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Abstract

Linear Quadratic Control Problems are control problems with a quadratic cost func-
tion and linear dynamic sytem and a linear terminal constraint. This work looks at
linear quadratic control problems without terminal conditions. We will first look at
the controllability and observability of linear dynamical systems and then establish the
necessary conditons for the variation in the cost criterion to be nonnegative for strong
perturbations in the control. These conditions are the first order necessary conditions
for optimality. We shall also consider the necessary and sufficient conditon for positivity
of the quadratic cost criterion. Moreover, necessary and sufficient conditions for strong
positivity are derived and we shall show that these conditions are based on the existence
of solution to a Riccati matrix differential equation. The symplectic property of the
Hamiltonian system helps us to derive the Riccati matrix differential equation. We also
look at some of the properties of the Riccati variable. Using these ideas, as an illustra-
tion, we consider an application in the control of disease, by considering a variant of the

SIR model.

ii



University of Ghana http://ugspace.ug.edu.gh

Dedication

I dedicate this work to my lovely Mum and Dad and my little brother David.

il



Aknowledgement

I first of all thank the Lord Jesus Christ who is the embodiment of all wisdom, knowledge

and understanding for helping me complete this thesis successfully.

I wish to express my sincere gratitude to Dr. Margaret McIntyre and Dr. Benoit Sehba
for the keen interest they hard in this thesis and for all the support and guidance which
contributed to the success of this work. I also want say a big thank you to Professor
Allotey and CARNEGIE, University of Ghana, for their kind supports.

v



Contents

[Declarationl
[Abstract]
[Dedicationl

[Acknowledgement)|

1__Introductionl
Ll Overviewl. . . . . . . . . . . .. .. ...
(1.2 Statement of a General Optimal Control Problem| .

(1.2.2  The Adjoining System Equations| . . . . . .

(1.3 Classical Example]. . . . . . .. ... .. ... ...

2 The T on Nain [The P Baker Sericy

3 Optimal Control for Linear Systems and Integral Cost Functions|

[3.1 The Set of Attainability] . . . . ... ... ... ..
[3.2  Controllability and Observability] . . . . . . .. ..
[3.2.1 The Controllability Gramian|. . . . . . . . .
[3.2.2  The Observability Gramian| . . . ... ...
[3.3 Integral Cost Functions|. . . . . . .. .. ... ...

[3.3.1 Significance of Integral Cost Functions| . . .
[3.3.2 Integral Quadratic Cost Functions|. . . . . .

I TheS [ Vamation

{.1.1 The Variation (or Differential) . . . . . . ..

[> Formulation of the Linear Quadratic Control Problem|

[>.1  Unconstrained Terminal Linear Quadratic Problem|

ii

iii

v

=W W N =

14
14
16
16
22
24
25
25

26
26
27
30

36



[>.1.1  The General Optimal Control Rulef . . . . . ... ... ... ... 41
[5.1.2  Some Properties of the Transition Matrix of the Hamiltonian System| 44

6 Riccati Matrix Differential Equation| 47
[6.1 Some Properties of the Riccati Variable]. . . . ... ... ... ... ... 54
[ Application to Disease Model 61
[(.1 Conclusionl. . . . . . . . . . e 69
[Referencesl 70
A ppend 70
[A Background| 71
EFWEESRST - ER 0 0 B B B 71
A.2 HamiiGiSNRridCTRIC N . S I, . . . . . . . . . . . 71
(A.3 Hamilton-Jacobi-Bellman Equation| . . . . . . ... ... ... ... ... 72
(A.4 Cayley-Hamilton Theorem|. . . . . . ... .. ... .. ... ....... 72
(A5 bSome Basic Defipitions] . . . . . . . . . ... oo 72
[A.6 Welerstrass M-Testl . . . . . . . . . . . . . oL 74

vi



Chapter 1

Introduction

1.1 Overview

In control theory, the problem is to find the input which will cause the state or the output
to behave in a desired manner. For example, the classical servomechanism problem is
concerned with making certain variables associated with a dynamical system, say a
satelite or telescope, follow a particular path and also the standard problem in the
guidance of rocket is to make certain variables associated with a dynamical system take
on particular values at a point in time. These two examples are referred to as the

servomechanism controllability and ballistic controllability problems respectively [Ro].

In this work, we will consider a special control problem, The Linear Quadratic Control
Problem, with an unconstrained terminal condition where we establish the necessary and
sufficient conditions for optimality. The most used result in optimal control theory is
that of the solution to the linear quadratic problem where the dynamic system and the
terminal constraints are linear and the performance criterion is a quadratic function of
the state and control variables. The solution to this problem produces a control variable
as a linear function of the state variable. This solution forms the basis of modern control
synthesis techniques because it produces controllers for multi-input/multi-output system
for both time-varying and time-invariant systems [AM, BY]. This presentation makes use
of the symplectic property of Hamiltonian system. We also consider conditions for which

the second variation is strongly positive.

We will also see that the necessary and sufficient condition for optimality of a linear
quadratic control problem without terminal constraint depends on the existence of solu-
tion to a matrix Riccati differential equation. We will discuss some of the properties of
the Riccati variable and then we will consider an application in the control of disease,

by considering a variant of the SIR model.



The last section of this present chapter considers an example of optimal control in a clas-
sical variational approach. Chapters two and three establish some fundamental results
which will help in the development of the theoretical analysis. The last section of chapter
three looks at integral cost functions and their significance. This gives a foretaste of the

main work.

1.2 Statement of a General Optimal Control Prob-

lem

General control problems are described in several ways. In this work, the general control
problem considered is described by the cost functional or performance index which quan-
titatively compares the effectiveness of the various controllers. The cost functional is an
acceptable quantitative criterion for the efficiency of each controller, u(t), on ty <t < t;
in the class of all controllers. For example, if the class of controller consists of controllers
on various time intervals that steers z to the target, one often defines the cost of u(t)

to be "
J(w) = [ fO@t,z(t), u(t))dt,

to

where fO(t, z(t),u(t)) is a given continuous function. If fO(¢, x(¢), u(t)) = 1 for all ¢ then
J(’LL) = tf s to

and we have the minimal time problem. Somtimes the set of admissible controllers
consists of controllers on a fixed specified time duration, say t, < t < T, without the
requirement of reaching the target, say the curve £(¢). Then, one often has the cost

functional

T(u) = |2(T) — £(T)] + / 7Ot (), u(t))dt.

The fundamental problem of optimal control theory can be formulated as a problem
of the calculus of variation with the Bolza problem being a typical example. We thus
describe the Bolza problem since the associated second variation with which we shall be

much concerned, appears as such a problem.



1.2.1 The Bolza Problem

The Bolza problem is stated as follows;

Determine the control function, u(-), which minimizes the cost function

T = o(alty). b)) + / " L, w, t)dt

to

where the system equation is
= f(x,u,t)

subject to the constraints
z(tg) = x9 and W(z(ty),ty) =0

where ¢t € [to,t¢],x € D(R™),the space of differentiable functions into R", ie. z :
[to,tf] — R", u € P(R™), the space of piecewise continuous functions into R™, i.e.

u : [to, ty] — R™. More specifically, we let u(-) € U where
U={u(-): |u(t)] <oo,to<t<tsi=12---,m}
is the set of bounded piecewise continuous functions. L and ¢ are such that
L:R™™! 3R and ¢:R™ —R

and the terminal constraint function, ¥, is an s—dimensional column vector function of
x(ty) at ty. We assume that L, ¢, ¥ are smooth. The initial time, ¢, is given explicitly
but the final time ¢ may not be specified [DD].

1.2.2 The Adjoining System Equations

We adjoin the cost function to the constraints as follows
Ly
J = d(x(ty), tr) + v W (x(ty), ty) + / L(x,u,t) + N (f (2, u,t) — 4)dt
to

where A and v denote an n—dimensional vector of Lagrange multiplier functions of time
and an s—dimensional vector of Lagrange multipliers associated with W respectively.

The Hamiltonian for this problem is

H(z,u\t) = L(z,u,t) + N f(x,u,t)



and the necessary conditions (Pontryagin’s Principle) for optimality holds along an op-
timal trajectory and the Legendre-Clebsch condition, H,, > 0, also holds along any
optimal path. One can go ahead to also establish the global necessary and sufficient

condition for optimality which is the Hamilton-Jacobi-Bellman Equation (see appendix)

[Sp].

1.3 Classical Example

We examine the optimal control problem from the viewpoint of the classical calculus of
variation. We do this without regards to continuity or differentiability. Consider the

control process in R", i.e. z(t) is a real n-vector

with controllers u(t) € R™ on 0 < ¢ < 1. For each controller, (), there is a corresponding

response, z(t), with z(0) at the fixed initial state xy and with cost

Let u*(t) be an optimal controller minimizing J(u) and x*(¢) be the corresponding op-
timal response. Let
u(t, €) = u*(t) + edu(t)

be a one-parameter family of perturbations. Then, there will be a corrresponding per-

turbation in the response as
(tyep=g (@)t eoz(t)y+o(c); ox(0)=0.

So

1

Ju(t, ¢)) = / h(a(t, €), ult, o))dt

0

which implies that

oJ

Oe

e /0 1@2—?&@) + ag—g)au(t)) U

upon the assumption that h(-) and its derivatives are continuous on [0, 1]. Now consider

the first variation of the dynamical system, & = f(z,u), i.e.

o = %f(t) Sox(t) + %f(t) <ou(t);  ox(0) =0.



Then by result of variation of parameters (to be seen later), this has the solution

ox(t) = /Oé(t, 3)%]“(5) du(s)ds

where ¢(t, s) is the transition matrix of 6& = 2 f(¢) - 6z(t). Then,

5 = /0 1(32_? . /0 ot s)% £(s) - Su(s)ds + agfj)éu(t)) .

We introduce the vector function

t

0 h(s)- ¢~ (t,s)ds

* _ —1 .
() = =m0 + [ o

which will be a solution to the system

i) = =1 + 9% (o) =

where 79 is some constant vector chosen so that n*(1) = 0. Now, if the transition matrix
were to be a constant, then it must be the identity matrix since ¢(¢,t) = I for all t where

I is the identity matrix. Hence

t

n*(t) = —no + O%h(s)ds.

Define the Hamiltonian function of 2n + m real variables as

H(%%U) : ﬁf(xau) - h(:c,u)

and thus

OH . OH .
% T 77(1) =0 and 8771 s f(fIJ,U) = Z; .Z'(O) = To-

We now integrate by parts the first term under the integral sign of §J. Let

a= /O:b(t, s)gf(s) 0u(s)ds then da' = af(t)éu(t)

ou ou
and Oh 'Oh
t
p= 20 0 then b:/ () 4.
Ox o Ox
(Note that the coefficient of b in the dynamic system b’ = 82—5:) is zero and thus ¢ = 0

which implies that ¢ is a constant which must be the identity matrix. See Theorem
2.0.0.5)). Therefore,



1

7 = ( [enions) (o) 009 -sutsias) 0
(o) () 2
= ([ontsias) [ amster-suteyar)
- [ [2nons) (S2u0) | a+ [ Zsucia
= W+ ([ g0 -suoa)
) o 22
o (o) o 2

£ /01<_77%S) + ag—g)) du(t)de.

Now for a minimum, §.J = 0 which implies that

of(t) _On(t) _
— 1) - +W_0 V5u(t)

which implies that 22 = 0 about any optimal w*(¢) and @*(t). i.e.

H(n" (1), 2*(t), u" () = max H(n"(t), 2*(t), u(t))
is the maximum principle, which plays an important role in the theory of optimal control.
The minimum principle states that, for the hamiltonian function defined, in order for a
controller, u(t) and a trajectory x(t) to be optimal, it is necessary that there exists a
nonzero continuous function, in this case n, such that the above equation holds and at
the terminal time, ¢ =1, n(1) < 0 and H(n*(1),2*(1),u*(1)) = 0 [Brl, LS].

The system of equations

are the Fuler-Lagrange equations of this variational problem. If there are no boundary

conditions on the controllers, these conditions are termed the Weierstrass Necessary
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Conditions for an extremal [GS]. The functions n*(t) are the Lagrange multipliers for

the variational problem.




Chapter 2

The Transition Matrix and The

Peano-Baker Series

One way of finding the inverse of an n x n matrix A is to solve the n linear equations

where b; = [0,0,-+-,1,---,0,0]” is an n-column vector with 1 at the ith-position and
simply arrange the solutions z;, ¢ = 1,---.,n, in a matrix whose columns are the
solution vectors. That is [z1,- - , 2z, = Z so that

Ay —l—< /Wi
Consider the system of differential equations below.
z(t) = A(t)z(t) for all xeR" (2.1)

Now assume that z, 2, - - -, x, are n linearly independent solutions of (2.1)) subject to
the boundary condition z;(ty) = [0,0,--,1,---,0,0]”; an n-column vector with 1 at

the ith-position. Then the square matrix

(I)<tu tO) = [‘bl(tv tO)a T 7¢n<t7 t(])]

is the fundamental matriz solution of (2.1)) where ¢;(t,to) = x;(t) for i = 1,2, ...,n. Then

d . .
Eq)@’ t()) = [¢17 T d)n]
- ()
= A(t)z(t); from (2.1
= A(t)®(t, to); since O(t,t9) = x(t)

8



d
w S O(t o) = A()O(tto),  Bto,to) = 1.

Now, let x(t) = ®(¢,to)x(to). Then this will satisfy (2.1)) and thus it is a solution.
Definition 2.0.0.1. If E;;(M) denotes the ijth element of a matrix M, then we say that
a sequence of matrices { M }72; whose elements depend on time, converges uniformly

on the interval [ty, 1] if each scalar sequence { E;; (M)}, converges uniformly.

The following theorem establishes the existence of such ®.
Theorem 2.0.0.2 (Ro). If A is a square matriz whose elements are continuous functions

of time on the interval [to, t1] and if the sequence of matrices, My, is defined recursively
by
My = 1T
¢
Mk = I+ /A(O')Mk_l(d)da'.
t

0

Then, the sequence of matrices { My }72, converges uniformly on the given interval. More-
over, if the limit function is denoted by ®, then fort € [ty, 1],

%@@m):A®®@%% B(to,to) = I (2:2)

and the solution of which passes through xo at t =ty is
O(t,t0)xo-
Proof. Define n as the maximum absolute value of any entry in A(t). That is
(0) = mave o (1), 2.3

where a;; = E;;(A). Let y(t) be defined as

If A and B are n X n matrices, then
i i

Given the recursion,
t
My, =1+ /A(U1)Mk1(01)d01
to

we have that .
Mkfl =1 -+ /A(O'l)MkQ(O'l)dO'l.
t

0



Therefore

t

Mk(t,to) — Mk_l(t,to) = /A(O’l)[Mk_l(O'l) — Mk_g(O'l)]ddl.

to

Now,
o1

Mir(01) — My—o(on) = / A(0) [My—s(02) — My_s(0)]dor.

to

Therefore

Mk(t,to) - Mk_l(t,tg) == /A(Ul) |:/tai4(0'2)[Mk_2(02) — Mk_3(02)]d02 dUl.

to 0

Upon successive substitution, we obtain

t o1 Ok—1
]\/[k(t,to) — Mk_l(t,tg) = /A(O'l)/ A(O'g)/ A(Uk)ddk"'da'gdal.
t, t

to 0 0
Hence
Eij(My(t, to) — My_1(t, 1))
= Ej; [fttaA(Ul) JoA(oa) - -~ [7A(oy)doy, - - do’ngl}
< Jo J2H e [ R n(o)n(02) - - - n(ow)doy, - - - doy
= %; (2.3)-(2.5)) are used (appendix Lemma [A.6.0.20)).
Therefore

Eij(MO)"‘f:Eij(Mk(t,to)—Mk_l(t,to)) < 1)

+1
|
k=1 k=1 &
Lo (my(1)*
&2 v
=l
1 ny(t)
= = (e -1)+1.
n

Thus, the matrix series converges since the sum is bounded by the Weierstrass M-Test
(see appendix ). Now, by iterating the recursion, My = I + ﬁ%‘l(a)]\/[k,l(a)da, we end
up with the following

¢
M, = I—l—/A(U)do
¢

0

M2 = ]—I—/t;l(O')Ml(O'l)dO'

0

_ 74 /t A(0) {I+ /t JlA(Jz(al)dag} do,.

0 0

10



where [;(t) = f;{ﬁl(al) JoA(09) - -+ [T A(ox)doy, - - - dogday. We can show that (see ap-
k
pendix) Ij,(t) = & (ftto A(O’)dO’) :

(e}

- Jim My(1) = T+ g L(t) = kZ:O% (/t:A(a)da)k — exp (/tt A(a)da) |

Hence ®(t,ty) = exp < ft’; A(O’)dO’) which will satisfy (2.2]) and thus ®(¢,¢y)z, satisfies
) 0

Remark 2.0.0.3. is called the Peano-Baker series for the solution of the matrix
equation ((2.2)). The matrix ®(¢,1g) is called the Transition Matrix (or Matrizant)
of . The transition matrix specifies how the state of a dynamic system evolves in
time [Ro.
Theorem 2.0.0.4 (Ro). If ® is a transition matriz, then it satisfies the functional
equation

D(t,tg) = P(t, t1)P(t1, to)-

Proof. Let @(t) = A(t)z(t). Given an initial condition, z(ty) = x¢, then by Theorem
2.0.0.5} this will have a unique solution which is given by z(t) = ®(t, ty)xo. Now, at any

other time, ¢, the state vector is given by x(t1) = ®(ty, to)zo. We can consequently write
z(t) = @(t, t1)x(tr) = B¢, £1)P(t1, to)xo

which implies that ®(¢, tg)zg = P(t, t1)P(t1, to) 0. Since the initial condition is arbitrary,
it follows that
O(t,tg) = D(t, 1) D(t1, o).
[

Theorem 2.0.0.5 (Variation of Constant Formula (Ro)). If ®(t, 1) is the transition
matriz for ©(t) = A(t)x(t), then the unique solution of
(t) = A(t)x(t) + f(t);  x(to) = xo is given by
¢
o) = Bltsto)oo + [ B(t.0)f(o)do

to

for all x(t) € R".

Proof. Suppose @ is the transition matrix of &(t) = A(t)z(t) and let

11



(t) = A()z(t) + f(b). (2.7)

Suppose also that A(t) = 0,Vt. Then @(t) = f(¢) which implies that

w(t) = 2o + /t }(J)da.

0

The idea now is to transform by using the substitution z(t) = ®~*(¢,to)z(t). Then,
x(t) = O(t, to)z(t). (2.8)
Hence, upon using , we obtain
i =®3+ Dz = A)z(t) + f(t).
Therefore

Dz + (A@)D)D 'z(t) = A@t)z(t) + f(1)

and so

B(t,t0)3(t) = £(£) thus  A(t) = Ot t0) £ (1),
Similarly, by making the substitution z(t) = ®(t, to)x(t) we obtain
2(t) = ®(t,to) f(t). Hence

0

z(t) = z(ty) + /Cb(t07a)f(a)da

to
and since z(ty) = ®(to, to)z(to) = o,

2(t) = 2o + /tép(to, N o

0

and thus ([2.8]) becomes

2(t) = B(t ) {a:o—l— /tib(to,o)f(a)da}

0
t

= D(t, tg)xo + /@(t, o)f(o)do; using Theorem [2.0.0.4]
to
To prove the uniqueness, suppose the system has two solutions, x(t), y(t), then

z(t) = ®(t,t0)xo + /(I)(t, o)f(o)de and y(t) = P(t,to)yo + /t(I)(t, o)f(o)do.

to 0

12
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Therefore,

#(t) = A()z(t) + f(1);  and  y(t) = A()y(t) + f(1);  2(to) = zo,y(to) = yo-

Now, #(t) = 9(t), since they both satisfy the same differential equation. Therefore
At)x(t) + f(t) = A(t)y(t) + f(t) and hence x(t) = y(t). Due to the uniqueness of

solutions to the physical system, the state transition matrix must be nonsingular. [

13



Chapter 3

Optimal Control for Linear Systems

and Integral Cost Functions

3.1 The Set of Attainability

Consider the linear dynamic system below
z(t) = A(t)z(t) + B(t)u(t)

where the coeflicient A(t), B(t) are known matrices such that

e A(t) and B(t) are n x n and n X m matrices respectively each of which is real and

piecewise continuous.
e A(t), B(t) are integrable on each compact subinterval of the time t.

e A controller u(t) is a real bounded piecewise continuous m-vector on some interval

to <t < t; with values in a non-empty restraint set U C R™ (compact and convex)

and we choose the controller u(t) to steer the response z(t) from an initial state xy to
some desired target state in R™.

Definition 3.1.0.6. Consider the control system @(t) = A(t)x(t) + B(t)u(t) with re-
straint set U, initial state xg, and all controllers u(t) € U on tg <t < ;. Let z(t) denote
the corresponding response initiating at x(ty) = x¢. The Set of Attainability, K (t),
is the set of all endpoints z(t;) € R™.

Theorem 3.1.0.7 (Le). Consider the linear control process in R™ x(t) = A(t)z(t) +
B(t)u(t) with compact convex restraint set U, initial state xy and controllers u(t) on

to <t <ty. Then the set of attainability is compact and convex.

Proof. Let U be compact and consider the sequence, {u,(t)}>°,, of controllers in U.

14



Then, by Theorem [2.0.0.5 there is a corresponding sequence, {x,.(t)}2, of responses
such that

x.(t) = &(t, to)xo + t¢(t, s)B(s)u,(s)ds

with the appropriate fundamental matrix, ¢(t,%y). Now the set of all controllers is weakly
compact, by the assumption that U is compact, hence there is a subsequence, {u,, ()},

which converges to a controller @(t) € U on ty <t < 1. i.e.

lim [ ¢(t,s)B(s)u,,(s)ds = /tgb(t, s)B(s)u(s)ds.

1—>00 t
0 0

Let z(t) be the corresponding response to u(t) on ty <t < t;. Then

t

50 =t & / o(t, 5)B(s)(s)ds

to
t

— ¢(t,t0)x0+ili>m o(t, s)B(s)u,,(s)ds

= lim {cb(t, to)xo + }Zﬁ(ta s)B(s)ur,(s)ds

—+00 i
S | )
71— 00
Therefore,
lim mri(tl) = Zi’(tl) € K(tl)

17— 00

Hence, every sequence,{x,(t1)}>2, € K(t;) has a subsequence {z,,(t1)}°, which also

converges in K(¢1) and thus K(¢;) is compact.
Now suppose that U is convex. Then for any ug(t) and w;(t) in U, the line

ux(t) = (1 — Nuo(t) + Auq(t)
also lies in U for 0 < X < 1. Then the corresponding response, z,(t), is given as
t
zp(t) = ot to)xo + [ &(t, s)B(s)ux(s)ds

to

t

= ¢t to)xo+ [ &(t, s)B(s)[(1 — Nug(t) + Auy(t)]ds

to

= o(t, to)xo + t;ﬁ(t, s)B(s)[(1 — Nuo(t) + Auq(t)]ds

+AP(t, to)zo — AP(L, to) 0
= (1= XN)zo(t) + Ay (t).

“xa(t) = (1= Nxzo(t1) + Axy(t1) € K(t1) and thus K (¢;) is convex. O

15



3.2 Controllability and Observability

In order to be able to do whatever we want with a given dynamic system under control
input, the system must be controllable. In order to see what is going on inside the system
under observation, the system should be observable. Controllability is concerned with
whether one can design control input to steer the state to arbitrary values. Observability
is concerned with whether, without knowing the initial state, one can determine the
state of a system given the input and the output. In this section, we develop some of

the conditions for the observability and the controllability of linear dynamic systems.

3.2.1 The Controllability Gramian

Definition 3.2.1.1. If G is an n X m matrix whose elements are continuous functions
of time defined on [to,t;], then the mapping L : P(R™) — R™ defined by L(u) =
fti(l(t)u(t)dt is linear. We say that x; belongs to the Range Space of this mapping if
there exists u(t) € P(R™) such that z; = til G(t)u(t)dt.

Let the dynamic system be given by
2(t) = B(t)u(t), z(to) =20 forall wu(t) € R™ z(t) € R"

This then gives
t1
2(t1) = 2o +/ B(t)u(t)dt
to
where we have assumed that B(?) and z, are known and the aim then is to find u(t) such
that at t =t > to, 2(t) takes a certain value; z(¢;) = 21 such that z; — z will lie in the

range space of the linear mapping

L(u) = / “Byu(t)dt
to
so that the transfer from zy to z; (i.e. the desired controllability of the dynamic system)
is possible.

Lemma 3.2.1.2 (Ro). An n-tuple x, lies in the range space of L(u) = LZIG(t)u(t)dt if
and only if it lies in the range space of the matriz W (ty,t,) = ﬁ?G(t)GT(t)dt.

Proof. Let x; be in the range space of W (t¢,t1), then by definition, there exists 7; such
that

t1

W(to, tl)’fh == / G(t)GT(t)’fh(t)dt =T

to
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(the dimension of 7; is chosen to be n x 1). Let u(t) = G¥(t)m(t). Then
t1 t1
Wito.tm = [ GG (0 =21 = [ Goutae = L)
to to
Hence x; is in the range space of L. Conversely, let x; be in the range space of L i.e.

um:ldmma:m (3.1)

0

We proceed by contradiction. Suppose that z; is not in the range space of W (to, ;).

Then, its null space will not be empty. Hence there exists x5 such that
W(ty,t1)zs =0 and alxz; #0.
Now, from (3.1]),

t1
a:g/ G(t)u(t)dt = 23z, # 0. (3.2)
to

But 2l W (g, )z = 0 and since G(¢) is assumed continuous, x2 W (g, t;)xs = 0 implies
that G1(t)z, = 0 and thus (3.2) must be zero. Hence a contradiction. Therefore, z;
must be in the range space W (%o, t;). O

Corollary 3.2.1.3 (Ro). There exists a control u which transfers the state of the system
2(t) = B(t)u(t) from zo at t = tg to 2y at t = t1 if and only if 2, — zo lies in the range

space of

WWMQ:/%@WMM

0
If the transfer is possible, then one particular control which actually drives the state to
Z1 att = tl 18
ult) = BTty

where 1 is the solution of

(/ttlB(t)BT(t)dt> = Wit t) n = 21 — 20

0

Proof. Suppose there exists a u which transfers the state system 2(t) = B(t)u(t). Then,

a—%:/%@mmw

0

Hence by the above lemma, z; — zq lies in the range space of ft?B(t)BT(t)dt. Conversely,
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suppose z; — zp lies in the range space of j;le(t)BT(t)dt. Then there exists 1 such that

t1
/ B(t)BY (t)ndt = 2 — 2.
¢

0
Choose u(t) = BT (t)n. Then,
t1
/B@mmﬁ:a—%
to

Hence,

/tlB(t)BT(t)dt + 2(to) = 2(t)

0

and thus 2(t) = B(t)u(t). O

We now extend these controllability results to dynamics of the form @ = A(t)x(t) +
B(t)u(t) by the following theorem.
Theorem 3.2.1.4 (Ro). There exists a u(t) which drives the state of the system

(t) = A(t)z(t) + B(t)u(t)

from the value xy at t = ty to the value x, at t = t1 if and only if

xog — P(to, 1)1 belongs to the range space of

wwmg:/%%@B@ym@%@m. (3.3)

0

Moreover, if 1y is any solution of W (to,t1)no = xo — P(to, t1)x1 then u(t) given by
u(t) = —B'(t)®"(to, t)m
1s one control which accomplishes the desired transfer.

Proof. Suppose there is u which drives the system and let z(t) = ®(ty,t)z(t) and 2(t) =
®(tg,t) " z(t). Then, as before, by the proof of Theorem [2.0.0.5, #(t) = A(t)z(t) +
B(t)u(t) will be transformed into

(t) = @(t, to) Bt)u(t);  x(t) = D(t,t0)z(t).

which implies that

t1

4m:4m+/¢@mmmmm.

to
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Thus z(t;) — 2(tp) is in the range space of

L(u) = /t (. 10) B(t)u(t)d.

0

Hence, by the lemma, z(t) — z(to) will be in the range space of

W(to, t1) = / tl@(to, t)B(t) BX(t)®"(to, t)dt.

0

That is
(I)(to,tl)l’l — T = Z(t) - Z(to).

belongs to the range space of (3.3)). The transfer, then, is possible if and only if [zq —
®(to, t1)x1] lies in the range space of W (ty,t;) by Corollary [3.2.1.3] Also, from Corollary

3.2.1.3 we see that a particular control which accomplishes this transfer is defined by
u(t) = —BT(£)@"(to, t)no
where 7 satisfies
W (to, t1)mo = 2o — (to, t1) 21

[]

Definition 3.2.1.5 (Controllability Gramian). We define the controllability Gramian
of the dynamic system &(t) = A(t)x(t) + B(t)u(t) to be the matrix

W (to, 1) = / tlcb(to, t)B(t) BX(t)®™(to, t)dt.

0

Theorem 3.2.1.6 (Properties of the Controllability Gramian (Ro)). The control-

lability gramian possesses the following properties:
1. It is symmetric. 2. It is nonnegative definite for t; > to.

3. It satisfies the linear matriz differential equation

%W(t, t) = AW (t, t1) + W(t, t))AN(t) — B(t)B*(t); W(t,t,) = 0.

Proof. 1. By definition,

/ tl@(to, t)B(t) BT(t)®™(to, t)dt

0

Wh(te, t,) = {

— / tl[@(to, t)B(t)BT(t)®"(to, t)] Ta

to

— W(to, tl)
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2. For any constant vector n

Wi tin = | T (k0. ) B BT 1y,

to

t

_ /1||BT(t)<I>T(t0,t)nH2dt
t

> 0.

3. Let "
W(t,tl):/tCD(t,U)B(U)BT(J)q)T(t,a)da.

Then

th(t,tl) = jt /t 0 (t,0)B() B(0)0"(t,0)do.

Hence by Liebniz’s rule (see appendix),

4 T, i dtl
TWEh) = 2 6)B(t)B ()2t 0) 7
—o(t, ) B(t) BY(t) (¢, t)%
4 / < [2(,0)B(o)B(@)@t, )]

_ BB + /t %@(t, o)[B(o) BY(0)D(t, 0)]do
» /t 1<I>(t,a)B(a)BT(o)%CIJT(t,U)dJ

[since ¢, is a constant]
= —B(t)B'(t) + / 1A(t)®(t7a)[B(J)BT(U)q)T(t,0)]da

. /t [®(¢,0)B(0) BT(0)|0"(t,0) AT(t)do
= —B(t)BTt) + AW (L, t1) + W (L, t,)AT(t).

]

Theorem 3.2.1.7 (Le). Let A, B be constant matrices. Then the autonomous linear
process in R";

i(t) = Az(t) + Bu(t); =

1s controllable if and only if the matriz
[B,AB, A’B,--- , A" 'B]

has rank n.

20



Proof. Let the linear system be controllable. Then xy can be steered to any arbitrary
point ; € R". Suppose that rank[B, AB, A’B,--- , A" !B] < n. Then there exists a

non-zero constant vector, v, such that
v[B,AB,A’B,--- /A" 'B] =0

since the rows of the matrix will be linearly dependent. Therefore
vB=vAB =---=vA"'B=0.

Now, since every matrix satisfies its characteristic equation, Cayley-Hamilton Theorem

(see appendix) we have
alA" T agA"*I qFeeo g CLn_lA T anI =0.

Which implies that
PUES. A" SR . | A SN

where ¢; = —Z«i for ¢+ = 2,3, ...,n are constants for all . Hence,

vA"B = vlciA” " F - ek co A+ e 1] B
— cWA" ‘B £ . ¥ wABt e vIB
) since vB =vAB =--- =vA" !B =0.

Thus, we can establish that vA"t*B =0 for k = 0,1, 2,3, .... Now,
t2
ve®B = v I—l—tA-l—aAQ-l---- B

t2
= vIB+tUAB+§1JAQB+---
= 0.

The autonomous linear system with initial condition zy = 0 has a solution
t t
z(t) = / e~ By(s)ds and thus wvz(t) = / ve*=*) Bu(s)ds = 0
0 0

since ve!* B is zero for all u(t) € U. (see remark in appendix). Thus v and z(t) are
perpendicular. This then contradicts the controllability assumption of the linear system
since every response is confined to a hyperplane that is orthogonal to v (we cannot
steer the initial point to any desired state due to this restriction). Hence the rank must
be n. Conversely, let rank|B, AB, A’B,--- , A"'B] = n. Let K| be the attainable set

for which the origin can be steered on the time interval 0 < ¢ < 1. Let |u;| < 1 for
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i = 1,2,---,m. Suppose dimension of K < n, then by definition of hyperplane, see

appendix, there exists a unit vector, v, such that
1
vz(l) = / ve=9) By(s)ds = 0.
0

This implies that f(s) = veA0=*)B = 0 for all u € U. This function and all its derivatives
evaluated at s = 1 will vanish and thus vB = vAB = --- = vA" !B = 0 which means
that rank[B, AB, A’B,--- , A""! B] < n. Therefore the dimension of K} must be n. By
Theorem , K| is compact and convex in R™. Since this set contains an open set
and it is convex, it must contain the origin in its interior. It is also well to note that
this set is symmetric since u(t) can be replaced by —u(t). Let the restriction on the
controls be relaxed such that |u,;(t)] <[ for | = 1,2,3, ... Then, the set of attainability
of the origin, Ky, for all controllers u(t) on 0 <t < 1 must be the entire space R". For
an arbitrary point xg, the set K of attainability for controllers, u(t), on 0 < ¢ < 1 is
K = e?xy + Ky = R". Therefore the system is controllable. ]

3.2.2 The Observability Gramian

Consider the dynamic system &(t) = A(t)x(t) + B(t)u(t); y(t) = C(t)x(t) where y(t) is
the output system and A(t), B(t), C(t), u(t) are known. Then for some initial condition,
xg, the output can be expressed as y(t) = C(t) (@(t, to)To + fti d(t, tO)B(t)u(t)dt) . Thus
if we want to determine zy, then we can consider the homogenuous system, &(t) =
A(t)z(t), such that y(t) = C(t)P(t,ty)ro. Hence we need a linear transformation that
will associate a unique state with any output. Therefore define the linear transformation
L :R" — D(R") for all t € [to, 1] by, for H continuous with respect to ¢,

L(x)(t) = C(E)D(t, to)x(t) = H(t)x(t).

So the null space of L is the set of all x(¢) € R™ such that H(t)z(t) is identically zero Vt.
Lemma 3.2.2.1 (Ro). Let H(t) be an m x n malriz whose elements are continu-

ous on [to,t1]. Then, the null space of L coincides with the null space of M (tog,t1) =
JUH(t) H ()dt.
Proof. Let xy be in the null space of M (to,t1). Then M (to,t1)xo = 0 which implies that
t1 1
T Mt 11)20 — / ST HI)H () aodt = [ | H(t)zo|? dt = 0.

to to

The continuity of H(t) ensures that H(t)xo = 0 for all ¢. Hence xy will be in the null
space of L. Conversly, suppose g is in the null space of L. So HX(t)H (t)xq = 0. Hence
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ftl_HT(t)H(t)det = M (to,t1)xo = 0. Thus zo is in the null space of M (¢, t1). O

to

The following theorem tells us how the starting state variable, xg, can be found given
the output, y.

Theorem 3.2.2.2 (Ro). Suppose A(t),C(t),y(t) are given on the interval [to,t1] such
that

Then it it possible to determine x(to) which lies in the null space of M (to,t1) where
t1
M (to, t1) :/<I>T(t,tO)CT(t)C’(t)CI)(t,tO)dt.
to

In particular, it is possible to determine x(ty) uniquely if M (to,t1) is invertible. More-
over, it is not possible to distinguish with the knowledge of y(t), the starting state x;

from the starting state s, if x1 — xo lies in the null space of M (to,t1).

Proof. From
B(t) = A()z(t); y(t) = C()z(t)
we have that x(t) = ®(t,%9)zo by Theorem [2.0.0.5| Hence,

y(t) = C)a(t) = C()(t, to)xo-

Premultiplying both sides by ®%(,#,)C*(t) and integrating over the interval [to,?;] gives

/ BTt 1) Oyt = / St 1) CTH)C (1) D1 to) 0t

0 0

— M(to,tl)l‘o. (34)

Thus zg = z(tg) can be determined and lies in the null space of M (¢y, ;). From (3.4), if
M (to, t1) is invertible, then
t1
Ty = M‘l(to,tl)/ ®T(t,t0) O (t)y(t)dt.
to
Further, let 21 — 22 be in the null space of M(tg,t1), i.e. M(tg,t1)(x; — x2) = 0, and let
y1(t) and yo(t) be such that
yl(t> = O(t)@(t,to)l’l and yg(t) = C(t)@(t, to)[L‘Q.
Then yy(t) — y2(t) = C(t)P(¢,t0)(x1 — x2) which implies that

Iy (1) = w2 () = IC ()t to) (21 — 22)]*
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Consequently,
t1 t1

lyn () =g @)Fdt = [ [IC@)D(¢ to)(x1 — )| dt

to to

_ / (21 — 22)TBT(E, 1) T C()D(t, to) (21 — 2t

= .171 — .CEQ / (I)Tt to CT O( )@(f,to)(l’l — l‘g)dt

= (21 — x2)" M(to, t1) (71 — x2)

= (21 —22)".0

=0 (3.5)

thus [|y1(t) = y2(8)||° = 0 <= ya(t) = y2(1) = 0
which implies that y; () = y2(t). Thus z1, x5 give the same output and hence they cannot

be distinguished with the knowledge of y(t). O

Thus the system is observable if the inverse M ~'(ty, ;) exists since with this, zy can be
determined.

Definition 3.2.2.3 (Observability Gramian). We define the Observability Gramian
of the dynamic system x(t) = A(t)z(t) + B(t)u(t); y(t) = C(t)x(t) to be the matrix

M(tg, t;) = /t1<I>T(t,t0)CT(t)C(t)<I>(t, to)dt.

Theorem 3.2.2.4 (Properties of the Observability Gramian (Ro)). The observ-

ability gramian possesses the following properties:
1. It is symmetric. 2. It is nonnegative definite for t; > t,.

3. It satisfies the linear matriz differential equation

(iM(t t1) = —A@R)M(t,t1) — M(t,t.)At) — CH)CH(t); M(ty,t) =0.

Proof. The proof is similar to the proof of Theorem |3.2.1.6 O]

3.3 Integral Cost Functions

Most often the choice of a performance criterion is subjective. However the choice, even
though subjective, should take into consideration the goal of the optimalization hence,

the need to study some specific cost functions, the integral cost functions.
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3.3.1 Significance of Integral Cost Functions

The selection of the cost functional, the specified integral criterion, is not easily deter-
mined. The best policy often indicates the selection of a cost functional that leads to an
easily constructed optimal controller and seems reasonable to approximate the ideal goal.
It appears then that the motivation for studying certain specific optimal control systems
is that such investigations can be formulated as a definite mathematical problem that
leads to useful techniques and methods for control synthesis. For instance, an integral
cost criterion is used whenever the average performance over the chosen time duration
is of primary importance. A frequently used criterion in the design of controllers is the
integral of the error squared, ft';l (u(t) — u*(t))?dt, where u(t) — u*(t) is the deviation

from the optimal controller.

3.3.2 Integral Quadratic Cost Functions
Consider the linear control process
©(t) = A(t)x(t) + Bt)u(t); z(to) = xo

where A, B are matrices of size n X n and n X m respectively on a given time interval
to <t <ty such that z(t) is steered by u(t) from x to the end point x(ty). Let the cost
functional be given by

t
Iw) = g(alt) + [ (OO + O R(eyu(t)
where we assume that g(z) is a given real continuous function of R™ and @) and R are
square matrices which are continuous and symmetric on ¢y < ¢ < t; such that () and R
are positive semidefinite and positive definite respectively. The control problem will be
to minimize the cost function among all measurable controllers such that, in order for
J(u) to be finite,

/ TRt < o

and we see that this is possible if and only if u(t) lies in the Hilbert space Lo(to = 0, tf),
see appendix A.6, since we have assumed that R > 0, continuous and bounded.The
existence of such controllers can be achieved by exploring the geometric properties of the
set of attainability. For instance, it is established that controllers are extremals satisfying
the maximal principle and corresponding to the boundary of the set of attainability. Also
because of the nonnegative nature of 7 Qz and u” Ru, we can expect that the minimum

for the cost can be realized if g(x(ty)) is bounded below or is a convex function [Le].
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Chapter 4
The Second Variation

The linear quadratic control problem is a control problem where the dynamic equation
and the terminal constraints are linear and the performance criterion is a quadratic func-
tion of the state and control variable. In this chapter, we derive the second variation of
a general control problem and establish some basic results which serves as a preparatory

ground for the next chapter where we formulate the linear quadratic problem.

4.1 The Variation of a Functional

Definition 4.1.0.1 (Functional). By a functional, we mean a correspondence which
assigns a definite(real) number to each function(or curve) belonging to some class. For

instance, let F(z,y, z) be a continuous function of three variables. Then the expression

Tiy) = / Ft, y(6), o/ (£))dt

where y(t) ranges over the set of all continuously differentiable functions defined on the
interval [a, b] defines a functional.
Definition 4.1.0.2 (Continuous Linear Functional). Given a normed linear space, R,

let ¢(h) be a functional on R. Then ¢(h) is said to be a continuous linear functional if;
¢(ah) = ap(h),Vh € R and a € R,
d(hy + ha) = ¢(hy) + ¢(ha),Vhy, he € R and
¢(h) is continuous for all h € R.

A functional B[z, y| depending on two elements x and y belonging to some normed linear

space, R, is said to be bilinear if it is a linear functional of y for any fixed x and a linear
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functional of x for any fixed y i.e.

Blz +y, 2| = Blx, z] + Bly, 2]
Blazx,y] = aBlz,y|

and
Blz,y + 2| = Blz,y| + Bz, 2]

Blz, ay] = aBlz,y]

for x,y,z € R and o € R. If we set y = x in a bilinear functional, we obtain an expression

called a quadratic functional. For example, the expression

Bz, y] :/ a(t)z(t)y(t)dt t € [a,b]

is bilinear and its corresponding quadratic functional is

Alx] :/ a(t)z?(t)dt t € [a,b]

which is positive definite if a(t) > 0.

4.1.1 The Variation (or Differential)

We now introduce the concept of variation of a functional, analogous to the concept of
the differential of a function of n variables. Let J[y| be a functional defined on some

normed linear space and let
AJylh] = J[h +y] = J[y]

be its increment corresponding to the increment A = h(t) of the independent variable
=y(t). If y is fixed, AJ,[h] is a functional of h. Suppose that

AJy[h] = o(h) + €[]

where ¢(h) is a linear functional and € — 0 as ||h|| — 0. Then the functional J[y] is
said to be differentiable, see appendix, and the principal linear part of the increment
AJy[h], i.e, the linear functional ¢(h) is called the Variation (or differential) of J[h] and
is denoted by d0.J[h].

Theorem 4.1.1.1 (GS). The differential (or variation) of a differentiable functional is

unique.
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Proof. We note that if ¢(h) is a linear functional and if
——=—=0 as ||h| >0 then ¢(h)=0 Vh.

Suppose that ¢(hg) # 0 for some hg # 0. Then setting

hn - @a A ¢<h0)

n’ T lholl”

Then, [|h,|| = 0 as n — oo but

lim Olhn) _ lim nolho) _ A #£0;

n=oo [[hyll nsee nllholl

contrary to the hypothesis. Now suppose the differential of the functional J[y| is not

uniquely defined so that
AJylh] = ¢1(h) + e1f|h]] and = AJy[h] = ¢(h) + ||
where ¢;(h) and ¢o(h) are linear functionals and €, e; — 0 as ||h|| — 0. Therefore

¢1(h) — ¢2(h) = (&1 — e)||A].
But since ¢1(h) — ¢2(h) is a linear functional such that

¢1(h) — da(h)

—0 as |h|| =0,
7]

it follows that it vanishes identically and thus ¢;(h) = ¢o(h) and €||h|| = €2]|h|| hence

the differentials are identical. OJ

Theorem 4.1.1.2 (GS). A necessary condition for the differentiable functional, Jy|, to
have a minimum for y = y is that its variation vanishes, i.e §J[h] =0, for y =y for all

h.

Proof. Suppose J[y] has a minimum for y = g, thus AJ,[h] is nonnegative. According

to the definition of the variation, dJ[h], we have
AJy[h] = 0J[h] + €||h]|

where € — 0 as ||h|| — 0. Thus for sufficiently small ||k]|, the sign of AJ[h| will be
the same as the sign of dJ[h]. Suppose that d.J[ho] # 0 for some hg. Then, for any
a > 0, no matter how small, we have §J[—ahg] = —dJ[ahg], by its linearity property.
Therefore, J[h] + €||h|| can be made to have either sign for arbitrarily small ||A||. But
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that is impossible since by hypothesis AJ,[h] > 0 for sufficiently small ||A||. Thus a

contradiction and hence §.J[h] must be zero. O

An optimal control problem can be solved either by the method of Lagrange multipliers
or a dynamic programming method. Here, we use the method of Lagrange multipliers.

Suppose we have a problem,;
minimizef(z) subject to G(x) = 0.

Then, this complication can be handled by the method of Lagrange. This method reduces
the constrained problem to a new unconstrained minimization problem with additional

variable. The additional variable is known as a Lagrange Multiplier A\. That is

f(z,\) = f(z) + A\G(x).

The problem then becomes

minimize f (z, A).
In this work, the equality constraint will be a linear dynamic system of the form

#(t) = A()z(t) + B(t)ult); x(t) € R™u(t) € R™.

Hence

A()z(t) + B(t)ult) — &(t) = 0

and a cost function will be minimized subject to this equality constraint. We note that
solving the unconstrained problem with the Lagrange multipliers is equivalent to solving

the constrained problem. To see this, consider the problem
minimizeF(z,y) subject to G(z,y) =0,

and suppose that, the constraint equation can be solved so that y = h(z). Then y can

be eliminated from F(z,y) which reduces the problem to
minimizeF'(z, h(z)).

Suppose F'(z,y) is diifferentiable, then at its extremum, the Euler-Lagrange equation

must be satisfied i.e.
dy .
F, + Fyd— =0 (Euler-Lagrange Equation).
x

Consider moving along the curve G(z,y) = 0. Let s be the arc length parameter such
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that % = 0. Then,
d d
G ==+ Gy

dy _ dy G
ds Yds

dz G,
Substituting this into the Euler-Lagrange equation gives

00—

F,G, = F,G,. (4.1)

Consider the unconstrained problem with the Lagrange multiplier

F(z,y,\) = F(z,y) + A\G(z,y).

Then,
F(z,y, Ny = F, + \G, and  F(z,y,\), = F, + \G,,.

Since at the extremum the partial derivatives must be zero, we equate these to zero and

eliminate A to give
oGy — R (4.2)

Thus, the equation that defines the extremum in the unconstrained problem using the
Lagrange Multipliers is the same as (4.1)) which is obtained by solving for the extrema

in the constrained problem.

4.2 Motivation for the Second Variation

Let the state, x : I € R — R" be propagated by the dynamic system &(t) =
f(z(t),u(t),t) with initial condition x(ty) = xo where u : I C R — R™ is the control
which is assumed to be drawn from the set of piecewise continuous m-vector functions
of t € I = [tg,t¢] and f : S C R*™ — R™ is an n-vector function. Suppose also
that ¢ : R™*' — R and L : R**™*! — R are some scalar functions and \ : R — R".

Consider the problem

#(t) = fx(t), ult),t), z(ty) =z (4.3)

u(t)eUr

min J subject to {

where
J:Mﬂmiﬂ+/i@@w@ﬁ&

to

and U(x(tf),ty) = 0 is a general terminal constraint. W(-) is a p-dimensional vector
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function i.e. ¥ : R"™ — RP and Uy is the set of piecewise continuous m-vector
functions of ¢ on the interval [to, ] such that the terminal constraint is satisfied. We
proceed as follows. The trick is to add additional terms to J that sum to zero. We
start by appending to J a continuously differential vector A(¢) of Lagrange multiplier
functions and the final state constraints a p-vector v of Lagrange multipliers. This will
convert the constrained problem to an unconstrained problem and the optimalization
problem will not change just as we have seen. Then, the augmented performance index

becomes

J = o(x(ty),tr) + v (x(ty), ty) + / f(H(x(t), u(t), A(t),t) — X' (t)i(t)) dt

to

where

H(x(t), ult), A(t),t) = L@ (t), u(t), t) + AT(0)f (x(t), u(t), t)
is referred to as the Hamiltonian (see appendix). We make the following assumptions.

e The first assumption is that we can generate a locally minimizing path by satisfying
the first-order necessary conditions. That is we assume that we have been able to
find Z(t),u(t) and ¢ that satisfy (4.3)) and minimize the performance index subject

to the terminal constraints over all functions w(t).

e Secondly we assume that the functions f, L, ¢, ¥ are all twice differentiable with

respect to their arguments.

Now, we define the variations in the state, control, and the multipliers as

NAr=x—8, Du=u—1ua, AA=A—A Av=v—v Aty=ts—1i;.

The variation in the performance index is then

~

AT = (). triz0, M), v) — J(@(), w0, M), 7)

L /tf [AH — A (Na)]di+ [A¢ + AvTY]|, _, .

o ty=ty
Now, using the Taylor expansion for a function of vector arguments, see appendix,
J(u(), tg; 70, M), v)
= J(@(-), by 20, A(-), ) + ¢Sz + by, Dty
+T (U, Ax + Wy Aty) + AvTU(z(ty), )
+H (2(ty), alty), Mtp), tr) 0t

+ [ Ho Oz + HyDu+ HAAX — (AT AG + 2 ANT) ] dE+ -+
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Therefore
J(u(-), tr; 20, M), v)
= J(a(-), ts; 70, A(), )
+ (¢e +v70,) Az + QAL + AVTU(2(E)), T)
+ j;if[Hxﬁm + HyAu— NTAG + (Hy — )" AA} dt
+3 ft?[AxTHmAx + AxTHyp Nu+ AuHyp A + Au” Hyy N
+ 2 (ATHAAN+ AXNTHy Au— AXNTAG)] de

Gra + (V7)) WD QT Az
5|t ot s || v, 0 o7 || av
Q
Q. 8 ?Tt Aty
~+higher order terms

where Q = ¢y, +v7 W, + H (Z(ty), ulty), A(ty), ;) and are all evaluated at ¢ty = t;. Using
integration by parts on —A\T A& and using the fact that the first variation vanishes for
optimality, 6./ = 0, by Theorem [4.1.1.2 and the fact that U(z(ty),ty) = 0, all the first

order derivatives vanish leaving only the second order partial derivatives i.e.

~

AJ = N (to)As(to)

1[4
+§ / [A;cTHmAaz + Az"H,,ANu+ AuTH,,ANx + AuTHy,Au
to

+ 2 (AI’THm)\AA e A\ )\ LA - A)\TA:I':)] dt
| Gua + (V) W QT Az
5 | paT AT Ay ]| v 0 o || av
Q, apy Aty
+higher order terms

Claim 1. Let the control u°(+) generate the trajectory x°(-). Then linearly perturbing
u®(:) by en(+), e > 0, perturbs z°(-) by a function of exactly the same form, viz; ez(¢;n(-))

where 7(+) is also piecewise continuous.

Proof. Consider the dynamic system #(t) = A(t)x(t) + B(t)u(t) and suppose that the
perturbation of u” linearly by en results in the perturbation of the trajectory z° by &(-;€).
Then

t

x(t) = O(t, to)wo + /q)(t, o)B(o)u(o)do

to

and consequently
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Therefore .
o) = e /to@@,o—)B(o—)n( \do
2(t) = ®(t, to)xo + /tfb(t, o)B(o)u’(-)do.
Let .
A(tm()) = /tf)“’ o) B(o)(-)do.
Then,
() = e(tin(-)
as required. O

Thus we have shown that for any change in the control, there exists a corresponding

change in the state which can be expanded i.e.
D) = en(-) <= Ax() = e2(-) + O(- ).
Now, let
DAY = M) + O DU() = b() + O(,e);:  Aty() = e,

Upon substitution of this into .J and noting that since the initial time is given, Az(ty) =

(o) = 0, AJ reduces to
z
U

T " ff Hx:t qu
AJ = 6/ [zT 'r/T]
2 to Huz Huu

: oo+ (V1) Vo U ||z
S A 0o o || 5
Q, Q 9|

where
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Definition 4.2.0.3 (Second Variation). We define the second variation, 62J, as

§2J = lim E
e—0 62

where it is assumed to be positive definite. That is

R 1 [ H,, Hg,
527 — _/ [ZT nT] S IR QX P
2 to Hu:p Huu 77
Gua + (V1) WD QT z
1 ~ T ~
+5 [ LA 72N ] v, 0 QF v
a0
Q, Q 9]|A

Remark 4.2.0.4. Linear quadratic problems are often fixed time problems. Hence
AFy =e="0.
Now, given & = f(z,u, ), upon expansion, we have that
z(to) + €2+ O(+;€)

= f(z(to), u(to), ) + fa(@(to), ulto), ) Az + fu(a(to), u(to), ) Au+ -
= [(x(to), ulto), -) + fa(x(to), ulto), -)(ez + O(:, €)) + fu(x(to), ulto), )en

= f(a(to), ulto), ) + €fal(to), ulto), )2 + eful@(to), ulto), ) + O(, €).

Hence

ez(-) + O, €) = efu((to), ult), )z + eful@(to), u(to), ).

Thus we obtain the differential equation
() = fala(to), ulto), )z + fulx(to), ulto),-)n;  z(to) = 0.
Consequently, the (- -+ ) term, which is
zTHzAS\ + S\TH)\uT) — Tz

in the integral of the second variation vanishes. Thus 62J becomes

X 1 (b [ H,, H P
si = Ly [ ] [ L
(

. [ buw + VT\I/)M vl oof z

+§[2T oo, 0o o ||
Q

L Q:): Qy ((lil_t O

t=ty
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The second term on the right hand side of this equation reduces to

[ZT(¢m + (I/T\I/)m) 24+ W, + zT\Ifz;y}

N | —

and setting W,z = 0, it further reduces to

(27 (fze + (V)4 2] -

N | =

Thus,

Hence the problem becomes

I7r71(1§1 J(n(-)) subject to W, (Z(tf))z(t;) =0

where J(1(-)) = 62.J.

Theorem 4.2.0.5 (GS). A necessary condition for a functional, J]yl|, to have a mini-
mum for y = § is that the second variation is nonnegative. i.e. 62J[h] > 0 for y =
and for all h.

Proof. By definition, we have that
NJy[h) = §J[h] + 82 J[h] + €||h|?
where € — 0 as ||h|| = 0. By Theorem [4.1.1.2] 6J[h] = 0 for all k hence
D] = 2 TTH) + el b2

Thus for sufficiently small ||2][, the sign of AJ,[h] will be the same as the sign of §2.J[A].

Now suppose §2J[hg] < 0 for some hy. Then for o # 0, no matter how small, we have
(52J[Oéh0] = 04252(][h0] < 0.

Therefore §2J[h] + €||h]|* can be made negative for arbitrary small ||h]|. But this is
impossible since AJ,[h] > 0. O
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Chapter 5

Formulation of the Linear Quadratic

Control Problem

In this chapter, we will derive the quadratic cost criterion from the second variation
obtained from the previous chapter. We shall also discuss the first order necessary
condition for optimality and the general optimal control rule for the linear optimal

control problem with unconstrained terminal condition.

We have seen what the second variation is in the previous chapter. For simplicity,

suppose that

Sy = (da+ (P W)y 0 2(0) = 2(t): 0(t) = ult)

=3 [a"(ty)Ssa(ty)]
+3 [T () Hoaw(8) + uT () Hugw () + 27 Hyu(t) + uT (£) Hyu(t)] dt

=3 [Z’T(tf)sfﬂf(tfﬂ

+1 [T () Hogw(t) + 2u™ (8) Hyg () + uT () Hyu(t)] dt.

( assuming that H,, is symmetric )
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Thus, letting
Q(t) = Hy;  C(t) = Hy; and  R(t) = Hu,

we obtain a cost criterion

J(u(')7x0>t0)

= % [ (ty)Spa(ty)]

1

+§/tf[xT<t)Q<t>x<t)+2“T(t)c(t)$(t)+uT(t)R(t)u(t)} & (5.1)

which is a quadratic form. Thus, the Linear Quadratic Problem is the minimization of
(5.1) with respect to u(-) subject to
z(t) = A(t)x(t) + B(t)u(t) (5.2)
with initial condition z(¢y) = xp and a linear terminal constraint
Dz(t IS0 (5.3)

where z(t) € R", u(t) € R™ and D a p X n matrix V¢ € [to,t/].
We make the following assumptions.

e First we assume that Q,C, R, A, B are piecewise continuous functions of time and

we assume also that Q(t), R(t), Sy are symmetric matrices.
e Secondly, we assume that Q(t) — C(t)R™'(t)C(t) > 0.

e Thirdly, we assume that R(t) > 0, is positive definite, and bounded for all t € [to, tf]
and also u(+) belongs to the class, U, of piecewise continuous m-vector functions of
time in the interval [to,¢¢].

Theorem 5.0.0.6 (First Order Necessary Condition for Optimality (Sp)). Sup-

pose the second assumption is satisfied and the matrix

W (to,t5) = thCI)(tO, t)B(t) BY(t)®*(ty, t) DT dt

to

is positive definite (controllability assumption). Then, necessary conditions for AJ to be

nonnegative to first order for strong perturbation in the control, are that

PO(t) = A2 (t) + B(t)u'(t); 2°(ty) = 20
—At) = ATOAE) + Q(1)2°(t) + CT(H)u’(¢)
)\(tf) = Sf&?o(tf)—f—DTI/
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Dl’(tf) =0
0 = R®)u°(t) +C(t)x"(t) + BT (t)A(t)

where \(t), an n-vector function, which is the Lagrange multiplier is assumed continuous
and differentiable and v is a constant p-vector. z°(t) and u°(t) are the candidates for

optimality.

Proof. The proof of this theorem is based on the fact that we try to look for conditions

for which the first variation of the cost function is zero or AJ(u(-); A(+), v, o, to) will be

nonnegative. Suppose the hypothesis of the theorem and adjoin (5.1)),(5.2)) and (5.3) as
follows

T(u(); M) v @o,to) = J(u(-); o, to)
+/ f/\T(t) [A@®)x(t) + B(t)u(t) — i(t)]dt + v" Da(ty).

to

Upon integration by parts, we obtain the following

J(u(-); M), v, 2o, to)
= [J(H(t) + AT (0)a(t)dt + AT (to) o — AT ()2 (ty) + & [27 () Spa(ty)]

= Ji

+v" Dx(ty)
where

H(t) = %[xT(t)Q(t):c(t)+2uT(t)C’(t)a:(t) + u” (1) R(t)u(t)]

AT () [A®)2(t) + B()u(t)].

Suppose there exists u’(t) € U that minimizes the cost criterion, (5.1), and causes
Da°(t;) = 0. We now determine the change in .J(u(-); A(-), v, %o, to) brought about by
changing u(t) to u°(t) € U. Let the change in the control be du(t) = u(t) — u°(¢) and
the resulting change in the state be dz(t) = z(t) — 2°(t). Hence, we seek conditions
that guarantee that the change in .J(u(-); A(-), v, z, o) is nonnegative for all variations.

Consider variations for which dz(¢) remains small i.e.
Jox(t) <€ VEE lto,tyl >0

and choose du(t) = £(t)n(t) where n(t) € U and for € > 0,

(5.4)

0=}

€ tel=ltyts] —U.[titi + €di].
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where ¢; is some small positive number. Now
H, = 2" (0)Q(t) +u" ()O(t) + N () A(t)

and

H, =27 ()CT(t) +ul () R(t) + N\ () B(t).

Hence the variation in J(u(-); A(-), v, Zo, 1o), as a result of changing u(t) to u°(t), and

remembering that change in u(t) causes the state vector to change, is given as

<~

(u(-); A(), v, o, o)
= JuO(); A(+), v, o, o)
+ i [Hxaa:(t) + H,du(t) + XT(t>5w(t>} dt
+ [O(t; €)dt — M (t)0x(ts) + a7 (tr)Sydx(ts) + v7 Dox(ty) + O(e)
— J(@®(); (), v, %o, to)
Ll [2 (H,oz(t) + H,ou(t)) + 2AT(t)5-r(t>] dt
(

2 Jtg

Now, we choose A(t) such that

H,+ ) =0

and

—)\T(tf) aF $T(tf)5f 4 vI'D=0.
Hence
% 1 [t ty
AT (u(:); A(+), v, o, tg) = 5/ 2H,6u(t)dt +/ O(t; e)dt + O(e).

to to

We choose

n(t) = —R'(t)H] = —R7'(t) [R)u"(t) + C(t)2"(t) + BT (t)A(1)]

which implies that H, = —nT (¢t)R(t), (since R(t) is symmetric). This choice is possible
because of the controllability assumption. Substituting du(t) = £(¢)n(t) into the integral,

we obtain

BICRNC) v to) = [ HuOgOnOd+ [ O+ O(0)

to 0
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Thus for € small,

~ n ti+€5i tf
AJ:—E:/ EﬁT%ﬂhw—gﬁﬁR*mHﬂrﬁ/om@a+0@%
i=1 vt I to
where
O(t;e)

€

—0 as e—0

will be negative since H,R™'H[ is positive and thus for it to be nonnegative, n(t) must

be zero which implies that H,(t) is zero, where
H,(t) = [R(t)u’(t) + C(t)2"(t) + BT (t)A(t)]"

This choice of n(t), also helps to determine v. To see this, we proceed as follows. By the

linearity of the dynamic system, z(¢,7(-)) satisfies

2(t,n() = A@®)z(t,n() + B)n(t); 20 = 0.

Therefore,

z(tg,m(:)) :/thIJ(tf,t)B(t)n(t)dt (by Theorem [2.0.0.5)).

0

Hence, by substituting 7(¢) into this equation, we obtain

d%ﬂﬁ:—[%@ﬁB@RﬂﬂW@w@+CMﬁM+B%M@]

0

Now from
—\(t) = AT@At) + Q(1)2°(t) + CT(t)u’(t) (from the necessary condition),

we can solve for A\(¢) by applying Theorem [2.0.0.5 once again to get

i
A(E) = B(t,t7)Sya(ty) + @) DTw + [ Bt QT (7) + O ().
to
Substituting this into z(t;,7n(-)) and using the fact that Dz(t,n(-)) = 0, (from the
necessary condition, i.e. since Dz(t;) = 0), we obtain an equation which we can solve

for v explicitly. O
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5.1 Unconstrained Terminal Linear Quadratic Prob-

lem

From the above theorem, the necessary conditions for the unconstrained terminal prob-
lem are obtained by putting D = 0. In this section we shall derive the general optimal
control rule and consider some important properties of the transition matrix of the

Hamiltonian system.

5.1.1 The General Optimal Control Rule
In Theorem one of the conditions for optimality is
HT = R(t)u’(t) + C(t)z°(t) + BY(#)A(t) = 0

and thus we can solve for u°(f) in terms of A\(¢) and z°(¢) since we have assumed that

R(t) > 0 and bounded. That is
u’(t) = —R7'(t) [C(1)2°(t) + BT (t)A(1)]
if the inverse, R™*(¢), exists. We substitute this into
i%(t) = A(t)z%(t) + B(t)u’(t)

and
—A(t) = HY = AT(O)A() + Q(1)z°(t) + C" (1)u(t)

i°(t) = (A@t)—B@E)R'(t)C(t))2°(t) — B{t)R™ ()BT (t)A(t)
At) = (CTHRHCE) — Q@) 2°() + (CT ()R )B” (t) — AT(t)) A1)

Hence, we have

A(t) — B{O)R™1(t)C(t) —B(t)R71(t)BT(t)

CT(OR(HOE) = Q) —(A{) = BORHCE)" | | M)

[ () ] (5.5)
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which is a 2n-vector system of differential equation with initial conditions
2(t) =zy and A(ty) = S;a°(ty) since D =0.

For
A(t) = B(t)R™'(1)C(t) —B)R™(t)B ()

0= | crrawen - oo - e - Boya e

?

we write (5.5 in compact form as

M(t) = H(t)M(t) (5.6)

where H(t) is referred to as the Hamiltonian Matrix. Thus there exists a transition
matrix ®g (¢, 7) of H(t) such that

%(DH( T)=Ht)Puw(t,7); Puwp(t,t)=1 (5.7)

where we represent the Hamiltonian transition matrix in block-partition form as

Dy (2 Dyo(t
Bty ) = | D07 ST | 55)
@21(t, T) CI)QQ (t, T)
Hence, by Theorem [2.0.0.5| the dynamic system has solution
M(tr) = Pa(ty, to) M (o)
ie.
2(ty) _ | Pultste) Pualtsto) | | 2" (k) (5.9)
A(ty) = Sya’(ty) D1 (tr,to) Poalty.to) | | Alto)
which implies that
Io(tf) = @11(tf, to)l‘o(to) + (I)lz(tf, to))\(to) (510)
Mty) = Spa’(ty) = Poi(ty, o)z’ (to) + Paa(ty, to)Ato). (5.11)

Substituting ((5.10)) into (5.11)), we obtain

St [®11(ty, to)x”(to) + Pralty, to)A(to)] = Par(ty, to)x"(te) + Paalts, to)A(to).
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Rearranging this and solving for A(tg) we obtain
Alto) = [Sy®ia(ts, to) — Pas(ty, to)] " [@ai(ty,to) — Sp®ui(tys, to)] 2 (to)
assuming the inverse, [S;®1a(ts, 1) — Pog(tf,t)] ", exists. For convenience, let
S(tg.t,Sp) = [SyPralty 1) — Paa(ty,1)] 7" [@en(ty,8) — SpPui(ty, ¢)

then
)\(to) = S(tﬂ tOv Sf)]?o(to).

Now, we evaluate (5.10) and (5.11]) over the interval [¢o, t] where to <t < t; to get

2'(t) = Dt to)x’(to) + Pra(t, to)A(to)
Mt) = o (t, to)x"(to) + Dozt to)AMto)-

ZL’O(t) = (I)H (t, to).’l?o(to) 4= (I)lg(t, to)S(tf, to, Sf)LO(to) (512)
Mt) = Dot to)x"(to) + Paalt, to)S(ty, o, Sp)a’(to). (5.13)
Hence,
[ l'0<t) ] et [ @11(t,t0) @12(t,t0) ] [ TO(tQ) ] (514)
)\(t) (I)Ql(t,to) (I)Qg(t,to) S(tf,toSf)I (to)
1
= CI)H(t)(t, to) [ S(tﬁtO,Sf) ] X (to)
Consequently,

W) = —R'(t) [Ct)2°(t) + BT ()A@D)]

20(t) ]

= —R7'(1) [ C(t) BT(t)] [ A(t)

= —R—l(t>[0(t) BT(t)]q)H(t)(t,to)[ Sty 1o Sf)]w%o)-

Thus we have been able to express the control in terms of the transition matrix.
Definition 5.1.1.1 (The General Optimal Control Rule). The General optimal
control rule of the Linear quadratic problems is defined as

WO(t) = —RL(t) C(t) BT(t) }@H(t)(t,to) [ S(ts, to, Sy)

] (L’O (to)
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We see that if ¢t = ¢, then, ®g)(to, o) = I and thus

1

u(tg) = —R™'(to) | C(te) BT (to) } [ S(ty,to, Sy)

] $0(t0).

5.1.2 Some Properties of the Transition Matrix of the Hamil-

tonian System

Here, we consider two properties of the transition matrix of the Hamiltonian system

which will be helpful in the sequel.

The Symplectic Property

Definition 5.1.2.1 (Symplectic Matrix). A symplectic matrix is a square matrix, M,

with real entries that satisfies the condition
MTOM =Q

where (2 is a fixed square nonsingular skew-symetric matrix.

The transition matrix of the Hamiltonian system is symplectic i.e. it satisfies the follow-
ing;
(I)H(t) (tfa t)iq)};(t) (tf7 t) = l

= (1)

is known as the fundamental symplectic matriz. To see this we first note that the Hamil-

where

tonian matrix satisfies the following;
H(t)J + JH(t) = 0.

We then transpose this and premultiply by ®g)(ts,t) and postmultiply by @fl(t) (tg,1)
to obtain

Ppo(ty.t) [H()] + JHT ()] Cpry(ty,t) = 0.

We expand this and use the fact that %(I)H(t) (tr,t) = —Pu(ty, t)H(t), (see (6.5)), to

obtain 4
&%@) (g, 1)L Py (ts, 1) = 0.
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Pry(ty, t)iTCDfI(t) (tf,t) = const Vit € [to,t]. Using the initial condition of (5.7,
g oy (t, 1) ST Py (1) = JT

and hence
Oprry(ty, )L Py (ty,t) = 7.

The result then follows after we transpose this matrix.
The Spectral Property

This property describes the eigenvalues of the transition matrix of the Hamiltonian

matrix. Given J, we see that J' = J~'. From the symplectic property,
1 T 1
ey (1) = IPhy(tr,8)d
which implies that

O (s, t) = M = IOy (tr, ) = AL - S

Thus
det (cp;;(t)(tf,t) - AI) = det (JOG (b, )] — AT - 7))
= det (JPy)(ts, t)] ' — )
= ((I)H(t)(tf,t) — /\]) .
Therefore
det ((I)H(t)(tf, "
This means that since @y (ts,t) is a 2n x 2n nonsingular matrix, if 4, fori =1,--- | n

are n eigenvalues of @y (ts,t) with p; # 0 for all ¢, then, the remaining n eigenvalues

are
1

Hi
since the product of all the 2n eigenvalues must be the determinant which in this case

is one (see appendix- Theorem [A.5.0.17)). Now, let

) )
Dy (ty,t) = ( H ) .

Hign = ?;:1,"',71

(1)21 (1)22

Then, the symplectic property becomes
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;. By 0 I of o \ [0 I
Dy Doy -1 0 T, oI -10)’
which implies that

@], = D0,
Dy @)y, = D)
&0, = I+ 3,07

These relations are going to be useful in the future.
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Chapter 6
Riccati Matrix Differential Equation

Instead of obtaining S(ts,t;Sf) from the transition matrix of the Hamiltonian system,
we show here that S(ts,t; Sy) is propagated directly by a quadratic matrix differential
equation, the matrix Riccati equation, and thus S(t;,¢,Ss) can be obtained by solv-
ing this differential equation. Therefore in this chapter, we derive the Riccati matrix

differential equation and some of its properties.

Given a linear homogeneous differential equation, in  defined on an inner product space,
we will say that a linear homogeneous differential equation in y defined on the same inner
product space is the Adjoint Equation associated with the given equation in x provided

that for any initial data, the inner product of the solution x and solution y is constant.

We first find the adjoint form for propagating the transition matrix of the Hamilto-
nian system and proceed with the analysis. Recall from the previous chapter that the

Hamiltonian system is symplectic. Then the matrix defined as

1 0
®H(t) (t, Ifo) B L(I)H(t) (t, Ifo) where L = ( )
= ]

is also symplectic since L is symplectic with respect to the fundamental symplectic

matrix. Now suppose that ©g can be written in block partition form as

0, 0
Om(t to) = < 011 912 ) ’
21 22

I 0 Oy Dy
®H(t)(t7t0) B ( —Sf [> (@21 O )

then we have that
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and this implies that

0, = Py (6.1)
010 = Do (6.2)
b1 = —SpP1 + Py (6.3)
Oro = —S;P12+ Poo. (6.4)

Now, by Theorem [2.0.0.4] the transition matrix ®p)(ts,to) satisfies

Pr(ts to) = Pue (tr t)Pu)(t, to)-

Then, differentiating both sides with respect to ¢, where ¢; and ¢, are fixed times, gives

d
- [Pr)(ts t)Pr (. to)] -

d

dit

Therefore,

d d
(dtq)H(t)(tfa )) Dy (t, to) + Pae) (tf,t)aq)mt)(t,to) = 0.

Using (5.7)), this can be writtten as

d
(dtq)H(t (t, )) ey (L, to) + Prrey (L, OH(E) Prrr) (£, 80) = 0

and hence

d
|:dt¢)H ( t) + (I)H(t)(tf,t)H(t) CI)H(t)(tytO) =0.

Since the transition matrix of the Hamiltonian system is not zero, it implies that the

term in the bracket must be zero i.e.

d
Eq)H( )(tf7 t) + q)H(t)(tfv t)H(t) =0.

Therefore,

d
dtq)H(t) (ty,t) = =@uu(ty, ) H(t); Pue(tyty) =1 (6.5)

is the adjoint form for propagating the transition matrix of the Hamiltonian system
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where the input time ¢, is the independent variable and the output time t;, is fixed.

Therefore,

d d
EQH (tf7 t) = &LCI)H(t)(th t)

implies that

d
&@H n(ty,t) = Ldtq)H @ (tg,t); since ty is given, L is a constant

= —LOg(ty, t)H()
= —On(t;,t)H(1)

with the initial condition
On((tytr) = LOuw(ty,ty) = LI = L
Now, we recall from the previous chapter that
S(tgt, Sp) = [SyPia(ty,t) — Paalty, )] [@an (g, t) — Sp@ui(ty.t)].-

Using (6.1)-(6.4) and assuming the inverse, [S;®12(ty,t0) — Doy (to, t7)] ", exists, this

equation reduces to

S(ty,t, Sy) = —b (ts, )0 (ts, 1)
and thus

—egl(tf, t) = egg(tf, t)S(tf, t, Sf)

Differentiating this equation with respect to ¢, we obtain

d d d
ittty = (GOt 0) Snt. S+ 0m(trDGSnt S (69)
Now, from
d
3 OH0 (85 t) = =Om(ty, )H (),
we get that

911 912 _ 811 ‘912 K P

921 922 a Oo1 O N —-KT
where, K = A(t) — B(t)R™'(t)C(t), P = —B(t)R™'(t)BT(t) and
N =CT(t)R7(t)C(t) — Q(t). Therefore,

d

&le(tf,t) = —(le(tf,t)K—f‘egz(tf,t)N) and
d
&QQQ(tf,t) = Oty )K" — 09 (ts,t)P.
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We substitute this into to get
d
(01K + 032N) = (025 K" — 02, P) S(ty,t,S¢) + HQQ&S(tf, t,S}).

With the assumption that the inverse of Ay exists, we can multiply through by this

inverse to get

d
O3 021 K + N = (K — 055021 P)S(t,t, S¢) + 35t 5s).

Using S(ts,t,S¢) = —05 (tf,1)021(ts, 1), the equation becomes

—S(tr,t,Sp)K + N = (K" + S(ty,t,S7)P)S(ty,t,Sf) + %S(tf,t, Sy).

Therfore

C({ltS(tf,t, Sf) =N — S(tf,t, Sf)K = [KT F S(tf,t,Sf)P]S(tf,t, Sf) (67)

with boundary condition S(t¢, s, Sy) = Sy. This equation with its boundary condition is
referred to as the Riccati matriz differential equation. Thus we have proved the following
theorem.

Theorem 6.0.2.2 (Sp). Let @) (tys,t) be the transition matriz for the Hamiltonian sys-
tem defined in with block partitioning defined by . Then the symmetric matriz
S(ty, t;Sy) satisfies and its boundary condition if Sy is symmetric and Pos(ts,t) is

invertible.

The following theorem shows that the necessary and sufficient condition for the quadratic
cost function to be positive definite depends on the existence of the Riccati variable,
S(ts,t;Sy), and it also justifies that our control rule is actually the minimizing controller.
We assume that the dynamic system, , is completely controllable. That is to say it
is controllable on any interval [to, '] where to <t <t <t 7. Hence by Theorem ,

there exists a bounded control
u(t) = =BT ()L, )Wt )a(t)

which transfers the state z(¢y) = 0 to any desired state z(t') at ¢t = t' where W (¢, 1) is
the controllability Gramian of the dynamic system and ®4(¢',¢) is the transition matrix
corresponding to the matrix A(t) from the dynamic equation.

Definition 6.0.2.3. For initial condition zy = 0, J(u(-);zo, o) is said to be positive
definite if for each u(-) € U such that u(-) # 0, J(u(-);0,t9) > 0.

Theorem 6.0.2.4 (Necessary and Sufficient condition for the Positivity of the
Quadratic cost function (Sp)). Suppose that the dynamic system 15 completely
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controllable. A necessary and sufficient condition for the quadratic cost criterion (5.1)
to be positive definite, is that there exists a Riccati variable S(ty,t;Sy) for allt € (to,tf]
that satisfies the Riccati equation (6.7)).

Proof. Let the dynamic system, (5.2)), be controllable and consider the zero quantity

L (2T ()S (g, 1 Sp)a(t)) dt
+1xT<t0)S(tf?t07 Sf) (tO) - %%T(tf)S(tf,tf; Sf)gj(tf) = 0.

Then, we have that

1 tf[ T(#)S(ty,t; Sp)x (t)+:cT(t)S(tf,t;Sf)a;~(t)+:1:T(t)%8(tf,t;sf)x(t)} dt

2 Jy

527 (t0)S(ty, to; Sp)a(te) — 527 (tr)S(ty, tr; Sp)x(ty) = 0.

Now, using the dynamic sytem, (5.2), and the Riccati equation, (6.7]), this equation

becomes

% /t f{< A@®)z(t) + Btu(®) Sty t; Sp)x(t)
+ 2" (t)S(ts, t;.5y) [(A(t)z(t) + B(t)u(t))]
+ 2 ()N — S(ty, t; Sp) K — [K" — S(ty,t; Sp)PlS(t s, 9))x(t) } dt

1 1
+§$T(to)5(tf,to; Sp)a(to) — §$T(tf)5(tf,tf; Sp)x(ty)
where K, N, P are defined as previously. Now, adding this zero quantity to the cost

criterion, (5.1)), and using the boundary condition of the Riccati equation, we will have
that

J(u(-); 2(to), to)
= Lo (t, )S(ff,to,Sf) (to)

+4 [ [u() + R7(2) (C(1) + BT (6)S(ty, ;7)) (1))
xR(t) [u ( )+ RL(t) (C(t) + BT(t)S(ty, t; Sp)) x(t)] dt.

Consequently, from the general control rule, choosing

u(t) = =R () (C(t) + BY (t)S(ts,1; Sp)) (),
reduces the cost criterion to

T Ysx(to), o) = 52 (t0)S b, to; Sy)a(to) > 0

since S(ty,to, Sf) > 0 regardless of ¢, (refer to Theorem [6.1.0.10|). This is the minimum

value of the cost function since from the general optimal control, this choice of w is the
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optimal control. Thus, the cost takes on its minimum value when u(t) takes the form of
the general optimal control where for z(tg) = 0, the optimal control is the null control
and any other control u(-) # u°(-) will give a positive value to J(u(-); z(to), o). Hence
the Riccati variable, S(ty,to;Sf), must exist for this to be true. Thus on the interval
t' <t <ty, the minimizing cost will be

TO()sa(t),00) = 5o (1) g, ¥ S )l

upon using the optimal control from ¢’ to ¢; for some z(t'). The existence of the Ric-
cati variable, S(ts,t; Sf), is indispensable and to see this, we proceed by contradiction.
Suppose there exists an escape time, t = t,(time where the solution to the Riccati differ-
ential equation goes to infinity), such that the Riccati variable ceases to exist. Now, by
the controllability assumption, we can get a bounded control, u(t) € U, which transfers
x(to) = 0 to any x(t") at ¢’ > o such that

uw(t) =u(t), to<t<t

and
ut) =u’(t), t <t<ty.
Thus the cost criterion of ([5.1)) can be written as

J(u(-), 0, 10)

[z"(X)S (s, t'; Sp)a(t)]

N | —

"
+% /to [T ()Q(t)x(t) + 2u" (1)C(t)z(t) + u” (t)R(¢)u(t)] dt (6.8)
for all t € [tg, ] since the first term on the right side of the equation will be the minimum
value of the cost criterion in this interval. Since u(t) is bounded, by the controllablity
assumption, the integral in is also bounded. Consequently, J(u(+),0,ty) — —oo if
2 [=T@)S(ty, t; Sp)z(t)] — —o0 as ! — te, (te < t') for some z(¢') which contradicts
the fact that J(u(-),0,t) > 0. Similarly, 7 (¢')S (¢, t'; Sf)z(t') cannot go to infinity since
J(u(-),0,tp) is finite. Hence the Riccati variable must exist and be finite. O

To ensure that the second variation dominates the expansion, it is required to be strongly
positive.
Definition 6.0.2.5. J(u(-);0,%) is said to be strongly postive if for each u(-) € U and
some k > 0,

J(u(-);0,t0) > Kllu(-)[*

where || - || is some suitable norm, specifically the Lo-norm, defined on U. (See example
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2 in the appendix.)
Theorem 6.0.2.6 (GS). Suppose the first variation 6J of a functional J[y| vanishes for

y = 9. If the second variation 6*J is strongly positive for y = ¢ then J[y| has a minimum.

Proof. Suppose that the first variation vanishes. Let the second variation be strongly
positive, i.e 62J[h] > k| h|* for k > 0. Now, by definition, AJ,[h] = 62J[h]+ €||h||?, since
dJ[h] = 0 where € — 0 as ||h|| — 0. Therefore

ATy [B] = (k+€)lln]* > 0,
so J[y] has a minimum. O

Hence we state and prove the necessary and sufficient condition for strong positivity
of our cost criterion. We establish that the necessary and sufficient condition for the
second variation, as represented by J(u(-);0,%y), to be strongly positive depends on the
existence of a solution to the Riccati differential equation (6.7)).

Theorem 6.0.2.7 (Necessary and Sufficient Condition for Strong Positivity
(Sp)). A necessary and sufficient condition for J(u(-);0,ty) to be strongly positive is that
for allt € [ty ty], there exists a function S(ts,t; Sy) which satisfies the Riccati differential

equation ((6.7)).

Proof. Suppose there exists a solution to then J(u(-);0,ty) is positive definite re-
gardless of ¢y by Theorem [6.0.2.4L Now, consider the linear quadratic problem whose

cost function, J(u(:); €0,ty), is given as

; [T (t7) Sy (ty)]

1

+5 /tof{ﬂ(t)@(t)x(t) +2u" (O (t) + 5 :

-6

5 u (t)R(t)u(t)| dt.

Then with the same analogy from Theorem [6.0.2.4] we can say that J(u(-);€;0,t0) is

positive definite and finite if and only if
d
—&S(tf, t; Sf, 6) = Q(t) + S(tf, t; Sf, E)A(t) + AT(t)S<tf, t; Sf, 6)
22 [00) + BT(0)5(ty,1:51,0)])”
xR7'(t) [C(t) + BT (t)S(ts,t; Sy, €)] 5 (6.9)

S(tyty; Spre) = Sy

has a solution S(ts,t; Sy, €) defined for all t € [tg, /] and 2—e > 0. This is true because for
J(u(-); € 0,tp) to be positive definite and finite, the solution, S(ts,t; Sy, €), of must
exist for sufficiently small e. We can see also that for e = 0, J(u(-);€;0,t0) = J(u(-);0,t)
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and thus S(ts,t; Sy, e = 0) exists. Hence for e < 0 and sufficiently small, J(u(-);€;0,%)

is positive definite. Now,

L _ 1) o (B R()u(t)dt.

2—¢ 2

a0 - atro = [

Hence,

J(u(-); 60,t0) = J(u(-); 0,t9) + ﬁ/tfuT(t)R(t)u(t)dt.

Since we have shown that J(u(-);€;0,%) is positive definite it implies that

J(u(+);0,t0) + ﬁ/tfuT(t)R(t)u(t)dt >0
and thus y
J(u(-); 0,t0) > —2(26_6) /t u” () R(t)u(t)dt.

Since we have assumed that R(¢) > 0 and bounded, we can have that
0 < ki <|[|R(t)|| < ko (with the appropriate norm). Therefore,

6]411 £ T
229 /to w (t)u(t)dt.

J(u(-);0,t0) = =

Then,
J(u(-);0,t0) > klu(-)lIZ,
where .
e — —2(26_16) > (0 since €<O0.

Hence J(u(-);0,%y) is strongly positive definite by definition. Conversely, suppose that
J(u(+);0,t) is strongly positive then by definition, J(u(-);0,¢) > k|lu(-)||* for & > 0.
Now for all u(-), J(u(-);0,ty) > 0. Thus J(u(-);0,%y) is positive definite and hence the
Riccati variable must exist as established by Theorem O

6.1 Some Properties of the Riccati Variable

In the following, we discuss some important properties of solution to the matrix Riccati
differential equation. We first show that if the terminal weight, Sy, in the cost criterion
is increased, then there is a corresponding increase in the solution of matrix Riccati
differential equation. Secondly, we show that upon restricting certain matrices in the
cost criterion to be positive semidefinite, the Riccati variable also remains nonnegative

and bounded. Moreover, we will show that if the terminal weight is zero, Sy = 0,
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and upon imposing some restriction, then S(ty,¢;0) is monotonically increasing as tf
increases.

Theorem 6.1.0.8 (Sp). If S} and SJ% are two terminal weights in the cost criterion,
(5.1)), such that S} — SJ% > 0, then the difference S(ty,t; S’}) — S(ty, t; SJ%) > 0 for all
t € [to, ty] where S(ty,t;S7) ewists and S(ty,t;S}) and S(ty,t;S7) are solutions of
for S; and S7 respectively.

Proof. Consider the cost criterion

J(“(')?‘/EOvtO)

= % [ (t)Spa(ty)]

+s / O + 20" OC@(E) + u” (1) Ru(b)] d.

We have also seen that

1 trd («T(#)S(ts, t; Sy)x(t)) dt

%3 toa
+577 (t0)S(ts, to; Sp)a(to) — 327 (t4)S(ty, 8 Sp)x(ty) = 0.
Adding these two equations, we will arrive at

J(u(-); zo, o)

+§a:T(t0)S(tf,t0; S)a(to).

Simplifying this by using the Riccati equation and the dynamic system, as in the proof
of Theorem [6.0.2.4] and using the fact that S(ts,tr;.Sr) = Sy, we obtain

J(u(-); x(to), to)
= 527 (t0)S(t5,to; Sp)x(to)
+3 [Tu(t) + R7H() (C(8) + BT()S(ty, 1 Sp)) 2(t)]
xR(t) [u(t) + R7(t) (C(t) + BT(t)S(ts,t; Sp)) x(t)] dt.
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Since the general control rule can be taken to be

-1 T 1
u(t) = —R(t) [ C(t) B'(t) } [ S5t S)) ] x(t), Vt € [to, ty],
this equation will reduce to
J(u(); zo,to) = —xT(tO)S(tf,to; Sp)x(to). (6.10)

2

This equation is the optimal cost. Given S} and S} as the two terminal weights, we can

get
Jl(u(')v o, tO)
5 [27(ty)Spa(ty)]

[
% / [T OQ)x() + 20 (OO (1) +u” (1) R(t)u(t)] di

0

2
e

and
tfd (
2 to dt

+527 (to)S(tf, to; S7)x(to) — 527 (t5)S(ts, t; S7)x(ty) = 0.

Adding this zero quantity to Ji(u(-),xo,to) and observing that S(ty,ts;57) = S7, we

T(£)S(ts, t; SF)a(t)) dt

obtain

Ji(u(-), o, to)

ty)Sia(ty)] — %fﬂT(tf)S(tf» ty; S7)a(ty)

z(t) + 20" (1) C () (t) +u” (t)R(t)u(t)] dt

+m|

/t
/fd

[
1
2
1
e S(ts,t;.57)(6) )dt
1

2

+=a" (to)S(ty, to; S7)x(to) which implies that

Ji(u(-), o, to)

= %xT(tO)S(tf,to; S;)x(to) + % [SET(tf)(S} B Sg)x(tf)]
%/tf[u(t) +RY1) (C(1) + BT()S(ty. 1: 82)) x(1)]

xR(t) [u(t) + R7'(t) (C(t) + B*(t)S(ty, t;57)) (t)] dt.

T
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Now, let
o(t) = u(t) + R'(t) (C(t) + BT (t)S(tr.;: S7)) ().

Then,

Ji(u(+), zo, to)

= (00 Sty s SPhalto) + 5 [ (15)(S} — SPa(t)]

% /t VT (#) R(E)u(t)dt.

0

From (6.10), Ji(u(-), zo, o) will also have an optimal cost of

1
5:cT(to)S(tf, to; Sp)(to).-
ie. ¢
Ji(u(-), Zo, tp) = §xT(t0)S(tf,t0; St (to).
Let

Jo(u(+), zo, to) = = [&7 (t5) (S} — SHz(ty)] —i—%/tZJT(t)R(t)v(t)dt

0

DO | —

which is a new cost criterion and since S} — S? > 0, it implies that
Jo(u(+), xg,t)) > 0 and thus

m(igl Jo(u(-), zo, to) > 0.
Therefore,

1 il :
él’T(to)S(tf, to; S}c)!ﬁ(to) = §$T(t0)5(tf, to; SJ%)IE(tO) + 11111(1? JQ(U(), Xy, to)

which implies that

1 1 .
§$T(t0>5(tf,t0; S})x(to) — ixT(tU)S(tf,to; S?)a:(to) = ITIll(lgl Jo(u(+), xo, to) > 0.

Hence,
1
5acT(to) (S(ty, to; S§) — S(ty, to; S7)) x(to) = 0

and therefore,
S(ty, to; S§) — S(tr,te;57) =0, Vig <ty

as required. N

The next property of the Riccati variable is based on the following theorem.
Theorem 6.1.0.9 (Sp). If @(t) = A(t)x(t) + B(t)u(t) is controllable on the interval
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[to, t¢] and if u(t) = v(t) + A(t)x(t), then

#(t) = (A1) + B()A®)) x(t) + B(t)v(t)
= A(t)z(t)+ B(t)v(t

is controllable with respect to v(t) for any finite piecewise continuous A(t) on the interval
[to, t7] where A(t) = A(t) + B(t)A(t).

Proof. Let the state x with dynamic system @(t) = A(t)z(t) + B(t)u(t) be controllable.
Then by Theorem [3.2.1.4] there is a control u(¢) which transfers the state from the value,
say xo at t = to, to the value say, xy at t =ty > ¢y such that xg — ®4(to,ts)xs is in the
range space of

7

Walto, ty) = / ® 4(to, t) B(t) BY(t)®%(to, t)dt (6.11)

to

where ®4(tg,t) is the transition matrix corresponding to the matrix A(t). Suppose
that Wa(to,t;) = 0. Then ®4(to,t)B(t) must be zero and thus xl®4(ty,t)B(t) = 0.
Wal(to,tr) = 0 also means that g — ®4(fo,tf)zy = 0 since it is in the range space of
Wal(to,tr). Now, 2o — @a(to, ts)z; = 0 means that the state needs no control to accom-
plish the transfer because the free motion passes through z; [Ro]. Thus 2l ® 4(to, ) B(t)
must not be zero. It then sufices to show that zf®4(to,t)B(t) = 0 implies that
2l ®4(tg,t)B(t) = 0 which will contradict the fact that xl ®.(ty,t)B(t) must not be

zero where O 4(o,t) is the transition matrix of A(¢). Now by Theorem [3.2.1.6, (6.11))
satisfies the linear system

%WA(t, te) = A()Walt, t;) + Walt, tp)AN(t) — B(t)B'(t); Walts,t;) = 0.

Similarly, the controllability Gramian of A(t) also satisfies the linear system

Wt ) = AGWALE: t7) + Walts () AT0) = BB Walty.t7) =0

Now, define the matrix
E(t) = Walt,tr) — Walt, ty). (6.12)

Then

(t,tr) — Walt, ty)
= AQ@)E(t) + E@Q)AT(t) + Bt)A(t)Walt, ty) + Walt, tp) AT (t)B(t)

jsa
I
=
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where we have made use of the above two linear systems and the fact that A(t) =

A(t) — B(t)A(t). Therefore,
E(t) = AME(t) + E()AT(t) — [-B)A®)Walt, ty) — Walt, tp)AT(t)B(¢)]

with boundary condition E(tf) = 0. Thus
ty
E(ty) = —/ D 4(to,t) [B(E)AEYWalt, ty) + Walt,t,) AT (t)B(t)] X (to, t)dt.
to

Therefore

.TgE(t())SL’O =

— /tfz:OTcI)A(to,t) [B(&)A@)Wa(t, tr) + Walt, tr)AT(£)B(t)] % (to, t)modt

0

and since we have assumed that zl ® 4(to,t)B(t) = 0, it implies that
2t E(tg)zo = 0. Hence (6.12]) becomes

.TgE(to).%’O = $g [Wé(to, tf) — WA(to, tf)] Tog = 0.
Now, zd Wa(to, ts)xe will go to zero given that zf ®4(to,t)B(t) = 0 implying that
g N T N
Lo E<t0)$0 =Ty [—WA(to, tf)] Ty = 0.

Thus xd Wa(to,tf)ze = 0 implying that zf ®4(to,t)B(t) = 0 which is a contradiction
hence xl Wa(to,ts)xo # 0 which ensures the controllability of the state with dynamic
system @(t) = A(t)z(t) + B(t)v(t) with respect to v(t). O

Theorem 6.1.0.10 (Sp). Let R(t) > 0 and bounded for all t € [to,ts] and let the
dynamic system of (5.2) be controllable. Assume further that Sy > 0 and Q(t) —
CT)R™(#)C(t) > 0 for all t € [to,ts]. Then, if the Riccati variable, S(ts,t;Sy), ex-

ists it is nonnegative definite for all t € [to,tf] regardless of to.

Proof. Suppose that the Riccati variable, S(ts,t;Sf), exists. Then we have seen from
the proof of Theorem [6.0.2.7] that the minimum cost is related to the Riccati variable

for some initial state as

%ng(tf, to; Sf)xo

— rg(l? {% [ (t)Spa(ty)]

+3 [ 0000 + 27 OC@(0) + u RG] dr |

to
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Let us make the substitution u(t) = v(t) — R~ (¢)C(t)z(¢). Then,

sal S(ty, to; Sy)wo

T

+5 [ 0100 - CTOR O] o) + O R at

0

> 0

since Sy > 0 and Q(t) — CT(t)R™'(¢t)C(t) > 0 and R(t) > 0 by the hypothesis of the

theorem. Therefore
1
§x05(tf7t0;5f)1130 > 0= S(tg,t0;5¢) > 0.

Now, since the state x is controllable with respect to w(t), it implies then by Theorem
6.1.0.9|that the system @(t) = (A(t)—B(#)R~'(¢t)C(t))z(t)+B(t)v(t) must be controllable
with respect to v(t). Hence the cost is bounded from above and below even as

tg — —0o0Q. ]

Theorem 6.1.0.11 (Monotonicity of the Riccati Variable (Sp)). Given the hypoth-
esis of Theorem and letting Sy = 0 then, S(ty,t0;0) > S(t1,%0;0), to <t <ty.

Proof. Let Sy = 0. Then, 1 [27(t7)Ssa(tr)] = 0. Therefore $z{'S(ty, to; Sy)zo will be

2

- {1 / [ (OQ()2(t) + 2u(H)C@)a(®) +u” () R(t)u(t)] dt

u(?) to
+5 [ 0@ + 20 0 + " () R(Oyu(o) dt} |

t1

Hence, %mOTS(tf, to; Sr)xo

~ min {1 / [P OQ)(t) + 27 (H)C(1)x(t) + uT (R(E)u(t)] dt

u(-) to

+ %LET(tl)S(tf,tl; O)x(tl)}

2T (t0) S (t1, to; S(ty, t1;0))x (o)

N

i.e. the solution from ¢y to t; is the composition from ¢, to ¢; and ¢; to ty. Therefore
2xl'S(ty, to; Sy)wo > sad S(t1, to; Sp)zo and thus the result follows. O
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Chapter 7
Application to Disease Model

As an illustration, we consider an SIR model with variable size population and we for-
mulate an optimal control problem subject to these dynamics with vaccination and
treatment, u;(t) and uy(t) respectively as controls and the state variables, z(t), y(t), and
z(t) being the susceptibles (S), the infected (I), and the recovered (R) respectively such
that

2(t) +y(t) + 2(t) = N(?)

where N (t) is the total population at time ¢. Our aim is to find the optimal combinations
of vaccination and treatment strategies that will minimize the cost function of the two

control measures as well as the number of recoveries.

Consider a variant of the SIR model below (it must be emphasised that this variant of

the SIR is chosen for illustration sake).

dx b
— = axr—bu
dt !
d

da?; = [xr — aus
dz -

— = cu
-T; YY 2

where x is the number of susceptible, y is the number of infected and z is the number of

recovered and thus in matrix form we have

T a 0 0 T b 0 m
=1 5 00 y | + 0 —a
z 0 ~ 0 z 0 c Ug

We can write this in compact form as



where A(t) and B(t) are the constant matrices

a 00 -b 0
6 0 0 and 0 —a
0 v O 0 c

respectively and X (t) € R and u(t) € R? are (z,y,2)" and (u,us)? respectively. By
Theorem this linear system is controllable since the rank of the following 3 x 6

matrix is 3.

b 0 —ab 0 —a?b 0
0 —a —pb 0 —apBb 0
0 ¢ 0 —ya —yBb 0O

We define the cost, objective, function as
1 1 [
J() = =2%(ty) + —/ c1u? + cpuadt
2 2 J,
such that uy, us € U, where
U={(u(t),u2(t)) : 0 <wu(t) <1l,i=1,2 and tec][0,tf}

and cq,cy are the relative weights attached to the cost of vaccination and treatment

respectively.

The goal, then, is to characterize an optimal control (uf,u’) € U which minimizes the
cost of the vaccination and the cost of the treatment over the specified time interval as
well as the number of recovered at terminal time (constant terminal time). Hence, the
control problem is;
minimize

Ly L[, 2

J() = z2%(ty) + = | aul + cupdt

2 2 /o

subject to

X(t) = AQ)X(t) + B(t)u(t)

with an appropriate state initial condition which in this example we choose to be
(2(0),9(0), 2(0))T = (7Ny, 71Ny, 0)T where 0 < 7,73 < 1 such that 7+ 7 = 1 and
Ny = N(0). We proceed as follows.
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The cost function can be rewritten as

Comparing this with (5.1]), we see that Q(t) = 0,C(¢) = 0 and Sy and R(t) are

000 0
c
000 ]| and !
0 Cy
0 0 1
respectively which are constant symmetric matrices. Now, from the first order necessary

condition for optimality, Theorem [5.0.0.6, we have

il . —
g - oz —bu
d

d—g; o
% - + cu

subject to (z(0),y(0),2(0))" = (7 Ny, 71N, 0)7.

by a 0 0 i
-l % |=|B00 A2
e 0 v 0 b
subject to
M(ty) 0 0 ( «lty)
Aa(ty) | = 00 y(ty)
As(ty) 0 1 2(ty)

and since there are no terminal constraints, D = 0, and so

T

C1 0 Uy —b 0 )\1
+ 0 —a Ao | =0.
0 c U2 0 C )\3
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Multiplying these matrices out results in the system of equations

T = oar—bu
y = fr—auy
Z = Y+ cuy
N = a\ + Lo
_XQ = A3
X3 = 0
0 = cug — b\
0 = coug —aly+chs

subject to
J/(O) = TN(), y(O) = TlNo, Z(O) = O, )\1(tf> = O, )\g(tf) = 0, Ag(tf) = Z(tf)
and the Hamiltonian is given as

H() = %uTR(t)u + ATLA() X (£) + B(t)u()

1
=5 E(cluf = CQU%) a4 Oé)\lx = b)\lul aF B)\Q.I’ = a)\QUQ + 7)\33/ + )\30’&2.

Solving for the unknown quantities in this system, we obtain

2(t

A = t)
Ao | = ety —t)

As z(ty)
U1 2P — 1))
us 20 Jar(ty — 1) —
xXr

y pr—

z
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%f'+‘T]Vb

[% 4 z(tf)a%} %-l- [57]\[0 _ z(tf)cz2«,tf n z(tcf)ac] t+ 7N,

2

c2

|28 4 20 ) 98 [Ny — L8] 2 o (ayty — o) 2L 4y Not

6570420102]\7075} + 127170162a2N0tf
12¢ic002 + 601a2a272t§} — 527219202153’2 — 2a272010z2t§; — 12¢c;0%(avty — o)ty

and )
b z(tr)Bvb
o
To check whether (u;,us) gives the optimal solution, we consider the Riccati matrix

differential equation. Let the Riccati variable be

S1 S S3
S(t) = S4 Sy Sg
S7 S8 So

Using (6.7)), identifying the various matrices and multiplying them out results in the
the following nonlinear system of differential equations (a quadratic matrix differential

equation) which is the Riccati matrix differential equation.

. 1

ST = ————(Cgb28%'+'01a28284 —-clca53s4-+-01023357-— clca5257)
C1C2
—2asy — 84 — 52

: 1 2 2 2

Sg = ——(cab8189 + 14”8985 — €1€AS3S5 + C1C"S383 — €1€AS2S3)
Ci1C2
—753 — sy — 385

5 1 2 2 2

S5 = ——(cab”s183 + 10" S25¢ — €1€aS386 + C1¢°S389 — C1€AS2S)
C1C2
—asg — Bse

: 1 2 2 2

S4 = ——(cobs481 + 10”8584 — €10aSS4 + C1¢°SeS7 — C¢1€AS557)
Ci1C2
—asy — 385 — V87

. 1

S5 = ——(cob®s480 + c1a”s: — cicasgss + c1c 5658 — €1€aS5S3)
C1C2
—Y86 — VSs

. 1

S = ——(cab®sys3 + c1a’s5ss — cicasg + ¢1¢28659 — €10a8589)
Ci1C2
—7S9
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S; = —(02b2s751 + cla238s4 — C1CaS9S4 + 61028987 — clca38s7)
C1C2
—asy — sy

. 1

Sg = —(02b23732 + cla238s5 — C1CaS9Ss + 01028988 - clcasg)
C1C2
—7S9

: 1 2 2 2 2

Sg = ——(cobs753 + 10”5856 — €1¢AS9Se + C1¢°S5 — €1€AS8Sg)

c1C1

subject to the boundary conditions

We solve this numerically to obtain;
asfet2 : : : = ‘ : :
I — the solution of Sll \I — the solution of S2
2.0f =i
ot
15F
& & -3
10f
—at
0.5 ol
0. ‘ = . . ‘ ‘
%o 0.2 X 0.2 0.4 0.6 0.8 1.0
t
).0000018 : : ‘ : ope=? : : :
[ — the solution of SB] \[ — the solution of S4]
).0000016 1
1t
).0000014 1
1.0000012| 1 -2r
).0000010 1
3 -3
(2]
).0000008 1
).0000006 1 -4r
).0000004 1
_s}
1.0000002 1
1.000000 . . : . - : . : :
%o 0.2 0.4 0.6 0.8 1.0 8o 0.2 0.4 0.6 0.8 1.0
0.000014 ‘ ‘ ‘ ‘ 0.0000 . . . .
[ — the solution of SS] 0.00051 the solution of 56]
0.000012} :
—0.0010[ 1
0.000010 1
-0.0015 _
0.000008 - ] —0.0020} 1
2
k]
0.000006 1 —0.00251 1
—0.0030[ 1
0.000004 - _
—0.0035 1
0.000002 1 —_0.0040| i
0.00000! ‘ . ‘ : -0.004 : . . :
%o 0.2 0.4 0.6 0.8 1.0 3.0 0.2 0.4 0.6 0.8 1.0
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).0000018 . . . . 0.0000 T T . .
I — the solution of S7 the solution of S8
).0000016 R —0.0005} g
).0000014 R —0.0010} R
).0000012 R -0.0015} R
).0000010} g , —0.0020F g
b
).0000008 | R —0.0025} R
).0000006 | R —0.0030} R
).0000004 | R -0.0035} R
1.0000002 | g —0.0040} |
).0000000 . : : - -0.004 : . : :
0.0 0.2 0.4 0.6 0.8 1.0 3.0 0.2 0.4 0.6 0.8 1.0
t
1.40 ‘ ‘ ‘ ‘ ofe=?
— the solution of S9
1.35} g N
1.30f g
ol
1.25} L
o 3
& 1.20f 1 <=3
(2]
1.15} E y
1.10f 1
1051 , ~3[| — the solution of S2
— the solution of S4
Log . . . . -6 I n . .
.0 0.2 0.4 0.6 0.8 1.0 .0 0.2 0.4 0.6 0.8 1.0
t
0.0000 : . : : ).0000018 T : . .
0.0005 — the solution of S6 | | Sl the solution of S3 /l
’ — the solution of S8 H — the solution of S7
-0.0010} 1 ).0000014 | R
—0.0015F 1 ).0000012} R
3 —0.0020} E ).0000010} g
3 —0.0025} 1 ).0000008 | R
-0.0030} 1 ).0000006 | R
—0.0035} 1 ).0000004 | R
-0.0040} ).0000002 R
—0.004 . . : . ).000000! : . : s
3.0 0.2 0.4 0.6 0.8 1.0 %0 0.2 0.4 0.6 0.8 1.0
t t

These solutions are obtained for ¢y = 1,¢4 = 0.4,c; = 0.6,b = 0.8,5 = 0.001,y =
0.003, = 0.5,a = 04,7, = 0.7, 7 = 0.3, Ny = 100,¢ = 0.4. The solution is symmetric

since sp = S84, S¢ = sg and s3 = s; (evident from the diagrams) and is also justified

by the fact that S; and R(f) are symmetric matrices. Since the solution exists for the
Riccati matrix differential equation, the necessary and sufficient condition are satisfied,
by Theorem [6.0.2.7, hence the cost criterion will be positive and strongly positive and

z(tf)Byb
(f) i (t_tf)

acy

s vty 1)~ 4

is the optimal solution for the control problem i.e. for the cost function to be minimized
(by Theorem [6.0.2.7) where u; and up are the respective vaccination and treatment

functions that minimizes the cost criterion. We see that uq,us depends on the entries
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of the matrices A and B. Substituting u, us into the cost function, and performing the

integration, we obtain
J(-) = 0.1592%(t;) + 0.52(t)

to be the minimum cost. The following diagram indicates the path in which the optimal
controller, u(t) = (uy, us), steers the response, (z,y, z) from the initial point (zo, yo, 20) =

(30,70,0) to the final point (x(1),y(1),2(1)) = (30.000012,70.249473,0.031648) where
the final point is an attainable point.

Graph of Attainable Points

(30.000012, 70.249473, 0.031648)‘

recovered (z(t))

30
30

attainable point

70 30

infected (y(t)) susceptible (x(t))
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7.1 Conclusion

Two main theorems have been considered in this work; first order necessary condition for
optimality and the strong positive definiteness of the second variation for the linear con-
trol problem with unconstrained terminal condition. Theorem explains the first
order necessary condition. The positive definiteness of the second variation, Theorem
6.0.2.7, explains the sufficient condition for optimality where we saw that the sufficient
condition for optimality depends on the existence of solution to a Riccati matrix differ-
ential equation, . Using these ideas, we have been able to find the optimal solution

to the linear quadratic control problem considered in this chapter.

Throughout this work, we have made a crucial assumption that the general Legendre -
Clebsch condition, H,, = R(t) > 0, holds. However, there are situations whereby this
assumption fails. For instance, suppose H,, = 0. Then, R~'(¢) does not exist and thus
the general optimal control rule can not be formulated as it has been done here. Such a
situation comes under the umbrella of Singular Problems in control theory [DD]. They
thus require a different strategy to that used in this work. Singular problems in control

theory are thus worth studying in the future.
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Appendix A

Background

A.1 Liebniz’s Rule

Liebniz’s integral rule gives a formula for differentiation of a definite integral whose
limits are functions of differentiable functions. Let f(x(¢),t) be continuous and suppose
fi(z(t),t) exists and is continuous. Then

db da

d [ b g f
IR / o G IOONG ().

A.2 Hamilton’s Principles

Hamiltonian system is a system of variables which can be written in the form of Hamil-

ton’s equations;

dg  0OH
. op
dp . o= p Q84
TSE=T

where H = H(q,p,t) is the Hamiltonian.

Example 1. Recall that H(z,u, A\, t) = L(z,u,t) + AT f(x,u,t) where (t) = f(z,u,t).
Now, Hy(z,u, A\, t) = f(z,u,t) = i. Also, recall, from Theorem[5.0.0.6] that H,(z,u, X\, t) =
— AT thus H (z,u, A\, t) defined above qualifies to be Hamiltonian where in this case, ¢ = x

and p = A.
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A.3 Hamilton-Jacobi-Bellman Equation

Let V : R""1 —3 R be continuously differentiable. Then the equation

v = min | L(x, u,t)

ot welU + % . f(I’ u,t)

where V(x(tf),tr) = ¢(x(ts),tf) is the Hamilton-Jacobi-Bellman Equation. V' is called

the optimal value function. See [Sp| for details.

A.4 Cayley-Hamilton Theorem

Let A be a square matrix and let p(¢) = det(A — ¢I) be the characteristic polynomial of
A. Then p(A) = 0. (GM p. 341)

A.5 Some Basic Definitions

Definition A.5.0.12 (Hyperplane). Let E be a vector space. A Hyperplane in F is any
set of the form

el AL “Shlu=SC NN |

where f # 0 is a linear functional on F.

Definition A.5.0.13 (Positive Definite and Semi-definite Matrices). A positive definite
matrix is a matrix with all its eigenvalues positive. It is semi-definite if at least one of
its eigenvalues is zero.

Theorem A.5.0.14 (Taylor Theorem for Function of Vector Argument). Let f : R" —
R be n-times continuously differentiable in all of its arqguments at a point xy. Consider

f(zo + €h) where ||h|| = 1 (it is not important which specific norm is used). Then,

0 Ea—
fzo+eh) = f(xo) + 6(‘3]; xoh—l— Q!hTﬁxJ; mh—l—‘“—l—Rn
where
lim— — 0
e—0 €
of

5 and % are the gradient vector and the Hessian matrix respectively [Sp].
Definition A.5.0.15 (Dynamical System). A smooth dynamical system on R" is a
continuously differentiable function ¢ : R"* — R™ where ¢(t,x) = ¢;(z) satisfies

1. ¢ : R" — R" is the identity function; ¢g(z¢) = o
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2. The composition ¢; o ¢ = @1 for all t, s € R.
Definition A.5.0.16. 1. Lo—space is the set of square integrable functions.

2. Hilbert space is a complete inner product space.

3. If f: R" — R™ is differentiable at a € R", there is a unique linear map « :
R™ — R such that
@+ h) ~ f(a) — a(h)]

= 0.
h—0 1Al

Theorem A.5.0.17. The product of all the eigenvalues of an n x n matriz, A, is the

determinant of A.

Proof. Let ti,ta,...,t, be the eigenvalues of A. Then the t;’s are the roots of the charac-

teristic polynomial
p(t) =det(A —tI) = (t; —t)({ta —t)--- (t, — 1).
Since t is arbitrary, we can let ¢ = 0. then
p(t) =det(A) =t -ta- - ty.
O

ty .2
O:Udt

where & = u;z9 = 0 and u(-) € U. Let u = coswt,Vt € [0,¢¢]. Then, z(t) = =2« and
[u(-)|[> = [;” cos? wdt. Then,

Example 2 (Strongly Positive Functional). Consider the functional J(u(-)) =

1 b
J(u(t)) — klju(:) — + k) sin® wtdt — / 1dt
= 0 0

)/ sin wtdt — kit
0

1
w?
— sin 2wty Ly 1
k — — =kty.
( ks )( 2w >+2w2 2"

Taking the limit as w — oo, we have that —3kty < 0 for k& > 0. Hence J(u(-)) is not

¥
Rs

strongly positive.
Remark A.5.0.18. Consider & = Ax(t). Since A is a constant, the transition matrix for
this system is given as ®(t, o) = =) and we can establish this using the Peano-Baker
series.

Definition A.5.0.19. A sequence of functions, {f,}°

> 1, 1s said to be uniformly conver-

gent to f of for a set E of values of z, if for each € > 0, an integer N can be found such
that |f,(z) — f(z)] < eforn > N for all z € E.
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A.6 Weierstrass M-Test

Let Y >, u,(x) be a series of functions defined on set E of values of x. If there is a
convergent series of constants, y M, such that |u,(x)| < M, for all z € E, then the
series exhibits absolute convergence for all x € E as well as uniforn convergence in F.
Lemma A.6.0.20 (MU). If A is continuous on an interval, say I, such that the matrix
A(t) commute with the intergral j:; A(o)da, for allt € I, then

L= [400) ["aien - [* aodo ooy = T

0 0 0

where y(t) = ftf) A(o)do for allt € I and k € Ny.

Proof. W will prove this by induction. Let [ (t) be defined as above then by construction,

we will have that

&, — / )0

to

Now for k£ = 0, I coincides with My = I and for k =1, I} = f:o A(o)do. Thus it is true

for £k =0, 1. Assuming this is true for all k, then from the above equation,

t k
[kJrl:/ A(O')ry (U)dU.
A k!

Now, by the chain rule and the Fundamental Theorem of Calculus,

el ) = ST G
Therefore, t
Iiir = ﬁ ) dda’yk“(a)da
which implies that I (t) = % as required. O
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