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Abstract

Linear Quadratic Control Problems are control problems with a quadratic cost func-

tion and linear dynamic sytem and a linear terminal constraint. This work looks at

linear quadratic control problems without terminal conditions. We will first look at

the controllability and observability of linear dynamical systems and then establish the

necessary conditons for the variation in the cost criterion to be nonnegative for strong

perturbations in the control. These conditions are the first order necessary conditions

for optimality. We shall also consider the necessary and sufficient conditon for positivity

of the quadratic cost criterion. Moreover, necessary and sufficient conditions for strong

positivity are derived and we shall show that these conditions are based on the existence

of solution to a Riccati matrix differential equation. The symplectic property of the

Hamiltonian system helps us to derive the Riccati matrix differential equation. We also

look at some of the properties of the Riccati variable. Using these ideas, as an illustra-

tion, we consider an application in the control of disease, by considering a variant of the

SIR model.
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Chapter 1

Introduction

1.1 Overview

In control theory, the problem is to find the input which will cause the state or the output

to behave in a desired manner. For example, the classical servomechanism problem is

concerned with making certain variables associated with a dynamical system, say a

satelite or telescope, follow a particular path and also the standard problem in the

guidance of rocket is to make certain variables associated with a dynamical system take

on particular values at a point in time. These two examples are referred to as the

servomechanism controllability and ballistic controllability problems respectively [Ro].

In this work, we will consider a special control problem, The Linear Quadratic Control

Problem, with an unconstrained terminal condition where we establish the necessary and

sufficient conditions for optimality. The most used result in optimal control theory is

that of the solution to the linear quadratic problem where the dynamic system and the

terminal constraints are linear and the performance criterion is a quadratic function of

the state and control variables. The solution to this problem produces a control variable

as a linear function of the state variable. This solution forms the basis of modern control

synthesis techniques because it produces controllers for multi-input/multi-output system

for both time-varying and time-invariant systems [AM, BY]. This presentation makes use

of the symplectic property of Hamiltonian system. We also consider conditions for which

the second variation is strongly positive.

We will also see that the necessary and sufficient condition for optimality of a linear

quadratic control problem without terminal constraint depends on the existence of solu-

tion to a matrix Riccati differential equation. We will discuss some of the properties of

the Riccati variable and then we will consider an application in the control of disease,

by considering a variant of the SIR model.

1
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The last section of this present chapter considers an example of optimal control in a clas-

sical variational approach. Chapters two and three establish some fundamental results

which will help in the development of the theoretical analysis. The last section of chapter

three looks at integral cost functions and their significance. This gives a foretaste of the

main work.

1.2 Statement of a General Optimal Control Prob-

lem

General control problems are described in several ways. In this work, the general control

problem considered is described by the cost functional or performance index which quan-

titatively compares the effectiveness of the various controllers. The cost functional is an

acceptable quantitative criterion for the efficiency of each controller, u(t), on t0 ≤ t ≤ tf

in the class of all controllers. For example, if the class of controller consists of controllers

on various time intervals that steers x0 to the target, one often defines the cost of u(t)

to be

J(u) =

∫ tf

t0

f 0(t, x(t), u(t))dt,

where f 0(t, x(t), u(t)) is a given continuous function. If f 0(t, x(t), u(t)) = 1 for all t then

J(u) = tf − t0

and we have the minimal time problem. Somtimes the set of admissible controllers

consists of controllers on a fixed specified time duration, say t0 ≤ t ≤ T, without the

requirement of reaching the target, say the curve ξ(t). Then, one often has the cost

functional

J(u) = |x(T )− ξ(T )|+
∫ T

t0

f 0(t, x(t), u(t))dt.

The fundamental problem of optimal control theory can be formulated as a problem

of the calculus of variation with the Bolza problem being a typical example. We thus

describe the Bolza problem since the associated second variation with which we shall be

much concerned, appears as such a problem.

2
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1.2.1 The Bolza Problem

The Bolza problem is stated as follows;

Determine the control function, u(·), which minimizes the cost function

J = φ(x(tf ), tf ) +

∫ tf

t0

L(x, u, t)dt

where the system equation is

ẋ = f(x, u, t)

subject to the constraints

x(t0) = x0 and Ψ(x(tf ), tf ) = 0

where t ∈ [t0, tf ], x ∈ D(Rn),the space of differentiable functions into Rn, i.e. x :

[t0, tf ] → Rn, u ∈ P(Rm), the space of piecewise continuous functions into Rm, i.e.

u : [t0, tf ]→ Rm. More specifically, we let u(·) ∈ U where

U = {u(·) : |ui(t)| <∞, t0 ≤ t ≤ tf , i = 1, 2, · · · ,m}

is the set of bounded piecewise continuous functions. L and φ are such that

L : Rm+n+1 −→ R and φ : Rm+1 −→ R

and the terminal constraint function, Ψ, is an s−dimensional column vector function of

x(tf ) at tf . We assume that L, φ,Ψ are smooth. The initial time, t0, is given explicitly

but the final time tf may not be specified [DD].

1.2.2 The Adjoining System Equations

We adjoin the cost function to the constraints as follows

J = φ(x(tf ), tf ) + νTΨ(x(tf ), tf ) +

∫ tf

t0

L(x, u, t) + λT (f(x, u, t)− ẋ)dt

where λ and ν denote an n−dimensional vector of Lagrange multiplier functions of time

and an s−dimensional vector of Lagrange multipliers associated with Ψ respectively.

The Hamiltonian for this problem is

H(x, u.λ, t) = L(x, u, t) + λTf(x, u, t)

3
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and the necessary conditions (Pontryagin’s Principle) for optimality holds along an op-

timal trajectory and the Legendre-Clebsch condition, Huu ≥ 0, also holds along any

optimal path. One can go ahead to also establish the global necessary and sufficient

condition for optimality which is the Hamilton-Jacobi-Bellman Equation (see appendix)

[Sp].

1.3 Classical Example

We examine the optimal control problem from the viewpoint of the classical calculus of

variation. We do this without regards to continuity or differentiability. Consider the

control process in Rn, i.e. x(t) is a real n-vector

ẋ(t) = f(x(t), u(t)); x(0) = x0

with controllers u(t) ∈ Rm on 0 ≤ t ≤ 1. For each controller, u(t), there is a corresponding

response, x(t), with x(0) at the fixed initial state x0 and with cost

J(u) =

∫ 1

0

h(x(t), u(t))dt.

Let u∗(t) be an optimal controller minimizing J(u) and x∗(t) be the corresponding op-

timal response. Let

u(t, ε) = u∗(t) + εδu(t)

be a one-parameter family of perturbations. Then, there will be a corrresponding per-

turbation in the response as

x(t, ε) = x∗(t) + εδx(t) + o(ε); δx(0) = 0.

So

J(u(t, ε)) =

∫ 1

0

h(x(t, ε), u(t, ε))dt

which implies that

∂J

∂ε

∣∣∣∣
ε=0

= δJ =

∫ 1

0

(
∂h(t)

∂x
δx(t) +

∂h(t)

∂u
δu(t)

)
dt

upon the assumption that h(·) and its derivatives are continuous on [0, 1]. Now consider

the first variation of the dynamical system, ẋ = f(x, u), i.e.

δẋ =
∂

∂x
f(t) · δx(t) +

∂

∂u
f(t) · δu(t); δx(0) = 0.

4
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Then by result of variation of parameters (to be seen later), this has the solution

δx(t) =

∫ t

0

φ(t, s)
∂

∂u
f(s) · δu(s)ds

where φ(t, s) is the transition matrix of δẋ = ∂
∂x
f(t) · δx(t). Then,

δJ =

∫ 1

0

(
∂h(t)

∂x
·
∫ t

0

φ(t, s)
∂

∂u
f(s) · δu(s)ds+

∂h(t)

∂u
δu(t)

)
dt.

We introduce the vector function

η∗(t) = −η0φ
−1(t, 0) +

∫ t

0

∂

∂x
h(s) · φ−1(t, s)ds

which will be a solution to the system

η̇(t) = −η(t)
∂f

∂x
+
∂h

∂x
; η(0) = η0

where η0 is some constant vector chosen so that η∗(1) = 0. Now, if the transition matrix

were to be a constant, then it must be the identity matrix since φ(t, t) = I for all t where

I is the identity matrix. Hence

η∗(t) = −η0 +

∫ t

0

∂

∂x
h(s)ds.

Define the Hamiltonian function of 2n+m real variables as

H(η, x, u) = ηf(x, u)− h(x, u)

and thus

∂H

∂x
= −η̇; η(1) = 0 and

∂H

∂η
= f(x, u) = ẋ; x(0) = x0.

We now integrate by parts the first term under the integral sign of δJ. Let

a =

∫ t

0

φ(t, s)
∂

∂u
f(s) · δu(s)ds then a′ =

∂f(t)

∂u
δu(t)

and

b′ =
∂h(t)

∂x
; b0 = 0 then b =

∫ t

0

∂h(s)

∂x
ds.

(Note that the coefficient of b in the dynamic system b′ = ∂h(t)
∂x

is zero and thus φ̇ = 0

which implies that φ is a constant which must be the identity matrix. See Theorem

2.0.0.5). Therefore,

5
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δJ =

(∫ t

0

∂

∂x
h(s)ds

)(∫ t

0

φ(t, s)
∂

∂u
f(s) · δu(s)ds

)∣∣∣∣1
0

−
∫ 1

0

[(∫ t

0

∂

∂x
h(s)ds

)(
∂f(t)

∂u
δu(t)

)]
dt+

∫ 1

0

∂h(t)

∂u
δu(t)dt

=

(∫ 1

0

∂

∂x
h(s)ds

)(∫ 1

0

∂

∂u
f(t) · δu(t)dt

)

−
∫ 1

0

[(∫ t

0

∂

∂x
h(s)ds

)(
∂f(t)

∂u
δu(t)

)]
dt+

∫ 1

0

∂h(t)

∂u
δu(t)dt

= (η∗(1) + η0)

(∫ 1

0

∂

∂u
f(t) · δu(t)dt

)

−
∫ 1

0

[(∫ t

0

∂

∂x
h(s)ds

)(
∂f(t)

∂u
δu(t)

)]
dt+

∫ 1

0

∂h(t)

∂u
δu(t)dt

=

∫ 1

0

[
η0 −

(∫ t

0

∂

∂x
h(s)ds

)](
∂f(t)

∂u
δu(t)

)
dt+

∫ 1

0

∂h(t)

∂u
δu(t)dt

=

∫ 1

0

(
−η∂f(t)

∂u
+
∂h(t)

∂u

)
δu(t)dt.

Now for a minimum, δJ = 0 which implies that

−η∂f(t)

∂u
+
∂h(t)

∂u
= 0 ∀δu(t)

which implies that ∂H
∂u

= 0 about any optimal u∗(t) and x∗(t). i.e.

H(η∗(t), x∗(t), u∗(t)) = max
u∈Rm

H(η∗(t), x∗(t), u(t))

is the maximum principle, which plays an important role in the theory of optimal control.

The minimum principle states that, for the hamiltonian function defined, in order for a

controller, u(t) and a trajectory x(t) to be optimal, it is necessary that there exists a

nonzero continuous function, in this case η, such that the above equation holds and at

the terminal time, t = 1, η(1) ≤ 0 and H(η∗(1), x∗(1), u∗(1)) = 0 [Br1, LS].

The system of equations

ẋ =
∂H

∂η
, η̇ = −∂H

∂x
and

∂H

∂u
= 0

are the Euler-Lagrange equations of this variational problem. If there are no boundary

conditions on the controllers, these conditions are termed the Weierstrass Necessary

6
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Conditions for an extremal [GS]. The functions η∗(t) are the Lagrange multipliers for

the variational problem.

7
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Chapter 2

The Transition Matrix and The

Peano-Baker Series

One way of finding the inverse of an n× n matrix A is to solve the n linear equations

Azi = bi i = 1, · · · , n

where bi = [0, 0, · · · , 1, · · · , 0, 0]T is an n-column vector with 1 at the ith-position and

simply arrange the solutions zi, i = 1, · · · , n, in a matrix whose columns are the

solution vectors. That is [z1, · · · , zn] = Z so that

AZ = I =⇒ Z = A−1.

Consider the system of differential equations below.

ẋ(t) = A(t)x(t) for all x ∈ Rn. (2.1)

Now assume that x1, x2, · · · , xn are n linearly independent solutions of (2.1) subject to

the boundary condition xi(t0) = [0, 0, · · · , 1, · · · , 0, 0]T ; an n-column vector with 1 at

the ith-position. Then the square matrix

Φ(t, t0) = [φ1(t, t0), · · · , φn(t, t0)]

is the fundamental matrix solution of (2.1) where φi(t, t0) = xi(t) for i = 1, 2, ..., n. Then

d

dt
Φ(t, t0) = [φ̇1, · · · , φ̇n]

= ẋ(t)

= A(t)x(t); from (2.1)

= A(t)Φ(t, t0); since Φ(t, t0) = x(t)

8
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∴
d

dt
Φ(t, t0) = A(t)Φ(t, t0), Φ(t0, t0) = I.

Now, let x(t) = Φ(t, t0)x(t0). Then this will satisfy (2.1) and thus it is a solution.

Definition 2.0.0.1. If Eij(M) denotes the ijth element of a matrix M , then we say that

a sequence of matrices {Mk}∞k=1 whose elements depend on time, converges uniformly

on the interval [t0, t1] if each scalar sequence {Eij(Mk)}∞k=1 converges uniformly.

The following theorem establishes the existence of such Φ.

Theorem 2.0.0.2 (Ro). If A is a square matrix whose elements are continuous functions

of time on the interval [t0, t1] and if the sequence of matrices, Mk, is defined recursively

by

M0 = I

Mk = I +

∫ t

t0

A(σ)Mk−1(σ)dσ.

Then, the sequence of matrices {Mk}∞k=1 converges uniformly on the given interval. More-

over, if the limit function is denoted by Φ, then for t ∈ [t0, t1],

d

dt
Φ(t, t0) = A(t)Φ(t, t0), Φ(t0, t0) = I (2.2)

and the solution of (2.1) which passes through x0 at t = t0 is

Φ(t, t0)x0.

Proof. Define η as the maximum absolute value of any entry in A(t). That is

η(t) = max
ij
|aij(t)|, (2.3)

where aij = Eij(A). Let γ(t) be defined as

γ(t) =

∫ t

t0

η(σ)dσ. (2.4)

If A and B are n× n matrices, then

Eij(AB) ≤ nmax
ij
|Eij(A)|max

ij
|Eij(B)|. (2.5)

Given the recursion,

Mk = I +

∫ t

t0

A(σ1)Mk−1(σ1)dσ1

we have that

Mk−1 = I +

∫ t

t0

A(σ1)Mk−2(σ1)dσ1.

9
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Therefore

Mk(t, t0)−Mk−1(t, t0) =

∫ t

t0

A(σ1)[Mk−1(σ1)−Mk−2(σ1)]dσ1.

Now,

Mk−1(σ1)−Mk−2(σ1) =

∫ σ1

t0

A(σ2)[Mk−2(σ2)−Mk−3(σ2)]dσ2.

Therefore

Mk(t, t0)−Mk−1(t, t0) =

∫ t

t0

A(σ1)

[∫ σ1

t0

A(σ2)[Mk−2(σ2)−Mk−3(σ2)]dσ2

]
dσ1.

Upon successive substitution, we obtain

Mk(t, t0)−Mk−1(t, t0) =

∫ t

t0

A(σ1)

∫ σ1

t0

A(σ2) · · ·
∫ σk−1

t0

A(σk)dσk · · · dσ2dσ1.

Hence
Eij(Mk(t, t0)−Mk−1(t, t0))

= Eij

[∫ t
t0
A(σ1)

∫ σ1
t0
A(σ2) · · ·

∫ σk−1

t0
A(σk)dσk · · · dσ2dσ1

]
≤
∫ t
t0

∫ σ1
t0
· · ·
∫ σk−1

t0
nk−1η(σ1)η(σ2) · · · η(σk)dσk · · · dσ1

= nk−1γk(t)
k!

; (2.3)-(2.5) are used (appendix Lemma A.6.0.20).

Therefore

Eij(M0) +
∞∑
k=1

Eij(Mk(t, t0)−Mk−1(t, t0)) ≤
∞∑
k=1

nk−1γk(t)

k!
+ 1

=
1

n

∞∑
k=1

(nγ(t))k

k!
+ 1

=
1

n

(
enγ(t) − 1

)
+ 1.

Thus, the matrix series converges since the sum is bounded by the Weierstrass M-Test

(see appendix ). Now, by iterating the recursion, Mk = I +
∫ t
t0
A(σ)Mk−1(σ)dσ, we end

up with the following

M1 = I +

∫ t

t0

A(σ)dσ

M2 = I +

∫ t

t0

A(σ)M1(σ1)dσ

= I +

∫ t

t0

A(σ)

[
I +

∫ σ1

t0

A(σ2(σ1)dσ2

]
dσ1.

10
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∴Mk(t) = I +
∞∑
k=1

Ik(t) (2.6)

where Ik(t) =
∫ t
t0
A(σ1)

∫ σ1
t0
A(σ2) · · ·

∫ σk−1

t0
A(σk)dσk · · · dσ2dσ1. We can show that (see ap-

pendix) Ik(t) = 1
k!

(∫ t
t0
A(σ)dσ

)k
.

∴ lim
k→∞

Mk(t) = I +
∞∑
k=1

Ik(t) =
∞∑
k=0

1

k!

(∫ t

t0

A(σ)dσ

)k
= exp

(∫ t

t0

A(σ)dσ

)
.

Hence Φ(t, t0) = exp
(∫ t

t0
A(σ)dσ

)
which will satisfy (2.2) and thus Φ(t, t0)x0 satisfies

(2.1)

Remark 2.0.0.3. (2.6) is called the Peano-Baker series for the solution of the matrix

equation (2.2). The matrix Φ(t, t0) is called the Transition Matrix (or Matrizant)

of (2.1). The transition matrix specifies how the state of a dynamic system evolves in

time [Ro].

Theorem 2.0.0.4 (Ro). If Φ is a transition matrix, then it satisfies the functional

equation

Φ(t, t0) = Φ(t, t1)Φ(t1, t0).

Proof. Let ẋ(t) = A(t)x(t). Given an initial condition, x(t0) = x0, then by Theorem

2.0.0.5, this will have a unique solution which is given by x(t) = Φ(t, t0)x0. Now, at any

other time, t1, the state vector is given by x(t1) = Φ(t1, t0)x0. We can consequently write

x(t) = Φ(t, t1)x(t1) = Φ(t, t1)Φ(t1, t0)x0

which implies that Φ(t, t0)x0 = Φ(t, t1)Φ(t1, t0)x0. Since the initial condition is arbitrary,

it follows that

Φ(t, t0) = Φ(t, t1)Φ(t1, t0).

Theorem 2.0.0.5 (Variation of Constant Formula (Ro)). If Φ(t, t0) is the transition

matrix for ẋ(t) = A(t)x(t), then the unique solution of

ẋ(t) = A(t)x(t) + f(t); x(t0) = x0 is given by

x(t) = Φ(t, t0)x0 +

∫ t

t0

Φ(t, σ)f(σ)dσ

for all x(t) ∈ Rn.

Proof. Suppose Φ is the transition matrix of ẋ(t) = A(t)x(t) and let

11
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ẋ(t) = A(t)x(t) + f(t). (2.7)

Suppose also that A(t) = 0,∀t. Then ẋ(t) = f(t) which implies that

x(t) = x0 +

∫ t

t0

f(σ)dσ.

The idea now is to transform (2.7) by using the substitution z(t) = Φ−1(t, t0)x(t). Then,

x(t) = Φ(t, t0)z(t). (2.8)

Hence, upon using (2.2), we obtain

ẋ = Φż + Φ̇z = A(t)x(t) + f(t).

Therefore

Φż + (A(t)Φ)Φ−1x(t) = A(t)x(t) + f(t)

and so

Φ(t, t0)ż(t) = f(t) thus ż(t) = Φ−1(t, t0)f(t).

Similarly, by making the substitution z(t) = Φ(t, t0)x(t) we obtain

ż(t) = Φ(t, t0)f(t). Hence

z(t) = z(t0) +

∫ t

t0

Φ(t0, σ)f(σ)dσ

and since z(t0) = Φ(t0, t0)x(t0) = x0,

z(t) = x0 +

∫ t

t0

Φ(t0, σ)f(σ)dσ

and thus (2.8) becomes

x(t) = Φ(t, t0)

[
x0 +

∫ t

t0

Φ(t0, σ)f(σ)dσ

]
= Φ(t, t0)x0 +

∫ t

t0

Φ(t, σ)f(σ)dσ; using Theorem 2.0.0.4.

To prove the uniqueness, suppose the system has two solutions, x(t), y(t), then

x(t) = Φ(t, t0)x0 +

∫ t

t0

Φ(t, σ)f(σ)dσ and y(t) = Φ(t, t0)y0 +

∫ t

t0

Φ(t, σ)f(σ)dσ.
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Therefore,

ẋ(t) = A(t)x(t) + f(t); and ẏ(t) = A(t)y(t) + f(t); x(t0) = x0, y(t0) = y0.

Now, ẋ(t) = ẏ(t), since they both satisfy the same differential equation. Therefore

A(t)x(t) + f(t) = A(t)y(t) + f(t) and hence x(t) = y(t). Due to the uniqueness of

solutions to the physical system, the state transition matrix must be nonsingular.
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Chapter 3

Optimal Control for Linear Systems

and Integral Cost Functions

3.1 The Set of Attainability

Consider the linear dynamic system below

ẋ(t) = A(t)x(t) +B(t)u(t)

where the coefficient A(t), B(t) are known matrices such that

• A(t) and B(t) are n× n and n×m matrices respectively each of which is real and

piecewise continuous.

• A(t), B(t) are integrable on each compact subinterval of the time t.

• A controller u(t) is a real bounded piecewise continuous m-vector on some interval

t0 ≤ t ≤ t1 with values in a non-empty restraint set U ⊂ Rm (compact and convex)

and we choose the controller u(t) to steer the response x(t) from an initial state x0 to

some desired target state in Rn.

Definition 3.1.0.6. Consider the control system ẋ(t) = A(t)x(t) + B(t)u(t) with re-

straint set U , initial state x0, and all controllers u(t) ∈ U on t0 ≤ t ≤ t1. Let x(t) denote

the corresponding response initiating at x(t0) = x0. The Set of Attainability, K(t1),

is the set of all endpoints x(t1) ∈ Rn.

Theorem 3.1.0.7 (Le). Consider the linear control process in Rm ẋ(t) = A(t)x(t) +

B(t)u(t) with compact convex restraint set U, initial state x0 and controllers u(t) on

t0 ≤ t ≤ t1. Then the set of attainability is compact and convex.

Proof. Let U be compact and consider the sequence, {ur(t)}∞r=1, of controllers in U.
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Then, by Theorem 2.0.0.5, there is a corresponding sequence, {xr(t)}∞r=1 of responses

such that

xr(t) = φ(t, t0)x0 +

∫ t

t0

φ(t, s)B(s)ur(s)ds

with the appropriate fundamental matrix, φ(t, t0). Now the set of all controllers is weakly

compact, by the assumption that U is compact, hence there is a subsequence, {uri(t)}∞r=1,

which converges to a controller ū(t) ∈ U on t0 ≤ t ≤ t1. i.e.

lim
i→∞

∫ t

t0

φ(t, s)B(s)uri(s)ds =

∫ t

t0

φ(t, s)B(s)ū(s)ds.

Let x̄(t) be the corresponding response to ū(t) on t0 ≤ t ≤ t1. Then

x̄(t) = φ(t, t0)x0 +

∫ t

t0

φ(t, s)B(s)ū(s)ds

= φ(t, t0)x0 + lim
i→∞

∫ t

t0

φ(t, s)B(s)uri(s)ds

= lim
i→∞

[
φ(t, t0)x0 +

∫ t

t0

φ(t, s)B(s)uri(s)ds

]
= lim

i→∞
xri(t).

Therefore,

lim
i→∞

xri(t1) = x̄(t1) ∈ K(t1).

Hence, every sequence,{xr(t1)}∞r=1 ∈ K(t1) has a subsequence {xri(t1)}∞i=1 which also

converges in K(t1) and thus K(t1) is compact.

Now suppose that U is convex. Then for any u0(t) and u1(t) in U, the line

uλ(t) = (1− λ)u0(t) + λu1(t)

also lies in U for 0 ≤ λ ≤ 1. Then the corresponding response, xλ(t), is given as

xλ(t) = φ(t, t0)x0 +

∫ t

t0

φ(t, s)B(s)uλ(s)ds

= φ(t, t0)x0 +

∫ t

t0

φ(t, s)B(s)[(1− λ)u0(t) + λu1(t)]ds

= φ(t, t0)x0 +

∫ t

t0

φ(t, s)B(s)[(1− λ)u0(t) + λu1(t)]ds

+λφ(t, t0)x0 − λφ(t, t0)x0

= (1− λ)x0(t) + λx1(t).

∴ xλ(t1) = (1− λ)x0(t1) + λx1(t1) ∈ K(t1) and thus K(t1) is convex.
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3.2 Controllability and Observability

In order to be able to do whatever we want with a given dynamic system under control

input, the system must be controllable. In order to see what is going on inside the system

under observation, the system should be observable. Controllability is concerned with

whether one can design control input to steer the state to arbitrary values. Observability

is concerned with whether, without knowing the initial state, one can determine the

state of a system given the input and the output. In this section, we develop some of

the conditions for the observability and the controllability of linear dynamic systems.

3.2.1 The Controllability Gramian

Definition 3.2.1.1. If G is an n ×m matrix whose elements are continuous functions

of time defined on [t0, t1], then the mapping L : P(Rm) −→ Rn defined by L(u) =∫ t1
t0
G(t)u(t)dt is linear. We say that x1 belongs to the Range Space of this mapping if

there exists u(t) ∈ P(Rm) such that x1 =
∫ t1
t0
G(t)u(t)dt.

Let the dynamic system be given by

ż(t) = B(t)u(t), z(t0) = z0 for all u(t) ∈ Rm, z(t) ∈ Rn.

This then gives

z(t1) = z0 +

∫ t1

t0

B(t)u(t)dt

where we have assumed that B(t) and z0 are known and the aim then is to find u(t) such

that at t = t1 > t0, z(t) takes a certain value; z(t1) = z1 such that z1 − z0 will lie in the

range space of the linear mapping

L(u) =

∫ t1

t0

B(t)u(t)dt

so that the transfer from z0 to z1 (i.e. the desired controllability of the dynamic system)

is possible.

Lemma 3.2.1.2 (Ro). An n-tuple x1 lies in the range space of L(u) =
∫ t1
t0
G(t)u(t)dt if

and only if it lies in the range space of the matrix W (t0, t1) =
∫ t1
t0
G(t)GT(t)dt.

Proof. Let x1 be in the range space of W (t0, t1), then by definition, there exists η1 such

that

W (t0, t1)η1 =

∫ t1

t0

G(t)GT(t)η1(t)dt = x1
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(the dimension of η1 is chosen to be n× 1). Let u(t) = GT(t)η1(t). Then

W (t0, t1)η1 =

∫ t1

t0

G(t)GT(t)η1(t)dt = x1 =

∫ t1

t0

G(t)u(t)dt = L(u).

Hence x1 is in the range space of L. Conversely, let x1 be in the range space of L i.e.

L(u) =

∫ t1

t0

G(t)u(t)dt = x1. (3.1)

We proceed by contradiction. Suppose that x1 is not in the range space of W (t0, t1).

Then, its null space will not be empty. Hence there exists x2 such that

W (t0, t1)x2 = 0 and xT2 x1 6= 0.

Now, from (3.1),

xT2

∫ t1

t0

G(t)u(t)dt = xT2 x1 6= 0. (3.2)

But xT2W (t0, t1)x2 = 0 and since G(t) is assumed continuous, xT2W (t0, t1)x2 = 0 implies

that GT(t)x2 = 0 and thus (3.2) must be zero. Hence a contradiction. Therefore, x1

must be in the range space W (t0, t1).

Corollary 3.2.1.3 (Ro). There exists a control u which transfers the state of the system

ż(t) = B(t)u(t) from z0 at t = t0 to z1 at t = t1 if and only if z1 − z0 lies in the range

space of

W (t0, t1) =

∫ t1

t0

B(t)BT(t)dt.

If the transfer is possible, then one particular control which actually drives the state to

z1 at t = t1 is

u(t) = BT(t)η

where η is the solution of(∫ t1

t0

B(t)BT(t)dt

)
· η = W (t0, t1) · η = z1 − z0.

Proof. Suppose there exists a u which transfers the state system ż(t) = B(t)u(t). Then,

z1 − z0 =

∫ t1

t0

B(t)u(t)dt.

Hence by the above lemma, z1− z0 lies in the range space of
∫ t1
t0
B(t)BT (t)dt. Conversely,
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suppose z1 − z0 lies in the range space of
∫ t1
t0
B(t)BT (t)dt. Then there exists η such that

∫ t1

t0

B(t)BT (t)ηdt = z1 − z0.

Choose u(t) = BT (t)η. Then, ∫ t1

t0

B(t)u(t)dt = z1 − z0.

Hence, ∫ t1

t0

B(t)BT (t)dt+ z(t0) = z(t)

and thus ż(t) = B(t)u(t).

We now extend these controllability results to dynamics of the form ẋ = A(t)x(t) +

B(t)u(t) by the following theorem.

Theorem 3.2.1.4 (Ro). There exists a u(t) which drives the state of the system

ẋ(t) = A(t)x(t) +B(t)u(t)

from the value x0 at t = t0 to the value x1 at t = t1 if and only if

x0 − Φ(t0, t1)x1 belongs to the range space of

W (t0, t1) =

∫ t1

t0

Φ(t0, t)B(t)BT(t)ΦT(t0, t)dt. (3.3)

Moreover, if η0 is any solution of W (t0, t1)η0 = x0 − Φ(t0, t1)x1 then u(t) given by

u(t) = −BT(t)ΦT(t0, t)η0

is one control which accomplishes the desired transfer.

Proof. Suppose there is u which drives the system and let z(t) = Φ(t0, t)x(t) and z(t) =

Φ(t0, t)
−1x(t). Then, as before, by the proof of Theorem 2.0.0.5, ẋ(t) = A(t)x(t) +

B(t)u(t) will be transformed into

ż(t) = Φ(t, t0)B(t)u(t); x(t) = Φ(t, t0)z(t).

which implies that

z(t1) = z(t0) +

∫ t1

t0

Φ(t, t0)B(t)u(t)dt.
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Thus z(t1)− z(t0) is in the range space of

L(u) =

∫ t1

t0

Φ(t, t0)B(t)u(t)dt.

Hence, by the lemma, z(t)− z(t0) will be in the range space of

W (t0, t1) =

∫ t1

t0

Φ(t0, t)B(t)BT(t)ΦT(t0, t)dt.

That is

Φ(t0, t1)x1 − x0 = z(t)− z(t0).

belongs to the range space of (3.3). The transfer, then, is possible if and only if [x0 −
Φ(t0, t1)x1] lies in the range space of W (t0, t1) by Corollary 3.2.1.3. Also, from Corollary

3.2.1.3, we see that a particular control which accomplishes this transfer is defined by

u(t) = −BT(t)ΦT(t0, t)η0

where η satisfies

W (t0, t1)η0 = x0 − Φ(t0, t1)x1.

Definition 3.2.1.5 (Controllability Gramian). We define the controllability Gramian

of the dynamic system ẋ(t) = A(t)x(t) +B(t)u(t) to be the matrix

W (t0, t1) =

∫ t1

t0

Φ(t0, t)B(t)BT(t)ΦT(t0, t)dt.

Theorem 3.2.1.6 (Properties of the Controllability Gramian (Ro)). The control-

lability gramian possesses the following properties:

1. It is symmetric. 2. It is nonnegative definite for t1 ≥ t0.

3. It satisfies the linear matrix differential equation

d

dt
W (t, t1) = A(t)W (t, t1) +W (t, t1)AT(t)−B(t)BT(t); W (t1, t1) = 0.

Proof. 1. By definition,

W T(t0, t1) =

[∫ t1

t0

Φ(t0, t)B(t)BT(t)ΦT(t0, t)dt

]T
=

∫ t1

t0

[
Φ(t0, t)B(t)BT(t)ΦT(t0, t)

]T
dt

= W (t0, t1).
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2. For any constant vector η

ηTW (t0, t1)η =

∫ t1

t0

ηTΦ(t0, t)B(t)BT(t)ΦT(t0, t)ηdt

=

∫ t1

t0

∥∥BT(t)ΦT (t0, t)η
∥∥2

dt

≥ 0.

3. Let

W (t, t1) =

∫ t1

t

Φ(t, σ)B(σ)BT(σ)ΦT(t, σ)dσ.

Then
d

dt
W (t, t1) =

d

dt

∫ t1

t

Φ(t, σ)B(σ)BT(σ)ΦT(t, σ)dσ.

Hence by Liebniz’s rule (see appendix),

d

dt
W (t, t1) = Φ(t, t1)B(t1)BT(t1)ΦT(t, t1)

dt1
dt

−Φ(t, t)B(t)BT(t)ΦT(t, t)
dt

dt

+

∫ t1

t

d

dt

[
Φ(t, σ)B(σ)BT(σ)ΦT(t, σ)dσ

]
= −B(t)BT(t) +

∫ t1

t

d

dt
Φ(t, σ)[B(σ)BT(σ)ΦT(t, σ)]dσ

+

∫ t1

t

Φ(t, σ)B(σ)BT(σ)
d

dt
ΦT(t, σ)dσ

[since t1 is a constant]

= −B(t)BT(t) +

∫ t1

t

A(t)Φ(t, σ)[B(σ)BT(σ)ΦT(t, σ)]dσ

+

∫ t1

t

[Φ(t, σ)B(σ)BT(σ)]ΦT(t, σ)AT(t)dσ

= −B(t)BT(t) + A(t)W (t, t1) +W (t, t1)AT(t).

Theorem 3.2.1.7 (Le). Let A,B be constant matrices. Then the autonomous linear

process in Rn;

ẋ(t) = Ax(t) +Bu(t); x0

is controllable if and only if the matrix

[B,AB,A2B, · · · , An−1B]

has rank n.
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Proof. Let the linear system be controllable. Then x0 can be steered to any arbitrary

point x1 ∈ Rn. Suppose that rank[B,AB,A2B, · · · , An−1B] < n. Then there exists a

non-zero constant vector, v, such that

v[B,AB,A2B, · · · , An−1B] = 0

since the rows of the matrix will be linearly dependent. Therefore

vB = vAB = · · · = vAn−1B = 0.

Now, since every matrix satisfies its characteristic equation,Cayley-Hamilton Theorem

(see appendix) we have

a1A
n + a2A

n−1 + · · ·+ an−1A+ anI = 0.

Which implies that

An = c1A
n−1 + · · ·+ cn−1A+ cnI

where ci = − ai
a1

for i = 2, 3, ..., n are constants for all i. Hence,

vAnB = v[c1A
n−1 + · · ·+ cn−1A+ cnI]B

= c1vA
n−1B + · · ·+ cn−1vAB + cnvIB

= 0 since vB = vAB = · · · = vAn−1B = 0.

Thus, we can establish that vAn+kB = 0 for k = 0, 1, 2, 3, .... Now,

veAtB = v

[
I + tA+

t2

2!
A2 + · · ·

]
B

= vIB + tvAB +
t2

2!
vA2B + · · ·

= 0.

The autonomous linear system with initial condition x0 = 0 has a solution

x(t) =

∫ t

0

eA(t−s)Bu(s)ds and thus vx(t) =

∫ t

0

veA(t−s)Bu(s)ds = 0

since veAtB is zero for all u(t) ∈ U. (see remark in appendix). Thus v and x(t) are

perpendicular. This then contradicts the controllability assumption of the linear system

since every response is confined to a hyperplane that is orthogonal to v (we cannot

steer the initial point to any desired state due to this restriction). Hence the rank must

be n. Conversely, let rank[B,AB,A2B, · · · , An−1B] = n. Let K ′0 be the attainable set

for which the origin can be steered on the time interval 0 ≤ t ≤ 1. Let |ui| ≤ 1 for
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i = 1, 2, · · · ,m. Suppose dimension of K ′0 < n, then by definition of hyperplane, see

appendix, there exists a unit vector, v, such that

vx(1) =

∫ 1

0

veA(1−s)Bu(s)ds = 0.

This implies that f(s) = veA(1−s)B = 0 for all u ∈ U. This function and all its derivatives

evaluated at s = 1 will vanish and thus vB = vAB = · · · = vAn−1B = 0 which means

that rank[B,AB,A2B, · · · , An−1B] < n. Therefore the dimension of K ′0 must be n. By

Theorem 3.1.0.7, K ′0 is compact and convex in Rn. Since this set contains an open set

and it is convex, it must contain the origin in its interior. It is also well to note that

this set is symmetric since u(t) can be replaced by −u(t). Let the restriction on the

controls be relaxed such that |ui(t)| ≤ l for l = 1, 2, 3, ... Then, the set of attainability

of the origin, K0, for all controllers u(t) on 0 ≤ t ≤ 1 must be the entire space Rn. For

an arbitrary point x0, the set K of attainability for controllers, u(t), on 0 ≤ t ≤ 1 is

K = eAx0 +K0 = Rn. Therefore the system is controllable.

3.2.2 The Observability Gramian

Consider the dynamic system ẋ(t) = A(t)x(t)+B(t)u(t); y(t) = C(t)x(t) where y(t) is

the output system and A(t), B(t), C(t), u(t) are known. Then for some initial condition,

x0, the output can be expressed as y(t) = C(t)
(

Φ(t, t0)x0 +
∫ t
t0

Φ(t, t0)B(t)u(t)dt
)
. Thus

if we want to determine x0, then we can consider the homogenuous system, ẋ(t) =

A(t)x(t), such that y(t) = C(t)Φ(t, t0)x0. Hence we need a linear transformation that

will associate a unique state with any output. Therefore define the linear transformation

L : Rn −→ D(Rn) for all t ∈ [t0, t1] by, for H continuous with respect to t,

L(x)(t) = C(t)Φ(t, t0)x(t) = H(t)x(t).

So the null space of L is the set of all x(t) ∈ Rn such that H(t)x(t) is identically zero ∀t.
Lemma 3.2.2.1 (Ro). Let H(t) be an m × n matrix whose elements are continu-

ous on [t0, t1]. Then, the null space of L coincides with the null space of M(t0, t1) =∫ t1
t0
HT(t)H(t)dt.

Proof. Let x0 be in the null space of M(t0, t1). Then M(t0, t1)x0 = 0 which implies that

xT0M(t0, t1)x0 =

∫ t1

t0

xT0H
T(t)H(t)x0dt =

∫ t1

t0

‖H(t)x0‖2 dt = 0.

The continuity of H(t) ensures that H(t)x0 = 0 for all t. Hence x0 will be in the null

space of L. Conversly, suppose x0 is in the null space of L. So HT(t)H(t)x0 = 0. Hence
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∫ t1
t0
HT(t)H(t)x0dt = M(t0, t1)x0 = 0. Thus x0 is in the null space of M(t0, t1).

The following theorem tells us how the starting state variable, x0, can be found given

the output, y.

Theorem 3.2.2.2 (Ro). Suppose A(t), C(t), y(t) are given on the interval [t0, t1] such

that

ẋ(t) = A(t)x(t); y(t) = C(t)x(t).

Then it it possible to determine x(t0) which lies in the null space of M(t0, t1) where

M(t0, t1) =

∫ t1

t0

ΦT(t, t0)CT(t)C(t)Φ(t, t0)dt.

In particular, it is possible to determine x(t0) uniquely if M(t0, t1) is invertible. More-

over, it is not possible to distinguish with the knowledge of y(t), the starting state x1

from the starting state x2, if x1 − x2 lies in the null space of M(t0, t1).

Proof. From

ẋ(t) = A(t)x(t); y(t) = C(t)x(t)

we have that x(t) = Φ(t, t0)x0 by Theorem 2.0.0.5. Hence,

y(t) = C(t)x(t) = C(t)Φ(t, t0)x0.

Premultiplying both sides by ΦT(t, t0)CT(t) and integrating over the interval [t0, t1] gives∫ t1

t0

ΦT(t, t0)CT(t)y(t)dt =

∫ t1

t0

ΦT(t, t0)CT(t)C(t)Φ(t, t0)x0dt

= M(t0, t1)x0. (3.4)

Thus x0 = x(t0) can be determined and lies in the null space of M(t0, t1). From (3.4), if

M(t0, t1) is invertible, then

x0 = M−1(t0, t1)

∫ t1

t0

ΦT(t, t0)CT(t)y(t)dt.

Further, let x1 − x2 be in the null space of M(t0, t1), i.e. M(t0, t1)(x1 − x2) = 0, and let

y1(t) and y2(t) be such that

y1(t) = C(t)Φ(t, t0)x1 and y2(t) = C(t)Φ(t, t0)x2.

Then y1(t)− y2(t) = C(t)Φ(t, t0)(x1 − x2) which implies that

‖y1(t)− y2(t)‖2 = ‖C(t)Φ(t, t0)(x1 − x2)‖2 .
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Consequently,∫ t1

t0

‖y1(t)− y2(t)‖2 dt =

∫ t1

t0

‖C(t)Φ(t, t0)(x1 − x2)‖2 dt

=

∫ t1

t0

(x1 − x2)TΦT(t, t0)CT(t)C(t)Φ(t, t0)(x1 − x2)dt

= (x1 − x2)T
∫ t1

t0

ΦT(t, t0)CT(t)C(t)Φ(t, t0)(x1 − x2)dt

= (x1 − x2)TM(t0, t1)(x1 − x2)

= (x1 − x2)T .0

= 0 (3.5)

thus ‖y1(t)− y2(t)‖2 = 0⇐⇒ y1(t)− y2(t) = 0

which implies that y1(t) = y2(t). Thus x1, x2 give the same output and hence they cannot

be distinguished with the knowledge of y(t).

Thus the system is observable if the inverse M−1(t0, t1) exists since with this, x0 can be

determined.

Definition 3.2.2.3 (Observability Gramian). We define the Observability Gramian

of the dynamic system x(t) = A(t)x(t) +B(t)u(t); y(t) = C(t)x(t) to be the matrix

M(t0, t1) =

∫ t1

t0

ΦT(t, t0)CT(t)C(t)Φ(t, t0)dt.

Theorem 3.2.2.4 (Properties of the Observability Gramian (Ro)). The observ-

ability gramian possesses the following properties:

1. It is symmetric. 2. It is nonnegative definite for t1 ≥ t0.

3. It satisfies the linear matrix differential equation

d

dt
M(t, t1) = −A(t)M(t, t1)−M(t, t1)AT(t)− C(t)CT(t); M(t1, t1) = 0.

Proof. The proof is similar to the proof of Theorem 3.2.1.6

3.3 Integral Cost Functions

Most often the choice of a performance criterion is subjective. However the choice, even

though subjective, should take into consideration the goal of the optimalization hence,

the need to study some specific cost functions, the integral cost functions.
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3.3.1 Significance of Integral Cost Functions

The selection of the cost functional, the specified integral criterion, is not easily deter-

mined. The best policy often indicates the selection of a cost functional that leads to an

easily constructed optimal controller and seems reasonable to approximate the ideal goal.

It appears then that the motivation for studying certain specific optimal control systems

is that such investigations can be formulated as a definite mathematical problem that

leads to useful techniques and methods for control synthesis. For instance, an integral

cost criterion is used whenever the average performance over the chosen time duration

is of primary importance. A frequently used criterion in the design of controllers is the

integral of the error squared,
∫ t1
t0

(u(t) − u∗(t))2dt, where u(t) − u∗(t) is the deviation

from the optimal controller.

3.3.2 Integral Quadratic Cost Functions

Consider the linear control process

ẋ(t) = A(t)x(t) +B(t)u(t); x(t0) = x0

where A,B are matrices of size n × n and n ×m respectively on a given time interval

t0 ≤ t ≤ tf such that x(t) is steered by u(t) from x0 to the end point x(tf ). Let the cost

functional be given by

J(u) = g(x(tf )) +

∫ tf

0

(
xT (t)Q(t)x(t) + uT (t)R(t)u(t)

)
dt

where we assume that g(x) is a given real continuous function of Rn and Q and R are

square matrices which are continuous and symmetric on t0 ≤ t ≤ tf such that Q and R

are positive semidefinite and positive definite respectively. The control problem will be

to minimize the cost function among all measurable controllers such that, in order for

J(u) to be finite, ∫ tf

0

uT (t)R(t)u(t)dt <∞

and we see that this is possible if and only if u(t) lies in the Hilbert space L2(t0 = 0, tf ),

see appendix A.6, since we have assumed that R > 0, continuous and bounded.The

existence of such controllers can be achieved by exploring the geometric properties of the

set of attainability. For instance, it is established that controllers are extremals satisfying

the maximal principle and corresponding to the boundary of the set of attainability. Also

because of the nonnegative nature of xTQx and uTRu, we can expect that the minimum

for the cost can be realized if g(x(tf )) is bounded below or is a convex function [Le].
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Chapter 4

The Second Variation

The linear quadratic control problem is a control problem where the dynamic equation

and the terminal constraints are linear and the performance criterion is a quadratic func-

tion of the state and control variable. In this chapter, we derive the second variation of

a general control problem and establish some basic results which serves as a preparatory

ground for the next chapter where we formulate the linear quadratic problem.

4.1 The Variation of a Functional

Definition 4.1.0.1 (Functional). By a functional, we mean a correspondence which

assigns a definite(real) number to each function(or curve) belonging to some class. For

instance, let F (x, y, z) be a continuous function of three variables. Then the expression

J [y] =

∫ b

a

F (t, y(t), y′(t))dt

where y(t) ranges over the set of all continuously differentiable functions defined on the

interval [a, b] defines a functional.

Definition 4.1.0.2 (Continuous Linear Functional). Given a normed linear space, R,

let φ(h) be a functional on R. Then φ(h) is said to be a continuous linear functional if;

1. φ(αh) = αφ(h), ∀h ∈ R and α ∈ R,

2. φ(h1 + h2) = φ(h1) + φ(h2),∀h1, h2 ∈ R and

3. φ(h) is continuous for all h ∈ R.

A functional B[x, y] depending on two elements x and y belonging to some normed linear

space, R, is said to be bilinear if it is a linear functional of y for any fixed x and a linear
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functional of x for any fixed y i.e.

B[x+ y, z] = B[x, z] +B[y, z]

B[αx, y] = αB[x, y]

and
B[x, y + z] = B[x, y] +B[x, z]

B[x, αy] = αB[x, y]

for x, y, z ∈ R and α ∈ R. If we set y = x in a bilinear functional, we obtain an expression

called a quadratic functional. For example, the expression

B[x, y] =

∫ b

a

α(t)x(t)y(t)dt t ∈ [a, b]

is bilinear and its corresponding quadratic functional is

A[x] =

∫ b

a

α(t)x2(t)dt t ∈ [a, b]

which is positive definite if α(t) > 0.

4.1.1 The Variation (or Differential)

We now introduce the concept of variation of a functional, analogous to the concept of

the differential of a function of n variables. Let J [y] be a functional defined on some

normed linear space and let

4Jy[h] = J [h+ y]− J [y]

be its increment corresponding to the increment h = h(t) of the independent variable

y = y(t). If y is fixed, 4Jy[h] is a functional of h. Suppose that

4Jy[h] = φ(h) + ε‖h‖

where φ(h) is a linear functional and ε → 0 as ‖h‖ → 0. Then the functional J [y] is

said to be differentiable, see appendix, and the principal linear part of the increment

4Jy[h], i.e, the linear functional φ(h) is called the Variation (or differential) of J [h] and

is denoted by δJ [h].

Theorem 4.1.1.1 (GS). The differential (or variation) of a differentiable functional is

unique.
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Proof. We note that if φ(h) is a linear functional and if

φ(h)

‖h‖
→ 0 as ‖h‖ → 0 then φ(h) = 0 ∀h.

Suppose that φ(h0) 6= 0 for some h0 6= 0. Then setting

hn =
h0

n
, λ =

φ(h0)

‖h0‖
.

Then, ‖hn‖ → 0 as n→∞ but

lim
n→∞

φ(hn)

‖hn‖
= lim

n→∞

nφ(h0)

n‖h0‖
= λ 6= 0;

contrary to the hypothesis. Now suppose the differential of the functional J [y] is not

uniquely defined so that

4Jy[h] = φ1(h) + ε1‖h‖ and 4Jy[h] = φ2(h) + ε2‖h‖

where φ1(h) and φ2(h) are linear functionals and ε1, ε2 → 0 as ‖h‖ → 0. Therefore

φ1(h)− φ2(h) = (ε1 − ε2)‖h‖.

But since φ1(h)− φ2(h) is a linear functional such that

φ1(h)− φ2(h)

‖h‖
→ 0 as ‖h‖ → 0,

it follows that it vanishes identically and thus φ1(h) = φ2(h) and ε1‖h‖ = ε2‖h‖ hence

the differentials are identical.

Theorem 4.1.1.2 (GS). A necessary condition for the differentiable functional, J [y], to

have a minimum for y = ŷ is that its variation vanishes, i.e δJ [h] = 0, for y = ŷ for all

h.

Proof. Suppose J [y] has a minimum for y = ŷ, thus 4Jy[h] is nonnegative. According

to the definition of the variation, δJ [h], we have

4Jy[h] = δJ [h] + ε‖h‖

where ε → 0 as ‖h‖ → 0. Thus for sufficiently small ‖h‖, the sign of 4J [h] will be

the same as the sign of δJ [h]. Suppose that δJ [h0] 6= 0 for some h0. Then, for any

α > 0, no matter how small, we have δJ [−αh0] = −δJ [αh0], by its linearity property.

Therefore, δJ [h] + ε‖h‖ can be made to have either sign for arbitrarily small ‖h‖. But
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that is impossible since by hypothesis 4Jy[h] ≥ 0 for sufficiently small ‖h‖. Thus a

contradiction and hence δJ [h] must be zero.

An optimal control problem can be solved either by the method of Lagrange multipliers

or a dynamic programming method. Here, we use the method of Lagrange multipliers.

Suppose we have a problem;

minimizef̃(x) subject to G(x) = 0.

Then, this complication can be handled by the method of Lagrange. This method reduces

the constrained problem to a new unconstrained minimization problem with additional

variable. The additional variable is known as a Lagrange Multiplier λ. That is

f(x, λ) = f̃(x) + λG(x).

The problem then becomes

minimizef(x, λ).

In this work, the equality constraint will be a linear dynamic system of the form

ẋ(t) = A(t)x(t) +B(t)u(t); x(t) ∈ Rn, u(t) ∈ Rm.

Hence

A(t)x(t) +B(t)u(t)− ẋ(t) = 0

and a cost function will be minimized subject to this equality constraint. We note that

solving the unconstrained problem with the Lagrange multipliers is equivalent to solving

the constrained problem. To see this, consider the problem

minimizeF (x, y) subject to G(x, y) = 0,

and suppose that, the constraint equation can be solved so that y = h(x). Then y can

be eliminated from F (x, y) which reduces the problem to

minimizeF (x, h(x)).

Suppose F (x, y) is diifferentiable, then at its extremum, the Euler-Lagrange equation

must be satisfied i.e.

Fx + Fy
dy

dx
= 0 (Euler-Lagrange Equation).

Consider moving along the curve G(x, y) = 0. Let s be the arc length parameter such
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that dG
ds

= 0. Then,

Gx
dx

ds
+Gy

dy

ds
= 0 =⇒ dy

dx
= −Gx

Gy

.

Substituting this into the Euler-Lagrange equation gives

FxGy = FyGx. (4.1)

Consider the unconstrained problem with the Lagrange multiplier

F̃ (x, y, λ) = F (x, y) + λG(x, y).

Then,

F̃ (x, y, λ)x = Fx + λGx and F̃ (x, y, λ)y = Fy + λGy.

Since at the extremum the partial derivatives must be zero, we equate these to zero and

eliminate λ to give

FxGy = FyGx. (4.2)

Thus, the equation that defines the extremum in the unconstrained problem using the

Lagrange Multipliers is the same as (4.1) which is obtained by solving for the extrema

in the constrained problem.

4.2 Motivation for the Second Variation

Let the state, x : I ⊆ R −→ Rn be propagated by the dynamic system ẋ(t) =

f(x(t), u(t), t) with initial condition x(t0) = x0 where u : I ⊆ R −→ Rm is the control

which is assumed to be drawn from the set of piecewise continuous m-vector functions

of t ∈ I = [t0, tf ] and f : S ⊆ Rn+m+1 −→ Rn is an n-vector function. Suppose also

that φ : Rn+1 −→ R and L : Rn+m+1 −→ R are some scalar functions and λ : R −→ Rn.

Consider the problem

min
u(t)∈UT

J subject to

{
ẋ(t) = f(x(t), u(t), t), x(t0) = x0

Ψ(x(tf ), tf ) = 0
(4.3)

where

J = φ(x(tf ), tf ) +

∫ tf

t0

L(x(t), u(t), t)dt

and Ψ(x(tf ), tf ) = 0 is a general terminal constraint. Ψ(·) is a p-dimensional vector
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function i.e. Ψ : Rn+1 −→ Rp and UT is the set of piecewise continuous m-vector

functions of t on the interval [t0, tf ] such that the terminal constraint is satisfied. We

proceed as follows. The trick is to add additional terms to J that sum to zero. We

start by appending to J a continuously differential vector λ(t) of Lagrange multiplier

functions and the final state constraints a p-vector ν of Lagrange multipliers. This will

convert the constrained problem to an unconstrained problem and the optimalization

problem will not change just as we have seen. Then, the augmented performance index

becomes

Ĵ = φ(x(tf ), tf ) + νTΨ(x(tf ), tf ) +

∫ tf

t0

(
H(x(t), u(t), λ(t), t)− λT (t)ẋ(t)

)
dt

where

H(x(t), u(t), λ(t), t) = L(x(t), u(t), t) + λT (t)f(x(t), u(t), t)

is referred to as the Hamiltonian (see appendix). We make the following assumptions.

• The first assumption is that we can generate a locally minimizing path by satisfying

the first-order necessary conditions. That is we assume that we have been able to

find x̄(t), ū(t) and t̄ that satisfy (4.3) and minimize the performance index subject

to the terminal constraints over all functions u(t).

• Secondly we assume that the functions f, L, φ,Ψ are all twice differentiable with

respect to their arguments.

Now, we define the variations in the state, control, and the multipliers as

4x = x− x̄, 4u = u− ū, 4λ = λ− λ̄, 4ν = ν − ν̄ 4tf = tf − t̄f .

The variation in the performance index is then

4Ĵ = Ĵ(u(·), tf ;x0, λ(·), ν)− Ĵ(ū(·), t̄f ;x0, λ̄(·), ν̄)

=

∫ t̄f

t0

[
4H −4

(
λT ẋ

)]
dt+

[
4φ+4νTΨ

]∣∣
tf=t̄f

.

Now, using the Taylor expansion for a function of vector arguments, see appendix,

Ĵ(u(·), tf ;x0, λ(·), ν)

= Ĵ(ū(·), t̄f ;x0, λ̄(·), ν̄) + φx4x+ φtf4tf

+νT
(
Ψx4x+ Ψtf4tf

)
+4νTΨ(x̄(t̄f ), t̄f )

+H
(
x̄(t̄f ), ū(t̄f ), λ̄(t̄f ), t̄f

)
4tf

+
∫ t̄f
t0

[
Hx4x+Hu4u+Hλ4λ−

(
λT4ẋ+ ẋ4λT

)]
dt+ · · ·
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Therefore

Ĵ(u(·), tf ;x0, λ(·), ν)

= Ĵ(ū(·), t̄f ;x0, λ̄(·), ν̄)

+
(
φx + νTΨx

)
4x+ Ω4tf +4νTΨ(x̄(t̄f ), t̄f )

+
∫ t̄f
t0

[
Hx4x+Hu4u− λT4ẋ+ (Hλ − ẋ)T 4λ

]
dt

+1
2

∫ t̄f
t0

[
4xTHxx4x+4xTHxu4u+4uTHux4x+4uTHuu4u

+ 2
(
4xTHxλ4λ+4λTHλu4u−4λT4ẋ

)]
dt

+1
2

[
4xT 4νT 4tf

] φxx +
(
νTΨ

)
xx

ΨT
x ΩT

x

Ψx 0 ΩT
ν

Ωx Ων
dΩ
dt


 4x4ν
4tf


+higher order terms

where Ω = φtf +νTΨtf +H
(
x̄(t̄f ), ū(t̄f ), λ̄(t̄f ), t̄f

)
and are all evaluated at tf = t̄f . Using

integration by parts on −λT4ẋ and using the fact that the first variation vanishes for

optimality, δĴ = 0, by Theorem 4.1.1.2, and the fact that Ψ(x̄(t̄f ), t̄f ) = 0, all the first

order derivatives vanish leaving only the second order partial derivatives i.e.

4Ĵ = λT (t0)4x(t0)

+
1

2

∫ t̄f

t0

[
4xTHxx4x+4xTHxu4u+4uTHux4x+4uTHuu4u

+ 2
(
4xTHxλ4λ+4λTHλu4u−4λT4ẋ

)]
dt

+
1

2

[
4xT 4νT 4tf

] φxx +
(
νTΨ

)
xx

ΨT
x ΩT

x

Ψx 0 ΩT
ν

Ωx Ων
dΩ
dt


 4x4ν
4tf


+higher order terms

Claim 1. Let the control u0(·) generate the trajectory x0(·). Then linearly perturbing

u0(·) by εη(·), ε > 0, perturbs x0(·) by a function of exactly the same form, viz; εz(t; η(·))
where η(·) is also piecewise continuous.

Proof. Consider the dynamic system ẋ(t) = A(t)x(t) + B(t)u(t) and suppose that the

perturbation of u0 linearly by εη results in the perturbation of the trajectory x0 by ξ(·; ε).
Then

x(t) = Φ(t, t0)x0 +

∫ t

t0

Φ(t, σ)B(σ)u(σ)dσ

and consequently
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ξ(·; ε) + x0(t) = Φ(t, t0)x0 +

∫ t

t0

Φ(t, σ)B(σ)[u0(·) + εη(·)]dσ

= Φ(t, t0)x0 +

∫ t

t0

Φ(t, σ)B(σ)u0(·)dσ +

∫ t

t0

Φ(t, σ)B(σ)εη(·)dσ.

Therefore

ξ(·; ε) = ε

∫ t

t0

Φ(t, σ)B(σ)η(·)dσ

since

x0(t) = Φ(t, t0)x0 +

∫ t

t0

Φ(t, σ)B(σ)u0(·)dσ.

Let

z(t; η(·)) =

∫ t

t0

Φ(t, σ)B(σ)η(·)dσ.

Then,

ξ(·; ε) = εz(t; η(·))

as required.

Thus we have shown that for any change in the control, there exists a corresponding

change in the state which can be expanded i.e.

4u(·) = εη(·)⇐⇒4x(·) = εz(·) +O(·, ε).

Now, let

4λ(·) = ελ̃(·) +O(·, ε); 4ν(·) = εν̃(·) +O(·, ε); 4tf (·) = ε4.

Upon substitution of this into Ĵ and noting that since the initial time is given, 4x(t0) =

z(t0) = 0, 4Ĵ reduces to

4Ĵ =
ε2

2

∫ t̄f

t0

{[
zT ηT

] [ Hxx Hxu

Hux Huu

][
z

η

]
+ · · ·

}
dt

+
ε2

2

[
zT ν̃T 4

] φxx +
(
νTΨ

)
xx

ΨT
x ΩT

x

Ψx 0 ΩT
ν

Ωx Ων
dΩ
dt


 z

ν̃

4


+

∫ t̄f

t0

O(t, ε2)dt+O(ε2)

where

lim
ε−→0

O(t, ε2)

ε2
= 0 and lim

ε−→0

O(ε2)

ε2
= 0
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Definition 4.2.0.3 (Second Variation). We define the second variation, δ2Ĵ , as

δ2Ĵ = lim
ε−→0

4Ĵ
ε2

where it is assumed to be positive definite. That is

δ2Ĵ =
1

2

∫ t̄f

t0

{[
zT ηT

] [ Hxx Hxu

Hux Huu

][
z

η

]
+ · · ·

}
dt

+
1

2

[
zT ν̃T 4

] φxx +
(
νTΨ

)
xx

ΨT
x ΩT

x

Ψx 0 ΩT
ν

Ωx Ων
dΩ
dt


 z

ν̃

4


Remark 4.2.0.4. Linear quadratic problems are often fixed time problems. Hence

4tf = ε4 = 0.

Now, given ẋ = f(x, u, ·), upon expansion, we have that

ẋ(t0) + εż +O(·; ε)
= f(x(t0), u(t0), ·) + fx(x(t0), u(t0), ·)4x+ fu(x(t0), u(t0), ·)4u+ · · ·
= f(x(t0), u(t0), ·) + fx(x(t0), u(t0), ·)(εz +O(·, ε)) + fu(x(t0), u(t0), ·)εη

+ · · ·
= f(x(t0), u(t0), ·) + εfx(x(t0), u(t0), ·)z + εfu(x(t0), u(t0), ·)η +O(·, ε2).

Hence

εż(·) +O(·, ε2) = εfx(x(t0), u(t0), ·)z + εfu(x(t0), u(t0), ·)η.

Thus we obtain the differential equation

ż(·) = fx(x(t0), u(t0), ·)z + fu(x(t0), u(t0), ·)η; z(t0) = 0.

Consequently, the (· · · ) term, which is

zTHxλλ̃+ λ̃THλuη − λ̃T ż

in the integral of the second variation vanishes. Thus δ2Ĵ becomes

δ2Ĵ =
1

2

∫ t̄f

t0

{[
zT ηT

] [ Hxx Hxu

Hux Huu

][
z

η

]}
dt

+
1

2

[
zT ν̃T 0

] φxx +
(
νTΨ

)
xx

ΨT
x ΩT

x

Ψx 0 ΩT
ν

Ωx Ων
dΩ
dt


 z

ν̃

0


∣∣∣∣∣∣∣
t=tf

.
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The second term on the right hand side of this equation reduces to

1

2

[
zT
(
φxx + (νTΨ)xx

)
z + ν̃TΨxz + zTΨT

x ν
]

and setting Ψxz = 0, it further reduces to

1

2

[
zT
(
φxx + (νTΨ)xx

)
z
]
.

Thus,

δ2Ĵ =
1

2

∫ tf

t0

{[
zT ηT

] [ Hxx Hxu

Hux Huu

][
z

η

]}
dt

+
1

2

[
zT
(
φxx + (νTΨ)xx

)
z
]∣∣∣∣
t=tf

Hence the problem becomes

min
η(·)

J(η(·)) subject to Ψx(x̄(tf ))z(tf ) = 0

where J(η(·)) = δ2Ĵ .

Theorem 4.2.0.5 (GS). A necessary condition for a functional, J [y], to have a mini-

mum for y = ŷ is that the second variation is nonnegative. i.e. δ2J [h] ≥ 0 for y = ŷ

and for all h.

Proof. By definition, we have that

4Jy[h] = δJ [h] + δ2J [h] + ε‖h‖2

where ε→ 0 as ‖h‖ → 0. By Theorem 4.1.1.2, δJ [h] = 0 for all h hence

4Jy[h] = δ2J [h] + ε‖h‖2.

Thus for sufficiently small ‖h‖, the sign of 4Jy[h] will be the same as the sign of δ2J [h].

Now suppose δ2J [h0] < 0 for some h0. Then for α 6= 0, no matter how small, we have

δ2J [αh0] = α2δ2J [h0] < 0.

Therefore δ2J [h] + ε‖h‖2 can be made negative for arbitrary small ‖h‖. But this is

impossible since 4Jy[h] ≥ 0.
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Chapter 5

Formulation of the Linear Quadratic

Control Problem

In this chapter, we will derive the quadratic cost criterion from the second variation

obtained from the previous chapter. We shall also discuss the first order necessary

condition for optimality and the general optimal control rule for the linear optimal

control problem with unconstrained terminal condition.

We have seen what the second variation is in the previous chapter. For simplicity,

suppose that

Sf =
(
φxx + (νTΨ)xx

)∣∣
t=tf

; z(t) = x(t); η(t) = u(t).

Then,

δ2Ĵ

= 1
2

∫ tf
t0

{[
xT (t) uT (t)

] [ Hxx Hxu

Hux Huu

][
x(t)

u(t)

]}
dt+ 1

2

[
xT (tf )Sfx(tf )

]
which implies that

δ2Ĵ

= 1
2

[
xT (tf )Sfx(tf )

]
+1

2

∫ tf
t0

[
xT (t)Hxxx(t) + uT (t)Huxx(t) + xTHxuu(t) + uT (t)Huuu(t)

]
dt

= 1
2

[
xT (tf )Sfx(tf )

]
+1

2

∫ tf
t0

[
xT (t)Hxxx(t) + 2uT (t)Huxx(t) + uT (t)Huuu(t)

]
dt.

( assuming that Hux is symmetric )

36

University of Ghana http://ugspace.ug.edu.gh



Thus, letting

Q(t) = Hxx; C(t) = Hux; and R(t) = Huu

we obtain a cost criterion

J(u(·), x0, t0)

=
1

2

[
xT (tf )Sfx(tf )

]
+

1

2

∫ tf

t0

[
xT (t)Q(t)x(t) + 2uT (t)C(t)x(t) + uT (t)R(t)u(t)

]
dt (5.1)

which is a quadratic form. Thus, the Linear Quadratic Problem is the minimization of

(5.1) with respect to u(·) subject to

ẋ(t) = A(t)x(t) +B(t)u(t) (5.2)

with initial condition x(t0) = x0 and a linear terminal constraint

Dx(tf ) = 0 (5.3)

where x(t) ∈ Rn, u(t) ∈ Rm and D a p× n matrix ∀t ∈ [t0, tf ].

We make the following assumptions.

• First we assume that Q,C,R,A,B are piecewise continuous functions of time and

we assume also that Q(t), R(t), Sf are symmetric matrices.

• Secondly, we assume that Q(t)− C(t)R−1(t)C(t) ≥ 0.

• Thirdly, we assume thatR(t) > 0, is positive definite, and bounded for all t ∈ [t0, tf ]

and also u(·) belongs to the class, U, of piecewise continuous m-vector functions of

time in the interval [t0, tf ].

Theorem 5.0.0.6 (First Order Necessary Condition for Optimality (Sp)). Sup-

pose the second assumption is satisfied and the matrix

W̄ (t0, tf ) =

∫ tf

t0

DΦ(t0, t)B(t)BT(t)ΦT(t0, t)D
Tdt

is positive definite (controllability assumption). Then, necessary conditions for 4J to be

nonnegative to first order for strong perturbation in the control, are that

ẋ0(t) = A(t)x0(t) +B(t)u0(t); x0(t0) = x0

−λ̇(t) = AT (t)λ(t) +Q(t)x0(t) + CT (t)u0(t)

λ(tf ) = Sfx
0(tf ) +DTν
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Dx(tf ) = 0

0 = R(t)u0(t) + C(t)x0(t) +BT (t)λ(t)

where λ(t), an n-vector function, which is the Lagrange multiplier is assumed continuous

and differentiable and ν is a constant p-vector. x0(t) and u0(t) are the candidates for

optimality.

Proof. The proof of this theorem is based on the fact that we try to look for conditions

for which the first variation of the cost function is zero or 4Ĵ(u(·);λ(·), ν, x0, t0) will be

nonnegative. Suppose the hypothesis of the theorem and adjoin (5.1),(5.2) and (5.3) as

follows

Ĵ(u(·);λ(·), ν, x0, t0) = J(u(·), x0, t0)

+

∫ tf

t0

λT (t)[A(t)x(t) +B(t)u(t)− ẋ(t)]dt+ νTDx(tf ).

Upon integration by parts, we obtain the following

Ĵ(u(·);λ(·), ν, x0, t0)

=
∫ tf
t0

(H(t) + λ̇T (t)x(t))dt+ λT (t0)x0 − λT (tf )x(tf ) + 1
2

[
xT (tf )Sfx(tf )

]
+νTDx(tf )

where

H(t) =
1

2

[
xT (t)Q(t)x(t) + 2uT (t)C(t)x(t) + uT (t)R(t)u(t)

]
+λT (t)[A(t)x(t) +B(t)u(t)].

Suppose there exists u0(t) ∈ U that minimizes the cost criterion, (5.1), and causes

Dx0(tf ) = 0. We now determine the change in Ĵ(u(·);λ(·), ν, x0, t0) brought about by

changing u(t) to u0(t) ∈ U. Let the change in the control be δu(t) = u(t) − u0(t) and

the resulting change in the state be δx(t) = x(t) − x0(t). Hence, we seek conditions

that guarantee that the change in Ĵ(u(·);λ(·), ν, x0, t0) is nonnegative for all variations.

Consider variations for which δx(t) remains small i.e.

‖δx(t)‖ ≤ ε̄ ∀t ∈ [t0, tf ], ε̄ > 0

and choose δu(t) = ξ(t)η(t) where η(t) ∈ U and for ε > 0,

ξ(t) =

{
1 ti ≤ t ≤ ti + εδi i = 1, 2, · · · , n
ε t ∈ I = [t0, tf ]−

⋃n
i [ti, ti + εδi].

(5.4)
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where δi is some small positive number. Now

Hx = xT (t)Q(t) + uT (t)C(t) + λT (t)A(t)

and

Hu = xT (t)CT (t) + uT (t)R(t) + λT (t)B(t).

Hence the variation in Ĵ(u(·);λ(·), ν, x0, t0), as a result of changing u(t) to u0(t), and

remembering that change in u(t) causes the state vector to change, is given as

Ĵ(u(·);λ(·), ν, x0, t0)

= Ĵ(u0(·);λ(·), ν, x0, t0)

+
∫ tf
t0

[
Hxδx(t) +Huδu(t) + λ̇T (t)δx(t)

]
dt

+
∫ tf
t0
O(t; ε)dt− λT (tf )δx(tf ) + xT (tf )Sfδx(tf ) + νTDδx(tf ) +O(ε)

= Ĵ(u0(·);λ(·), ν, x0, t0)

+1
2

∫ tf
t0

[
2 (Hxδx(t) +Huδu(t)) + 2λ̇T (t)δx(t)

]
dt

+
∫ tf
t0
O(t; ε)dt− λT (tf )δx(tf ) + xT (tf )Sfδx(tf ) + νTDδx(tf ) +O(ε).

Now, we choose λ(t) such that

Hx + λ̇T = 0

and

−λT (tf ) + xT (tf )Sf + νTD = 0.

Hence

4Ĵ(u(·);λ(·), ν, x0, t0) =
1

2

∫ tf

t0

2Huδu(t)dt+

∫ tf

t0

O(t; ε)dt+O(ε).

We choose

η(t) = −R−1(t)HT
u = −R−1(t)

[
R(t)u0(t) + C(t)x0(t) +BT (t)λ(t)

]
which implies that Hu = −ηT (t)R(t), (since R(t) is symmetric). This choice is possible

because of the controllability assumption. Substituting δu(t) = ξ(t)η(t) into the integral,

we obtain

4Ĵ(u(·);λ(·), ν, x0, t0) =

∫ tf

t0

Hu(t)ξ(t)η(t)dt+

∫ tf

t0

O(t; ε)dt+O(ε).
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Thus for ε small,

4Ĵ = −
n∑
i=1

∫ ti+εδi

ti

HT
uR
−1(t)Hudt− ε

∫
I

HT
uR
−1(t)Hudt+

∫ tf

t0

O(t; ε)dt+O(ε),

where
O(t; ε)

ε
−→ 0 as ε −→ 0

will be negative since HuR
−1HT

u is positive and thus for it to be nonnegative, η(t) must

be zero which implies that Hu(t) is zero, where

Hu(t) = [R(t)u0(t) + C(t)x0(t) +BT (t)λ(t)]T .

This choice of η(t), also helps to determine ν. To see this, we proceed as follows. By the

linearity of the dynamic system, z(t, η(·)) satisfies

ż(t, η(·)) = A(t)z(t, η(·)) +B(t)η(t); z0 = 0.

Therefore,

z(tf , η(·)) =

∫ tf

t0

Φ(tf , t)B(t)η(t)dt (by Theorem 2.0.0.5).

Hence, by substituting η(t) into this equation, we obtain

z(tf , η(·)) = −
∫ tf

t0

Φ(tf , t)B(t)R−1(t)
[
R(t)u0(t) + C(t)x0(t) +BT (t)λ(t)

]
.

Now from

−λ̇(t) = AT (t)λ(t) +Q(t)x0(t) + CT (t)u0(t) (from the necessary condition),

we can solve for λ(t) by applying Theorem 2.0.0.5 once again to get

λ(t) = Φ(t, tf )Sfx
0(tf ) + Φ(t, tf )D

Tν +

∫ tf

t0

Φ(t, τ)[Q(τ)x0(τ) + CT (t)u0(t)]dt.

Substituting this into z(tf , η(·)) and using the fact that Dz(tf , η(·)) = 0, (from the

necessary condition, i.e. since Dx(tf ) = 0), we obtain an equation which we can solve

for ν explicitly.
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5.1 Unconstrained Terminal Linear Quadratic Prob-

lem

From the above theorem, the necessary conditions for the unconstrained terminal prob-

lem are obtained by putting D = 0. In this section we shall derive the general optimal

control rule and consider some important properties of the transition matrix of the

Hamiltonian system.

5.1.1 The General Optimal Control Rule

In Theorem 5.0.0.6, one of the conditions for optimality is

HT
u = R(t)u0(t) + C(t)x0(t) +BT (t)λ(t) = 0

and thus we can solve for u0(t) in terms of λ(t) and x0(t) since we have assumed that

R(t) > 0 and bounded. That is

u0(t) = −R−1(t)
[
C(t)x0(t) +BT (t)λ(t)

]
if the inverse, R−1(t), exists. We substitute this into

ẋ0(t) = A(t)x0(t) +B(t)u0(t)

and

−λ̇(t) = HT
x = AT (t)λ(t) +Q(t)x0(t) + CT (t)u0(t)

to get

ẋ0(t) =
(
A(t)−B(t)R−1(t)C(t)

)
x0(t)−B(t)R−1(t)BT (t)λ(t)

λ̇(t) =
(
CT (t)R−1(t)C(t)−Q(t)

)
x0(t) +

(
CT (t)R−1(t)BT (t)− AT (t)

)
λ(t).

Hence, we have [
ẋ0(t)

λ̇(t)

]
=

[
A(t)−B(t)R−1(t)C(t) −B(t)R−1(t)BT (t)

CT (t)R−1(t)C(t)−Q(t) − (A(t)−B(t)R−1(t)C(t))
T

][
x0(t)

λ(t)

]
(5.5)
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which is a 2n-vector system of differential equation with initial conditions

x0(t) = x0 and λ(tf ) = Sfx
0(t0) since D = 0.

For

HHH(t) =

[
A(t)−B(t)R−1(t)C(t) −B(t)R−1(t)BT (t)

CT (t)R−1(t)C(t)−Q(t) − (A(t)−B(t)R−1(t)C(t))
T

]
,

we write (5.5) in compact form as

Ṁ̇ṀM(t) = HHH(t)MMM(t) (5.6)

where HHH(t) is referred to as the Hamiltonian Matrix. Thus there exists a transition

matrix ΦHHH(t)(t, τ) of HHH(t) such that

d

dt
ΦHHH(t)(t, τ) = HHH(t)ΦHHH(t)(t, τ); ΦHHH(t)(t, t) = I (5.7)

where we represent the Hamiltonian transition matrix in block-partition form as

ΦHHH(t)(t, τ) =

[
Φ11(t, τ) Φ12(t, τ)

Φ21(t, τ) Φ22(t, τ)

]
. (5.8)

Hence, by Theorem 2.0.0.5 the dynamic system (5.6) has solution

MMM(tf ) = ΦHHH(t)(tf , t0)MMM(t0)

i.e. [
x0(tf )

λ(tf ) = Sfx
0(tf )

]
=

[
Φ11(tf , t0) Φ12(tf , t0)

Φ21(tf , t0) Φ22(tf , t0)

][
x0(t0)

λ(t0)

]
(5.9)

which implies that

x0(tf ) = Φ11(tf , t0)x0(t0) + Φ12(tf , t0)λ(t0) (5.10)

λ(tf ) = Sfx
0(tf ) = Φ21(tf , t0)x0(t0) + Φ22(tf , t0)λ(t0). (5.11)

Substituting (5.10) into (5.11), we obtain

Sf
[
Φ11(tf , t0)x0(t0) + Φ12(tf , t0)λ(t0)

]
= Φ21(tf , t0)x0(t0) + Φ22(tf , t0)λ(t0).
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Rearranging this and solving for λ(t0) we obtain

λ(t0) = [SfΦ12(tf , t0)− Φ22(tf , t0)]−1 [Φ21(tf , t0)− SfΦ11(tf , t0)]x0(t0)

assuming the inverse, [SfΦ12(tf , t)− Φ22(tf , t)]
−1 , exists. For convenience, let

S(tf , t, Sf ) = [SfΦ12(tf , t)− Φ22(tf , t)]
−1 [Φ21(tf , t)− SfΦ11(tf , t)]

then

λ(t0) = S(tf , t0, Sf )x
0(t0).

Now, we evaluate (5.10) and (5.11) over the interval [t0, t] where t0 ≤ t ≤ tf to get

x0(t) = Φ11(t, t0)x0(t0) + Φ12(t, t0)λ(t0)

λ(t) = Φ21(t, t0)x0(t0) + Φ22(t, t0)λ(t0).

Therefore, substituting λ(t0) = S(tf , t0, Sf )x
0(t0) into these equations gives

x0(t) = Φ11(t, t0)x0(t0) + Φ12(t, t0)S(tf , t0, Sf )x
0(t0) (5.12)

λ(t) = Φ21(t, t0)x0(t0) + Φ22(t, t0)S(tf , t0, Sf )x
0(t0). (5.13)

Hence, [
x0(t)

λ(t)

]
=

[
Φ11(t, t0) Φ12(t, t0)

Φ21(t, t0) Φ22(t, t0)

][
x0(t0)

S(tf , t0, Sf )x
0(t0)

]
(5.14)

= ΦHHH(t)(t, t0)

[
1

S(tf , t0, Sf )

]
x0(t0).

Consequently,

u0(t) = −R−1(t)
[
C(t)x0(t) +BT (t)λ(t)

]
= −R−1(t)

[
C(t) BT (t)

] [ x0(t)

λ(t)

]

= −R−1(t)
[
C(t) BT (t)

]
ΦHHH(t)(t, t0)

[
1

S(tf , t0, Sf )

]
x0(t0).

Thus we have been able to express the control in terms of the transition matrix.

Definition 5.1.1.1 (The General Optimal Control Rule). The General optimal

control rule of the Linear quadratic problems is defined as

u0(t) = −R−1(t)
[
C(t) BT (t)

]
ΦHHH(t)(t, t0)

[
1

S(tf , t0, Sf )

]
x0(t0).
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We see that if t = t0 then, ΦHHH(t)(t0, t0) = I and thus

u0(t0) = −R−1(t0)
[
C(t0) BT (t0)

] [ 1

S(tf , t0, Sf )

]
x0(t0).

5.1.2 Some Properties of the Transition Matrix of the Hamil-

tonian System

Here, we consider two properties of the transition matrix of the Hamiltonian system

which will be helpful in the sequel.

The Symplectic Property

Definition 5.1.2.1 (Symplectic Matrix). A symplectic matrix is a square matrix, M,

with real entries that satisfies the condition

MTΩM = Ω

where Ω is a fixed square nonsingular skew-symetric matrix.

The transition matrix of the Hamiltonian system is symplectic i.e. it satisfies the follow-

ing;

ΦHHH(t)(tf , t)JΦT
HHH(t)(tf , t) = J

where

J =

(
0 I

−I 0

)
is known as the fundamental symplectic matrix. To see this we first note that the Hamil-

tonian matrix satisfies the following;

HHH(t)J + JHHHT (t) = 0.

We then transpose this and premultiply by ΦHHH(t)(tf , t) and postmultiply by ΦT
HHH(t)(tf , t)

to obtain

ΦHHH(t)(tf , t)
[
HHH(t)J + JHHHT (t)

]T
ΦT
HHH(t)(tf , t) = 0.

We expand this and use the fact that d
dt

ΦHHH(t)(tf , t) = −ΦHHH(t)(tf , t)HHH(t), (see (6.5)), to

obtain
d

dt
ΦHHH(t)(tf , t)J

TΦT
HHH(t)(tf , t) = 0.
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ΦHHH(t)(tf , t)J
TΦT

HHH(t)(tf , t) = const ∀t ∈ [t0, tf ]. Using the initial condition of (5.7),

ΦHHH(t)(t, t)J
TΦT

HHH(t)(t, t) = JT

and hence

ΦHHH(t)(tf , t)J
TΦT

HHH(t)(tf , t) = JT .

The result then follows after we transpose this matrix.

The Spectral Property

This property describes the eigenvalues of the transition matrix of the Hamiltonian

matrix. Given J, we see that JT = J−1. From the symplectic property,

Φ−1
HHH(t)(tf , t) = JΦT

HHH(t)(tf , t)J
−1

which implies that

Φ−1
HHH(t)(tf , t)− λI = JΦT

HHH(t)(tf , t)J
−1 − λJ · J−1.

Thus

det
(

Φ−1
HHH(t)(tf , t)− λI

)
= det

(
JΦT

HHH(t)(tf , t)J
−1 − λJ · J−1

)
= det

(
JΦHHH(t)(tf , t)J

−1 − λI
)

= det
(
ΦHHH(t)(tf , t)− λI

)
.

Therefore

det (ΦH(t)(tf , t)) = ±1.

This means that since ΦHHH(t)(tf , t) is a 2n× 2n nonsingular matrix, if µi for i = 1, · · · , n
are n eigenvalues of ΦHHH(t)(tf , t) with µi 6= 0 for all i, then, the remaining n eigenvalues

are

µi+n =
1

µi
i = 1, · · · , n

since the product of all the 2n eigenvalues must be the determinant which in this case

is one (see appendix- Theorem A.5.0.17). Now, let

ΦHHH(t)(tf , t) =

(
Φ11 Φ12

Φ21 Φ22

)
.

Then, the symplectic property becomes
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(
Φ11 Φ12

Φ21 Φ22

)(
0 I

−I 0

)(
ΦT

11 ΦT
21

ΦT
12 ΦT

22

)
=

(
0 I

−I 0

)
,

which implies that

Φ11ΦT
12 = Φ12ΦT

11

Φ21ΦT
22 = Φ22ΦT

21

Φ11ΦT
22 = I + Φ12ΦT

21.

These relations are going to be useful in the future.
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Chapter 6

Riccati Matrix Differential Equation

Instead of obtaining S(tf , t;Sf ) from the transition matrix of the Hamiltonian system,

we show here that S(tf , t;Sf ) is propagated directly by a quadratic matrix differential

equation, the matrix Riccati equation, and thus S(tf , t, Sf ) can be obtained by solv-

ing this differential equation. Therefore in this chapter, we derive the Riccati matrix

differential equation and some of its properties.

Given a linear homogeneous differential equation, in x defined on an inner product space,

we will say that a linear homogeneous differential equation in y defined on the same inner

product space is the Adjoint Equation associated with the given equation in x provided

that for any initial data, the inner product of the solution x and solution y is constant.

We first find the adjoint form for propagating the transition matrix of the Hamilto-

nian system and proceed with the analysis. Recall from the previous chapter that the

Hamiltonian system is symplectic. Then the matrix defined as

ΘHHH(t)(t, t0) = LΦHHH(t)(t, t0) where L =

(
I 0

−Sf I

)

is also symplectic since L is symplectic with respect to the fundamental symplectic

matrix. Now suppose that ΘHHH can be written in block partition form as

ΘHHH(t)(t, t0) =

(
θ11 θ12

θ21 θ22

)
,

then we have that

ΘHHH(t)(t, t0) =

(
I 0

−Sf I

)(
Φ11 Φ12

Φ21 Φ22

)
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ΘHHH(t)(t, t0) =

(
Φ11 Φ12

−SfΦ11 + Φ21 −SfΦ12 + Φ22

)

and this implies that

θ11 = Φ11 (6.1)

θ12 = Φ12 (6.2)

θ21 = −SfΦ11 + Φ21 (6.3)

θ22 = −SfΦ12 + Φ22. (6.4)

Now, by Theorem 2.0.0.4, the transition matrix ΦHHH(t)(tf , t0) satisfies

ΦHHH(t)(tf , t0) = ΦHHH(t)(tf , t)ΦHHH(t)(t, t0).

Then, differentiating both sides with respect to t, where tf and t0 are fixed times, gives

0 =
d

dt
ΦHHH(t)(tf , t0) =

d

dt

[
ΦHHH(t)(tf , t)ΦHHH(t)(t, t0)

]
.

Therefore, (
d

dt
ΦHHH(t)(tf , t)

)
ΦHHH(t)(t, t0) + ΦHHH(t)(tf , t)

d

dt
ΦHHH(t)(t, t0) = 0.

Using (5.7), this can be writtten as(
d

dt
ΦHHH(t)(tf , t)

)
ΦHHH(t)(t, t0) + ΦHHH(t)(tf , t)HHH(t)ΦHHH(t)(t, t0) = 0

and hence [
d

dt
ΦHHH(t)(tf , t) + ΦHHH(t)(tf , t)HHH(t)

]
ΦHHH(t)(t, t0) = 0.

Since the transition matrix of the Hamiltonian system is not zero, it implies that the

term in the bracket must be zero i.e.

d

dt
ΦHHH(t)(tf , t) + ΦHHH(t)(tf , t)HHH(t) = 0.

Therefore,

d

dt
ΦHHH(t)(tf , t) = −ΦHHH(t)(tf , t)HHH(t); ΦHHH(t)(tf , tf ) = I (6.5)

is the adjoint form for propagating the transition matrix of the Hamiltonian system
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where the input time t0 is the independent variable and the output time tf , is fixed.

Therefore,
d

dt
ΘHHH(t)(tf , t) =

d

dt
LΦHHH(t)(tf , t)

implies that

d

dt
ΘHHH(t)(tf , t) = L

d

dt
ΦHHH(t)(tf , t); since tf is given, L is a constant

= −LΦHHH(t)(tf , t)HHH(t)

= −ΘHHH(t)(tf , t)HHH(t)

with the initial condition

ΘHHH(t)(tf , tf ) = LΦHHH(t)(tf , tf ) = LI = L.

Now, we recall from the previous chapter that

S(tf , t, Sf ) = [SfΦ12(tf , t)− Φ22(tf , t)]
−1 [Φ21(tf , t)− SfΦ11(tf , t)] .

Using (6.1)-(6.4) and assuming the inverse, [SfΦ12(tf , t0)− Φ22(t0, tf )]
−1, exists, this

equation reduces to

S(tf , t, Sf ) = −θ−1
22 (tf , t)θ21(tf , t)

and thus

−θ21(tf , t) = θ22(tf , t)S(tf , t, Sf ).

Differentiating this equation with respect to t, we obtain

− d

dt
θ21(tf , t) =

(
d

dt
θ22(tf , t)

)
S(tf , t, Sf ) + θ22(tf , t)

d

dt
S(tf , t, Sf ). (6.6)

Now, from
d

dt
ΘHHH(t)(tf , t) = −ΘHHH(t)(tf , t)HHH(t),

we get that (
θ̇11 θ̇12

θ̇21 θ̇22

)
= −

(
θ11 θ12

θ21 θ22

)(
K P

N −KT

)
where, K = A(t)−B(t)R−1(t)C(t), P = −B(t)R−1(t)BT (t) and

N = CT (t)R−1(t)C(t)−Q(t). Therefore,

d

dt
θ21(tf , t) = − (θ21(tf , t)K + θ22(tf , t)N) and

d

dt
θ22(tf , t) = θ22(tf , t)K

T − θ21(tf , t)P.
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We substitute this into (6.6) to get

(θ21K + θ22N) =
(
θ22K

T − θ21P
)
S(tf , t, Sf ) + θ22

d

dt
S(tf , t, Sf ).

With the assumption that the inverse of θ22 exists, we can multiply through by this

inverse to get

θ−1
22 θ21K +N = (KT − θ−1

22 θ21P )S(tf , t, Sf ) +
d

dt
S(tf , t, Sf ).

Using S(tf , t, Sf ) = −θ−1
22 (tf , t)θ21(tf , t), the equation becomes

−S(tf , t, Sf )K +N = (KT + S(tf , t, Sf )P )S(tf , t, Sf ) +
d

dt
S(tf , t, Sf ).

Therfore

d

dt
S(tf , t, Sf ) = N − S(tf , t, Sf )K − [KT + S(tf , t, Sf )P ]S(tf , t, Sf ) (6.7)

with boundary condition S(tf , tf , Sf ) = Sf . This equation with its boundary condition is

referred to as the Riccati matrix differential equation. Thus we have proved the following

theorem.

Theorem 6.0.2.2 (Sp). Let ΦHHH(t)(tf , t) be the transition matrix for the Hamiltonian sys-

tem defined in (5.6) with block partitioning defined by (5.8). Then the symmetric matrix

S(tf , t;Sf ) satisfies (6.7) and its boundary condition if Sf is symmetric and Φ22(tf , t) is

invertible.

The following theorem shows that the necessary and sufficient condition for the quadratic

cost function to be positive definite depends on the existence of the Riccati variable,

S(tf , t;Sf ), and it also justifies that our control rule is actually the minimizing controller.

We assume that the dynamic system, (5.2), is completely controllable. That is to say it

is controllable on any interval [t0, t
′] where t0 ≤ t ≤ t′ ≤ tf . Hence by Theorem 3.2.1.4,

there exists a bounded control

ū(t) = −BT (t)ΦT
A(t′, t)W−1

A (t′, t)x(t′)

which transfers the state x(t0) = 0 to any desired state x(t′) at t = t′ where WA(t′, t) is

the controllability Gramian of the dynamic system and ΦA(t′, t) is the transition matrix

corresponding to the matrix A(t) from the dynamic equation.

Definition 6.0.2.3. For initial condition x0 = 0, J(u(·);x0, t0) is said to be positive

definite if for each u(·) ∈ U such that u(·) 6= 0, J(u(·); 0, t0) > 0.

Theorem 6.0.2.4 (Necessary and Sufficient condition for the Positivity of the

Quadratic cost function (Sp)). Suppose that the dynamic system (5.2) is completely
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controllable. A necessary and sufficient condition for the quadratic cost criterion (5.1)

to be positive definite, is that there exists a Riccati variable S(tf , t;Sf ) for all t ∈ (t0, tf ]

that satisfies the Riccati equation (6.7).

Proof. Let the dynamic system, (5.2), be controllable and consider the zero quantity

1
2

∫ tf
t0

d
dt

(
xT (t)S(tf , t;Sf )x(t)

)
dt

+1
2
xT (t0)S(tf , t0;Sf )x(t0)− 1

2
xT (tf )S(tf , tf ;Sf )x(tf ) = 0.

Then, we have that

1
2

∫ tf
t0

[
ẋT (t)S(tf , t;Sf )x(t) + xT (t)S(tf , t;Sf )ẋ(t) + xT (t) d

dt
S(tf , t;Sf )x(t)

]
dt

+1
2
xT (t0)S(tf , t0;Sf )x(t0)− 1

2
xT (tf )S(tf , tf ;Sf )x(tf ) = 0.

Now, using the dynamic sytem, (5.2), and the Riccati equation, (6.7), this equation

becomes

0 =

+
1

2

∫ tf

t0

{
(A(t)x(t) +B(t)u(t))T S(tf , t;Sf )x(t)

+ xT (t)S(tf , t;Sf ) [(A(t)x(t) +B(t)u(t))]

+ xT (t)(N − S(tf , t;Sf )K − [KT − S(tf , t;Sf )P ]S(tf , t;Sf ))x(t)
}

dt

+
1

2
xT (t0)S(tf , t0;Sf )x(t0)− 1

2
xT (tf )S(tf , tf ;Sf )x(tf )

where K,N, P are defined as previously. Now, adding this zero quantity to the cost

criterion, (5.1), and using the boundary condition of the Riccati equation, we will have

that
J(u(·);x(t0), t0)

= 1
2
xT (t0)S(tf , t0;Sf )x(t0)

+1
2

∫ tf
t0

[
u(t) +R−1(t)

(
C(t) +BT (t)S(tf , t;Sf )

)
x(t)

]T
×R(t)

[
u(t) +R−1(t)

(
C(t) +BT (t)S(tf , t;Sf )

)
x(t)

]
dt.

Consequently, from the general control rule, choosing

u(t) = −R−1(t)
(
C(t) +BT (t)S(tf , t;Sf )

)
x(t),

reduces the cost criterion to

J(u(·);x(t0), t0) =
1

2
xT (t0)S(tf , t0;Sf )x(t0) ≥ 0

since S(tf , t0, Sf ) ≥ 0 regardless of t0 (refer to Theorem 6.1.0.10). This is the minimum

value of the cost function since from the general optimal control, this choice of u is the
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optimal control. Thus, the cost takes on its minimum value when u(t) takes the form of

the general optimal control where for x(t0) = 0, the optimal control is the null control

and any other control u(·) 6= u0(·) will give a positive value to J(u(·);x(t0), t0). Hence

the Riccati variable, S(tf , t0;Sf ), must exist for this to be true. Thus on the interval

t′ ≤ t ≤ tf , the minimizing cost will be

J(u0(·);x(t′), t0) =
1

2
xT (t′)S(tf , t

′;Sf )x(t′)

upon using the optimal control from t′ to tf for some x(t′). The existence of the Ric-

cati variable, S(tf , t;Sf ), is indispensable and to see this, we proceed by contradiction.

Suppose there exists an escape time, t = te,(time where the solution to the Riccati differ-

ential equation goes to infinity), such that the Riccati variable ceases to exist. Now, by

the controllability assumption, we can get a bounded control, ū(t) ∈ U, which transfers

x(t0) = 0 to any x(t′) at t′ > t0 such that

u(t) = ū(t), t0 ≤ t ≤ t′

and

u(t) = u0(t), t′ < t ≤ tf .

Thus the cost criterion of (5.1) can be written as

J(u(·), 0, t0)

=
1

2

[
xT (t′)S(tf , t

′;Sf )x(t′)
]

+
1

2

∫ t′

t0

[
xT (t)Q(t)x(t) + 2ūT (t)C(t)x(t) + ūT (t)R(t)ū(t)

]
dt (6.8)

for all t ∈ [t0, t
′] since the first term on the right side of the equation will be the minimum

value of the cost criterion in this interval. Since ū(t) is bounded, by the controllablity

assumption, the integral in (6.8) is also bounded. Consequently, J(u(·), 0, t0) −→ −∞ if
1
2

[
xT (t′)S(tf , t

′;Sf )x(t′)
]
−→ −∞ as t′ −→ te, (te < t′) for some x(t′) which contradicts

the fact that J(u(·), 0, t0) > 0. Similarly, xT (t′)S(tf , t
′;Sf )x(t′) cannot go to infinity since

J(u(·), 0, t0) is finite. Hence the Riccati variable must exist and be finite.

To ensure that the second variation dominates the expansion, it is required to be strongly

positive.

Definition 6.0.2.5. J(u(·); 0, t0) is said to be strongly postive if for each u(·) ∈ U and

some k > 0,

J(u(·); 0, t0) ≥ k‖u(·)‖2

where ‖ · ‖ is some suitable norm, specifically the L2-norm, defined on U. (See example
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2 in the appendix.)

Theorem 6.0.2.6 (GS). Suppose the first variation δJ of a functional J [y] vanishes for

y = ŷ. If the second variation δ2J is strongly positive for y = ŷ then J [y] has a minimum.

Proof. Suppose that the first variation vanishes. Let the second variation be strongly

positive, i.e δ2J [h] ≥ k‖h‖2 for k > 0. Now, by definition, 4Jy[h] = δ2J [h]+ ε‖h‖2, since

δJ [h] = 0 where ε→ 0 as ‖h‖ → 0. Therefore

4Jy[h] ≥ (k + ε)‖h‖2 ≥ 0,

so J [y] has a minimum.

Hence we state and prove the necessary and sufficient condition for strong positivity

of our cost criterion. We establish that the necessary and sufficient condition for the

second variation, as represented by J(u(·); 0, t0), to be strongly positive depends on the

existence of a solution to the Riccati differential equation (6.7).

Theorem 6.0.2.7 (Necessary and Sufficient Condition for Strong Positivity

(Sp)). A necessary and sufficient condition for J(u(·); 0, t0) to be strongly positive is that

for all t ∈ [t0, tf ], there exists a function S(tf , t;Sf ) which satisfies the Riccati differential

equation (6.7).

Proof. Suppose there exists a solution to (6.7) then J(u(·); 0, t0) is positive definite re-

gardless of t0 by Theorem 6.0.2.4. Now, consider the linear quadratic problem whose

cost function, J(u(·); ε; 0, t0), is given as

1

2

[
xT (tf )Sfx(tf )

]
+

1

2

∫ tf

t0

[
xT (t)Q(t)x(t) + 2uT (t)C(t)x(t) +

2

2− ε
uT (t)R(t)u(t)

]
dt.

Then with the same analogy from Theorem 6.0.2.4, we can say that J(u(·); ε; 0, t0) is

positive definite and finite if and only if

− d

dt
S(tf , t;Sf , ε) = Q(t) + S(tf , t;Sf , ε)A(t) + AT (t)S(tf , t;Sf , ε)

−2− ε
2

[
C(t) +BT (t)S(tf , t;Sf , ε)

]T
×R−1(t)

[
C(t) +BT (t)S(tf , t;Sf , ε)

]
; (6.9)

S(tf , tf ;Sf , ε) = Sf

has a solution S(tf , t;Sf , ε) defined for all t ∈ [t0, tf ] and 2−ε > 0. This is true because for

J(u(·); ε; 0, t0) to be positive definite and finite, the solution, S(tf , t;Sf , ε), of (6.9) must

exist for sufficiently small ε. We can see also that for ε = 0, J(u(·); ε; 0, t0) = J(u(·); 0, t)
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and thus S(tf , t;Sf , ε = 0) exists. Hence for ε < 0 and sufficiently small, J(u(·); ε; 0, t0)

is positive definite. Now,

J(u(·); ε; 0, t0)− J(u(·); 0, t0) =

∫ tf

t0

(
1

2− ε
− 1

2

)
uT (t)R(t)u(t)dt.

Hence,

J(u(·); ε; 0, t0) = J(u(·); 0, t0) +
ε

2(2− ε)

∫ tf

t0

uT (t)R(t)u(t)dt.

Since we have shown that J(u(·); ε; 0, t0) is positive definite it implies that

J(u(·); 0, t0) +
ε

2(2− ε)

∫ tf

t0

uT (t)R(t)u(t)dt ≥ 0

and thus

J(u(·); 0, t0) ≥ − ε

2(2− ε)

∫ tf

t0

uT (t)R(t)u(t)dt.

Since we have assumed that R(t) > 0 and bounded, we can have that

0 < k1 ≤ ‖R(t)‖ ≤ k2 (with the appropriate norm). Therefore,

J(u(·); 0, t0) ≥ − εk1

2(2− ε)

∫ tf

t0

uT (t)u(t)dt.

Then,

J(u(·); 0, t0) ≥ k‖u(·)‖2
L2

where

k = − εk1

2(2− ε)
> 0 since ε < 0.

Hence J(u(·); 0, t0) is strongly positive definite by definition. Conversely, suppose that

J(u(·); 0, t0) is strongly positive then by definition, J(u(·); 0, t0) ≥ k‖u(·)‖2 for k > 0.

Now for all u(·), J(u(·); 0, t0) ≥ 0. Thus J(u(·); 0, t0) is positive definite and hence the

Riccati variable must exist as established by Theorem 6.0.2.4.

6.1 Some Properties of the Riccati Variable

In the following, we discuss some important properties of solution to the matrix Riccati

differential equation. We first show that if the terminal weight, Sf , in the cost criterion

is increased, then there is a corresponding increase in the solution of matrix Riccati

differential equation. Secondly, we show that upon restricting certain matrices in the

cost criterion to be positive semidefinite, the Riccati variable also remains nonnegative

and bounded. Moreover, we will show that if the terminal weight is zero, Sf = 0,
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and upon imposing some restriction, then S(tf , t; 0) is monotonically increasing as tf

increases.

Theorem 6.1.0.8 (Sp). If S1
f and S2

f are two terminal weights in the cost criterion,

(5.1), such that S1
f − S2

f ≥ 0, then the difference S(tf , t;S
1
f ) − S(tf , t;S

2
f ) ≥ 0 for all

t ∈ [t0, tf ] where S(tf , t;S
2
f ) exists and S(tf , t;S

1
f ) and S(tf , t;S

2
f ) are solutions of (6.7)

for S1
f and S2

f respectively.

Proof. Consider the cost criterion

J(u(·), x0, t0)

=
1

2

[
xT (tf )Sfx(tf )

]
+

1

2

∫ tf

t0

[
xT (t)Q(t)x(t) + 2uT (t)C(t)x(t) + uT (t)R(t)u(t)

]
dt.

We have also seen that

1
2

∫ tf
t0

d
dt

(
xT (t)S(tf , t;Sf )x(t)

)
dt

+1
2
xT (t0)S(tf , t0;Sf )x(t0)− 1

2
xT (tf )S(tf , tf ;Sf )x(tf ) = 0.

Adding these two equations, we will arrive at

J(u(·);x0, t0)

=
1

2

[
xT (tf )Sfx(tf )

]
− 1

2

[
xT (tf )S(tf , tf ;Sf )x(tf )

]
+

1

2

∫ tf

t0

[
xT (t)Q(t)x(t) + 2uT (t)C(t)x(t) + uT (t)R(t)u(t)

]
dt

+
1

2

∫ tf

t0

d

dt

(
xT (t)S(tf , t;Sf )x(t)

)
dt

+
1

2
xT (t0)S(tf , t0;Sf )x(t0).

Simplifying this by using the Riccati equation and the dynamic system, as in the proof

of Theorem 6.0.2.4, and using the fact that S(tf , tf ;Sf ) = Sf , we obtain

J(u(·);x(t0), t0)

= 1
2
xT (t0)S(tf , t0;Sf )x(t0)

+1
2

∫ tf
t0

[
u(t) +R−1(t)

(
C(t) +BT (t)S(tf , t;Sf )

)
x(t)

]T
×R(t)

[
u(t) +R−1(t)

(
C(t) +BT (t)S(tf , t;Sf )

)
x(t)

]
dt.
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Since the general control rule can be taken to be

u(t) = −R−1(t)
[
C(t) BT (t)

] [ 1

S(tf , t, Sf )

]
x(t),∀t ∈ [t0, tf ],

this equation will reduce to

J(u(·);x0, t0) =
1

2
xT (t0)S(tf , t0;Sf )x(t0). (6.10)

This equation is the optimal cost. Given S1
f and S2

f as the two terminal weights, we can

get

J1(u(·), x0, t0)

=
1

2

[
xT (tf )S

1
fx(tf )

]
+

1

2

∫ tf

t0

[
xT (t)Q(t)x(t) + 2uT (t)C(t)x(t) + uT (t)R(t)u(t)

]
dt

and
1
2

∫ tf
t0

d
dt

(
xT (t)S(tf , t;S

2
f )x(t)

)
dt

+1
2
xT (t0)S(tf , t0;S2

f )x(t0)− 1
2
xT (tf )S(tf , tf ;S

2
f )x(tf ) = 0.

Adding this zero quantity to J1(u(·), x0, t0) and observing that S(tf , tf ;S
2
f ) = S2

f , we

obtain

J1(u(·), x0, t0)

=
1

2

[
xT (tf )S

1
fx(tf )

]
− 1

2
xT (tf )S(tf , tf ;S

2
f )x(tf )

+
1

2

∫ tf

t0

[
xT (t)Q(t)x(t) + 2uT (t)C(t)x(t) + uT (t)R(t)u(t)

]
dt

+
1

2

∫ tf

t0

d

dt

(
xT (t)S(tf , t;S

2
f )x(t)

)
dt

+
1

2
xT (t0)S(tf , t0;S2

f )x(t0) which implies that

J1(u(·), x0, t0)

=
1

2
xT (t0)S(tf , t0;S2

f )x(t0) +
1

2

[
xT (tf )(S

1
f − S2

f )x(tf )
]

+
1

2

∫ tf

t0

[
u(t) +R−1(t)

(
C(t) +BT (t)S(tf , t;S

2
f )
)
x(t)

]T
×R(t)

[
u(t) +R−1(t)

(
C(t) +BT (t)S(tf , t;S

2
f )
)
x(t)

]
dt.
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Now, let

v(t) = u(t) +R−1(t)
(
C(t) +BT (t)S(tf , t;S

2
f )
)
x(t).

Then,

J1(u(·), x0, t0)

=
1

2
xT (t0)S(tf , t0;S2

f )x(t0) +
1

2

[
xT (tf )(S

1
f − S2

f )x(tf )
]

+
1

2

∫ tf

t0

vT (t)R(t)v(t)dt.

From (6.10), J1(u(·), x0, t0) will also have an optimal cost of

1

2
xT (t0)S(tf , t0;S1

f )x(t0).

i.e.

J1(u(·), x0, t0) =
1

2
xT (t0)S(tf , t0;S1

f )x(t0).

Let

J2(u(·), x0, t0) =
1

2

[
xT (tf )(S

1
f − S2

f )x(tf )
]

+
1

2

∫ tf

t0

vT (t)R(t)v(t)dt

which is a new cost criterion and since S1
f − S2

f ≥ 0, it implies that

J2(u(·), x0, t)) ≥ 0 and thus

min
u(·)

J2(u(·), x0, t0) ≥ 0.

Therefore,

1

2
xT (t0)S(tf , t0;S1

f )x(t0) =
1

2
xT (t0)S(tf , t0;S2

f )x(t0) + min
u(·)

J2(u(·), x0, t0)

which implies that

1

2
xT (t0)S(tf , t0;S1

f )x(t0)− 1

2
xT (t0)S(tf , t0;S2

f )x(t0) = min
u(·)

J2(u(·), x0, t0) ≥ 0.

Hence,
1

2
xT (t0)

(
S(tf , t0;S1

f )− S(tf , t0;S2
f )
)
x(t0) ≥ 0

and therefore,

S(tf , t0;S1
f )− S(tf , t0;S2

f ) ≥ 0, ∀t0 ≤ tf

as required.

The next property of the Riccati variable is based on the following theorem.

Theorem 6.1.0.9 (Sp). If ẋ(t) = A(t)x(t) + B(t)u(t) is controllable on the interval
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[t0, tf ] and if u(t) = v(t) + Λ(t)x(t), then

ẋ(t) = (A(t) +B(t)Λ(t))x(t) +B(t)v(t)

= A(t)x(t) +B(t)v(t)

is controllable with respect to v(t) for any finite piecewise continuous Λ(t) on the interval

[t0, tf ] where A(t) = A(t) +B(t)Λ(t).

Proof. Let the state x with dynamic system ẋ(t) = A(t)x(t) + B(t)u(t) be controllable.

Then by Theorem 3.2.1.4, there is a control u(t) which transfers the state from the value,

say x0 at t = t0, to the value say, xf at t = tf > t0 such that x0 − ΦA(t0, tf )xf is in the

range space of

WA(t0, tf ) =

∫ tf

t0

ΦA(t0, t)B(t)BT(t)ΦT
A(t0, t)dt (6.11)

where ΦA(t0, t) is the transition matrix corresponding to the matrix A(t). Suppose

that WA(t0, tf ) = 0. Then ΦA(t0, t)B(t) must be zero and thus xT0 ΦA(t0, t)B(t) = 0.

WA(t0, tf ) = 0 also means that x0 − ΦA(t0, tf )xf = 0 since it is in the range space of

WA(t0, tf ). Now, x0 − ΦA(t0, tf )xf = 0 means that the state needs no control to accom-

plish the transfer because the free motion passes through xf [Ro]. Thus xT0 ΦA(t0, t)B(t)

must not be zero. It then sufices to show that xT0 ΦA(t0, t)B(t) = 0 implies that

xT0 ΦA(t0, t)B(t) = 0 which will contradict the fact that xT0 ΦA(t0, t)B(t) must not be

zero where ΦA(t0, t) is the transition matrix of A(t). Now by Theorem 3.2.1.6, (6.11)

satisfies the linear system

d

dt
WA(t, tf ) = A(t)WA(t, tf ) +WA(t, tf )A

T(t)−B(t)BT(t); WA(tf , tf ) = 0.

Similarly, the controllability Gramian of A(t) also satisfies the linear system

d

dt
WA(t, tf ) = A(t)WA(t, tf ) +WA(t, tf )A

T(t)−B(t)BT(t); WA(tf , tf ) = 0.

Now, define the matrix

E(t) = WA(t, tf )−WA(t, tf ). (6.12)

Then

Ė(t) = ẆA(t, tf )− ẆA(t, tf )

= A(t)E(t) + E(t)AT (t) +B(t)Λ(t)WA(t, tf ) +WA(t, tf )Λ
T (t)B(t)
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where we have made use of the above two linear systems and the fact that A(t) =

A(t)−B(t)Λ(t). Therefore,

Ė(t) = A(t)E(t) + E(t)AT (t)−
[
−B(t)Λ(t)WA(t, tf )−WA(t, tf )Λ

T (t)B(t)
]

with boundary condition E(tf ) = 0. Thus

E(t0) = −
∫ tf

t0

ΦA(t0, t)
[
B(t)Λ(t)WA(t, tf ) +WA(t, tf )Λ

T (t)B(t)
]

ΦT
A(t0, t)dt.

Therefore

xT0E(t0)x0 =

−
∫ tf

t0

xT0 ΦA(t0, t)
[
B(t)Λ(t)WA(t, tf ) +WA(t, tf )Λ

T (t)B(t)
]

ΦT
A(t0, t)x0dt

and since we have assumed that xT0 ΦA(t0, t)B(t) = 0, it implies that

xT0E(t0)x0 = 0. Hence (6.12) becomes

xT0E(t0)x0 = xT0 [WA(t0, tf )−WA(t0, tf )]x0 = 0.

Now, xT0WA(t0, tf )x0 will go to zero given that xT0 ΦA(t0, t)B(t) = 0 implying that

xT0E(t0)x0 = xT0 [−WA(t0, tf )]x0 = 0.

Thus xT0WA(t0, tf )x0 = 0 implying that xT0 ΦA(t0, t)B(t) = 0 which is a contradiction

hence xT0WA(t0, tf )x0 6= 0 which ensures the controllability of the state with dynamic

system ẋ(t) = A(t)x(t) +B(t)v(t) with respect to v(t).

Theorem 6.1.0.10 (Sp). Let R(t) > 0 and bounded for all t ∈ [t0, tf ] and let the

dynamic system of (5.2) be controllable. Assume further that Sf ≥ 0 and Q(t) −
CT (t)R−1(t)C(t) ≥ 0 for all t ∈ [t0, tf ]. Then, if the Riccati variable, S(tf , t;Sf ), ex-

ists it is nonnegative definite for all t ∈ [t0, tf ] regardless of t0.

Proof. Suppose that the Riccati variable, S(tf , t;Sf ), exists. Then we have seen from

the proof of Theorem 6.0.2.7 that the minimum cost is related to the Riccati variable

for some initial state as

1
2
xT0 S(tf , t0;Sf )x0

= min
u(·)

{
1

2

[
xT (tf )Sfx(tf )

]
+

1

2

∫ tf

t0

[
xT (t)Q(t)x(t) + 2uT (t)C(t)x(t) + uT (t)R(t)u(t)

]
dt

}
.
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Let us make the substitution u(t) = v(t)−R−1(t)C(t)x(t). Then,

1
2
xT0 S(tf , t0;Sf )x0

= min
u(·)

{
1

2

[
xT (tf )Sfx(tf )

]
+

1

2

∫ tf

t0

[
xT (t)

[
Q(t)− CT (t)R−1(t)C(t)

]
x(t) + vT (t)R(t)v(t)

]
dt

}
≥ 0

since Sf ≥ 0 and Q(t) − CT (t)R−1(t)C(t) ≥ 0 and R(t) > 0 by the hypothesis of the

theorem. Therefore

1

2
xT0 S(tf , t0;Sf )x0 ≥ 0 =⇒ S(tf , t0;Sf ) ≥ 0.

Now, since the state x is controllable with respect to u(t), it implies then by Theorem

6.1.0.9 that the system ẋ(t) = (A(t)−B(t)R−1(t)C(t))x(t)+B(t)v(t) must be controllable

with respect to v(t). Hence the cost is bounded from above and below even as

t0 −→ −∞.

Theorem 6.1.0.11 (Monotonicity of the Riccati Variable (Sp)). Given the hypoth-

esis of Theorem 6.0.2.2 and letting Sf = 0 then, S(tf , t0; 0) ≥ S(t1, t0; 0), t0 ≤ t1 ≤ tf .

Proof. Let Sf = 0. Then, 1
2

[
xT (tf )Sfx(tf )

]
= 0. Therefore 1

2
xT0 S(tf , t0;Sf )x0 will be

min
u(·)

{
1

2

∫ t1

t0

[
xT (t)Q(t)x(t) + 2uT (t)C(t)x(t) + uT (t)R(t)u(t)

]
dt

+
1

2

∫ tf

t1

[
xT (t)Q(t)x(t) + 2uT (t)C(t)x(t) + uT (t)R(t)u(t)

]
dt

}
.

Hence, 1
2
xT0 S(tf , t0;Sf )x0

= min
u(·)

{
1

2

∫ t1

t0

[
xT (t)Q(t)x(t) + 2uT (t)C(t)x(t) + uT (t)R(t)u(t)

]
dt

+
1

2
xT (t1)S(tf , t1; 0)x(t1)

}
= min

u(·)

{
1

2
xT (t0)S(t1, t0; 0)x(t0) +

1

2
xT (t1)S(tf , t1; 0)x(t1)

}
=

1

2
xT (t0)S(t1, t0;S(tf , t1; 0))x(t0)

i.e. the solution from t0 to tf is the composition from t0 to t1 and t1 to tf . Therefore
1
2
xT0 S(tf , t0;Sf )x0 ≥ 1

2
xT0 S(t1, t0;Sf )x0 and thus the result follows.
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Chapter 7

Application to Disease Model

As an illustration, we consider an SIR model with variable size population and we for-

mulate an optimal control problem subject to these dynamics with vaccination and

treatment, u1(t) and u2(t) respectively as controls and the state variables, x(t), y(t), and

z(t) being the susceptibles (S), the infected (I), and the recovered (R) respectively such

that

x(t) + y(t) + z(t) = N(t)

where N(t) is the total population at time t. Our aim is to find the optimal combinations

of vaccination and treatment strategies that will minimize the cost function of the two

control measures as well as the number of recoveries.

Consider a variant of the SIR model below (it must be emphasised that this variant of

the SIR is chosen for illustration sake).

dx

dt
= αx− bu1

dy

dt
= βx− au2

dz

dt
= γy + cu2

where x is the number of susceptible, y is the number of infected and z is the number of

recovered and thus in matrix form we have ẋ

ẏ

ż

 =

 α 0 0

β 0 0

0 γ 0


 x

y

z

+

 −b 0

0 −a
0 c


 u1

u2

 .

We can write this in compact form as

Ẋ(t) = A(t)X(t) +B(t)u(t)
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where A(t) and B(t) are the constant matrices α 0 0

β 0 0

0 γ 0

 and

 −b 0

0 −a
0 c


respectively and X(t) ∈ R3 and u(t) ∈ R2 are (x, y, z)T and (u1, u2)T respectively. By

Theorem 3.2.1.7, this linear system is controllable since the rank of the following 3 × 6

matrix is 3.  −b 0 −αb 0 −α2b 0

0 −a −βb 0 −αβb 0

0 c 0 −γa −γβb 0

 .
We define the cost, objective, function as

J(·) =
1

2
z2(tf ) +

1

2

∫ tf

0

c1u
2
1 + c2u

2
2dt

such that u1, u2 ∈ U, where

U = {(u1(t), u2(t)) : 0 ≤ ui(t) ≤ 1, i = 1, 2 and t ∈ [0, tf ]}

and c1, c2 are the relative weights attached to the cost of vaccination and treatment

respectively.

The goal, then, is to characterize an optimal control (u∗1, u
∗
2) ∈ U which minimizes the

cost of the vaccination and the cost of the treatment over the specified time interval as

well as the number of recovered at terminal time (constant terminal time). Hence, the

control problem is;

minimize

J(·) =
1

2
z2(tf ) +

1

2

∫ tf

0

c1u
2
1 + c2u

2
2dt

subject to

Ẋ(t) = A(t)X(t) +B(t)u(t)

with an appropriate state initial condition which in this example we choose to be

(x(0), y(0), z(0))T = (τN0, τ1N0, 0)T where 0 < τ, τ1 ≤ 1 such that τ + τ1 = 1 and

N0 = N(0). We proceed as follows.
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The cost function can be rewritten as

J(·) =
1

2

(
x y z

) 0 0 0

0 0 0

0 0 1


 x

y

z


∣∣∣∣∣∣∣
t=tf

+
1

2

∫ tf

0

(
u1 u2

)( c1 0

0 c2

)(
u1

u2

)
dt.

Comparing this with (5.1), we see that Q(t) = 0, C(t) = 0 and Sf and R(t) are 0 0 0

0 0 0

0 0 1

 and

(
c1 0

0 c2

)

respectively which are constant symmetric matrices. Now, from the first order necessary

condition for optimality, Theorem 5.0.0.6, we have

dx

dt
= αx− bu1

dy

dt
= βx− au2

dz

dt
= γy + cu2

subject to (x(0), y(0), z(0))T = (τN0, τ1N0, 0)T .

−

 λ̇1

λ̇2

λ̇3

 =

 α 0 0

β 0 0

0 γ 0


T  λ1

λ2

λ3


subject to  λ1(tf )

λ2(tf )

λ3(tf )

 =

 0 0 0

0 0 0

0 0 1


 x(tf )

y(tf )

z(tf )


and since there are no terminal constraints, D = 0, and so

 c1 0

0 c2


 u1

u2

+

 −b 0

0 −a
0 c


T  λ1

λ2

λ3

 = 0.
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Multiplying these matrices out results in the system of equations

ẋ = αx− bu1

ẏ = βx− au2

ż = γy + cu2

−λ̇1 = αλ1 + βλ2

−λ̇2 = γλ3

−λ̇3 = 0

0 = c1u1 − bλ1

0 = c2u2 − aλ2 + cλ3

subject to

x(0) = τN0, y(0) = τ1N0, z(0) = 0, λ1(tf ) = 0, λ2(tf ) = 0, λ3(tf ) = z(tf )

and the Hamiltonian is given as

H(·) =
1

2
uTR(t)u+ λT [A(t)X(t) +B(t)u(t)]

=
1

2
(c1u

2
1 + c2u

2
2) + αλ1x− bλ1u1 + βλ2x− aλ2u2 + γλ3y + λ3cu2.

Solving for the unknown quantities in this system, we obtain


λ1

λ2

λ3

 =


z(tf )βγ

α
(t− tf )

z(tf )γ(tf − t)

z(tf )


 u1

u2

 =


z(tf )βγb

αc1
(t− tf )

z(tf )

c2
[aγ(tf − t)− c]




x

y

z

 =
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
kt
α

+ τN0[
βk
2α

+
z(tf )a2γ

c2

]
t2

2
+
[
βτN0 − z(tf )a2γtf

c2
+

z(tf )ac

c2

]
t+ τ1N0[

βk
2α

+ z(t)a2γ
c2

]
γt3

6
+
[
βτN0 − z(tf )a2γtf

c2

]
γt2

2
+ (aγtf − c) z(tf )ct

c2
+ γτ1N0t

 ,

where

z(tf ) =

6βτα2c1c2N0t
2
f + 12τ1γc1c2α

2N0tf

12c1c2α2 + 6c1α2a2γ2t3f − β2γ2b2c2t3f − 2a2γ2c1α2t3f − 12c1α2(aγtf − c)tf

and

k =
z(tf )βγb

2

c1α
.

To check whether (u1, u2) gives the optimal solution, we consider the Riccati matrix

differential equation. Let the Riccati variable be

S(t) =

 s1 s2 s3

s4 s5 s6

s7 s8 s9

 .

Using (6.7), identifying the various matrices and multiplying them out results in the

the following nonlinear system of differential equations (a quadratic matrix differential

equation) which is the Riccati matrix differential equation.

ṡ1 =
1

c1c2

(c2b
2s2

1 + c1a
2s2s4 − c1cas3s4 + c1c

2s3s7 − c1cas2s7)

−2αs1 − βs4 − βs2

ṡ2 =
1

c1c2

(c2b
2s1s2 + c1a

2s2s5 − c1cas3s5 + c1c
2s3s8 − c1cas2s8)

−γs3 − αs2 − βs5

ṡ3 =
1

c1c2

(c2b
2s1s3 + c1a

2s2s6 − c1cas3s6 + c1c
2s3s9 − c1cas2s9)

−αs3 − βs6

ṡ4 =
1

c1c2

(c2b
2s4s1 + c1a

2s5s4 − c1cas6s4 + c1c
2s6s7 − c1cas5s7)

−αs4 − βs5 − γs7

ṡ5 =
1

c1c2

(c2b
2s4s2 + c1a

2s2
5 − c1cas6s5 + c1c

2s6s8 − c1cas5s8)

−γs6 − γs8

ṡ6 =
1

c1c2

(c2b
2s4s3 + c1a

2s5s6 − c1cas
2
6 + c1c

2s6s9 − c1cas5s9)

−γs9
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ṡ7 =
1

c1c2

(c2b
2s7s1 + c1a

2s8s4 − c1cas9s4 + c1c
2s9s7 − c1cas8s7)

−αs7 − βs8

ṡ8 =
1

c1c2

(c2b
2s7s2 + c1a

2s8s5 − c1cas9s5 + c1c
2s9s8 − c1cas

2
8)

−γs9

ṡ9 =
1

c1c1

(c2b
2s7s3 + c1a

2s8s6 − c1cas9s6 + c1c
2s2

9 − c1cas8s9)

subject to the boundary conditions

Sf =

 0 0 0

0 0 0

0 0 1

 .

We solve this numerically to obtain;

0.0 0.2 0.4 0.6 0.8 1.0
t

0.0

0.5

1.0

1.5

2.0

2.5

S
1

1e 12

the solution of S1

0.0 0.2 0.4 0.6 0.8 1.0
t

6

5

4

3

2

1

0

S
2

1e 9

the solution of S2

0.0 0.2 0.4 0.6 0.8 1.0
t

0.0000000

0.0000002

0.0000004

0.0000006

0.0000008

0.0000010

0.0000012

0.0000014

0.0000016

0.0000018

S
3

the solution of S3

0.0 0.2 0.4 0.6 0.8 1.0
t

6

5

4

3

2

1

0

S
4

1e 9

the solution of S4

0.0 0.2 0.4 0.6 0.8 1.0
t

0.000000

0.000002

0.000004

0.000006

0.000008

0.000010

0.000012

0.000014

S
5

the solution of S5

0.0 0.2 0.4 0.6 0.8 1.0
t

0.0045

0.0040

0.0035

0.0030

0.0025

0.0020

0.0015

0.0010

0.0005

0.0000

S
6

the solution of S6
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0.0 0.2 0.4 0.6 0.8 1.0
t

0.0000000

0.0000002

0.0000004

0.0000006

0.0000008

0.0000010

0.0000012

0.0000014

0.0000016

0.0000018

S
7

the solution of S7

0.0 0.2 0.4 0.6 0.8 1.0
t

0.0045

0.0040

0.0035

0.0030

0.0025

0.0020

0.0015

0.0010

0.0005

0.0000

S
8

the solution of S8

0.0 0.2 0.4 0.6 0.8 1.0
t

1.00

1.05

1.10

1.15

1.20

1.25

1.30

1.35

1.40

S
9

the solution of S9

0.0 0.2 0.4 0.6 0.8 1.0
t

6

5

4

3

2

1

0

S
2
 ,
 S

4

1e 9

the solution of S2

the solution of S4

0.0 0.2 0.4 0.6 0.8 1.0
t

0.0045

0.0040

0.0035

0.0030

0.0025

0.0020

0.0015

0.0010

0.0005

0.0000

S
6
 ,
 S

8

the solution of S6

the solution of S8

0.0 0.2 0.4 0.6 0.8 1.0
t

0.0000000

0.0000002

0.0000004

0.0000006

0.0000008

0.0000010

0.0000012

0.0000014

0.0000016

0.0000018

S
3
 ,
 S

7

the solution of S3

the solution of S7

These solutions are obtained for tf = 1, c1 = 0.4, c2 = 0.6, b = 0.8, β = 0.001, γ =

0.003, α = 0.5, a = 0.4, τ1 = 0.7, τ = 0.3, N0 = 100, c = 0.4. The solution is symmetric

since s2 = s4, s6 = s8 and s3 = s7 (evident from the diagrams) and is also justified

by the fact that Sf and R(t) are symmetric matrices. Since the solution exists for the

Riccati matrix differential equation, the necessary and sufficient condition are satisfied,

by Theorem 6.0.2.7, hence the cost criterion will be positive and strongly positive and u1

u2

 =


z(tf )βγb

αc1
(t− tf )

z(tf )

c2
[aγ(tf − t)− c]

 ,

is the optimal solution for the control problem i.e. for the cost function to be minimized

(by Theorem 6.0.2.7) where u1 and u2 are the respective vaccination and treatment

functions that minimizes the cost criterion. We see that u1, u2 depends on the entries
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of the matrices A and B. Substituting u1, u2 into the cost function, and performing the

integration, we obtain

J(·) = 0.159z2(tf ) + 0.5z(tf )

to be the minimum cost. The following diagram indicates the path in which the optimal

controller, u(t) = (u1, u2), steers the response, (x, y, z) from the initial point (x0, y0, z0) =

(30, 70, 0) to the final point (x(1), y(1), z(1)) = (30.000012, 70.249473, 0.031648) where

the final point is an attainable point.

30
30

30
30

30

70
70.05

70.1
70.15

70.2
70.25

0

0.01

0.02

0.03

0.04

susceptible (x(t))

Graph of Attainable Points

infected (y(t))

re
co

ve
re

d 
(z

(t
))

attainable point

(x(t), y(t), z(t))

(30.000012, 70.249473, 0.031648)

(30, 70, 0)
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7.1 Conclusion

Two main theorems have been considered in this work; first order necessary condition for

optimality and the strong positive definiteness of the second variation for the linear con-

trol problem with unconstrained terminal condition. Theorem 5.0.0.6 explains the first

order necessary condition. The positive definiteness of the second variation, Theorem

6.0.2.7, explains the sufficient condition for optimality where we saw that the sufficient

condition for optimality depends on the existence of solution to a Riccati matrix differ-

ential equation, (6.7). Using these ideas, we have been able to find the optimal solution

to the linear quadratic control problem considered in this chapter.

Throughout this work, we have made a crucial assumption that the general Legendre -

Clebsch condition, Huu = R(t) > 0, holds. However, there are situations whereby this

assumption fails. For instance, suppose Huu = 0. Then, R−1(t) does not exist and thus

the general optimal control rule can not be formulated as it has been done here. Such a

situation comes under the umbrella of Singular Problems in control theory [DD]. They

thus require a different strategy to that used in this work. Singular problems in control

theory are thus worth studying in the future.
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Appendix A

Background

A.1 Liebniz’s Rule

Liebniz’s integral rule gives a formula for differentiation of a definite integral whose

limits are functions of differentiable functions. Let f(x(t), t) be continuous and suppose

ft(x(t), t) exists and is continuous. Then

d

dt

∫ b(t)

a(t)

f(x, t)dt =

∫ b(t)

a(t)

∂f

∂t
dt+ f(b(t), t)

db

dt
− f(a(t), t)

da

dt
.

A.2 Hamilton’s Principles

Hamiltonian system is a system of variables which can be written in the form of Hamil-

ton’s equations;

dq

dt
=

∂H

∂p
dp

dt
= −∂H

∂q

where H = H(q, p, t) is the Hamiltonian.

Example 1. Recall that H(x, u, λ, t) = L(x, u, t) + λTf(x, u, t) where ẋ(t) = f(x, u, t).

Now, Hλ(x, u, λ, t) = f(x, u, t) = ẋ.Also, recall, from Theorem 5.0.0.6, thatHx(x, u, λ, t) =

−λ̇T thus H(x, u, λ, t) defined above qualifies to be Hamiltonian where in this case, q = x

and p = λ.
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A.3 Hamilton-Jacobi-Bellman Equation

Let V : Rn+1 −→ R be continuously differentiable. Then the equation

−∂V
∂t

= min
u∈U

[
L(x, u, t) +

∂V

∂x
· f(x, u, t)

]
where V (x(tf ), tf ) = φ(x(tf ), tf ) is the Hamilton-Jacobi-Bellman Equation. V is called

the optimal value function. See [Sp] for details.

A.4 Cayley-Hamilton Theorem

Let A be a square matrix and let p(t) = det(A− tI) be the characteristic polynomial of

A. Then p(A) = 0. (GM p. 341)

A.5 Some Basic Definitions

Definition A.5.0.12 (Hyperplane). Let E be a vector space. A Hyperplane in E is any

set of the form

H = {x ∈ E : f(x) = α, α ∈ R}

where f 6= 0 is a linear functional on E.

Definition A.5.0.13 (Positive Definite and Semi-definite Matrices). A positive definite

matrix is a matrix with all its eigenvalues positive. It is semi-definite if at least one of

its eigenvalues is zero.

Theorem A.5.0.14 (Taylor Theorem for Function of Vector Argument). Let f : Rn −→
R be n-times continuously differentiable in all of its arguments at a point x0. Consider

f(x0 + εh) where ‖h‖ = 1 (it is not important which specific norm is used). Then,

f(x0 + εh) = f(x0) + ε
∂f

∂x

∣∣∣∣
x0

h+
ε2

2!
hT
∂2f

∂x2

∣∣∣∣
x0

h+ · · ·+Rn

where

lim
ε→0

Rn

εn
−→ 0.

∂f
∂x

and ∂2f
∂x2

are the gradient vector and the Hessian matrix respectively [Sp].

Definition A.5.0.15 (Dynamical System). A smooth dynamical system on Rn is a

continuously differentiable function φ : Rn+1 −→ Rn where φ(t, x) = φt(x) satisfies

1. φ0 : Rn −→ Rn is the identity function; φ0(x0) = x0
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2. The composition φt ◦ φs = φt+s for all t, s ∈ R.
Definition A.5.0.16. 1. L2−space is the set of square integrable functions.

2. Hilbert space is a complete inner product space.

3. If f : Rn −→ Rm is differentiable at a ∈ Rn, there is a unique linear map α :

Rn −→ Rm such that

lim
h→0

‖f(a+ h)− f(a)− α(h)‖
‖h‖

= 0.

Theorem A.5.0.17. The product of all the eigenvalues of an n × n matrix, A, is the

determinant of A.

Proof. Let t1, t2, ..., tn be the eigenvalues of A. Then the ti’s are the roots of the charac-

teristic polynomial

p(t) = det(A− tI) = (t1 − t)(t2 − t) · · · (tn − t).

Since t is arbitrary, we can let t = 0. then

p(t) = det(A) = t1 · t2 · · · tn.

Example 2 (Strongly Positive Functional). Consider the functional J(u(·)) =
∫ tf

0
x2dt

where ẋ = u;x0 = 0 and u(·) ∈ U. Let u = cosωt,∀t ∈ [0, tf ]. Then, x(t) = sinωt
ω

and

‖u(·)‖2 =
∫ tf

0
cos2 ωdt. Then,

J(u(t))− k‖u(·)‖ =

(
1

ω2
+ k

)∫ tf

0

sin2 ωtdt− k
∫ tf

0

1dt

=

(
1

ω2
+ k

)∫ tf

0

sin2 ωtdt− ktf

=
1

2

(
1

ω2
+ k

)(
− sin 2ωtf

2ω

)
+

tf
2ω2
− 1

2
ktf .

Taking the limit as ω → ∞, we have that −1
2
ktf ≤ 0 for k > 0. Hence J(u(·)) is not

strongly positive.

Remark A.5.0.18. Consider ẋ = Ax(t). Since A is a constant, the transition matrix for

this system is given as Φ(t, t0) = eA(t−t0) and we can establish this using the Peano-Baker

series.

Definition A.5.0.19. A sequence of functions, {fn}∞n=1, is said to be uniformly conver-

gent to f of for a set E of values of x, if for each ε > 0, an integer N can be found such

that |fn(x)− f(x)| < ε for n ≥ N for all x ∈ E.
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A.6 Weierstrass M-Test

Let
∑∞

n=1 un(x) be a series of functions defined on set E of values of x. If there is a

convergent series of constants,
∑∞

n=1Mn, such that |un(x)| ≤Mn for all x ∈ E, then the

series exhibits absolute convergence for all x ∈ E as well as uniforn convergence in E.

Lemma A.6.0.20 (MU). If A is continuous on an interval, say I, such that the matrix

A(t) commute with the intergral
∫ t
t0
A(σ)dσ, for all t ∈ I, then

Ik(t) :=

∫ t

t0

A(σ1)

∫ σ1

t0

A(σ2) · · ·
∫ σk−1

t0

A(σk)dσk · · · dσ2dσ1 =
γk(t)

k!

where γ(t) =
∫ t
t0
A(σ)dσ for all t ∈ I and k ∈ N0.

Proof. W will prove this by induction. Let Ik(t) be defined as above then by construction,

we will have that

Ik+1 =

∫ t

t0

A(σ)Ik(σ)dσ.

Now for k = 0, I0 coincides with M0 = I and for k = 1, I1 =
∫ t
t0
A(σ)dσ. Thus it is true

for k = 0, 1. Assuming this is true for all k, then from the above equation,

Ik+1 =

∫ t

t0

A(σ)
γk(σ)

k!
dσ.

Now, by the chain rule and the Fundamental Theorem of Calculus,

1

(k + 1)!

d

dσ
γk+1(σ) =

A(σ)

k!
γk(σ).

Therefore,

Ik+1 =
1

(k + 1)!

∫ t

t0

d

dσ
γk+1(σ)dσ

which implies that Ik+1(t) = γk+1(t)
(k+1)!

as required.
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