 — [m]?)
[m?[r] + [s[*m]* = |s|*

(] + [s]) = |s]*

m[* = |s|”
= mm = s§ (2.8)
In the same vein,
rT=nn (2.9)

This gives us the following possibilities
m==xs,m==x5,m==xs,m==s

and

r=4n,r ==+n,r = +n,£r = £n

From Equations 2.8 and 2.9,
m(m) —n(=n) = [m|? + Inf? = 1

So, the only possibilities are

S=m,r =—n

Thus, elements in the special unitary group SU(2) are of the form,

m n ‘ ) )
where m,n € C with |m|* + |n|* =1

-7 m

15



Suppose m = a + ib and n = ¢ + id, an element in SU(2) is given by,

a+1ib c+id 10 i 0 0 1 0 4
+b +c +d
—c+1id a—1b 0 1 0 —1 -1 0 7 0

Consequently, we can write down the following basis for SU(2):

0 0 1 0 2
X]_ - X2 = X3 et
0 —: -1 0 1 0

Consider a matrix R € SU(2), then

R:T1X1 +7"2X2—|—7"3X3, 1,T9,T3 < (C

Now,
1 0 0 1 0 1 7 0 0 2
[X1, Xo] = - = = 92X,
0 —2 -1 0 -1 0 0 — 2t 0
0 1 0 2 0 2 0 1 2t 0
[Xo, X3] = - = =2X,
-1 0 1 0 1 0 -1 0 0 —2
1 0 0 2 0 2 1 0 0 2
(X4, X3] = — = = 2X,
0 —1 1 0 1 0 0 —1 -2 0

Thus, from the above results the adjoint representation of R in accordance with the

ordered basis { X1, Xo, X3} is given by,

Definition 2.2.18. (One-parameter subgroup) A homomorphism ¢ : R — GL(n, K)

16



satisfying the condition:
Vs, t € Ryp(s+t) =1(s)y(t) and (0) =1

is a one-parameter subgroup.

Example 2.2.19. Given the sets:

A={a,teR}, N={n,(eR}

where,

a; and n¢ are one parameter subgroups of SL(2,R)

In fact,
t1+t2
e 2 0
Aty +ty = ty4to
0 T2
t1 ta
e2e? 0
- _u _t
0 e 2e 2
t1 ta
ez 0 e 0
= ) ) By properties of diagonal matrices
_a _ 2
0 e 2 0 e 2
= atlat2
and
e’ 0
ag =
0 ¢
10
01

17



Therefore,

Aty 41, = G, Ay, Vii1,10 € Rand ap = 1.

Moreover,
L G +G
N¢i+¢ =
0 1
(1o [1 ¢
0 1 0 1
= N Mg
And,
10
Nng =
0 1
Therefore,

Neia¢e = Ny NG Vgl, CQ € R and ng = 1.

Proposition 2.2.20. /9] Every one-parameter subgroup 1 of GL(n,K) is of the form
¥(t) = exp(tB) where B ='(0) € GL(n,K) and t € R.

Proof. From the usual definition of the derivative, we have

0 = iy L
B0 — ()
h—0 h
() lim Y(h) ; ¥(0)
= ¢(t)¢'(0)

So,
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After integrating with respect to t we have,

(t) = K expt)’(0)

Since 1(0) = I, K = 1. Therefore,

(t) = expty'(0) = exptB

where B = ¢/(0).
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2.2.21 Lie algebras of Linear Lie groups

Definition 2.2.22. The Lie algebra of a linear Lie group, G is given by:

g={BeglnR)|exptB € G,Vt € R}

We compute the Lie algebra of the linear Lie groups discussed earlier. To do this, we
use the following well known result, det(exptA) = exp[t tr(A)], where A € GL(n, K).

Example 2.2.23. We first consider the general linear group. We know that,
GL(n,R) ={B € M(n,R)| det(B) # 0}
Its Lie algebra is given by,
gl(n,R) ={B € M(n,R)|exptB € GL(n,R)}

This implies that,
det(exptB) = explt tr(B)] # 0

But we know that,
explt tr(B)] >0

Thus det(exptB) > 0 and hence,
gl(n,R) = M(n,R).

Example 2.2.24. For the special linear group, SL(n,R) = {B € GL(n,R) : det B =

1}, its Lie algebra is given by,

sl(n,R) ={B € M(n,R)|exptB € SL(n,R),Vt € R}

20



So,

det(exptB) = 1,Vt € R
explt tr(B)] =1

tr(B) = 0.
This gives us the space of traceless matrices, that is,
sl(n,R) ={B € M(n,R)| tr(B) =0}

Example 2.2.25. We consider the orthogonal and the special orthogonal groups.

O(n) = {B € GL(n,R) : BTB = BB” = I} and SO(n) = {B € GL(n,R) : BTB =
BBT = I, detB = 1}. The lie algebra of O(n) is given by,

o(n) ={B € M(n,R)|exptB € O(n)}
Computing this, we have

exptB(exptB)l =1
exptBexptBT =1

expt(B+ BT) =1

Differentiating at ¢t = 0 we have,

B+BT'=0

B"=-B
This yields the space of skew symmetric n X n matrices given by,
o(n) = {B € M(n,R)|B" = -B}
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In the case of so(n), the trace of the matrix also vanishes in addition to the above skew

symmetric nature but skew symmetric matrices have a zero trace so so(n) = o(n).

Example 2.2.26. We compute the Lie algebra of the unitary and special unitary
groups. Now,

U(n) = {B € GL(n,C)|B*B = BB* = I}

So,
u(n) ={A € gl(n,C)|exptB € U(n)}

Computing this we have,
exptB(exptB)" =1

exptBexptB* =1

expt(B+ B*) =1

Differentiating at t = 0 we have,

B+B*=0

B*=-B

Therefore,

u(n) ={B € gl(n,C)|B* = —B}

In addition to u(n) the Lie algebra, su(n) has the condition ¢r(B) = 0. Hence,
su(n) = {B € gl(n,C)|B* = —B and tr(B) = 0}

Example 2.2.27. Consider the symplectic group, Sp(2n,R) = {B € GL(2n,R) :

0o I,
BTJB = J}, where J = Then,
-1, O

sp(2n,R) = {B € gl(2n,R)|exptB € Sp(2n,R)}
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Computing this we have,

(exptB)"J(exptB) = J

exptBTJ = Jexp(—tB)
Differentiating at ¢ = 0 we have
B'J=-JB=B"J+JB=0
Therefore, the Lie algebra of the symplectic group is given by,

sp(2n,R) = {B € gl(2n,R)|B"J + JB = 0}
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2.3 Nilpotent, Solvable and Semisimple Lie Algebras

Here, we define nilpotent, solvable and semisimple Lie algebras, other concepts re-
lating to them and some examples as well. We begin by defining the centre of a Lie

algebra.

Definition 2.3.1. (Centre of a Lie algebra) [13] The centre z(g) of a Lie algebra, g
is the set,

2(g) ={X €g,[X,Y]| =0VY € g}.

A Lie algebra is abelian if and only if z(g) = g.

Definition 2.3.2. (Nilpotent Lie algebra) Let g be a Lie algebra. Define the de-

scending central series (C"g)nenuqoy such that
C’o>c'o-.oClgoCgoCctlgo -

where C'g := g and C"g := [g,C"'g]. If there exist an n € N such that C"g = {0} we

say g is nilpotent.

The smallest n such that C"g = {0} is called the step of the nilpotent Lie algebra g.

Example 2.3.3. Abelian Lie algebras are nilpotent of step 1. For any abelian Lie
algebra g, [X,Y] =0,VX,Y € g. This means that,

[9,0] = {[X, Y], VX, Y € g} = {0}

Example 2.3.4. The Heisenberg Lie algebra Hj is nilpotent. Consider the following

010 000 0 01
Ci=10 00, Co=|(0 0 1| andC3=1]0 0 0
0 00 000 0 00

of the Lie algebra Hs. We see that C5 € z(H3) and [Cy,Cy] = Cj is nilpotent. In
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addition,

C'Hy = [Hy,C"Hy) = [H3, Hs) = {[C, E),C, E € Hy}
C'Hz = {[a1C1 + aaCo + 3Cs, BBy + BoFy + B3Es), an, an, i3, B1, Ba, B3 € R}
= {(a1f2 — a21)C3 = 7C3,v € R}

Also,
C*Hy = [H37C"1H3] = {[01C + 205 + a3C5, 705, o, i, 3,7 € R} = {0}

.. Hj is nilpotent.

Example 2.3.5. The space of strictly upper triangular matrices, T,(n, R) is nilpotent

of step n.

Example 2.3.6. The 4 dimensional Lie algebra [ with basis @)1, Q2, @3, Q4 such that
[Q1,Q2] = Qs,[Q2,Qs] = Q4 and all other products equal to 0 is a nilpotent Lie
algebra.

Remark 2.3.7. If ¢ is a homomorphism of Lie algebras then ¢(C™(g)) = C"p(g).

We state a corollary that is a consequence of the Engel’s theorem [9].

Corollary 2.3.8. Let g be a Lie algebra. g is nilpotent < VX € g,adX s nilpotent.

Proof. Suppose g is nilpotent, then there exist n € N such that C"g = [g,C" 'g] =
{0}.
So,

VX eg [X,C" gl =0

Therefore,

adX (C"'g) =0
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Consequently,

(adX)*(C"%g) = 0

(adX)"(C"g) = (adX)"(g) = 0.

This shows that,
(adX)" = 0.

Thus ad X is nilpotent for all X € g. Now, suppose adX is nilpotent VX € g. Then
there exist n € N such that C"(adg) = {0}. Since ad is a homomorphism,

C"(adg) = [adg,C" ' (adg)] = [adg, ad(C"'(g))] = ad(C"g) = {0}

Thus,
C"g C ker(ad) = z(g)
So,
C"g C z(9).
Now,
C"g C [g,2(g)] = {0}
Hence g is nilpotent. O]

Definition 2.3.9. Let g be a Lie algebra. Define the upper central series (D"9>neNu{0}
such that,
D'g>D'g--->D"'goD'gOD" gD ---

where,

D'g:=g and D"g := [D" 'g,D" 'g].

If there exist an n € N such that D"g = {0} we say g is solvable.
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Corollary 2.3.10. Every nilpotent Lie algebra is solvable.

Proof. We prove by induction the statement Vn € NU {0}, D"g C C"g. .
For n =0,
Dg =C’,

which is clear from the definition of Dg and C°g. Also, for n = 1,
D'g=[D, D] =[g,0] =C'g.
Therefore,

D'g c Clg

Suppose D"g C C"g is true for n = k. Then,
D*"'g = [D"g,D"g] C [9,C"g] = C"*g

Thus we have proved that if g is nilpotent then there exists an n € N such that

Drg C C"g, so g is solvable. ]

Consequently, every nilpotent Lie algebra is solvable but the converse is not true. We

state examples of solvable Lie algebras.

Example 2.3.11. The 2 dimensional non- abelian Lie algebra given by [Y;,Y2] = Y]

is solvable. Moreover, this Lie algebra is not nilpotent. Now D°g = g and,

Dlg = [979] = {[alyl + Yy, Bi1Y1 + 523/2,]7041,042,&,@ € ]R}

= {(a1f2 — a251)Y1 = Y1,7 € R}
Also,

D'g = [P, D] = {(y¥1,7Y1], v € R} = {0}

27



But,

C'g = {I'},I € R}
C*g = {I'Y},I" € R}
C2g — {F//le’F// c R}

C'g ={pY1,p €R},Vn eN

Remark 2.3.12. If ¢ is a Lie algebra homomorphism then ¢(D"(g)) = D"p(g).

Example 2.3.13. Every abelian Lie algebra is solvable.

We state a corollary on solvable Lie algebras. In addition, we state and proof a

proposition using results from the corollary.

Corollary 2.3.14. [9] Let g and ¢’ be two Lie algebras and I an ideal of g.

(1) If g is isomorphic to g’ then g is solvable if and only if ¢’ is solvable.
(ii) If g is solvable then g/1 is solvable.
(111) If I and g/I are solvable then g is solvable.

Proposition 2.3.15. The sum of 2 solvable ideals is solvable.

Proof. Let I and J be two solvable ideals of a Lie algebra g. There exist a homomor-
phism,
o:J—= U+ J)/I.

Here, ker¢p = I N J. Thus, from the second Isomorphism theorem for Lie algebras we
have, (I + J)/I = J/I N J. Now, if a Lie algebra g is solvable then given an ideal I,
g/1 is solvable. Thus if J is solvable then J/INJ is solvable. Also, if g = ¢’ then g is
solvable if and only if g’ is solvable. Thus (I + J)/I is solvable. Again, if I and g/I
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are solvable then g is solvable. Consequently, since (I + .J)/I and I are solvable, so

I + J is solvable.

We define the radical of a Lie algebra and the Killing form.

Definition 2.3.16. (Radical) The largest solvable ideal of a Lie algebra g is the
radical of g denoted by Rad(g).

Definition 2.3.17. (Killing form) Let p be a representation of a Lie algebra g on a

finite dimensional vector space V. Then we have a symmetric bilinear form

B,(X.Y) = tr(p(X)p(Y)), XY eq.

If p = ad then
B(X,Y) = tr(adXadY),

is the Killing form. Thus the Killing form is the symmetric bilinear form associated

with the adjoint representation.

We now define simple and semisimple Lie algebras.

Definition 2.3.18. A Lie algebra, g is simple if it is non-abelian and has no non-
trivial ideal (that is, {0} and g itself are the only ideals of g). g is semisimple if the
only abelian ideal is {0}. Furthermore, a Lie algebra which is isomorphic to a direct

sum of simple lie algebras is semisimple.

Theorem 2.3.19. The 3 properties below are equivalent.

(1) g is semisimple

(i) Rad(g) = {0}

(11i) The Killing form on g is non degenerate.
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Proof. We prove (i)=(ii) by contraposition. Suppose Rad(g) # {0}. Let S = Rad(g).
Since Rad(g) is the maximal solvable ideal, then D*S = [D*~1S DF15] = {0}. So

DF1S £ {0} is an abelian ideal and hence g is not semisimple.

We prove (ii)=-(iii) Let,

S=g"={XecgV¥ eg BX,Y) =0}

Since S is an ideal and the restriction of B to S vanishes identically, S is solvable.

Hence S = {0}.

Finally, for (iii)=-(i), Suppose the Killing form of g is non-degenerate. Let S be an
abelian ideal in g. For X € Sand Y, Z € g,

adXadY (Z) = [X,[Y, Z]] € S, since [Y,Z] € gand S is an ideal in g .

Thus, adXadY maps g into S. Also,(adXadY)? maps g into [S,S] = {0} Hence,
adXadY is nilpotent and

B(X,Y) = tr(adXadY) = 0.

Again, the Killing form is non-degenerate so S = 0. This means that we cannot have

any non-trivial abelian ideal and hence g is semisimple.

O

We provide 2 examples: s[(2,R) and so(3) and show that they are semisimple Lie

algebras.

Example 2.3.20. sl(2,R) is semisimple. We will use the following basis of sl(2, R).

01 0 0 1 0
X1 — XQ = X3 =
0 0 10 0 —1
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Let x denote the Killing form. We want to show that,

d@t(li(Xi,Xj)) 7é O, 1 S l,j S 3

Now we compute the matrices for ad X7, ad X, and adX3. For adX; we have,

aXm(Xl) = [leXl] = 0

aXm(XQ) = [Xl,XQ] = X1X2 — X2X1

(o 1) fo o 0 0\ [0 1
oo/ \1 o) \1o0)\oo
(10 00

oo \o1

(1 o

o -1

— X,

Also,

aXm(Xg) = [X17X3] = X1X3 — X3X1

01 1 0 1 0 01
0 0 0 —1 0 —1 0 0
0 —1 01

0 0 0 0

1 0
=2

0 -1
=-2X;
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Putting all results together, we have,

00 -2
adX; =10 0 0

01 0
We compute ad Xs. Now,
ad Xp(X1) = [Xo, Xi] = —[X1, Xo] = — X3
Also,
adXQ(X2> = [XQ,XQ] =0
And,

adXQ(Xg) = [XQ,Xg] = XQXg — X3X2

—_
)
()
|
—_
)
|
—_

Putting all results together, we have,

0 00
ad Xy = 0O 0 2
-1 0 0

. We compute adX3. Now,
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ang(Xl) = [Xg,Xl] = —[Xl,Xg] = 2X1

ang(Xg) = [X3,X2] = —[X27X3] = —2X2

And,
ang(X3) = [Xg,Xg] =0

Putting all results together, we have,

2 0 0
adX3: 0 -2 0

0 0 O
So,
0 0 -2 0 0 O 2 0 0
adX; =10 0 0 adXo=10 0 2 and adX3=10 -2 0
01 0 -1 0 0 0 0 0

We seek to find the matrix of the killing form. Now,

0 0 -2 0 0 =2 0 —2 0

adXjadX; =10 0 0 00 0 ]l=1]0 0 0 withtrace =0=r(X;,X;)=0
01 0 01 0 0 0 0
0 0 -2 0 0 0 2 00

adX;adXo=10 0 0 0 0 2l=10 0 0| withtrace =4 = k(X;,X3) =4
01 0 -1 0 0 0 0 2
0 0 -2 2 0 0 0O 0 O

adX;jadXs=10 0 0 0 -2 0]l=10 0 0] with trace =0= r(X;,X3)=0
01 0 0O 0 O 0 —2 0
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0O 0 O 0 0 0 0 0O

adXoadXo=1| 0 0 2 0 0 21=12 0 0] withtrace =0 = r(X, X3) =0
—1 0 O -1 0 0 0 0O
0O 0 O 2 0 0 0O 0 0

adXsadXs=| 0 0 2 0 =2 0]l=10 0 0] withtrace =0= r(Xs,X3)=0
-1 0 O 0O 0 O -2 00
2 0 0 2 0 0 4 0 0

adXsadXs5=10 —2 0 0 -2 0]l =10 4 0] with trace =8 = r(X3,X3) =38
0O 0 O 0O 0 O 0 0O

By the symmetric property of the trace of a matrix,
I{(X27X1) = K(X17X2)7 H(Xg,XQ) = H(XQ,X:g) and H(Xg,Xl) = Ii(Xl,Xg)

Putting all results together the matrix of the killing form is given by:

0 40
4 00
0 0 B8

Now the determinant of the above matrix is,

4 0
—4 = —4(32) = —128 #£ 0
0 8

Since

det(k(X;, X)) #0,Vi > 1,5 <3

we conclude that the Killing form on sl(2,R) is non-degenerate, hence sl(2,R) is a

semi simple Lie algebra.
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Example 2.3.21. Consider the Lie algebra so(3) with basis,

0 0 0 00 —1 0 10

Ar=10 0 1|, A2=10 0 0 |, Az=1-1 0 0

0 -1 0 10 0 0 0 0
(2.10)

and commutation relations

[Al’ A2] - —Ag, [A27A3] - _A17 [A37A1] - _A2.

We show that so(3) is semisimple. Using the commutation relations we find the

adjoint representation with respect to the basis. These are,

0 0 0 00 —1 0 10
addi=10 0 1|, add=1]0 0 0 | and adds=]-1 0 0
0 -1 0 10 0 0 00
Also,

adA;adA; = diag(0,—1,—1), adAsadAs = diag(—1,0,—1) and adAzadAs = diag(—1,—1,0)
In addition,

0 0 0 0 0 0 0 0 0
adAd;addy =11 0 0 adAsadAs =10 0 0 adAd;adds =10 0 0

000 010 100

with trace,

tr(adA;adA;) = tr(adAsadAy) = tr(adAzadAs) = —2
tr(adA;adAy) = tr(adAsadAs) = tr(adA;adAs) =0
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Thus the matrix of the killing form is diag(—2, —2, —2) and the determinant

0
—2 =840
0 -2

Hence s0(3) is semisimple.

More generally, a number of classical Lie algebras are semisimple [2]. The special
unitary algebra su(n) with n not less than 2 and the special orthogonal algebra so(n)

with n not less than 3 are two of such. Others include,

(i) sl(n,K),n>2, K=RorC

(ii) sp(n,K),n>1, K=Ror C
To conclude the chapter, we define the Casimir Operator.

Definition 2.3.22. (Casimir Operator of a Representation) [9] Let {Y3,---,Y,} be

a basis of g and
95 = B, Y)), (97) = (g5)7"

In addition, let 7 be a representation of g on a vector space V. The Casimir operator

Q) of the representation 7 is defined by,
Qe = gIr(Yom(Y;)
ij=1
In particular, if 5 is positive definite and {Y7,--- ,Y,} is an orthonormal basis for the
Euclidean inner product defined by 3 then

B(Yi,Y;) =6;; and Q= Z’]}'(Y;)2

=1
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Chapter 3

Representation Theory

Here, we discuss the basic representation theory of Lie groups and Lie algebras and
explain a method for constructing induced representations of topological locally com-

pact groups, particularly Lie groups.

3.1 Representations of Lie algebras and Lie groups

First, we define representation of a Lie group and a Lie algebra.

Definition 3.1.1. (Representations of a Lie group) Given a Lie group G and a vector

space V| a representation Il of GG is a Lie group homomorphism,
IT:G— GL(V)
i.e it is a map which satisfies the following conditions:

(1) Vg1,92 € G, (g192) = I(g1)11(g2)
(2) II(e) = I where e and I are the identity elements of G and GL(V) respectively.

Remark 3.1.2. The vector space V may be a real (resp. complex), in which case

we obtain a real (resp. complex) representation of V. V may also be finite or infinite
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dimensional. Usually when V' is not finite dimensional, we consider V' as a Hilbert

space and Il as a map from G into the space of bounded operators in V.

Definition 3.1.3. (Representations of a Lie algebra) Let g be a Lie algebra and V
a vector space. A representation of g on V is a Lie algebra homomorphism 7 : g —

gl(V). Hence VX, Y € g, n[X,Y] = [n(X),n(Y)] = n(X)m(Y) — m(Y)7(X).

We say that a representation is faithful if it is injective. In addition, from Ado’s
theorem every finite dimensional Lie algebra admits a faithful finite dimensional rep-
resentation. More specifically, semisimple Lie algebras have a faithful adjoint repre-
sentation. To explain this we state the fact that the center of a semisimple Lie algebra
is trivial and recall that ker(ad) C z(g). We state some examples of representations

of Lie groups and Lie algebras.

Example 3.1.4. (The Adjoint representation) Given a Lie group G and its Lie alge-
bra g the map Ad : G — Aut(g) defined by Ad(¢g)X = gXg~! for all X € G is the
adjoint representation of the Lie group G. In addition, the adjoint map defined in

Proposition 2.1.12 is the adjoint representation of the Lie algebra g.

More precisely, given Ad : G — Aut(g)
ad = (D(Ad)),

that is,

d
VX €g, adX = —Ad(exptX)| .
dt t=0

The reason being that given any Y € GG we have,

%Ad(exp tX)(Y) T X exp(tX)Y exp(—tX) — exp(tX)Y X exp(—tX) o
=XY-YX
= [X,Y]
=adX(Y)

Thus the tangent space at the identity of the Adjoint map is,
T.(Ad) : T.G — Tr(Autg).

38



This results in the map,

ad : g — Der(g)

since,

T.G = g and T;(Autg) = Lie(Aut(g) = Der(g).

We can express this relationship using the commutative diagram below.

G —24 Aut(g)

b

g _ad Der(g)

Example 3.1.5. Let’s consider a linear Lie group G. The map G — GL(n, C) defined
by II(T') = T for all T' € G is the standard representation of G. Also, if g is a linear
Lie algebra then the representation 7 defined by m(X) = X for X € g is the standard

representation of g.

Again, when we take the direct sum and tensor product of existing representations we
are able to form new representations. Next, we define the direct sum of two or more

representations, the tensor product of representations and the dual representation.

Definition 3.1.6. (Direct sum and Tensor product of representations)
Let Iy, Iy, - - - I1,,, ( resp. my, o, - m,) be representations of G( resp. g) acting on
vector spaces Vi, Va, -+, V,, where V;, i = 1,---  m is invariant by II;(resp.m;), i =

1,---m.

(i) The direct sum, Iy & Iy & --- & I, (resp. m & o & -+ B m,) acting on
VioVoad- - @V, is a representation.

(ii) The tensor product IT; @ Iy of G; X Go acting on V; ® V5 is defined as,
(I @ I)(X) =IL(X) @ I, (X), X eG.

Taking the differential at ¢ = 0 we find the corresponding Lie algebra represen-
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tation. That is,

T & 7T2(B) = dHl & dHQ(B)

d
== (IT;(exptB) ® Ily(exp tB))
t=0

— dIy(B) ® I + I ® dl1y(B).

for all B € g.

Definition 3.1.7. (Dual representation) Let V' and V* be a finite dimensional vector
space and the dual space of V' respectively. Suppose G (resp. g) is a Linear Lie group
(resp. Lie algebra) and I1 : G — GL(V) (resp. 7 : g — gl(V)) is a representation of
G (resp. g) acting on V' then IT* : G — GL(V*) (resp. 7* : G — gl(V*)) defined by
1" (g) = [(g~ Y] (resp. 7*(z) = —7(X)) for g € G,z € g is a representation of
G ( resp. g) acting on V*,

Further, we define the equivalence of representations, discuss the concept of irre-
ducibilty of representations, state some examples of irreducible representations and

then define a unitary representation.

Definition 3.1.8. (Equivalence of representations)[14| Let p, p’ be two representa-
tions of G or g. We say that p and p’ are equivalent, if there is an isomorphism

L :V — V' such that p/(X)(Lv) = L(p(X)v) for every X € Gorg,o € V. Lis

called an intertwining operator.

Definition 3.1.9. (Irreducible representation)|2| Let p be a representation of G or g
on a vector space V. If there are no nontrivial subspaces W C V for every X € G or g
such that p(X)W C W (invariant), then we say p is irreducible. Otherwise p is
reducible. Moreover, if a representation is isomorphic to a direct sum of irreducible

representations then it is completely reducible.

Example 3.1.10. Let GG be a Linear Lie group. The trivial representation II : G —
GL(1,C) (resp. 7 : g — gl(1,C)) of G (resp. g) defined by, II(B) = I (resp.

(m(X) = 0)) is irreducible. This is because C has no nontrivial subspaces.
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Example 3.1.11. The representation p : SL(n,C) — C" is irreducible.

Remark 3.1.12. For a connected Lie group, every representation of its Lie algebra
is derived from a representation of the Lie group. In this case, given that II is a
representation of a Lie group, when we find the derivative of II and evaluate it at the
identity, the result is the corresponding Lie algebra representation. This means that

if IT is a representation of the Lie group G then,

d
VX eg, dII(X) = EH(exth)

t=0
where dII is the corresponding Lie algebra representation. Moreover,
(1) dII is irreducible < II is irreducible.
(2) I~ < dIl ~dIl', (~ connotes equivalence)

Example 3.1.13. Let’s take a look at the Heisenberg Lie group,

1 a b
H= 01 c¢l|, (a,b,c) eR?
0 01
Its Lie algebra is,
0 a b
Lie(H) = 00 ¢|, abceRVge H
0 00
with basis,
010 0 00 0 01
E=1000f, F=]001|, G=1]00 0
0 00 0 00 0 00
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and V is the space of square integrable functions on R. Given a representation,

T, f(x) = e f(z — a),

where i € R\{0}, we can find d(II) in relation to each basis E, F' and G.

Now,

Also,

Then,

Consequently,
dIl(E) = %H
dll(F) = %H
dll(G) = %H

(exptE)

(exptE)

(exptE)

t=0

t=0

exptX =

o d

E*=F=G*=0

= Xn

n!
n=0

exptlEl =1+tE =10

exptF =I+tF =10

exptG=I1+tG =10

dt t=0
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Lemma 3.1.14. (Schur’s Lemma)[15] Let p : G — GL(V}) and p' : G — GL(V3) be

two wrreducible representations of a Lie group G over complex vector spaces and let

L Vi — V5 be an intertwining map. Then,

(i) If p and p' are not isomorphic, we have L =0

(i) If Vi =V5 and p = p/, L is a homothety, that is L = X\, \ € C.

Proof.  (a) First, we show that ker and ImL are invariant subspaces of V] and V5

respectively. Now kerL = {u € Vj|L(u) =0} CVi. Let s € G

Vu € kerL, (Lps)(u) = (p,L)(u) = psL(u) = p(0) = 0.

Therefore, psu € kerL so kerL is invariant.

Similarly, ImL = {v € Va|v = L(u), u € V}} and

plv=p.Lu) = L(psu) = L(w) € V' =ImL, where w = p,u

Therefore, ImL is an invariant subspace of V,. Now, since p; and py are ir-
reducible, the only invariant subspaces of V; and V5 are 0,V; or V5. Hence
ker, = O or kerL = V; and ImL = 0 or ImL = V5. We look out for possi-
bilities that may arise.

What happens when ker, = 07 From the first isomorphism theorem Im/Z is
isomorphic to V5 /kerL. In this case, the only possibility for the image of L is
V5. Hence L is an isomorphism.

Again, by the first isomorphism theorem when ker, = V; the only possibility

for the image of L is 0. Therefore L is a zero map.

From (ii) L :V — V and p;0 L = Lo p,,Vs € G. Let X be an eigenvalue of L.
Then L — A1 is not invertible so it is not an isomorphism. Hence L — A\ =0 =

L = M. So L is a homothety.
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Remark 3.1.15. Lemma 3.1.14 works for Lie algebras.

A consequence of Schur’s Lemma with respect to the Casimir operator defined in
2.3.22 is that, if p is a C linear irreducible representation of a Lie algebra g on a finite

dimensional complex vector space V, then 3k, € C such that, Q, = —k,I.

Definition 3.1.16. (Unitary representation)[9] Let H be a Hilbert space and let G
be a Lie group. A representation Il of G on H is said to be unitary if for every g € G,
II(g) is a unitary operator. That is, Vg € G,Vv € H,||g-v|| = ||v|| where g-v = II(g)v

and || - || is the norm induced from the inner product on H.

Some definitions state that <g “vy, g U2> = <v1, v2>, v, € H
Example 3.1.17. The standard representation of SU(n) on C" is unitary.

Remark 3.1.18. More generally, any representation of a compact group is unitariz-
able. That is, for any compact group we can construct a unitary representation II of

the compact group on a Hilbert space H.

3.1.19 Representations of Semisimple Lie algebras

Recall that a completely reducible representation is isomorphic to a direct sum of
irreducible representations. This property of complete reducibilty enables us to study
representations by making use of irreducible representations which are much easier
to work with. We state a theorem regarding semisimple Lie algebras and complete

reducibility.

Theorem 3.1.20. /2] Every finite dimensional representation of a semisimple Lie

algebra g 1s completely reducible.

Proof. Though there is a purely algebraic proof to the above theorem we will make
use of the famous unitary trick by Hermann Weyl as seen in [4, 16].

Let g = go ® C be a semisimple Lie algebra. In this case, gy is the real form of
g and its simply connected form is a compact Lie group G. When we restrict a

given representation of gc to g we can take the expoent of that representation to
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get a representation of G which satisfies the property of complete reducibility as
such we can deduce from this the complete reducibility of the original representation

(representation of g). O

The Lie algebra sl[(2,C) is very useful in the study of other semisimple Lie algebras.
It is a well known fact that embedded in every semisimple Lie algebra are copies of
s[(2,C). Consequently, when we study the representations of s[(2, C) we are able to
understand the representations of semisimple Lie algebras much better. Recall that,
elements of s[(2,C) are traceless two by two matrices. We write the following basis

of s1(2,C) and its commutation relations. They are
1 1
X - 0 v _ 0 0 2 0
0 0 10 0 -1

[H,X]=HX-XH=2X [HY]=HY-YH=-2Y [X,Y]=XY-YX=H

and

Let’s take V' as an irreducible finite dimensional representation of sl(2,C). H is a
diagonal matrix. As such we observe that the action of H on V is diagonalizable.

Thus we can split V' into eigenspaces V,, where
Vo={veV|Hv =av,a € C}.

Therefore we have

V:@Va.

aeC

Moreover, the action of H on Xv and Yv implies that X : V, - V.o and Y : V, —

Va_a since
HXv=XHv+[H, X]v=X(av) 4+ 2Xv = (a+2)Xv

and
HYv=YHv+[H,Yjv=Y(aw) —2Yv = (o —2)Yv

For any semisimple Lie algebra we can have a collection of elements which behave like

H | that is they are diagonalizable. This set of elements commute, and are simultane-
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ously diagonalizable. These elements, called semisimple elements, form a subalgebra
of G which we call a Cartan subalgebra.

Definition 3.1.21. (Cartan Subalgebra) [3] A maximal commutative subalgebra of
diagonalizable elements of a semisimple Lie algebra g is called a Cartan subalgebra
of g. In addition, consider h as a Cartan subalgebra and the set A as a set of roots

of g with respect to fh. Then the Lie algebra decomposes as

g=bo @ga (Cartan Decomposition)

a€A

with g, being the root space which corresponds to a.

Example 3.1.22. In the case of s[(2,C),mH,m € C is a Cartan subalgebra since
mH consists of diagonal matrices in s[(2,C) and diagonal matrices commute. Also,
every semisimple Lie algebra possesses a Cartan subalgebra [3|. Here, the Cartan

decomposition for every element M € sl(2,C) is given by,

M = Bi1H + B2 X + B3Y, where B, 32,83 € C

Let’s take h as a Cartan subalgebra of g. We may use b to decompose g by means of

the adjoint action of h on g, ad : h — gl(g). Define
go ={X €g|[H,X] =a(H)X, H € b}.

Since elements of § are simultaneously diagonalizable, « : h — C is well-defined, and
is called a generalized eigenvalue of h. Generalized eigenvalues corresponding to the

adjoint action are known as roots of g. Therefore o € h* is a root of g provided that
g 1= {X € gl[H, X] = a(H)X} #0.

We see that,
g0 = {X € gl[H, X] = 0,VH € b}.

Thus, go is the centralizer of h. If g is semisimple, it can be shown that H is its own
centralizer. Moreover, if g is finite dimensional, then the set of roots is finite. We can

summarize the above information in the following definition.
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Definition 3.1.23. [17] Let 7 : g — gl(V') be a representation of the semisimple Lie

algebra g and h a Cartan subalgebra of g. Then,

(i)

(1)

(i)

A weight of the representation m is a linear functional o € h* such that there

exist a vector v € V\{0} which satisfies the relation 7(z)v = a(z)v for x € b.

The set of all elements v in V' that satisfy the above relation is called the weight
space associated to o and usually denoted by V,. The multiplicity of o in 7 is

the dimension of V.

The weights of the adjoint representation of g that are non-zero are referred
to as the roots of g. In addition, the weight space associated to a root is

known as the root space of a.

A highest weight of 7 is that weight which corresponds to a vector v € V\{0}

contained in a certain weight space of V' such that,

Jo-v =0

is true for all positive roots a of g. This vector is none other than the highest

weight vector.

Example 3.1.24. 2 and —2 are the roots of s[(2, C). This is so, because [H, X] = 2X
and [H,Y] = -2Y.

Remark 3.1.25. The irreducible representations of sl(2, C) could be applied to the

representations of (connected/ simply connected) Lie groups whose Lie algebras have

s[(2,C) as their complexification.

Example 3.1.26. We consider the 8 dimensional semisimple Lie algebra sl(3,C). We

write the following basis of the aforementioned Lie algebra.

X =

010 000 001 1 0 0
0 00 Xo=10 0 1 Xz3=10 0 0 Hi=[0 -1 0
000 000 000 0 0 O
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o

Vi=X{  Ya=X] Y;=X] Hy=

o O O
[a) —

I (@) S
—_

In this case, the Cartan subalgebra is,

h = {miHy +moHy,* my,ms € C}

For an elementary matrix F;; and a diagonal matrix H € b,

[H, Ezg} = (CLZ‘ — CLj)EZ'j, a; - H—a;H.

Thus the one dimensional subspace CE;; is a simultaneous eigenspace for all elements
H in the Cartan subalgebra b of s[(3, C) with eigenvalues given by the weight v, —~; €
h* Also,

[Hi, Ej| = oj(H;)Ej, 1 <4, j < 3

The linear functionals «;, —a;,1 < j < 3 are the roots of s/(3,C). With respect to

the weight, ~; —~; € b*,

01 =71 —"72, OG2=72—73 Q3=71—"73

Thus the roots of sl(3,C) are,

=, 2= M1 =73, Y2 — ", Y3 — Y2 Y3 — Yt

Remark 3.1.27. When we analyze the roots and weights of a semisimple Lie algebra,
find the interaction between their root and weight spaces, the multiplicities of their
weights and the highest weight we can then classify the irreducible representations of

the semisimple Lie algebra.
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3.2 Induced representations

Given a “canonical” representation of a closed subgroup K of any topological locally
compact group G, we can construct a representation of G with the known represen-
tation of K. Representations of a group that are constructed from a known rep-
resentation of its subgroup are called induced representations. We note that finite
dimensional Lie groups are locally compact. This is because they are locally home-
omorphic to the euclidean space which is locally compact. Moreover, all Lie groups
are topological in nature. In this section, we define and apply one of the methods for
constructing induced representations of topological locally compact groups. We will
also state some examples of induced representations for some Lie groups and take a
look at the induced representations of the semidirect product of two topological and

locally compact groups.

The results in this section are adapted from Barut[16]. Before we proceed to de-
fine the concept of induced representations we would recall some key terms needed in
the definition.

(1) A topological group G is a group, a topological space and whose group opera-
tions zy and ! are continuous for all x,y € G. Further, G is a locally compact

group if the topology on it is Hausdorff and locally compact.

(2) Let G be a group. X is referred to as a homogeneous space if for every pair
of points x1, x5 in X there exists an element g € G such that xo = gx;. This

means that G acts transitively on X.

(3) We say that a measure du(x) on a homogeneous space X is quasi-invariant if

du(zg) is equivalent to du(x) for every g € G.

(4) Given a quasi-invariant measure du(x), there exist a function I'(z) such that
d
w(x
Nikodym derivative.

Definition 3.2.1. [16|Let G be a topological locally compact group, K a closed
subgroup of GG, L : k — Lj; a unitary representation of K on a Hilbert space H and

i a quasi-invariant measure in the homogeneous space X = K\G = {Kg,g € G} of
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the right K - cosets. Consider the set H of all functions v with domain in G and

range H satisfying the following conditions:

(i) g+ (u(g),v) is measurable for all v € H.
(ii) u(kg) = Lyu(g) for all k € K and all g € G.

(iii) / l[u(g)||?du(g) < oo, g = Kg where ||u(g)|| is the norm in the space H.
b

These functions H” form a Hilbert space with respect to the scalar product

(w1, ug) e = /<u1(g),uz(g)>Hdu(g)

The map gy — UgL0 defined by,

N[

Ugoulg) = (%%?) u(990) (3.1)

d(ggo)

is the Radon-Nikodym derivative of the
dyi(9)

is a representation of G in H* where

quasi-invariant measure dy in X.

In addition, the Mackey Decomposition theorem is relevant in the concept of induced
representations of a topological group G. It states that, for a locally compact group

G, there exists a Borel set S in GG such that every element g € G can be written as
g=ks,ke K, s€Sb.

Remark 3.2.2. HY =~ [?(X, u, H). Given that u(g) € L*(X, u, H), this isomorphism
is represented by u(g) = Ly, u(g) where g = Kg. Here, k, is the factor of g in the

Mackey decomposition g = kgs,.
For more details on Remark 3.2.2 check Barut [16]. Alternatively, we can define

the induced representation with respect to the Mackey decomposition. We denote

the element of G' that represents the coset Kg by s, and the factor of the Mackey
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decomposition in Remark 3.2.2 of the element s,go by ks,4,. We note that k, 4, € K.
Also,
Kg= Kkys, = Ks,

Moreso, Definition 3.2.1 can be re-defined in a different way when we consider an
operator ¢ — B, from G into the set of unitary operators in H which satisfy a

number of properties.

Definition 3.2.3. [16] Let ¢ — B, be an operator function from G into the set of

unitary operators in H which satisfies the following properties.

(i) Byy = LyBy,Vk € K andallge G

(ii) For each pair of u,v € H the function g — <Bgu, v> is dg measurable.

Also, Let K be a closed subgroup of G and let k — L be a unitary representation
of K in H. The map gy — Ug(’): given by

Uku(g) = (djlﬁ’éj?) By Bygyu(ig0) (3.2)

provides a unitary representation of G in L*(X, u, H). Further, if we substitute Ly,

for B, and x for g then we would have,

Uku(z) = <d5/5f§§)> Li,, ., u(90) (3.3)

Equations 3.1 and 3.3 provide a way of constructing induced representations for G

given representations of K, a closed subgroup of GG. We consider some examples.

Example 3.2.4. Let G = SL(2,R). SL(2,R) is a locally compact Lie group though
a non compact group as such it is a topological locally compact group. Recall that

for all g € G,

z
g= , such that aw — zy =1
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Consider the subgroup K of GG consistsing of upper triangular matrices K € G which

can be expressed in the form,

«

We consider one dimensional unitary representations of the subgroup K, of the form

Ly = Lo = |a]” <‘%|) , cd€Re=0,orl (3.4)

We notice that the carrier space H of L is C!, so the carrier space of U* is H =

L*(X, u) where X, i is as defined in Definition 3.2.1.

Using the Mackey decomposition g = k4s, we seek to find the realization of the ho-

mogeneous space X and how G acts on X.

Now, with regards to matrices k € K, we can write &, in two ways, that is,

Loz
(a) kg =

0 w

—a

(b) kg = 0 1
a z

Then given g = , we have

Yy w

(a)

p1 @
z P ¢ W TEm oy ey

o gl
g

T My wry wma
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z —a y %) q2 ZPo — aArg  Z(Q2 — My

1 T2 ma
0 . o Mo > >

From Equation 3.5,
7’1:%, wmi; =w=m; =1, py=aw—zy=1and ¢ = zw(l —my) = ¢ =0
Also from Equation 3.6 we obtain,
pro=my =0, gg=1and ry = —1

Therefore all elements

a z
g= eG
y w

with respect to k, could be written in the form

%z 1 0
g:
0 w %1
and
z —a 0 1
g:

0o 1 -1 0

This implies that for every k, € K we have s, such that

10 0 1
5 = or s, = =95), reR
z 1 -1 0
We choose
10
5 =
z 1
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in this case since K'Sy has the measure zero in K\G = X. Then,

Vee X,z =g= K, = Kkys, = Ks,.

Hence there is a one to one correspondence between the points in X and the points

in R. To find the action of go € G'in X on s, we have,

10 apg 2o Qo 20 (Z()Z' + U)o)_l 20 1
- = aoT + Yo
r 1 Yo Wo ap + Yo 2T + wy 0 20 + Wy m

This action is given by,
apT + Yo

r—rgy = ——"—
9 20T + Wy

Finding the quasi invariant measure du(z) on X we have
d(zgo) = (20z + wo) *dx

Thus, the Radon-Nikodym derivative is given by,

d(z
(djO) = (zox + wp) 2
Then,
(207 + wp) ™ 20

5990 =
0 20T + Wy

Also, from Equation 3.4,

20T + Wy )E

L — —1i0
tegno = [0 F o (|ZOI + wo|

Hence, the induced representations of SL(2,R) here are of the form

UgLu(x) = |zox + wol_i”_l (—zox + Wo ) U (—aox + Y% )

|ZOIL‘ + w0| 20T + Wy

Remark 3.2.5. These induced representations are irreducible except for cases where
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ce=lando=0

3.2.6 Induced Representations of Semi-direct Products

In this subsection, we provide a method for constructing induced representations of

semi-direct products.

Let N be a locally compact abelian group and S a locally compact group. Also
let G be a semi-direct product of these two groups such that G in itself is a locally

compact group. The composition law of GG in this case is given by

(n1, s1)(ng, s2) = (nq + s1n2, $152) for ni,me € N and sq,s0 € S.

Let us consider the following notation:

(a) N denotes the dual space of N.
(b) O represents an orbit.
(c) S; = {s € S|, - s =n,}, where 7, is that element of O contained in N x Sj.

(d) Given a Hilbert space H, we denote an irreducible unitary representation of S;

on H by L and a representation of N x S; by L.

(e) The quasi-invariant measure in O is denoted by .

Let W be a unitary representation of GG that is irreducible. Then we can have an

orbit O in the dual space of the abelian group N that corresponds to W.

Remark 3.2.7. An irreducible representation of a semi-direct product is unitarily
equivalent to a representation of the group obtained from the semi-direct product

induced by a representation of the subgroup of the semi-direct product.

We state a theorem without proof. For proof see [16].

Theorem 3.2.8. [16] Let G = N x S, nL be an irreducible unitary representation of
the subgroup N x S; and O be an orbit in N . Then,
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(1) We can have a corresponding induced representation U™ with respect to every

orbit and the related subgroup N X Sj.

(2) The representation UM realized in H™ = L2(O, u, H). is given by,
Upkyu(n) = (n, i) JUFu(n) (3.7)

where sUY is a representation of S given by Equation 5.3. This representation

is induced by the representation of the subgroup S; which is a subset of S.

Example 3.2.9. Let G = R?® x SO(3). So, N = R3S = SO(3). Now, N =~ R3

since R? is a non compact. Also, we can have a unitary character of the form,
<n, ﬁ> = expi(nify + nafg + n3ng), for n = (ny,n2, N3) € N and 7 = (fy, Ng, Ni3).
In addition the orbit is given by,

O = {Nys |, € N, s € SO(3)}.

This particular orbit corresponds to a character n,. With respect to each charac-
ter in N there is an orbit. Thus we have a collection of them. These represent
spheres with center (0,0,0) and radius » > 0. Hence, with regards to Remark 3.2.7
and Theorem 3.2.8, each irreducible unitary representations of R3 x SO(3) is induced
by an irreducible representation of the subgroup N x S; corresponding to the orbits

r=0,r > 0. We consider these two cases.

Case 1 (Radius equals 0)
Here we have, n, = (0,0,0). In this case, S, is nothing but the group SO(3).
Then the irreducible induced representations of R? x SO(3) associated with this orbit

are finite dimensional irreducible unitary reps of SO(3) that are in R* x SO(3).

Case 2 (Radius greater than 0)

Here we have, n, = (0,0, 7). In this case S; is isomorphic to the space of 3 x 3 matrices
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of the special orthogonal group.

As such, the irreducible representations of S; are of the form,
L:¢ —exp(ilp), ¢€l0,2n], l=0,%1,+£2, -

Also,
H=Cand O = S;\S = SO(2)\SO(3) = 52

The measure p on O is the usual quasi-invariant measure associated with rotations

on the sphere S2. The induced irreducible representation is given by,
U{,Lfs)u(ﬂ) = expli(nifiy + nofg + nans)|sURu(n), n € N,s € S,n € S

where sU” is the induced representation of SO(3). Here the representations L of

SO(2) are used to obtain the induced representations.

In the following chapter, we consider an application of these results and some known

applications of Lie groups and Lie algebras in Physics.
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Chapter 4

Applications

In this chapter we discuss how the induced representations of the Poincaré group are

applied in Physics and other applications of Lie groups and Lie algebras in Physics.

4.1 An application of Induced Representations of the

Poincaré group

4.1.1 The Lorentz group

Definition 4.1.2. Consider the Minkowski space (M, (, >) where for all

v = {Uu}izo and w = {w“}i:()’

(v, W) = Vowg — V1W] — VoW — V3W3

The Lorentz group comprises a collection of linear transformations of M that preserves

the Minkowski metric. This is given by,

L ={A € GL(4,R)|ATgA = g}, where g = diag(1,—1,—1,—1).

The Lorentz group has 4 components. These are, Lfr, Lf, Ll and LT . Among these
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components, only Ll is a subgroup of L. It is called the proper orthochronous or
restricted Lorentz group [18]. It is actually an invariant subgroup of L since for any
2 elements A € Land Ae LT, AAA e LT,

Proposition 4.1.3. The universal covering group of LL is SL(2,C).

Proof. Let F represent the space of Hermitian matrices,
F={FeM(2,C): E=FE"}

where E* denotes the complex conjugate transpose of E. The Minkowski space can
be seen as the space of 2 x 2 Hermitian matrices, since for an element (vg, vy, v2, v3)
in the Minkowski space M, the corresponding element in F' is represented by,
Vg +v3 U — iUy )
E= . with det B = v — 012 — 052 — 032
v1 + 12 Vg — U3
This means that any vector in M could be associated to a 2 x 2 Hermitian matrix.

That is,

Vo +v3 UV — iUQ
(/U07/U17U27U3) = )
V1 + 1y Vg — Vg

The map M + F' is linear and injective. Under this map the standard basis

{(1,0,0,0) (0,1,0,0), (0,0,1,0), (0,0,0,1)} have respective images,

10 01 0 —i 1 0
09 = , 01 = , 09 = and o3 =

01 10 v 0 0 -1

Also, 01, 09 and o3 are called Pauli matrices. This suggests that a point (vg, v1,ve, v3)
in M corresponds to vyog + v101 + va09 + v303 in F. Conversely, any 2 x 2 Hermitian
matrix could be associated to an element in the Minkowski space. For two matrices,

A and C' we can define an inner product,

<A,C> - %tr(AC).
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From this inner product we note that the basis are orthonormal. As such we can have

an inverse map, F' — M so that for E € F,

E <<E,g0>, <E,01>, <E,02>, <E,03>> e M.

Now, we consider A € SL(2,C) and let SL(2,C) act on F such that,
E— MAEX €F

Thus there is a homomorphism X\ — L, from SL(2,C) to a subgroup of the Lorentz
group L. Moreover, SL(2,C) is a simply connected manifold and the map A — L, is

continuous thus we have the homomorphism,
¢ SL(2,C) — LI
since Ll is the only proper connected subgroup of L. Now,
ker(¢) = {\ € SL(2,C)| \EX" = E, E € F}.
In particular, for £ = I, we notice that,
MW =1 = A=\1

Thus,
EX=)M — A=ual,acC.

Again, since A € SL(2, C) its determinant is 1. As a result, we can only have A = +1.

Hence, ker(y) = {£I}. Thus, we have the isomorphism
SL(2, C)/{i]} ~ I
This informs us that SL(2,C) is a double cover of L. Moreover, SL(2,C) is the
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universal cover of the proper orthochronous Lorentz group L1 since it is simply con-

nected. O

4.1.4 The Poincaré group

The Poincaré group is a 10 dimensional non abelian non compact Lie group of the

Minkowski space isometries.

Definition 4.1.5. The Poincaré group is the semi direct product of the translations
of M and the Lorentz group. We denote it by denoted by II = II* x L.

Thus for any element (n, L) in the Poincaré group the composition law is given by,

(7’L1, Ll)(ng,Lg) = (n1 + Lan,Lng), ny, No € H4 and Ll,LQ € L

The Poincaré group has four components which correspond to the components of the
Lorentz group. These are, Hi, Hf,Hl and IIT. We would consider Hl = ITI* x Ll
as it is relevant to the first application we would outline here. In addition, the semi
direct product IT* x SL(2,C) is the universal covering group of the Poincaré group.

Its composition law is defined by ,

(n1, A1) (ny, Ag) = (ny + La,na, A1)

4.1.6 Induced Representations of the Poincaré Group

The concepts in this subsection are adapted from [16]. It is quite easier to work
with the universal covering group of a group than the group itself. Moreover the
representations of the universal covering group of a Lie group are isomorphic to those
of the group itself. Given II = II* x SL(2,C), let N = II* (Translation group). We

note the following,
(i) For every n = (g, N1, Mg, Ni3) € N there is a corresponding character given by,

<TL, ’fL> = exp[i(noﬁg — nlle — ngﬁz — ngflg)]

61



(1)

(iif)

(iv)

SL(2,C) acts on N. This is shown as follows.,

(Lan,7) = (n,La'n), where A € SL(2,C) and L' € L.

The orbit associated with the character ng is given by,
O = {Lafg| 1o € N,¥YLy € L1 }.

Thus, every orbit is contained in any of the hyperboloids,

22 2 .2 a2 2 2
ng — Ny —ny —ng =m*, m° R

All cases, m? = 0, m? > 0 and m? < 0 yields six types of orbits. For the purpose

of our work we consider one of them which we represent by,

A+ .52 22 a2 o2 2 .
Of :ng—n; —ns—n3=m>  m>0, fg > 0.

Here, the stability subgroup Sp+ of the point ng is SU(2).

SU(2) has irreducible representations L7 = D’ of dimension 25 + 1, j =

The representations D7 of SU(2) depend on the parameter j, that is the spin.
The representations of the Poincaré group induced by the representations D’
which we denote by U™ 7 depends on the parameters m and j. These represent

mass and spin respectively.

In addition, to find the representations U™ 7 of the Poincaré group the following

information is needed.

(a)

(b)

The stability group of the orbit, OA;Q is the group K = I1* x SU(2), where K is
a subgroup of G = II = IT* x SL(2, C)

The irreducible unitary representations of 11 x SU(2) are take the form,

L, = sz) = exp(ipa) D’ (r), a € II*,r € SU(2).
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where p = (m,0,0,0) and D’(r) is an irreducible unitary representation of

SU(2).

(c) Let g € II. With respect to the Mackey decomposition and p = Ly p, we have,

~1
Ly,

9o Sg

= exp(ipa) D’ (rAo)
where

f =z

T’AO = ApileALxép, Ap = (O f_l

),feR\{O},zeC

So,
U Tup) = explipa) D (rA)u(Ly'p), (4.1)

Then for, a € IT1*, A € SL(2,C) the action of U™ J on the carrier space H™% I of

a particle [m, j| is given by,

(Vi ) (6) = explipa) Dl ra ) (L3 7p) (12)
where u,(p) is a vector valued function on the positive mass hyperboloid,
22 a2 A2 a9 2

Remark 4.1.7. The set of functions {un(p)}fl:_j could be identified with the wave

functions of a free physical system with mass m and spin j.

The wave function ¥ (p) corresponding to a massive particle with a spin j transforms

into,
Uiy "1 (p) = exp(ipa) DY) (M) (Ly'p), DY e SL(2,C) (4.3)
and hence, it satisfies the trivial wave equation,

(»* —m*)p(p) =0
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In the rest system p = (m,0,0,0) with (0,7) € SU(2), Equation 4.2 becomes
(Ui ) () = Dl (1) ()

This is exactly the property of a free physical system with total spin j, where the
number, n = —j, —j + 1,--- ,j — 1,7 in the rest system represents the projection of
the spin. To bring the chapter to a close we outline and explain other applications of

Lie groups and Lie algebras.

4.2 Some Applications of Lie Groups and Lie Alge-

bras

4.2.1 SU(2),S0(3),SO(4) and the Hydrogen Atom

This application is obtained from[1]. Consider a number of observers who are inter-
ested in investigating or studying the hydrogen atom. The result of the experiment
does not depend on the angle of observation since the idea is to get equal measure-
ments from different angles. Thus, the experiment is invariant under rotations, so we
can say that the symmetry group of the hydrogen atom contains the group SO(3). In
other words, when we view the hydrogen atom as a lone electron we can say that the

rotation group SO(3) is the physical symmetry group of the hydrogen atom.

Moreover, this observation gives as a representation of p : SO(3) — L?*(R3),that

is,

x X
g'f Y :f gi1 Y , fOI"gESO(?)), fGLZ(R3).
z V4

When we see the hydrogen atom as a stable nucleus with one particle moving around
it, then the space of states is L*(R?). Consequently, this representation explains the
natural way for rotations of the sphere to move around vectors in the space of the
states of the hydrogen atom. SU(2) is the double cover of SO(3) hence any represen-
tation of SO(3) is also a representation of SU(2).

As seen in [1], Fock showed that “ the Schriodinger equation for the hydrogen atom in

momentum space was identical to the integral equation for the spherical harmonics
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of four-dimensional potential theory and as such the transformation group of the hy-

drogen atom is the four-dimensional rotation group, SO(4)."

Thus the Lie groups SU(2),SO(3) and SO(4) are needful in the understanding of
the spatial symmetry of the hydrogen atom.

4.2.2 u(n) and Harmonic Oscillators

This application is obtained from [19]. Representations of u(n) describe some par-
ticles in Physics. The totally symmetric and antisymmetric representations of u(n)

describe bosons and fermions respectively.

Consequently, the Lie algebra u(n) has been realized in functions of boson operators
by physicists. These are very useful in applications to different kinds of problems in
physics, more importantly to oscillator problems in quantum mechanics and algebraic
models of rotation-vibration spectra of molecules and nuclei. For example, we can

construct u(1), with one boson operator b which satisfies the commutation relation,
b, =1, [bb] =[",b']=0, g=0'b, gcu(l).

Here, the boson operators are expressed in terms of coordinate x and momentum,
Pz = —i-L by,
1 , .
b= — (x+ip,) b =—(z—ip,)

V2

The “quantum mechanical” Hamiltonian is given by,
1 d?
H=3 (p.” +2%) == (—— - x2) : (4.4)

When we write Equation 4.4 in terms of elements in u(1) we have,

1
H=0bb+ =,
*3

Thus the Lie algebra u(1) describes the one-dimensional harmonic oscillator to an
extent. Also, u(2) can be used to explain the 2 dimensional harmonic oscillator. It

is actually called the degeneracy algebra of the 2 dimensional harmonic oscillator.
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The Lie algebra u(3) is also useful in describing the harmonic oscillator in spherical
coordinates. Again, when we construct u(3) in terms of a singlet boson o and a

doublet 7., 7, with circular boson operators

- (mtin), =—=mFm)
T+ = Te1T,), TL= Tz F 1T,
SN v VAL

we ascertain practical applications in the study of vibration-rotation spectra of molecules

in 2 dimensions.

In the same vein, fermion operators can be used to realize the Lie algebra u(n) with
antisymmetric representations. These are useful in investigating the spectroscopy of

nuclei.

4.2.3 Representations of s[(3,C) and elementary particles

The applications in this subsection are is obtained from [5, 20]. The Lie algebra
s[(3,C) is the complexification of su(3). Also,the Lie group SU(3) is connected and
simply connected. Thus every map in SU(3) corresponds bijectively to those of its
Lie algebra, su(3). As a result, the representations of s[(3, C) can directly be applied
to SU(3).

With regards to the Cartan subalgebra,
h = {diag(ay,as,a3)| a; + as + a3 =0, ay,as,a3 € C} C sl(3,C)
We can have 2 sets of basis, {T, Z} and {T, R} of b such that,

0
3 1
0 V3

—2

1 1 1
511 3( 1+ 2H,) 3

o O =
S = O

where H;, Hs is as defined in Example 3.1.26.

Generally, elementary particles are considered to be weight vectors of a represen-
tation. Each weight is defined by the eigenvalues of H; and Hy or of T and Z or of

T and R, depending on the chosen basis. The eigenvalues in this case are quantum
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numbers which characterize a particle. The eigenvalue (quantum number) associated
with T" is the third component of the isospin. The eigenvalue associated with Y is
the the hypercharge. In addition, the eigenvalue corresponding to () = %Z + T is the
electric charge where () = %Z + T is a result of the original Gell-Mann-Nishijima

formula.

The standard representation of sl(3,C) and quarks

Let’s consider the 3 dimensional standard representation of sl(3,C) acting on C? in

the usual way. Here we have,
H1€1 = €1, H162 = —€9, H163 == 0, H261 == 0, ngg = €9, H2€3 = —€3 (45)

where

er = ea= 1], ande;= (4.6)

o O =
_ O O

From 4.5 we see that the simultaneous eigenvectors for H; and H, in the standard rep-
resentation are the ususal basis elements ey, €9, e3 with weights (1,0), (—1,1), (0, —1)
respectively. The weight vectors e; = u,es = d and e3 = s of this represntation are

called quarks (u,d,s).

Moreover, when we take a look at the dual of the standard representation of sl(3, C)
we obtain the weights (—1,0),(1,—1),(0,1). The antiquarks are particles corre-

sponding to this representation. They are the weight vectors of this representation.

Other representations of s[(3,C) and elementary particles

The baryon and meson octets transforms with respect to the 8 dimensional adjoint
representation of SU(3). Each vector of the adjoint representation represents a par-
ticle. In addition, when we take the tensor product of the standard representation

and its dual decomposes into the direct sum of 2 irreducible representations, the ad-
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joint representation the trivial (identity) representation . The vectors in this tensor
product space of quarks and antiquarks form an octet of composite particles that
transform uniformly according to the adjoint representation and the mesons consists
quark-antiquark pair [5]. The baryons are obtained in the split up of the triple tensor

product of the standard representation that is, a baryon is composed of 3 quarks [20].

4.2.4 so0(3), the angular momentum algebra

This application is obtained from [21]|. Let’s take a look at the Lie algebra so(3) with

basis as defined in 2.10, and commutation relations
[A1, Ao = —As, [Ag, Al = —Ay, [A3, 4] = —As.

Its differential realization is given by,

0 0
0 0
P(AQ)_Za_y_xg_y
0 0
P(A3) =2x— —y— R3.
( 3) xay yaya (l’,y,Z)E

Also,

[P(A1), P(Az)] = —P(A3),[P(As), P(A3)] = —P (A1), [P(A3), P(A1)] = —P(Ay)
(4.7)

We notice that the angular momentum operators L,, L, and L, are actually multiples
of P(A;), P(As) and P(A;). That is,
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As such, the Equations 4.7 imply the angular momentum commutation relations,
Ly, L] =ihL,, Ly, L, =ihL,, (L., L,| =ihL,

Thus, there is a relationship between the quantum theory of angular momentum and
the Lie algebra so(3). Again, these operators are associated with a complexified
SU(2). This is because su(2) is isomorphic to so(3) and SU(2) is connected as well as
simply connected. SU(2) is also the universal covering group SO(3). Thus, so(3) de-
picts the classical and SU(2) depicts the angular momentum with regards to quantum

mechanics.

4.2.5 The Heisenberg group and Photon operators

The application in this subsection is obtained from [22]. Elements of the Heisenberg
group, Hj3 are not only related to the photon creation and annihilation operators
(a',a,I) but also the group generated by the exponentials of the position and mo-
mentum operators (p and ¢) and their commutator [p, ¢} = % [22]. Moreover, the set

of change of basis transformations

1 2mipq

(plg) = ol

known in quantum mechanics is a unitary representation of the Heisenberg group,
Hs.

4.2.6 Lorentz group and Ray optics

This application is obtained from [23]. The Lorentz group proves to be the basic
language for classical ray optics. This includes, polarization optics, interferometers,
one-lens optics, multi-lens optics as well as multilayer optics. In quantum optics, the
coherent squeezed states have been shown in [23] to be nothing but representations of

the Lorentz group.
Also, it has been proved that optical components which includes lasers, polarizers,

interferometers and multi-layers can all be formulated in terms of the Lorentz group.

These make use of a representation of SL(2,C) which is a universal covering group
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of the Lorentz group. In [23], it is shown that the two-by-two representation of the
Lorentz group is the common scientific language for all aspects of ray optics in the

aforementioned.

Apart from these, there are so many physcal applications of Lie groups and Lie

algebras that have been left unsaid in this work that one could explore.
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Conclusion

Lie groups naturally play out as symmetry groups and their symmetric nature suits
the needs of certain aspects of physics since such areas rely on symmetries to operate
[22]. That notwithstanding, Lie algebras help us understand Lie groups better and
as such both go hand in hand in physical applications. As a result based on certain
properties of the Lie group, a representation of its Lie algebra is likely to be on a one

to one correspondence to its representation [2].

In our work, we outlined the basic concepts of Lie groups and Lie algebras, the
basic representation theory of Lie groups and Lie algebras. In addition, we outlined
a method of constructing induced representations and constructed induced repre-
sentations of the Poincaré group. We found out that these representations of the
Poincaré group depend on the mass and spin of a particle[16]. Some set of functions
{un(p)}f;b:fj were noted in Remark 4.1.7. We found out that these functions could
be identified with the wave functions of a free physical system with mass m and spin
j. Further, we found some other useful applications of Lie groups and Lie algebras in
Physics. These included, the role of SO(3) and others in the symmetry that governs
the hydrogen atom [1], the connection of u(n) and harmonic oscillators [19], SU(3)
and elementary particles [20], s0(3) as the angular momentum algebra|21|, Lorentz

group in ray optics [23] and other equally useful applications.

Further Work

Semisimple Lie groups and Lie algebras play an important role in non commuta-
tive harmonic analysis and its applications. Reductive Lie groups are an extension of
semisimple Lie groups. We can then study the harmonic analysis of these Lie groups

and explore their applications in quantum mechanics.
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